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Abstract. Given 1 < p,r < o and 0 < ¢ < 1 such that 1/r + (1 - 0)/p* = 1, we study the Banach
normalized Bloch ideal (Z)fa(D, X), dffa) formed by all strongly (p, 0)-absolutely continuous Bloch maps
from the complex unit open disc ID into a complex Banach space X. Characterizations of such Bloch maps
are established in terms of: (i) Pietsch domination, (ii) linearisation on G(ID) (the Bloch-free Banach space
over D), (iii) Bloch transposition, and (iv) Pietsch factorization. The invariance of such maps under M&bius
transformations of ID and their relation with compact Bloch maps are also addressed. Furthermore, we
show that such space can be identified with the dual of the tensor product space lin(I'(ID))®X" equipped
with a suitable Bloch reasonable crossnorm g7,

1. Introduction

Given 1 < p < oo and its conjugate index p*, the ideal of strongly p-summing operators was introduced
by Cohen [6] to analyse the duality properties of the ideal of operators whose adjoints are absolutely
p*-summing. Given 1 < p < oo and 0 < o < 1, Matter [13] introduced the concept of (p, 0)-absolutely
continuous operators. This notion serves as a crucial analytical tool for examining properties such as super
reflexivity within Banach spaces (see [14]). Its development stems from an interpolation method pioneered
by Jarchow and Matter [9]]. The class of (p, 0)-absolutely continuous operators can be seen as an intermediate
class situated between continuous operators and the well-known class of absolutely p-summing operators,
offering a distinctive blend of characteristics from both.

The study of (p, o)-absolute continuity of maps has been addressed by some authors: for example, by
Achour, Rueda and Yahi [2] for Lipschitz maps, by Lépez Molina and Sanchez Pérez [11,[12] and Sanchez
Pérez [16] for operators, and, more recently, by the authors of this paper in [4] for Bloch maps. The research
on strongly (p, 0)-continuous multilinear operators and strongly (p, 0)-Lipschitz operators has been dealed
by Achour, Dahia, Rueda and Sanchez Pérez [1] and by Bougoutaia, Belacel and Macedo [3], respectively.

Let1 < p,r < c0oand 0 < ¢ < 1 be such that 1/r + (1 — 0)/p* = 1. The main objective in this paper
is to present and establish the most remarkable properties of a Bloch version of the concept of strongly
(p, 0)-continuous linear operator. To be more precise, we introduce (in terms of the concept of a p*-summing
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operator) the notion of a strongly (p, 0)-absolutely continuous Bloch map from ID into a complex Banach
space X.

The paper is divided into two sections. The first contains some definitions, results and notations used
throughout the paper. The second is a complete study on strongly (p, 0)-absolutely continuous Bloch maps
from D into X. Our main result is a characterization of such Bloch maps in terms of a Pietsch domination.
Our approach depends essentially on a linearisation process of Bloch maps developed in [10]. Using such
a Pietsch domination, we show that strong (p, 0)-absolute continuity of a Bloch map on D is transferred
to its linearisation on G(ID) (the Bloch-free Banach space over D), and vice versa. This linearisation is
applied to prove in an easy form that the class of strongly (p, 0)-absolutely continuous Bloch maps, denoted

by [D;i?,m d;?,a]/ is an injective Banach normalized Bloch ideal. The invariance of such maps under Mobius
group of D and its inclusion (under a mild condition on X) in the space of compact Bloch maps are also

studied. We also show that strong (p, 0)-absolute continuity of a Bloch map from ID to X is inherited by

its Bloch transpose from X* to the normalized Bloch space @(]D), and vice versa. Another characterization
of such Bloch maps is established by means of a Pietsch factorization. We conclude the paper introducing

a Bloch reasonable crossnorm ng on the tensor product space lin(T(ID))®X* and showing that the space

(Z)EG(JD, X), d;fg) is isometrically isomorphic to the dual space (lin(F(D))® 2, XY

2. Preliminaries

We will recall some concepts and results on the theory of linear operators and holomorphic mappings.

Throughout this paper, X and Y will denote complex Banach spaces and .£(X, Y) will stand for the space
of all continuous linear operators of X to Y, under the operator norm. As usual, Bx and X* will denote the
closed unit ball of X and the topological dual of X, respectively. The symbol P(Bx-) represents the set of all
regular Borel probability measures u on Bx~ with the topology w*.

An operator T € L(X, Y) is called p-summing with p € [1, co) if there exists a constant C > 0 such that

[ZHT(xi)n’”] SCSup[ |x*<xi)|”]
i=1 1

xX*€By+ i=

for any n € N and xy,...,x, € X. The infimum of such constants C is denoted by 71,(T), and the Banach
space of all p-summing operators of X to Y, under the norm m,, by I'l,(X, Y).

For any 1 < p < oo, p* denotes the Holder conjugate of p given by 1/p + 1/p* = 1. Let1 < p,r < o
and 0 < 0 < 1 such that 1/r + (1 — 0)/p* = 1. Following [1], an operator T' € L(X,Y) is called strongly
(p, 0)-continuous if there exist a constant C > 0, a Banach space Z, and an operator S € Il,-(Y", Z) such that

1-o0

Y (T(x)| < Clxl

|

IS

for all x € X and y* € Y*. The infimum of all the values Cr,»(5)'™ whenever C and S satisfy the inequality
above is denoted by d,,(T) and it defines a complete norm on the linear space D, (X, Y) formed by all
strongly (p, 0)-continuous linear operators from X into Y.

If H(D, X) denotes the space of all holomorphic maps from the complex unit open disc D into X, a map
f € H(D, X) is said to be Bloch if

ps(f) = sup {(1 - 21%)
The linear space of all Bloch maps of ID to X, under the Bloch seminorm pg, is denoted by B(ID, X), and the

Y

f’(z)” 1Z € ]D} < o0,

normalized Bloch space B(ID, X) is the closed subspace of B(ID, X) formed by all those maps f for which
f(0) = 0, under the Bloch norm pg. For simplicity, we will write 8 (ID) in place of B(ID, C). Also, (DD, D)
will denote the set of all holomorphic functions & from D into itself for which h(0) = 0. We refer the reader
to the book [17] by Zhu for a complete study on Bloch maps.

We may introduce a Bloch version of strongly (p, 0)-continuous linear operators.
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Definition 2.1. Let 1 <p,r < coand 0 < o < 1 be such that 1/r + (1 — 0)/p* = 1, and let X be a complex Banach
space. Amap f € H(ID, X) is said to be strongly (p, 0)-absolutely continuous Bloch if there exist a constant C > 0, a
complex Banach space Y and an operator S € I1 (X", Y) such that

1

17 1S
T (")

¥ (@) <C

forall z € D and x* € X*. The linear space of all strongly (p, 0)-absolutely continuous Bloch maps from ID to X is
denoted by Z)f,i,(]D, X), and its subspace consisting of all those mappings f so that f(0) = 0 by Z);fg(lD, X).
We denote by d;‘fa( f) the infimum of all values Cru,(S)'~° whenever C and S vary over all the constants and all

p*-summing linear operators on X* that fulfill the inequality above.

We also will need some results on the Bloch-free Banach space over D, borrowed from [10].
For each z € D, a Bloch atom of ID is the function y,: B(D) — C defined by 7.(f) = f'(z) for all f € B(ID).

Note that y, € @(]D)* with [ly.ll = 1/(1 = |zI*). The elements of the linear space lin({y,: z € D}) € B(D)*
are referred to as Bloch molecules of ID. The Bloch-free Banach space over ID is the Banach space G(D) :=

lin({y.: z € D}) € B(DY".
The following result gathers some needed properties of G(ID).

Theorem 2.2. [10]

1. The map T': D — G(ID), defined by T'(z) = y, for all z € ID, is holomorphic.
2. The space @(ID) is isometrically isomorphic to G(ID)*, via A: @(ID) — G(D)* given by

APG) =Y Mf@)  |fEBMD), y =) Ays €linC(D))|.
k=1

k=1

3. For each function h € @(]D, D), there exists a unique opemtorﬁ € L(G(D), G(ID)) such that hoT = I’ - (Toh).
Furthermore, ||h|| < 1.

4. For every complex Banach space X and every map f € @(]D, X), there exists a unique operator Sy € L(G(ID), X)
such that Sy oI = f’. Moreover, ||S¢|l = ps(f).

5. The map f v Sy is an isometric isomorphism from @(]D, X) onto L(G(D), X).

6. Foreach f € @(ID, X), the map f': X* — @(]D), defined by f'(x*) = x* o fifx* € X*, is in L(X*,@(ID)) with
IF1l = ps(f) and f' = A~ o (Sy)*, where (S¢)*: X* — G(ID)* denotes the adjoint operator of Sy. O

3. The results

We first present some inclusion relations between DF -spaces. For two semi-normed spaces (X, px) and
(Y, py), the inequality (X, px) < (Y, py) will mean that X C Y and py(x) < px(x) for all x € X.

Proposition 3.1. (Inclusions). Let 1 < p,q,r < co and 0 < o < 1 be such that 1/r + (1 — 0)/p* = 1 and
1/r+ (1 —0)/q" =1, and let X be a complex Banach space. If p < g, then

(D,(ID, X),dy)) < (Dy,(D, X),dy,) < (B(D, X), p).

Proof. If 1 < p < g < oo, it is immediate that * < p*, and then the relation (I, (X, Y), 7t;-) < (IT,(X, Y), 71),
established in [8| Theorem 2.8], yields the first inequality of the statement. For the second, if f € Z)fflg (D, X),
we can take a constant C > 0, a complex Banach space Y and an operator S € I,-(X", Y) such that

1
1—|z2

1

*110 S “l-o < C
I ISEOI < Oy

1—
ISIE=7 Il

X(f'(z)| < C
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forall z € D and x* € X*. Applying the Hahn-Banach Theorem, we deduce that

forallz € ID. Hence f € B(ID, X) with pg(f) < C ISII'=°, and since ||S]| < 11,-(S) (see [8, p. 31]), taking infimum
over all constants C and all operators S satisfying the first inequality above yields that pg(f) < dﬁa( . O

1
1—z?

Isit=

)| <c

Next result states a Pietsch domination for strongly (p, 0)-absolutely continuous Bloch maps.

Theorem 3.2. (Pietsch domination). Let 1 < p,vr < coand 0 < ¢ < 1 be such that 1/r + (1 — 0)/p* = 1. Given a
complex Banach space X and f € B(ID, X), the following are equivalent:

1. f e D%,(D,X).
2. There exist a constant C > 0 and a measure u € P(Bx~) such that

i
1-0

%/ 1! 1 [0 x0 lﬂ;j
X (f (z))lfcm[ Jo_ (e 1) dy(cp))

forallz € Dand x* € X*.
3. There exists a constant C > 0 such that

Zn: Al
p

foralln € N, Ay,..., A, €C,z1,...,2 € Dand xj, ..., x;, € X".

1o

x:(fl(zi)ﬂsc[z(ll—%lv)] S‘ép{ (e~ )J
! @eBx» \ 7

i=1 i=1

In such a case,

dy (f) = inf{C > 0 satisfying (ii)} = inf {C > O satisfying (iii)} .

Proof. (i) = (ii): If f € DEO(JD, X), then there exist a constant C’ > 0, a complex Banach space Y and an
operator S € Il,-(X", Y) such that

1
1|zl

[l 11 1S ()1

“(f)|<C

forall z € ID and x* € X*. Applying [8, Theorem 2.12] to S, we have a measure y € P(Bx-) so that

1

- i
ISGEI < 7 (S) ( NG du«p))
By
for all x* € X*, and taking C = C'7,+(S)' ™7, we obtain

o
1o

*0 01 1 N AT 1}%
x(f(z))lscl_—w[ fB (loe )" e du(qo)]

for all z € D and x* € X*. Moreover, d2 (f) = C, and so inf{C > 0 satisfying (i)} < d% ().

7 7'p,o — 7po
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(i) = (ii1): If (ii) holds, givenn € N, Ay,..., A, €C, z1,...,2, € Dand x}, ..., x;, € X, Holder’s Inequality

gives

n
Yl
i=1

-

x:(f’(zi))1sCZIAill_1W( (oo™ U)Ndy((p))
P i o

YY) (R oy o\ v
<L 1—|z,-|2) ;‘fgw('@(’c” ) d“(@]

n |A| r% Z 1 f; lp;*g

e[ (£ b
1.2

i=1 1=z i=1 l Z

n r 7 n P =
_ Al ' o e\ |
= €4 (1—|z,4|2 Z(|(P"(xf) g )

i=1 i=1

1 PN £

- ( Ml 2k i | 1-0 o 1% 3
<C ! ) sup (go(xf) X ) ,

i1 1- |Zi|2 peBx \ =1 ! !

where we have taken ¢; € Bx- with ¢;(x}) =

.
X;

for each i = 1,...,n by the Hahn-Banach Theorem.

Moreover, note that C (that was a constant satisfying the inequality in (ii)) now verifies the inequality in

(iii), and thus inf{C > 0 satisfying (iii)} < inf{C > O satisfying (ii)}.

(iif) = (i): We will apply a general Pietsch domination theorem stated in [15} Theorem 4.6]. Define the

functions

Al

Rl: BXM XDXR — [0,00[, Rl((p,Z,/\) = 1—||2,
bl V4

1-0

Ry: By« XIDX X* — [0, 00[, Ro(p,z,x") = )(p(x*) [,
$:B(D,X)x DXxRx X" — [0,00,  S(f,z,A,x) = A [¥'(f'(2))].

Notice that Ry, R; and S satisfy the conditions (1) and (2) preceding to Definition 4.4 in [15]:

(1) Foreachze D, A € Rand x* € X*, the maps

(R1)z1: Bx~ — [0, 00[
(R2)zx: Bx+ — [0, 00]

(Rl )Z,/\ ((P) = Rl ((Pr z, /1)/
(RZ)Z,X* ((P) = R2 ((P/ z, X*)/
are continuous.
(2) The equalities
Rl ((Pr z, ﬁl/\) = ,BlRl ((p/ z, A)r
Rao(p, z, f2x7) = BaRa(@p, 2, x7),
S(f,z, 1A, Pox™) = B1B2S(f, z, A, x¥),

hold forall ¢ € Bx«,z€ID, A € R, x* € X* and 1, B2 € [0, 1].

We now prove that the map f is Ry, Rp-S-abstract (r, p*/(1-0))-summing. Indeed, letn € IN, A4, ..

z1,...,zn € Dand xJ, ..., x; € X". By (iii), we have a constant C > 0 so that

M x;f<f’<zi>)1SC[Z:(l'_Al;',i'z)] sup [Z (e )] ,

i=1 X \i=1

1-0

Xi

LA, €C,
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and so we get

Zn: S(f,zi, Ai, X)) = Zn:
i=1

i=1

))|

n |A:| r n 1 {;— "
<C ( ! ) sup ( ! - X g) !
[1_21 1- IZi|2 ] PEBx [z

1o
o

= C[Z Rl((pl,z,,?\)} sup ( A Rz((p,zi,xz*)f“]

QEBx

7 w
< C Sup [Z Rl((przlr 1)rJ Sup [Z RZ((P/Zux )f] .

QEBx QEBx

By [15| Theorem 4.6], we have measures 1, s € P(Bx-) such that

S(f,z,A,x*)sC( f Rl«p,z,»\)rdul(@)) ( f Rz«p,z,x*)wduz(qo))
Byer By

forall (z, A, x*) € D X R x X*. It follows that
)lp»“

< C > )1 (f
| | By

forall (z,x") € IDx X*. Finally, take the Banach space Y = L, (u2) and the operator S = I p» 0 jw 0 1x:: X* = Y,
where I Lo(t2) = Ly (2) and jeo: C(Bx~) — Loo(u2) are the formal inclusion operators and tx-: X* —
C(Bx~) is the isometric linear embedding given by

- (C)@) = () (@ € By, ¥’ €X).

Then we can write

1=
7

1 *|0 * A
ol ( f |SC) @) dpale)
— |z By
1
1-zf
for all (z,x") € ID X X*, and since S € I, (X", Y) with 7,(S) < 1 by [8, 2.4 and 2.9], we conclude that
fe Z)B (ID, X) with dB -(f) £C, and thus d;fa(f) < inf{C > 0 satisfying (iii)}. O

=C 17 1S G

We now show that strong (p, 0)-absolute continuity of a Bloch map on ID is transferred to its linearisation
on G(ID), and vice versa.

Theorem 3.3. (Linearisation). Let 1 < p,r < coand 0 < ¢ < 1 be such that 1/r+ (1 —o0)/p* =1, let X be a
complex Banach space and let f € B(D, X). Then f € Z)fg(]D, X) if and only if S € D, (G(D), X). In this case,
do(f) = dpa(Sp)-

Proof. Suppose that f € Z)B (D, X). Let y € lin(T(ID)) and x* € X*. If Y., A;y,, is a representation of y,
Theorem-prowdes a measure € P(Bx~) such that

X (f'(20))]

sﬁme IAI(

1-0
3

d#((P)] :

s
1

O )
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Taking the infimum over all such representations of y and using [10, Lemma 3.1], we obtain

1o

|x*<sf<y>>1sd,%?g<f)||yll[ fB (ke[ )™ du(@)] :

Since lin(T'(ID)) is norm-dense in G(ID), we deduce

e (s70)| < o (A [l [ f (

whenever y € G(ID). Now, Pietsch’s domination for operators in D, (see [1, Theorem 3.2]) shows that
Sr€ Dys(G(D), X) and d,5(S5) < dﬁg(f).

Conversely, suppose that Sy € D, ;(G(ID), X). By [1, Theorem 3.2], there exists a measure u € P(Bx-)
such that

I

o

) du(qo)]

—

_ £ 7
1) dy(cp)]

(72)|

< dpulS) || UB (|
po(sf) |z|2 (fx (|§0(x*)‘1—0 Il )lp d#((P)]P*

forall z € ID and x* € X*. Hence f € Z)%U(ID, X) with dfg(f) <d,s(S5¢) by Theorem O
We now present new examples of Banach normalized Bloch ideal (see [10, Definition 5.11]).

Proposition 3.4. (Banach Bloch ideal property). Let 1 < p,r < coand 0 < o < 1be such that 1/r+ (1 -o0)/p* = 1.
Then [Dy),, 5,1 is an injective Banach normalized Bloch ideal.

Proof. Let X be a complex Banach space.
(N1): (D7,(DD, X),dgg)Ais a Banach space and ps(f) < d,),(f) for all f € D (ID, X).
LetAeCand f,g € Z)f/a(]D, X). We have:

dyy(Af) = dpo(Sap) = dpo(AS) = Aldy(Sp) = 1A dyo(f),

dpo(f +9) = dp(Sfeg) = dpo(Sy + S9) < dyo(Sp) +dpo(Sy) = 7 (f) + 7y (),

dy () =0=dys(Sp)=0=5,=0=f =SpoI'=0= f =0,
by using Theorem [2.2|and Applying also both theorems, it is immediate that f +— Sy is an isometric
isomorphism of (D, (D, X), dy),) onto (D,,+(G(D), X), d,s), and

ps(f) = S]] < dpo(Sp) = d5,(f)
by using also that [D,;, d, ;] is a Banach operator ideal.
(N2): Let g € B(ID) and x € X. Then g - x € D (D, X) with d (9 - x) = ps(g) lIx]].
Since A(g) - x € L(G(D), X) and
(G- 2)(2) = g'(2)x = AG)(y=)x = (A(g) - 0)(r2) = (A(g) - x 0 1)(2)
for all z € ID, Theorem2.2]gives S;.. = A(g) - x. By the operator ideal property of [D s, ;] (see [1 Cgrollary

4.6]), it follows that Sy € D),4(G(D), X) with d,,4(Ssx) = ||A@)||Ixll = ps(g) lIxll. Hence g-x € D (D, X)
with d55,(g - x) = ps(g) x|l by Theorem3.3]

PO
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(N3): Let f € Z)B (ID,X), Te L(X,Y)and h € @(]D,]D). ThenTo fohe pa(]D Y) w1thd (Tofoh)<
ITnag, .
Since T o Ss o h € L(G(ID),Y) and

(Tofohy =To[k -(f oh)]=To[l -(SfoT oh)]
=To[S;( - (Toh)] =To[Sso (ol
=(TOSfo/h\)OT

we deduce that Stofop = T 0 S o/h\by Theorem Since S¢ € D,,,(G(ID), X) by Theorem we get that
Stofon € Dyo(G(D),Y) with d,, 5(Storon) < IT|ldp,s(S)lIHI| by the operator ideal property of [D,,s,dp,], and
thus T o f o h € DB, (D, Y) with d%,(T o f o ) < [Tl d%,(f) by Theorem

(I):Let f € B(ID X)and let i: X — Y be a linear isometry so thatio f € D, (D, Y). Then f € Z)B (D, X)
with dfg(f) M(t o f).

Note that 1t o S¢ = S,.f € D,,(G(ID),Y). Since the operator ideal [D,,d,] is injective, it follows that
Sr € D,,:(G(D), X) with Sf” = ”L o Sf“ or, equivalently, f € Z)ffa(D, X) with d;’fa(f) < d;fo(t o f). The reverse
inequality follows from (N3). [

The Mobius group of D, denoted Aut(ID), consists of all biholomorphic bijections from ID onto itself.
Let us recall that a linear space A(DD, X) € B(ID, X), under a seminorm pz, is Mobius-invariant if: (i) there
is C > 0 such that pg(f) < Cpa(f) for all f € A(D, X); and (ii) f o ¢ € A(D, X) with pa(f o ¢) = pa(f) for all
¢ € Aut(D) and f € A(D, X).

Invariance of strongly (p, 0)-absolutely continuous Bloch maps by Mobius transformations over ID can
be now derived.

Proposition 3.5. (Mobius invariance). Let 1 < p,r < coand 0 < ¢ <1 be such that 1/r+ (1 —0)/p* =1, and let X
be a complex Banach space. Then (Z)ff(,(]D, X), dfa) is Mobius-invariant.

Proof. (i) Propositiongyields (DF,(ID, X),d%,) < (B(D, X), ps)-
(ii) A reading of the proof of (N3) above shows that f o ¢ € (]D X) with (,G( fog) < drzfa( f) if
fe Z)B (D, X) and ¢ € Aut(ID), and from this we also deduce that p/o(f) o ((focp)ocp‘l) < dfg(focp), |

In clear parallelism with Theorem strong (p, 0)-absolute continuity of a Bloch map from D to X is
inherited by its Bloch transpose from X* to $(ID), and vice versa.

Proposition 3.6. (Bloch tmnsposition) Let1 <p,r <ooand 0 <o <1besuchthat1/r+ (1 —o0)/p* =1, let X be
a complex Banach space and let f € B D, X). Then f € D (D, X) if and only if f' € 1, ,(X*, B(D)). In this case,

d;?o(f) = Tl ,U(f )-
Proof. Applying Theorem 3.3} [T, Remark 3.3] and [8, Theorem 2.4], we have

f € D2.(D,X) & S; € D,,(G(D), X)
& (8))' €T, ,(X, G(D))
& f'= Ao (Sp) €T, (X7, B(D)),

with

A3(f) = dpo(Sf) = 76 ((Sp)) = o (f).
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We now relate strong (p, 0)-absolute continuity and compactness of Bloch maps. Following [10] Defini-
tion 5.1], amap f € H(ID, X) is called compact Bloch if its Bloch range

rang,(f) = {(1 - [z?)f'(2): z € D}
is a relatively compact subset of X.

Proposition 3.7. (Bloch compactness). Let 1 < p,r < coand 0 < ¢ <1 be such that 1/r + (1 — 0)/p* = 1 and let X
be a reflexive complex Banach space. Every strongly (p, 0)-absolutely continuous Bloch map f: 1D — X is compact
Bloch.

Proof. Let f € Z)EU(ID, X). Then f' € Hp»,U(X*,ﬁ(]D)) by Proposition@ Hence f' is a compact linear
operator by [Z, Corollary 5.2] and, equivalently, f is compact Bloch by [10; Theorem 5.19]. O

Our next goal is to get a result on Pietsch factorization for strongly (p, 0)-absolutely continuous Bloch
maps. Its proof is based on some results of [7, Section 3.2] which we recall next.

Given a complex Banach space X, let tx: X — C(Bx-) be the isometric linear embedding defined by

tx(x) (@) = @(x) (@ € Bx-, x € X).

Given u € P(Bx-), define the seminorm

Hﬁm=mﬁfmﬂﬁm(f|mwfwwﬂp}(faﬂm»
k=1 Bx:

being the infimum taken over all decompositions of f as f = ¥,;_; f in ix(X). Let L, ;(11) be the completion
of the quotient normed space x(Bx)/ ||-|I;, 1, ({0}) with the quotient norm [Ill,0 let J,o: ix(X) — L,(u) be the

canonical projection, and let Tp,g denote the operator ], , considered from C(Bx-) into L s (u).

Theorem 3.8. (Pzetschfactorzzatzon) Letl <p,r<oo and 0<o<1besuchthatl/r+ (1 —-0)/p* =1, let Xbea
complex Banach space and let f € B(ID X). Then f € D, (D, X) if and only if there exist a measure 1 € P(Bgmy),
amap g € B(]D, Ly,+(u)) and an operator T € L(Lp,a(y),X) suchthat f' =Tog'.

Furthermore, dfo( f) = inf{lITl pg(g9)}, the infimum being taken over all such factorizations of f’ as above, and
this infimum is attained.

Proof. Assume that f € D AU(]D X). Then Sy € D, ,(G(ID), X) with d,,;(S¢) = d -(f) by Theorem[3.3] By a
version of the Pietsch factorlzatlon theorem for (p, 0)- absolutely continuous llnear operators | [7, Theorem

3.5], there exist a measure u € P(Bgmy), an operator ],,(7 € Dy(C(Bgm)), Lp,s(1)) with npg(]p o) <1 (see
Lemma 3.4 and the comment which follows in [7]) and an operator T € L(L,(u), X) with [[T|| < d,+(Sy)

suchthatS; =T OTP s © lg(D)- Although in [7, Theorem 3.5] the factorization is given through a subspace X, ;
of L, +(u), a quick look to the proof shows that X, ; = L, ;() (see comment in [1, p. 14]). By [5, Lemma 1.5],

we can find amap g € B(]D Lyo(u)) with pg(g) = 1 such that g’ = ],,0 ogmpyol. Hence f'=Ssol=Toyg
with [|Tll ps(9) < d5, ().

Conversely, assume that there are a measure u € P(Bgm)), a map g € @(]D, L, (1)) and an operator
T € L(Lys(u), X) such that f* = T o g’. We can assume g # 0. Foranyn € N, Ay,...,A, € C, z1,...,2, € D
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and x7, ..., x; € X", Holder’s Inequality yields

Z i x5 (F/ )| = Z Ml [ (T @)

~1=

A\ (S e e 7 |
<Ml ps(9) Zf( W) [ (= el ]
“imono| 1 (2L | (L ool b))

i=1 !
<|ITl ps(g) Z( |Zz|2) V (PSE‘;R (2 (|§0(X )|1 GHx ”6)1 ,]p

10
Vt

=

i=1
1 x=\i=1

by taking ¢; € Bx- with @i(x}) = sz” for each i = 1,...,n by the Hahn-Banach Theorem. Hence f €

Z)fo (D, X) with dfg (f) £ |ITll pg(g) by Theorem Taking the infimum over all such factorizations of f’,
we deduce that dfg(f) <inf{||T|l pgs(g)}. O

We now introduce a Bloch reasonable crossnorm QB on G (D) ®X* (the completion of the tensor product

space G (D) ® X*) whose dual represents the space (D% b, (,(]D X), d o)
Towards this end, consider the space

lin(T(D)) ® X* :=lin ({r. ® x*: z € D, x* € X*}) € B(D, X),
where y, ® x*: @(]D, X) — C is the functional given by

(:®x)(H=x(f() (f € BD,X)).

Each element y € lin(I'(D)) ® X* is of the form y = Y1, Aiy2, ® x; forsomen € N, A; € C,z; € Dand x} € X"
fori=1,...,n, and its action comes given as

y(f) =) Ax(f@)  (f € BID,X)).
i=1

Definition 3.9. Let 1 < p,r < ooand 0 < o <1 be such that 1/r + (1 — 0)/p* =1, and let X be a complex Banach
space. For each y € lin(I'(ID)) ® X*, we set

Qg (y) = inf i( A )r % sup Y ( * 1_U||x7“6)f; i ,
p.o - 1_|Zi|2 By | = i i

where the infimum is taken over all representations of y asy = Y.\ Aiyz ® X}

According to [5, Definition 2.5], a norm a on lin(I'(ID)) ® X is a Bloch reasonable crossnorm if it holds: (i)
aly; ®x) < ||)/z|| |lx]| for all z € ID and x € X; and (ii) Given g € B(]D) and x* € X*, the llnear functlonal
g®x: lin(I'(D)) ® X — C given by (9 ® x*)(y, ® x) = g’ (x)x" (x) is bounded on lin(I'(D)) ®,
pa(9) lIxll.
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Proposition 3.10. Let1 <p,r < coand 0 < o < 1 besuch that 1/r+ (1 -0)/p* = 1, and let X be a complex Banach

space. Then Qfﬂ is a Bloch reasonable crossnorm on lin(I'(D)) ® X*.

Proof. Using a standard reasoning (see, for example, the proof of [4, Theorem 6.2]), it can be shown that Qﬁ,
isanorm on lin(T'(ID))® X*, but to be safe, we check that ng is a Bloch reasonable crossnorm on lin(I'(ID))® X*:

(i) Given z € ID and x* € X*, we have

10
p»
[l

P
1-0,, . 1=
[ = = |z 17l -
1-1z2

3 1

B * *
(V:®Xx) < —— su ((px
Qp’( ) 1_|Z|2({)€B§u(| )

(ii) For any g € E(ID) and x™ € X*, an application of Hahn-Banach Theorem and Holder’s Inequality
yield

lgex»)| =

Y Mg @), ®x)| = Y Aig (@ ()
i=1 i=1

j Y
< Zl iy i) < ps(@) 1" Zf T

Y .
= pal@) 1Y, 1 o)
i=1 !

X7 (x})

*
X;

1-0 o

. Y .
= pa@) 1Y, T o)
i=1 !

o2 | s

i=1 i=1

< ps(e) "] [Z (%) ] sup [2 (o

i=1 PEbx \ i=1

*
Xi

p”lp;*g
o\1%
4

where, for each i = 1,...,n, we have taken a functional ¢; € Bx~ such that )(pi(x;f)
infimum over all the representations of y, we obtain

1-0

.
X

= . Passing to the

X:
i

(g ©x)0)| < ps@) 11 62, ).

Hence g ® x™ € (lin(I'(ID)) ®g@ X*)* and ||g ®x™
b0

< ps(@) X7l O

We are now ready to study the duality of the space of strongly (p, 0)-absolutely continuous Bloch maps
from D into a complex Banach space X.

Theorem 3.11. (Duality). Let1 < p,r < ocoand 0 < o < 1besuch that1/r+ (1 —0)/p* =1, and let X be a complex
Banach space. Then the space (DEG (D, X), d;‘fa) is isometrically isomorphic to (hn(l’(lD))@ 3 X) .

()p,a
Proof. It is easy to see that the map A: (Z)E(, (D, X), d;fg) - (lin(l’(ID))@ 7 X*) , defined by
.0

A= @) = 2'(f(2) (f e DB (D,X), zeD, ¥' X*),
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is linear and injective. Fix f € Z)%U(ID, X). Fory = Y.l.; Ajy., ®x; € lin(T(D)) ® X*, an application of Theorem

B.2]gives
X (f'(z1))]

i=1
A r % n
<d? (f)[Z( '|'|2)} sup( (lo)
ey i1

Taking the infimun over all the representation of y, we get |A( f )(y)| < d?,a( f )QEU (y), and therefore ||A( f )H <
d5y(f)-

In order to establish the reverse inequality and the surjectivity of A, let ¢ € (lin(I‘(D))@g%o X*)*. Define
Fy: D — Xby

i

L\ lzo
2\
g\l-o
*
)]

x'(Fy(2)) = P(y. ® x7) (zeD, x" € X).
A look at the proof of [5, Proposition 2.4] shows that Fy € H(ID,X) and F; = qu) for a convenient map
fo € BID, X) with ps(fy) < [l

To prove that f, € Z);‘fg(]D, X),letneN,A; e Candz; € Dfori=1,...,n Foreachie{l,...,n}, we
= lIfy @)l Obv1ously, the functlon T:C"—>C

can take a functional x} € X*
defined by

T(t, ... tn) =Zn"t1-A,-‘ 5\(zi
i=1

isin (C", |- lo)* and ||T|| = YL, |A] ||fq’5(zi)||. For any (t1,...,t,) € C" with [|(t1, ..., tx)llo < 1, we get

Tt = |¢ [z o ®x:] <Joll [z Ays e tix:]
i=1 i=1
<l 35 (L)) s 35 ot
P 1— |z @EBxn

i=1

=lel [Z (1 - |,7|d,|2)rJ1 peree [Z o

i=1

(fl,...,tn) € Cn,

=g
2\
g)l—a
L\ l=o
Lz
o\1l-o
*
<]
1=

x(fp(z)l_Hd)”[Z(%)r]i sup [( G)f;]'ﬂ.

Hence Theoremassures that f, € Z)EG(ID, X) and dfg( fo) < ||(;Z>H
Now, for any y = ¥.il; A;yz, ® x; € lin(T'(ID)) ® X*, we have

and therefore

A = Y Ai(fi(z)) = ) iy © %) = ¢ [2 Ay ® x;f] = (),
i=1 i=1 i=1

and so A(fy) = ¢ on hn(I’(lD))@gg X*. Hence dffg( fo) < ”A( f¢)|| and the proof is complete. [
po
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