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Abstract. The present paper investigates the fundamental physical invariants under some transform
groups, and confirms some geometric characteristics of a manifold associated with some connections. This
article firstly introduces a generalized quarter-symmetric non-metric connection family and studies sys-
tematically its geometrical properties. The present paper also arrives at the interesting projective invariant
of the generalized quarter-symmetric non-metric connection family.

1. Introduction

The concept of the semi-symmetric connection was introduced by Fridman and Schouten in [5] for the
firsttime. H. A. Haydenin [11]introduced the metric connection with torsion, and K. Yano in [18] introduced
a semi-symmetric metric connection and studied its geometrical properties of a manifold with this class of
connections. De, Han and Zhao in [2] investigated recently and confirmed some interesting geometries of
a manifold with the semi-symmetric non-metric connection. A quarter-symmetric connection was defined
and studied by S. Golab in [7]. Afterwards, several types of a quarter-symmetric metric connection were
studied (one can see [4, 8, 16, 17, 19, 22] for details).

On the one hand, the Schur’s theorem of a semi-symmetric non-metric connection is well known
(9,12, 14, 15]) based only on the second Bianchi identity. Is is well know that a semi-symmetric non-metric
connection that is just as a geometric model for scalar-tensor theories of gravitation [3, 13]. And a projective,
conformal and projective conformal semi-symmetric connection were also studied ([15, 21, 23, 24]). And the
physical characteristics of a manifold associated with a non-metric connection were studied ([1, 6, 10, 23]).

Recently the Ricci quarter-symmetric connection family and the projective Ricci quarter-symmetric
connection family and the Schur’s theorem of these connection families were studied ([13, 17, 20]). And
Tang, Ho, Fu and Zhao in [16] defined a generalized quarter-symmetric metric recurrent connection and
investigated its properties of a manifold, and obtained the Schur’s theorem of a manifold associated with
these connections. In fact, there were few results about quarter-symmetric non-metric connections because
of its formal complexity and computational difficulty.
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Motivated by the forgoing researches we define newly in the present paper a generalized quarter-
symmetric non-metric connection family and study its properties and its mutual connection family. And
we find a fundamental projective invariant for the generalized quarter-symmetric non-metric connection
family and study the generalized projective conformal quarter-symmetric non-metric connection family.

The organizations of this paper are as follows. Section 1 considered the previous study results. Section 2
newly defined a generalized quarter-symmetric non-metric connection family and studied its geometrical
properties. Section 3 studied the projective invariant for the generalized quarter-symmetric non-metric
connection family. Section 4 considered the generalized projective conformal quarter-symmetric non-metric
connection family.

2. A generalized quarter-symmetric non-metric connection family

Let (M, g) be a Riemannian manifold (dimM > 3), g be the Riemannian metric on M and V be the
Levi-Civita connection with respect to g. Let TM denote the collection of all vector fields on M.

t
Definition 2.1. A connection familay V is called a generalized quarter-symmetric non-metric connection family if it
satisfies the relation

&zg)(x, Y) = —2(t — 1)20(Z)U(X, Y) — w(X)U(Y, Z) — to(V)U(X, Z) 2.1)

T(X,Y) = n(Y)pX - n(X)pY

where ¢ is a (1,1)-type tensor field and w,  are 1-form respectively and U(X,Y) = %[(p(X, Y) + (Y, X)],
V(X Y) = %[(p(X, Y) — p(Y, X)] and t € R is a parameter of the connection family.

Let (x') be the local coordinate, then 9, V,V,w,1,¢,UV,T have the local expressions g;j, {fj}, Fi.‘]., wj, T, (pf
us, vk, Tf,‘j respectively. At the same time the expression (2.1) can be rewritten as

t
ngji =-2(t- 1)a)ku,-]- — ta),'u]‘k — tcu]-ll,-k, T;Fl- = n]-qof - 711(0]; (2.2)
t

The coefficient of V is given as

t

rfj = {fj} +(t— l)a)ill]; +[(t = Dj + i JUF + Uik — ) = niV;f (2.3)
where Uj; = 3(¢i; + @ji), Vij = 3(0ij — @j)-
Remark 2.1. When w = mand ¢ = U, then this connection family was studied in [20]. When U;; = gjj, then this
connection family was studied in [16]. When Uj;; is Ricci tensor, then this connection family was studied in [22].

t
From the expression (2.3), the curvature tensor of V, by a direct computation, is

t
Ry = Kig + Ujag — Ul + Ul = Uyl + (U = UR)I(E ~ Dy + 1]

(2.4)
+ (Ui = Uji(@' = 1) + (¢ = D(Ujw; = Uy i) + (= DUjwij + V5 = 7 Vy = Vi,

where ngk is the curvature tensor of the Levi-Civita connection V and the other notations are given as
follows

A = %,v[(t — Dy + 1] — (£ - 1)a)iUZ[(t - Dawp + mp] - Uf[(t = Dawp + mp][(t = Dk + 714
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bix = Vi(wk — 1) + (t = DUiy(wp — 11p) + Ujp(@? — ) (@ — 711)

+Ui[(t = Dawp + 1] (0P — 1)
u, = viu!
Ul = VUL + Up U (@ — ') = UPUL(F = 1)eog + 7] 2.5)
Vi = ViVl (= D VUL + UV - Doy + 7,0 + Uy Vi@ - )
— (t= D}V, - ULV [(t = Day + 7] — Ui V(@ — 1)
wjj = %ia)]- - %ja)i
T = %m]« - %jm
Suppose
aj=Urwy, @ =Ulw;, Bi=Urn,, B;=Um, yi=Vin (2.6)
where a;, a;, Bi, Ei and y; are a component of 1-form «, @, f, B and y respectively.

Theorem 2.1. For a Riemannian manifold (M, g), if 1-form a and « are closed forms then the volume curvature

t
tensor of V is zero, namely

t

P;j=0 (2.7)

t t t
where P;; = R i.‘].k is a volume curvature tensor of V.

Proof. Contracting the indices k and [ of the expression (2.4), then we have

t
Pi]' = Kij + U’]fa,-k - ufa]-k + Ukjbf - Ukl-b’]f + (Ui(] - U;)[(t - 1)a)k + T(k] + (U,-]-k - Uj,-k)(a)k — T(k)
+ (t- 1)(Ui.‘ka)j - U;?kw,-) + (t— 1)U’,§a)ij + T(iV;Fk - ﬂjVS{ - V;:T(ij

where K;; = K:.‘jk is a volume curvature tensor of V of g;;.
On the other hand

Ubay — Weaye = UAVIL(E — Doy + 1] = LSV (¢ — Doy + 10 = (¢ = D(@ills — o, UYULL(E ~ Doy + 75,]
Ubf = Ut = UpVilok + 7] = UV + 1) + (¢ = D(@ill - U U@ — 1)
(U — US)I(t — Dy + ] = (ViU = ViU~ Doy + 7]
(Ui - Uji)(@* — ) = (%iujk - %juik)(wk -7
(- DU~ Usw) = (= DIVi(Uia; — Vi(Uw)] ~ (¢t ~ D(@illjy - wjUp) UL (@ — )
+ (= D@l - o UNU[(E = Dy + 116]

(t- 1)U£wi]~ =(t- 1)(11,}:%1'&)]* - U,I:%jwi)
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Vi = ViVi+ (t- D ViUy + USVE[(E - Doy + 7] U, Vi (0 — 1)
(t = Dy ULV — UPVRI(E = Dy + 7] = UL V(o — 1)
0

Vi=0, K;j=0

Hence using these expressions and the expression (2.6), we obtain

t o o o o

Pi]‘ = t(Via]» - V]‘Déi) + (t— 1)(Vﬁ]- - Vjai) (2.8)
If a 1-form « and « are closed, then V;a; — Vja; = 0 and Via; — V;a; = 0. Hence from expression (2.8), we
obtain the expression (2.7). [

Remark 2.2. Theorem 2.1 shows that the volume flat condition of the generalized quarter-symmetric non-metric

t
connection family V is independent of 1-form o and that it is dependent only on 1-form w.

By (2.2) and (2.3), it is obvious that there holds the following.
t o o
When t = 0 we denote V as D, then the connection D satisfies

Dkg,‘]‘ = Zwkuij, TZ.C]. = 7'(]‘(Péc - 7Ti(P};

and its coefficient is

t
k= ) - Ut = () - m)UE + Ule® - ) — iV

t 1 1
When t = 1 we denote V as D, then the connection D satisfies

1
— k _ k k
Dkgij = —a)ill]-k - a)juik, T‘j = nj(Pi - ﬂi(p]»

1

and its coefficient is
ffj = i} + Uy + Ui = 1) = VY
When t = 2 we denote % as D, Then the connection D satisfies
Dygij = —2wi Ui = 20U — 20Uy, T = 7k = migp) (2.9)
and its coefficient is
TE = (£} + il + (w; + m)UE + U(o — ) - V¥

From the expression (2.8), it is easy to see that there holds the following corollary for the generalized
quarter-symmetric non-metric connection.

Corollary 2.2. For the Riemannian manifold (M, g), if 1-form « is closed form, then volume curvature tensor of D is
zero, namely

1(?)1']':0

[} o [}
where Pij = R i.‘].k is a volume curvature tensor of D.
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1
Corollary 2.3. For the Riemannian manifold (M, g), if 1-form « is closed form, then volume curvature tensor of D is
zero, namely

1
Pij=0

1 1 1
where Pij = R i.‘].k is a volume curvature tensor of D.

Let be
Al = Uag + Upbj + ULt = Dax + ] + Ui’ = 1) + (£ = DU ;)
+ Vi + (= DUVio; — Vi Vim;

Then, from (2.4) we get
ol I I I
Rij = Kij + Ay = Ay

So there exists the following.

Theorem 2.4. When A!, = Al then the curvature tensor will keep unchanged under the connection transformation

ijk jik!
o t
V-V,

It is well known that if a sectional curvature at a point p in a Riemannian manifold is independent of E
(a 2-dimensional subspace of T,M ), the curvature tensor is

Ry = k(p)(©igjx — 8j9) (2.10)
In this case, if k(p) = const , then the Riemannian manifold is a constant curvature manifold.

Theorem 2.5. (The Schur’s theorem of the generalized quarter-symmetric non-metric connection D) Suppose that
(M, g) (dimM > 3) is a connected Riemannian manifold associated with an isotropic generalized quarter-symmetric
non-metric connection D. If

sp=0 (2.11)
then the Riemannian manifold (M, g, D) is a constant curvature manifold, where s, = TZP .

Proof. Substituting the expression (2.10) into the second Bianchi identity of the curvature tensor of the
generalized quarter-symmetric non-metric connection D, we get

! I ! I ! !
DiRjj + DiR 5 + DiRy = TR ket TZ'R kT T;JhR ipk
O
and using the expression (2.9), then we have
Dyk(Sigx — 5;91'1() + Dik(é;!]hk — 8.gj%) + Dik(5, gix — St gmx)
= k(i) — nh(Pf)(é;gpk - &,g5) + (¢! — ni@?)(%ﬂpk — 0,9m)]

+(7T}1(P7' — 7101) (01 — 6,9i)]
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Contracting the indices i, of this expression, then we obtain
(n = 2)(Dykg jx — Djkgn)
= k[(n = 3)(mup ik — Tjpme) + PUTGjr — Tigne) + ghkni(P; — 7P} ]
Multiplying both sides of this expression again by g/, then we have
(n = 1)(n — 2)Dyk = 2(n — 2)k(r,} — Ti})

From this equation above we obtain

th +

=0
n—l%

where s, = Tl = m@) — mupl. According to dimM > 3 if s, = 0, then k = const. The connected condition

implies theorem?2.3 is tenable.

tm
From the expression (2.2) and (2.3), the coefficient of the mutual connection family V of the generalized

t
quarter-symmetric non-metric connection family V is
Yo K k k_ ok K
;= {ij} +[(t - Dw; + ﬂ,‘]u]- + (t - Do;U; + Ujj(w” — %) — 11;V; (2.12)
tm
And from this expression the curvature tensor of V, by a direct computation, is

tm m m
R L.k = Ki’jk + U?rﬁik - Uﬁg]-k + u]'kbf- - U,-kbi. + (t— 1)(LI§]. - U;i)a)k

+(Uijk - Uiik)(wl - 711) + lnj[fk[(t - 1)0)]' + 7'(]'] - ﬁik[(t - Dw; + ;] (2.13)
m m
+(t - 1)U,l(a)ij + U,inij + szfjk - V;-f,‘k - (Vi’j - Vﬁj)ﬂk
where the other notations are given as

ay = (t = DViwy - [(t - D + U wx — (t - DU wpwr — Ugwp (@ — 7))

m

bix = Vi(wr — ) + [(t — Dw; + 7i]Uip (0P — ) + Ujp( — ) (i — 71x)

Ul = ViUl + Up U (@ — ) — (- DU ULy (2.14)
fix = Vi = [(t = Daw; + mi]Uymy = (8 = DUy — Uperp(@f — i) + Viwp

m o

ng = Vl-vﬁ. +[(t - Vi + ni]v;’u;, + u,-,,v;.’(wl — )+ (t - 1)ugv;’w,,

Theorem 2.6. For a Riemannian manifold (M, g), if 1-form a, @, B, B, are closed forms, then the volume curvature

tm m
tensor P;; of the mutual connection family V is zero, namely

P;i=0 (2.15)

tm tm tm tm
where P;j is said to be the volume curvature tensor of V defined by P;j = P f]k
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Proof. Contracting the indices k and [ of the expression (2.13), then we have

tm

m m
Pi]‘ = K,‘j + u];g,'k - U?le]'k + Ujkbf - Uikbl; + (t - 1)(Uf] - U’]fl.)cuk + (ul’]’k - Uﬁk)(a)k - T(k)
m m
+ UGl =Dy + m] = UG I(E = Vi + 7] + (¢ = DUfwi; + Uy (2.16)
m m
- Vife=Vifa— (Vi = Vi
Using the expression (2.14), we obtain

Uay — Wage = (t= DUV — UVjwy) - (= D@l — U)W,

k k
— (=D} - mU) Uy,
m m [¢] o
U]-kbf - Uikb’]? = UjkV,-(a)k - Tik) - Lll-kV]-(cuk - T(k) + (t - 1)(a)ink - w]-LI,-k)Ui(a)p - T(p)
+  (mly - mUg)US (o — )

(t- 1)(Ufj - U;ﬂ-)wk + (Uije — Uj)(@* — 7¥) = f(Vz‘U}; - ViU - (Villi — VUg)r*

m k m k

Ul.k[(t - 1)&)]' - ﬂj] - ujk[(t - Dw; — ;]

= —(t = V(@ V;Uf — w;Villy) = (t = Wil — o;Up) UL (" — %) + (¢ - 1)2(a)iu§.’ - ;U Uswy

—(mV;Uy — mViUy) — (milly, — mUip) UL (0" — 71°)

+(t - 1)(n,-u§? — U7 Uy

k k Uk _ 1k o (1 o (k

V,- f]’k - Vjﬁk - (Vz‘]‘ - Vji)nk = —[V,'(V]-T(k) - V]'(Vi 71)]

(t- 1)U£a)i]- =(t- 1)(U£Via)]' - U,’jvja)i)

U’,jni]- = UfV,-n]- - u}}zv]ﬂi

Kij=0
Substituting these expressions above into (2.16) and using (2.6), we have
m o o o o o o
Pij = #(Viaj = Vja;) + (t = D)(Viaj = Vjai) = (ViBj = Vpi)
+ (VB = Vi) = Viy; = Vyyi) (2.17)
If a 1-form a, @, B, [_3, y are closed, then there holds %,-oz]- - %jcx,- =0, %ﬂj - %jai =0, %iﬁj - %jﬁi =0,

%,ﬁj -V jEi =0, Viy; = V;yi = 0. From expression (2.17), it is not hard to see that (2.15) is tenable. [J

tm
Remark 2.3. Theorem 2.4 shows that the volume flat condition of the quarter-symmetric family V is different from
t

the volume flat condition of the generalized quarter-symmetric non-metric connection family V.
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3. A generalized projective quarter-symmetric non-metric connection family

10140

P
Definition 3.1. A connection family V is called a generalized projective quarter-symmetric non-metric connection

P t
family, if V is a projective equivalent to the generalized quarter-symmetric non-metric connection family V.

In a Riemannian manifold (M, g), a generalized projective quarter-symmetric non-metric connection

t
family V satisfies the relation

p
Vigij = =2Ungij — Yigix — ¥igi — 2(t — DU — tw; Uy — tw Uy
T}, = m¢f = g
and the coefficient of this connection family is

p
T = (5 + i) + 9jof + (t = Dol + [(t = Dw; + m]Uf + Ui = 1) =V}

P
where 1; is a projective component of V.

P
From the expression (3.2), we find that the curvature tensor of V is

RU, = KL+l — olcj+ Uy — U + Uyl — bl + (UL, — Ut = Doy + 7]
+ (Ui~ Ui (@' = 1) + (= D(Ujw; — Uywy) + (= Uiy + 1V = 1V
+ O + Ty
where

Cik = %ilnbk — i — (t = 1)wiuzlsz - Uf#’p[(t = Dy + ] = Uppp(0f — P) + mVlebp

Yij == Vipj = Vihi

Using the expression (2.4), the expression (3.3) becomes
P11 L I I I
Rije = Ry + 0jci = Oi€ji + i + Tyt

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

Theorem 3.1. In a Riemannian manifold (M, g), if 1-form 1, a and a are closed forms, then the volume curvature

P
tensor of V is zero, namely

P

Pi]' =0

P P P
where Pij = R i.‘].k is a volume curvature tensor of V.

Proof. Contracting the indices k and [ of the expression (3.5), then we obtain

P t
Pl']' = Pi]‘ + Cij — Cji + ngbk + Tll/iij
On the other hand, from the expression (3.4), we have

- P
cij = ¢ji = Yij = TPy

(3.6)
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Substituting this expression into the above expression, we obtain
Pt
Pij = P,']' + (n + 1)1/),']' (3'7)

t
If a 1-form ¢, & and @ are closed, then P;; = O(theorem 2.1) and ¢;; = 0. Hence from the expression (3.7), we
obtain the expression (3.6). [
pm
From the expressions (3.1) and (3.2), the coefficient of the mutual connection family V of the generalized
p
projective quarter-symmetric non-metric connection family V is
pm

T8 = (5} + Yidk + 9;0F + [( = Daoi + U + (¢ = DaoyUf + Uj(o” = ) =V (3.8)

pm
and from this expression the curvature tensor of V, by a direct computation is

pm m m
R gjk = Kf’jk + (Si»rgik - 55?]‘;( + U;Zl,-k - uyl;lljk + ujkbé - uikbé' +(t- 1)(u,l‘j - uﬁ'i)wk
m m
+ (Ui = Ujid(@' = 1) + UGt = Dwj + 11j] = U [(E = Dewoi + 7] (3.9)
I 1 1 ] G ! !
+ (t— 1)Ukwij + ukT(i]' + Vifjk - V]'fik - (Vij - V]-i)ﬂk + 6k7,bij - T,']'I,Dk
where
;gik = V,l][J] - l,[lll)b] - [(t - 1)&)1‘ + T(,‘]UZ#’F + (t - l)Uchpwk
- Upmp(@” — ) + VIm,my (3.10)

Using the expression (2.13), the expression (3.9) becomes

pm tm
R, = Ry +6ici = 6[Cj — T+ iy — Ty 3.11)

Theorem 3.2. In a Riemannian manifold (M, g), if 1-form ¢, a, @, B, B and y are closed, then a volume curvature
pm
tensor of V is zero, namely

pm
P;i=0 (3.12)

pm pm pm
where P;j = R f.‘jk is the volume curvature tensor of V.

Proof. Contracting the indices and of the expression (3.11), then we have

pm tm m m k
P,']' = Pz']' + Cij — Cji + Tl-]-llik + 1’11’01']'

On the other hand from the expression (3.4), we have
m m
- P
cij = Cji = ij = Tijthy
Substituting this expression into the above expression, we obtain

pm tm

Pij = Pij+ (n+ 1)y (3.13)

— tm
If a 1-form 1, a, a, B, p and y are closed form, then P;; = O(theorem2.4) and and ;; = 0. Hence from the
expression (3.13), we obtain the expression (3.12). O
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Theorem 3.3. In a Riemannian manifold (M, g), if a 1-form v is closed, the tensor below

(3.14)

t P tm pm
is an invariant under the projective connection transformation V.— V, V. — V where

1T gt 1
- m(éiRjk — 0;Ri)
T (3.15)
- m(éﬁR]‘k - 6;Rz’k)

t tm t tm
where Wﬁ.jk and Wﬁ.jk are the Weyl projective curvature tensor of V and V respectively.

Proof. Adding the expressions (3.5) and (3.11), we obtain

AR by ! ! ]
Rig+ Rjj = Rip + Ry + O — Ot + 20,1 (316)

where a; = cj + 'gik, If 1-form v is closed, then ¢;; = Viip; — V;; = 0. From this fact, the expression (3.16) is

L1 o ol ] !
Rijk+Ri]’kzRijk+Rijk+6jaik_6iafk (3-17)
Contracting the indices i,! of (3.17), we get

P pm 3 tm
R]‘k + R]k = R]k + R]k - (n - 1)6¥]‘k

From this expression above we obtain

1 t tm p  pm
je = 7 (Rjic + Rjie = Rjr = R jx)

Substituting this expression into (3.17) and putting

4 4 1 p p
w! =RL —m(éﬁRﬂ(—é;Rik)

ik =™ TNijk
pm, pm, 1 Fm o (3.18)
Wz’]’k R ijk — m(éink - 5]'Rik)
then by a direct computation, we obtain
NI T R/ Y
Wi+ Wi = Wi+ Wiy (3.19)
p pm 4 pm
where Wf.].k and ijk are the Weyl projective curvature tensor of Vand V. [
Theorem 3.4. In a Riemannian manifold (M, g), the tensor below
Lo m
Wi’jk + Wi’jk (3.20)
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t P tm pm
is an invariant under the projective connection transformation V.— V, V. — V, where

t

Tl 1 I Iy
Wzﬂc Rz]k 1 (5ink - 6]le)
1 L t 1 t
+ [6Rjx — Ryj) — 0'(Rix — Ry) + (n — 1), (sz ﬁ)]
n?-1 /
(3.21)
tﬂl tm I Itm »ltm
szk Rz]k (6‘Rjk_b‘Rik)
+ 2 _ [5 (R]k - Rk]) - 6 (Rzk - sz) + (71 - 1)5 (Rz] - R]z)]
n
t tm
(tensors Wl and Wl are the generalized Weyl projective curvature tensors of V and V respectively).
Proof. Contracting the indices i,/ of expression (3.16) and using ¢;; = =i , we get
popm t
R]k + R]k = R]k + R]k - (71 - 1)Ol]k - ZI]D]}{ (3.22)
Alternating the indices j and k of this expression and using ax — axj = 2 jx , we obtain
4 ppm pm t tm tm
R]‘k - Rk]‘ + R]‘k - Rk]‘ = Rjk - Rk]‘ + R]‘k - Rk]‘ - 2(1’[ + 1)1/}]‘k
From this expression above we have
pm pm
lek (7’[ +1) [( jk — Rk] + R]k - Rkj) - (R]k - Rk] + R]k - Rk])]
Using this expression from the expression (3.22), we find
t tm p pm
aj = m{(R;‘k + Rj) = (Rjx + Rjx)
tm m 4 ppm pm
- 1 [(R]k Ryj + Rjx = Rij) = (Rjk — Rej + Rje = Ry}
Substituting the above two expressions into (3.16) and putting
1 p P
Wl ! ! !
Wz]k Rz]k 1 (61’Rjk - 6]‘Rik)
b 4 B
+ [6}(Rj — Rij) — 84 (Rix — Rig) + (n — 1)) (Rz] ji)]
n2 -1 /
(3.23)
o L i
Wi =R 1]k — (dek — ;R
] pm pm !
+ 2 1[61(R]k Rk]) - ( ik = Rkl) +(n-1)0 (Rl] - R]z)]
then by a direct computation, we obtain
p pm t
Wl oWl Wl !
Wzﬂc + Wzﬂc Wz]k + Wz]k (324)
4 pm 4 pm

where Wﬁ.jk and W 5],]( are the generalized Weyl projective curvature tensors of V and V, respectively. [

Remark 3.1. Theorem 3.3 and theorem 3.4 show that the proposed projective invariant is independent of parameter
t.
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4. A generalized projective conformal quarter-symmetric non-metric connection family

Definition 4.1. A connection family V is called a generalized projective conformal quarter-symmetric non-metric
connection family, if V is conformal equivalent to the generalized projective conformal quarter-symmetric non-metric

p
connection family V.

In the Riemannian manifold (M, g), a generalized projective conformal quarter-symmetric non-metric
connection family V satisfies the relation

ngij = —2(1][)]( + ak)gij - lPigjk - Z(t - 1)wku1’]‘ - ta),Ujk — ta)]’uik

(4.1)
T} = Y9} — ¥ig;
and the coefficient of this connection family is
T = {5+ @i+ 0)0f + (i + 07)0f = gijo* + (¢ = DUy w2
+[(t = Dy + mJUf + Uy = ) = V¥ ‘
From the expression (4.2), the curvature tensor of V, by a direct computation, is
Réjk = Kﬁjk + 6;(1,‘1{ - 65(1]‘}( + gikeﬂ. - g]‘k€§ + ll;aik - Uﬁajk + u]‘kbé - Uikbﬁ.
+ (UL = ULt — Dk + mi] + (Ui — Uji) (@' = 1) + (= DUy w; — Uh)
j j j (4.3)
+ (3;(171},‘]‘ +(t— 1)U;<a),-]- - V}{Rl‘]‘ + 7T,‘V§-k - Rlel»k —(t- 2)(a)]-LI,-k - a)ink)Gl
+ Tf]-(ll)k + Gk) - T,']'kGl
where
dic = Vil + o) = (i + 0) @k + 0k) — Gy + 0,)0” — (t = D UL (Y + 0)
- Uf(%, +0p)[(t = Dy + 1] = Ui (Y + 0p) (@ = 1P) + niVZ(lpP +0p) (4.4)
ek = %{Gk — 00+ (t— 1)a)iukpo” + Uyt - 1)a)p + ﬂp]Gp + Uipap(a)k — Tly) + ﬂinpGp
Using the expression (2.4), the expression (4.3) becomes
I ! I I I I, <l
Ry = Rijdidix — 0 + give; — gjxe; + Oy 1pij (4.5)

~ (t = 2)(@;Ui ~ wil)o" + Ti(yx + 0x) = Tijeo!

Theorem 4.1. In a Riemannian manifold (M, g), if 1-form ¢, a and a are closed forms, then the volume curvature
tensor of V is zero, namely

Pij=0 (4.6)
where P;j = Ri,‘],k is a volume curvature tensor of V.
Proof. Contracting the indices k and  of the expression (4.4), then we have
t
Pij = Pij + dij - dﬁ +eij —eji + npij — (t- 2)(wju,-k - a)iujk)ak + Tf-(j(ll)k + 0y) — T,‘jka
On the other hand, from the expression (4.4), we have

dij = dji = Yij = T, (Y + 0p)



D. Zhao et al. / Filomat 38:29 (2024), 10133-10146 10145
eij —eji = (t- 2)(a)jll,-,, - a),-ll]-,,)ap + T,‘jpdp

Substituting these expressions into the above expression, we obtain
4 t
P,‘j = Pl‘]‘ + (Tl + 1)1#@‘ (4.7)

P
If a 1-form ¢, & and « are closed, then P;; = O(theorem 2.1) and ¢;; = 0. Hence from the expression (4.7), we
obtain the expression (4.6). [
Remark 4.1. The expression (4.7) is not different from the expression (3.7). This shows that volume flat condition of
4
Vand V is equal.

m
From the expressions (4.1) and (4.2), the coefficient of the mutual connection family V of the generalized
projective conformal quarter-symmetric non-metric connection family V is

rfj = {fj} + (W + 01)6’; + (i + 7)o = gijo®* + [(t - Da; + m]uﬁ?

(4.8)
+ (t— 1)0)]'UZF + Ui]-(a)k - T(k) - ﬂjV;{

m
And from this expression the curvature tensor of V, by a direct computation is

Rl =K!

m m m m
I 3. 13, Sy g pmo g am Tl 17!
ijk ijk + 6jd,k - 6idjk + g,ke]. gike ; + Ujalk Uia]k + U]kbi Uzkb].

+ (t = D(Uj; — Ux + Uik — Uja) (@' = 1) + UGt = Dewo; + 717] 9)
= UG [t = Da; + 7] + 8pij + (= DU + Uy + Vifi = Vifao + (Vi = Vi
- (t - 2)(a)jUik — a),-ll]-k)ol - Z(Rjuik — Riu]'k)Ol - Tfj(lpk + Ok) - 2Vi]‘7'(k01

where

m o

dic = Vigi + 0x) = i + o) (W + 01) + gie(@p + 0p)0” — [(t = Dev; + T UL (Y + 0))
= (t = DU (P + op)wx — Uiy + ap)f — i) + V(i + 0p) (4.10)

1(15‘11'1( = Vior — oio + [(t — Dw; + T(,']Ukpcfp + (t— 1)U,-ka)pap + U,-pa”(wk — ) + V,'kT(pGp

Using the expression (2.13), the expression (4.9) becomes

R alal "y My I
R ik = R ijk + 6]'dik - 6idﬂ< + gik€ j = gjke ; + 5](1707‘}‘ —(t- 2)(a)]~uik - a),‘u]'k)o‘

(4.11)
- Z(Rjuik - TCI'Ujk)Gl - Tll-j(l#k + Gk) - 2Vl‘]‘7'(kal

Theorem 4.2. In a Riemannian manifold (M, g), if 1-form ¢, a, @, B, B and y are closed, then a volume curvature
m
tensor of V is zero, namely

Pij=0 (4.12)

m m m
where Pij = R i.‘].k is the volume curvature tensor of V.
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Proof. Contracting the indices k and [ of the expression (4.11), then we have

pm tm m

m
P,‘j = Pi]‘ + di]' - d]'i + ngji - }1611']' + VH,DZ']' - (t - 2)(a)]-llik - a)illjk)ak
- Z(n]-uik - ﬂiu/'k)O'k - ZVZ']'ﬂka — TZ-(I,D]{ + O'k)

On the other hand from the expression (4.4), we have

m m

di]' - dﬁ = 1701‘]‘ + TZ,I]DP

m m
eji— ejj = (t - 2)(a)]-ul-p - a)iujp)a” + Z(njll,-p - n,-ujp)o’” + ZVZ']'RPOP
Substituting this expression into the above expression, we obtain

m tm

Pij = Pij + (n + )iy (4.13)

_ t
If a 1-form ¢, a, @, B, B and y are closed form, then Ir;lij = O(theorem 2.4) and ¢;; = 0. Hence from the
expression (4.13), we obtain the expression (4.12). [
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