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Abstract. The present paper investigates the fundamental physical invariants under some transform
groups, and confirms some geometric characteristics of a manifold associated with some connections. This
article firstly introduces a generalized quarter-symmetric non-metric connection family and studies sys-
tematically its geometrical properties. The present paper also arrives at the interesting projective invariant
of the generalized quarter-symmetric non-metric connection family.

1. Introduction

The concept of the semi-symmetric connection was introduced by Fridman and Schouten in [5] for the
first time. H. A. Hayden in [11] introduced the metric connection with torsion, and K. Yano in [18] introduced
a semi-symmetric metric connection and studied its geometrical properties of a manifold with this class of
connections. De, Han and Zhao in [2] investigated recently and confirmed some interesting geometries of
a manifold with the semi-symmetric non-metric connection. A quarter-symmetric connection was defined
and studied by S. Golab in [7]. Afterwards, several types of a quarter-symmetric metric connection were
studied (one can see [4, 8, 16, 17, 19, 22] for details).

On the one hand, the Schur’s theorem of a semi-symmetric non-metric connection is well known
([9, 12, 14, 15]) based only on the second Bianchi identity. Is is well know that a semi-symmetric non-metric
connection that is just as a geometric model for scalar-tensor theories of gravitation [3, 13]. And a projective,
conformal and projective conformal semi-symmetric connection were also studied ([15, 21, 23, 24]). And the
physical characteristics of a manifold associated with a non-metric connection were studied ([1, 6, 10, 23]).

Recently the Ricci quarter-symmetric connection family and the projective Ricci quarter-symmetric
connection family and the Schur’s theorem of these connection families were studied ([13, 17, 20]). And
Tang, Ho, Fu and Zhao in [16] defined a generalized quarter-symmetric metric recurrent connection and
investigated its properties of a manifold, and obtained the Schur’s theorem of a manifold associated with
these connections. In fact, there were few results about quarter-symmetric non-metric connections because
of its formal complexity and computational difficulty.
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Motivated by the forgoing researches we define newly in the present paper a generalized quarter-
symmetric non-metric connection family and study its properties and its mutual connection family. And
we find a fundamental projective invariant for the generalized quarter-symmetric non-metric connection
family and study the generalized projective conformal quarter-symmetric non-metric connection family.

The organizations of this paper are as follows. Section 1 considered the previous study results. Section 2
newly defined a generalized quarter-symmetric non-metric connection family and studied its geometrical
properties. Section 3 studied the projective invariant for the generalized quarter-symmetric non-metric
connection family. Section 4 considered the generalized projective conformal quarter-symmetric non-metric
connection family.

2. A generalized quarter-symmetric non-metric connection family

Let (M, 1) be a Riemannian manifold (dimM ≥ 3), 1 be the Riemannian metric on M and
◦

∇ be the
Levi-Civita connection with respect to 1. Let TM denote the collection of all vector fields on M.

Definition 2.1. A connection familay
t
∇ is called a generalized quarter-symmetric non-metric connection family if it

satisfies the relation

(
t
∇Z1)(X,Y) = −2(t − 1)2ω(Z)U(X,Y) − ω(X)U(Y,Z) − tω(Y)U(X,Z)

T(X,Y) = π(Y)φX − π(X)φY
(2.1)

where φ is a (1,1)-type tensor field and ω,π are 1-form respectively and U(X,Y) = 1
2 [φ(X,Y) + φ(Y,X)],

V(X,Y) = 1
2 [φ(X,Y) − φ(Y,X)] and t ∈ R is a parameter of the connection family.

Let (xi) be the local coordinate, then 1,
◦

∇,∇, ω, π, φ,U,V,T have the local expressions 1i j, {ki j},Γ
k
i j, ωi, πi, φk

i

Uk
i ,V

k
i ,T

k
i j respectively. At the same time the expression (2.1) can be rewritten as

t
∇k1 ji = −2(t − 1)ωkUi j − tωiU jk − tω jUik, Tk

ji = π jφ
k
i − πiφ

k
j (2.2)

The coefficient of
t
∇ is given as

t
Γ k

i j = {
k
i j} + (t − 1)ωiUk

j + [(t − 1)ω j + π j]Uk
i +Ui j(ωk

− πk) − πiVk
j (2.3)

where Ui j =
1
2 (φi j + φ ji), Vi j =

1
2 (φi j − φ ji).

Remark 2.1. When ω = π and φ = U, then this connection family was studied in [20]. When Ui j = 1i j, then this
connection family was studied in [16]. When Ui j is Ricci tensor, then this connection family was studied in [22].

From the expression (2.3), the curvature tensor of
t
∇, by a direct computation, is

t
R l

i jk = Kl
i jk +Ul

jaik −Ul
ia jk +U jkbl

i −Uikbl
j + (Ul

i j −Ul
ji)[(t − 1)ωk + πk]

+ (Ui jk −U jik)(ωl
− πl) + (t − 1)(Ul

ikω j −Ul
jkωi) + (t − 1)Ul

kωi j + πiVl
jk − π jVl

ik − Vl
kπi j

(2.4)

where Kl
i jk is the curvature tensor of the Levi-Civita connection

◦

∇ and the other notations are given as
follows

aik =
◦

∇i[(t − 1)ωk + πk] − (t − 1)ωiU
p
k [(t − 1)ωp + πp] −Up

i [(t − 1)ωp + πp][(t − 1)ωk + πk]
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bik =
◦

∇i(ωk − πk) + (t − 1)Ukp(ωp − πp) +Uip(ωp
− πp)(ωk − πk)

+Uik[(t − 1)ωp + πp](ωp
− πp)

Ul
i j =

◦

∇iUl
j

Ul
ik =

◦

∇iUl
k +UipUp

k (ωl
− πl) −Up

i Ul
p[(t − 1)ωk + πk] (2.5)

Vl
ik =

◦

∇iVl
k + (t − 1)ωiV

p
k Ul

p +Ul
iV

p
k [(t − 1)ωp + πp] +UipVp

k (ωl
− πl)

− (t − 1)ωiU
p
k Vl

p −Up
i Vl

p[(t − 1)ωk + πk] −UikVl
p(ωp

− πp)

ωi j =
◦

∇iω j −
◦

∇ jωi

πi j =
◦

∇iπ j −
◦

∇ jπi

Suppose

αi = Uk
iωk, αi = Uk

kωi, βi = Uk
iπk, βi = Uk

kπi, γi = Vk
i πk (2.6)

where αi, αi, βi, βi and γi are a component of 1-form α, α, β, β and γ respectively.

Theorem 2.1. For a Riemannian manifold (M, 1), if 1-form α and α are closed forms then the volume curvature

tensor of
t
∇ is zero, namely

t
Pi j = 0 (2.7)

where
t
Pi j =

t
R k

i jk is a volume curvature tensor of
t
∇.

Proof. Contracting the indices k and l of the expression (2.4), then we have
t
Pi j = Ki j +Uk

j aik −Uk
i a jk +Ukjbk

i −Ukibk
j + (Uk

i j −Uk
ji)[(t − 1)ωk + πk] + (Ui jk −U jik)(ωk

− πk)

+ (t − 1)(Uk
ikω j −Uk

jkωi) + (t − 1)Uk
kωi j + πiVk

jk − π jVk
ik − Vk

kπi j

where Ki j = Kk
i jk is a volume curvature tensor of

◦

∇ of 1i j.
On the other hand

Uk
j aik −Uk

i a jk = Uk
j

◦

∇i[(t − 1)ωk + πk] −Uk
i

◦

∇ j[(t − 1)ωk + πk] − (t − 1)(ωiUk
j − ω jUk

i )Up
k [(t − 1)ωp + πp]

U jkbk
i −Uikbk

j = U jk
◦

∇i[ωk + πk] −U jk
◦

∇i(ωk + πk) + (t − 1)(ωiU jk − ω jUik)Uk
p(ωp

− πp)

(Uk
i j −Uk

ji)[(t − 1)ωk + πk] = (
◦

∇iUk
j −

◦

∇ jUk
i )[(t − 1)ωk + πk]

(Ui jk −U jik)(ωk
− πk) = (

◦

∇iU jk −
◦

∇ jUik)(ωk
− πk)

(t − 1)(Uk
ikω j −Uk

jkωi) = (t − 1)[
◦

∇i(Uk
kω j −

◦

∇ j(Uk
kωi)] − (t − 1)(ωiU jp − ω jUip)Up

k (ωk
− πk)

+ (t − 1)(ωiU
p
j − ω jU

p
i )Uk

p[(t − 1)ωk + πk]

(t − 1)Uk
kωi j = (t − 1)(Uk

k

◦

∇iω j −Uk
k

◦

∇ jωi)
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Vk
ik =

◦

∇iVk
k + (t − 1)ωiV

p
k Uk

p +Uk
i Vp

k [(t − 1)ωp + πp]UipVp
k (ωk

− πk)

− (t − 1)ωiU
p
k Vk

p −Up
i Vk

p[(t − 1)ωk + πk] −Up
ikVk

p(ωp
− πp)

= 0

Vk
k = 0, Ki j = 0

Hence using these expressions and the expression (2.6), we obtain

t
Pi j = t(

◦

∇iα j −
◦

∇ jαi) + (t − 1)(
◦

∇iα j −
◦

∇ jαi) (2.8)

If a 1-form α and α are closed, then
◦

∇iα j −
◦

∇ jαi = 0 and
◦

∇iα j −
◦

∇ jαi = 0 . Hence from expression (2.8), we
obtain the expression (2.7).

Remark 2.2. Theorem 2.1 shows that the volume flat condition of the generalized quarter-symmetric non-metric

connection family
t
∇ is independent of 1-form α and that it is dependent only on 1-form ω.

By (2.2) and (2.3), it is obvious that there holds the following.

When t = 0 we denote
t
∇ as

◦

D, then the connection
◦

D satisfies

◦

Dk1i j = 2ωkUi j, Tk
i j = π jφ

k
i − πiφ

k
j

and its coefficient is

t
Γ k

i j = {
k
i j} − ωiUk

j − (ω j − π j)Uk
i +Ui j(ωk

− πk) − πiVk
j

When t = 1 we denote
t
∇ as

1
D, then the connection

1
D satisfies

1
Dk1i j = −ωiU jk − ω jUik, Tk

i j = π jφ
k
i − πiφ

k
j

and its coefficient is

1
Γ k

i j = {
k
i j} + π jUk

i +Ui j(ωk
− πk) − πiVk

j

When t = 2 we denote
t
∇ as D, Then the connection D satisfies

Dk1i j = −2ωkUi j − 2ωiU jk − 2ω jUik, Tk
i j = π jφ

k
i − πiφ

k
j (2.9)

and its coefficient is

Γk
i j = {

k
i j} + ωiUk

j + (ω j + π j)Uk
i +Ui j(ωk

− πk) − πiVk
j

From the expression (2.8), it is easy to see that there holds the following corollary for the generalized
quarter-symmetric non-metric connection.

Corollary 2.2. For the Riemannian manifold (M, 1), if 1-form α is closed form, then volume curvature tensor of
◦

D is
zero, namely

◦

Pi j = 0

where
◦

Pi j =
◦

R k
i jk is a volume curvature tensor of

◦

D.
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Corollary 2.3. For the Riemannian manifold (M, 1), if 1-form α is closed form, then volume curvature tensor of
1
D is

zero, namely

1
Pi j = 0

where
1
Pi j =

1
R k

i jk is a volume curvature tensor of
1
D.

Let be

Al
i jk = Ul

jaik +U jkbl
i +Ul

i j[(t − 1)ωk + πk] +Ui jk(ωl
− πl) + (t − 1)Ul

ikω j

+ πiVl
jk + (t − 1)Ul

k

◦

∇iω j − Vl
k

◦

∇iπ j

Then, from (2.4) we get

t
R l

i jk = K l
i jk + A l

i jk − A l
jik

So there exists the following.

Theorem 2.4. When A l
i jk = A l

jik, then the curvature tensor will keep unchanged under the connection transformation
◦

∇ →
t
∇ .

It is well known that if a sectional curvature at a point p in a Riemannian manifold is independent of E
(a 2-dimensional subspace of TpM ), the curvature tensor is

R l
i jk = k(p)(δl

i1 jk − δ
l
j1ik) (2.10)

In this case, if k(p) = const , then the Riemannian manifold is a constant curvature manifold.

Theorem 2.5. (The Schur’s theorem of the generalized quarter-symmetric non-metric connection D) Suppose that
(M, 1) (dimM ≥ 3) is a connected Riemannian manifold associated with an isotropic generalized quarter-symmetric
non-metric connection D. If

sh = 0 (2.11)

then the Riemannian manifold (M, 1,D) is a constant curvature manifold, where sh = Tp
hp .

Proof. Substituting the expression (2.10) into the second Bianchi identity of the curvature tensor of the
generalized quarter-symmetric non-metric connection D, we get

DhR l
i jk +DiR l

jhk +D jR l
hik = Tp

hiR
l
jpk + Tp

ijR
l
hpk + Tp

jhR l
ipk

and using the expression (2.9), then we have

Dhk(δl
i1 jk − δ

l
j1ik) +Dik(δl

j1hk − δ
l
h1 jk) +D jk(δl

h1ik − δ
l
i1hk)

= k[(πiφ
p
h − πhφ

p
i )(δl

j1pk − δ
l
p1 jk) + (π jφ

p
i − πiφ

p
j )(δ

l
h1pk − δ

l
p1hk)]

+(πhφ
p
j − π jφ

p
h)(δl

i1pk − δ
l
p1ik)]
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Contracting the indices i, l of this expression, then we obtain

(n − 2)(Dhk1 jk −D jk1hk)

= k[(n − 3)(πhφ jk − π jφhk) + φi
i(πh1 jk − π j1hk) + 1hkπiφ

i
j − 1 jkπiφ

i
h]

Multiplying both sides of this expression again by 1 jk, then we have

(n − 1)(n − 2)Dhk = 2(n − 2)k(πhφ
i
i − πiφ

i
h)

From this equation above we obtain

Dhk +
2k

n − 1
sh = 0

where sh = Ti
hi = πiφi

h − πhφi
i. According to dimM ≥ 3 if sh = 0, then k = const. The connected condition

implies theorem2.3 is tenable.

From the expression (2.2) and (2.3), the coefficient of the mutual connection family
tm
∇ of the generalized

quarter-symmetric non-metric connection family
t
∇ is

tm
Γ i j = {

k
i j} + [(t − 1)ωi + πi]Uk

j + (t − 1)ω jUk
i +Ui j(ωk

− πk) − π jVk
i (2.12)

And from this expression the curvature tensor of
tm
∇, by a direct computation, is

tm
R l

i jk = K l
i jk +Ul

j
m
aik −Ul

i
m
a jk +U jk

m
b l

i −Uik

m
b l

j + (t − 1)(Ul
i j −Ul

ji)ωk

+(Ui jk −U jik)(ωl
− πl) +

m
U l

ik[(t − 1)ω j + π j] −
m
U l

jk[(t − 1)ωi + πi] (2.13)

+(t − 1)Ul
kωi j +Ul

kπi j + Vl
i f jk − Vl

j fik − (
m
V l

i j −
m
V l

i j)πk

where the other notations are given as

m
aik = (t − 1){

◦

∇iωk − [(t − 1)ωi + πi]U
p
kωk − (t − 1)Up

i ωpωk −Uikωp(ωp
− πp)}

m
bik =

◦

∇i(ωk − πk) + [(t − 1)ωi + πi]Ukp(ωp
− πp) +Uip(ωp

− πp)(ωk − πk)
m
U l

ik =
◦

∇iUl
k +UipUp

k (ωl
− πl) − (t − 1)Up

i Ul
pωk (2.14)

fik =
◦

∇iπk − [(t − 1)ωi + πi]U
p
kπp − (t − 1)Up

i πpωk −Uikπp(ωp
− πp) + Vp

i ωpπk

m
V l

i j =
◦

∇iVl
j + [(t − 1)ωi + πi]V

p
j Ul

p +UipVp
j (ωl
− πl) + (t − 1)Ul

iV
p
jωp

Theorem 2.6. For a Riemannian manifold (M, 1), if 1-form α, α, β, β, are closed forms, then the volume curvature

tensor
tm
P i j of the mutual connection family

m
∇ is zero, namely

tm
P i j = 0 (2.15)

where
tm
P i j is said to be the volume curvature tensor of

tm
∇ defined by

tm
P i j =

tm
P k

i jk.
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Proof. Contracting the indices k and l of the expression (2.13), then we have

tm
P i j = Ki j +Uk

j
m
aik −Uk

i
m
a jk +U jk

m
b k

i −Uik

m
b k

j + (t − 1)(Uk
i j −Uk

ji)ωk + (Ui jk −U jik)(ωk
− πk)

+
m
U k

ik[(t − 1)ω j + π j] −
m
U k

jk[(t − 1)ωi + πi] + (t − 1)Uk
kωi j +Uk

kπi j (2.16)

− Vk
i f jk − Vk

j fik − (
m
V k

i j −
m
V k

ji)πk

Using the expression (2.14), we obtain

Uk
j
m
aik −Uk

i
m
a jk = (t − 1)(Uk

j

◦

∇iωk −Uk
i

◦

∇ jωk) − (t − 1)2(ωiUk
j − ω jUk

i )Up
kωp

− (t − 1)(πiUk
j − π jUk

i )Up
kωp

U jk

m
b k

i −Uik

m
b k

j = U jk
◦

∇i(ωk
− πk) −Uik

◦

∇ j(ωk
− πk) + (t − 1)(ωiU jk − ω jUik)Up

k (ωp
− πp)

+ (πiU jk − π jUik)Uk
p(ωp

− πp)

(t − 1)(Uk
i j −Uk

ji)ωk + (Ui jk −U jik)(ωk
− πk) = t(

◦

∇iUk
j −

◦

∇ jUk
i )ωk − (

◦

∇iU jk −
◦

∇ jUik)πk

m
U k

ik[(t − 1)ω j − π j] −
m
U k

jk[(t − 1)ωi − πi]

= −(t − 1)(ωi
◦

∇ jUk
k − ω j

◦

∇iUk
k) − (t − 1)(ωiU jp − ω jUip)Up

k (ωk
− πk) + (t − 1)2(ωiU

p
j − ω jU

p
i )Uk

pωk

−(πi
◦

∇ jUk
k − π j

◦

∇iUk
k) − (πiU jp − π jUip)Up

k (ωk
− πk)

+(t − 1)(πiU
p
j − π jU

p
i )Uk

pωk

Vk
i f jk − Vk

j fik − (
m
V k

i j −
m
V k

ji)πk = −[
◦

∇i(Vk
jπk) −

◦

∇ j(Vk
i πk)]

(t − 1)Uk
kωi j = (t − 1)(Uk

k

◦

∇iω j −Uk
k

◦

∇ jωi)

Uk
kπi j = Uk

k

◦

∇iπ j −Uk
k

◦

∇ jπi

Ki j = 0

Substituting these expressions above into (2.16) and using (2.6), we have

m
Pi j = t(

◦

∇iα j −
◦

∇ jαi) + (t − 1)(
◦

∇iα j −
◦

∇ jαi) − (
◦

∇iβ j −
◦

∇ jβi)

+ (
◦

∇iβ j −
◦

∇ jβi) − (
◦

∇iγ j −
◦

∇ jγi) (2.17)

If a 1-form α, α, β, β, γ are closed, then there holds
◦

∇iα j −
◦

∇ jαi = 0,
◦

∇iα j −
◦

∇ jαi = 0,
◦

∇iβ j −
◦

∇ jβi = 0,
◦

∇iβ j −
◦

∇ jβi = 0,
◦

∇iγ j −
◦

∇ jγi = 0. From expression (2.17), it is not hard to see that (2.15) is tenable.

Remark 2.3. Theorem 2.4 shows that the volume flat condition of the quarter-symmetric family
tm
∇ is different from

the volume flat condition of the generalized quarter-symmetric non-metric connection family
t
∇.
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3. A generalized projective quarter-symmetric non-metric connection family

Definition 3.1. A connection family
P
∇ is called a generalized projective quarter-symmetric non-metric connection

family, if
P
∇ is a projective equivalent to the generalized quarter-symmetric non-metric connection family

t
∇.

In a Riemannian manifold (M, 1), a generalized projective quarter-symmetric non-metric connection

family
t
∇ satisfies the relation

P
∇k1i j = −2ψk1i j − ψi1 jk − ψ j1ik − 2(t − 1)ωkUi j − tωiU jk − tω jUik (3.1)

Tk
i j = π jφ

k
i − πiφ

k
j

and the coefficient of this connection family is

P
Γ k

i j = {
k
i j} + ψiδ

k
j + ψ jδ

k
i + (t − 1)ωiUk

j + [(t − 1)ω j + π j]Uk
i +Ui j(ωk

− πk) − πiVk
j (3.2)

where ψi is a projective component of
P
∇.

From the expression (3.2), we find that the curvature tensor of
P
∇ is

P
R l

i jk = K l
i jk + δ

l
jcik − δ

l
ic jk +Ul

jaik −Ul
ia jk +U jkbl

i −Uikbl
j + (Ul

i j −Ul
ji)[(t − 1)ωk + πk]

+ (Ui jk −U jik)(ωl
− πl) + (t − 1)(Ul

ikω j −Ul
jkωi) + (t − 1)Ul

kωi j + πiVl
jk − π jVl

ik (3.3)

+ δl
kψi j + Tl

i jψk

where

cik =
◦

∇iψk − ψiψk − (t − 1)ωiU
p
kψp −Up

i ψp[(t − 1)ωk + πk] −Uikψp(ωp
− πp) + πiV

p
kψp

ψi j ==
◦

∇iψ j −
◦

∇iψi (3.4)

Using the expression (2.4), the expression (3.3) becomes

P
R l

i jk =
t
R l

i jk + δ
l
jcik − δ

l
ic jk + δ

l
kψi j + Tl

i jψk (3.5)

Theorem 3.1. In a Riemannian manifold (M, 1), if 1-form ψ, α and α are closed forms, then the volume curvature

tensor of
P
∇ is zero, namely

P
Pi j = 0 (3.6)

where
P
Pi j =

P
R k

i jk is a volume curvature tensor of
P
∇.

Proof. Contracting the indices k and l of the expression (3.5), then we obtain

P
Pi j =

t
Pi j + ci j − c ji + Tk

i jψk + nψi j

On the other hand, from the expression (3.4), we have

ci j − c ji = ψi j − Tp
ijψp
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Substituting this expression into the above expression, we obtain

P
Pi j =

t
Pi j + (n + 1)ψi j (3.7)

If a 1-form ψ, α and α are closed, then
t
Pi j = 0(theorem 2.1) and ψi j = 0. Hence from the expression (3.7), we

obtain the expression (3.6).

From the expressions (3.1) and (3.2), the coefficient of the mutual connection family
pm
∇ of the generalized

projective quarter-symmetric non-metric connection family
p
∇ is

pm
Γ k

i j = {
k
i j} + ψiδ

k
j + ψ jδ

k
i + [(t − 1)ωi + πi]Uk

j + (t − 1)ω jUk
i +Ui j(ωk

− πk) − π jVk
i (3.8)

and from this expression the curvature tensor of
pm
∇ , by a direct computation is

pm
R l

i jk = K l
i jk + δ

l
j
m
c ik − δ

l
i
m
c jk +Ul

j
m
aik −Ul

i
m
a jk +U jk

m
b l

i −Uik

m
b l

j + (t − 1)(Ul
i j −Ul

ji)ωk

+ (Ui jk −U jik)(ωl
− πl) +

m
U l

ik[(t − 1)ω j + π j] −
m
U l

jk[(t − 1)ωi + πi] (3.9)

+ (t − 1)Ul
kωi j +Ul

kπi j + Vl
i f jk − Vl

j fik − (
m
V l

i j −
m
V l

ji)πk + δ
l
kψi j − Tl

i jψk

where
m
c ik =

◦

∇iψ j − ψiψ j − [(t − 1)ωi + πi]U
p
kψp + (t − 1)Up

i πpωk

− Uikπp(ωp
− πp) + Vp

i πpπk (3.10)

Using the expression (2.13), the expression (3.9) becomes

pm
R l

i jk =
tm
R l

i jk + δ
l
j
m
c ik − δ

l
i
m
c jk − Tl

i jψk + δ
l
kψi j − Tl

i jψk (3.11)

Theorem 3.2. In a Riemannian manifold (M, 1), if 1-form ψ, α, α, β, β and γ are closed, then a volume curvature

tensor of
pm
∇ is zero, namely

pm
P i j = 0 (3.12)

where
pm
P i j =

pm
R k

i jk is the volume curvature tensor of
pm
∇ .

Proof. Contracting the indices and of the expression (3.11), then we have

pm
P i j =

tm
P i j +

m
c i j −

m
c ji + Tk

i jψk + nψi j

On the other hand from the expression (3.4), we have

m
c i j −

m
c ji = ψi j − Tp

ijψp

Substituting this expression into the above expression, we obtain

pm
P i j =

tm
P i j + (n + 1)ψi j (3.13)

If a 1-form ψ, α, α, β, β and γ are closed form, then
tm
P i j = 0(theorem2.4) and and ψi j = 0. Hence from the

expression (3.13), we obtain the expression (3.12).
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Theorem 3.3. In a Riemannian manifold (M, 1), if a 1-form ψ is closed, the tensor below

t
W l

i jk +
tm
W l

i jk (3.14)

is an invariant under the projective connection transformation
t
∇ →

P
∇,

tm
∇ →

pm
∇ where

t
W l

i jk =
t
R l

i jk −
1

n − 1
(δl

i

t
R jk − δ

l
j

t
Rik)

tm
W l

i jk =
tm
R l

i jk −
1

n − 1
(δl

i

tm
R jk − δ

l
j

tm
Rik)

(3.15)

where
t

W l
i jk and

tm
W l

i jk are the Weyl projective curvature tensor of
t
∇ and

tm
∇ respectively.

Proof. Adding the expressions (3.5) and (3.11), we obtain

p
R l

i jk +
pm
R l

i jk =
t
R l

i jk +
tm
R l

i jk + δ
l
jαik − δ

l
iα jk + 2δl

kψi j (3.16)

where aik = cik +
m
c ik, If 1-form ψ is closed, then ψi j =

◦

∇iψ j −
◦

∇ jψi = 0. From this fact, the expression (3.16) is

p
R l

i jk +
pm
R l

i jk =
t
R l

i jk +
tm
R l

i jk + δ
l
jαik − δ

l
iα jk (3.17)

Contracting the indices i, l of (3.17), we get

p
R jk +

pm
R jk =

t
R jk +

tm
R jk − (n − 1)α jk

From this expression above we obtain

α jk =
1

n − 1
(

t
R jk +

tm
R jk −

p
R jk −

pm
R jk)

Substituting this expression into (3.17) and putting

p
W l

i jk =
p
R l

i jk −
1

n − 1
(δl

i

p
R jk − δ

l
j

p
Rik)

pm
W l

i jk =
pm
R l

i jk −
1

n − 1
(δl

i

pm
R jk − δ

l
j

pm
R ik)

(3.18)

then by a direct computation, we obtain

p
W l

i jk +
pm
W l

i jk =
t

W l
i jk +

tm
W l

i jk (3.19)

where
p

W l
i jk and

pm
W l

i jk are the Weyl projective curvature tensor of
p
∇ and

pm
∇ .

Theorem 3.4. In a Riemannian manifold (M, 1), the tensor below

t

W l
i jk +

tm

W l
i jk (3.20)
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is an invariant under the projective connection transformation
t
∇ →

P
∇,

tm
∇ →

pm
∇ , where

t

W l
i jk =

t
R l

i jk −
1

n − 1
(δl

i

t
R jk − δ

l
j

t
Rik)

+
1

n2 − 1
[δl

i(
t
R jk −

t
Rkj) − δl

j(
t
Rik −

t
Rki) + (n − 1)δl

k(
t
Ri j −

t
R ji)]

tm

W l
i jk =

tm
R l

i jk −
1

n − 1
(δl

i

tm
R jk − δ

l
j

tm
Rik)

+
1

n2 − 1
[δl

i(
tm
R jk −

tm
Rkj) − δl

j(
tm
Rik −

tm
Rki) + (n − 1)δl

k(
tm
Ri j −

tm
R ji)]

(3.21)

(tensors
t

W l
i jk and

tm

W l
i jk are the generalized Weyl projective curvature tensors of

t
∇ and

tm
∇, respectively).

Proof. Contracting the indices i, l of expression (3.16) and using ψi j = −ψ ji , we get

p
R jk +

pm
R jk =

t
R jk +

tm
R jk − (n − 1)α jk − 2ψ jk (3.22)

Alternating the indices j and k of this expression and using α jk − αkj = 2ψ jk , we obtain

p
R jk −

p
Rkj +

pm
R jk −

pm
R kj =

t
R jk −

t
Rkj +

tm
R jk −

tm
Rkj − 2(n + 1)ψ jk

From this expression above we have

ψ jk =
1

2(n + 1)
[(

t
R jk −

t
Rkj +

tm
R jk −

tm
Rkj) − (

p
R jk −

p
Rkj +

pm
R jk −

pm
R kj)]

Using this expression from the expression (3.22), we find

α jk =
1

n − 1
{(

t
R jk +

tm
R jk) − (

p
R jk +

pm
R jk)

−
1

n + 1
[(

t
R jk −

t
Rkj +

tm
R jk −

tm
Rkj) − (

p
R jk −

p
Rkj +

pm
R jk −

pm
R kj)]}

Substituting the above two expressions into (3.16) and putting

p

W l
i jk =

p
R l

i jk −
1

n − 1
(δl

i

p
R jk − δ

l
j

p
Rik)

+
1

n2 − 1
[δl

i(
p
R jk −

p
Rkj) − δl

j(
p
Rik −

p
Rki) + (n − 1)δl

k(
p
Ri j −

p
R ji)]

pm

W l
i jk =

pm
R l

i jk −
1

n − 1
(δl

i

pm
R jk − δ

l
j

pm
R ik)

+
1

n2 − 1
[δl

i(
pm
R jk −

pm
R kj) − δl

j(
pm
R ik −

pm
R ki) + (n − 1)δl

k(
pm
R i j −

pm
R ji)]

(3.23)

then by a direct computation, we obtain

p

W l
i jk +

pm

W l
i jk =

t

W l
i jk +

tm

W l
i jk (3.24)

where
p

W l
i jk and

pm

W l
i jk are the generalized Weyl projective curvature tensors of

p
∇ and

pm
∇ , respectively.

Remark 3.1. Theorem 3.3 and theorem 3.4 show that the proposed projective invariant is independent of parameter
t.
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4. A generalized projective conformal quarter-symmetric non-metric connection family

Definition 4.1. A connection family ∇ is called a generalized projective conformal quarter-symmetric non-metric
connection family, if ∇ is conformal equivalent to the generalized projective conformal quarter-symmetric non-metric

connection family
p
∇.

In the Riemannian manifold (M, 1), a generalized projective conformal quarter-symmetric non-metric
connection family ∇ satisfies the relation

∇k1i j = −2(ψk + σk)1i j − ψi1 jk − 2(t − 1)ωkUi j − tωiU jk − tω jUik

Tk
i j = ψ jφ

k
i − ψiφ

k
j

(4.1)

and the coefficient of this connection family is

Γk
i j = {

k
i j} + (ψi + σi)δk

j + (ψ j + σ j)δk
i − 1i jσ

k + (t − 1)ωiUk
j

+ [(t − 1)ω j + π j]Uk
i +Ui j(ωk

− πk) − πiVk
j

(4.2)

From the expression (4.2), the curvature tensor of ∇, by a direct computation, is

Rl
i jk = K l

i jk + δ
l
jdik − δ

l
id jk + 1ikel

j − 1 jkel
i +Ul

jaik −Ul
ia jk +U jkbl

i −Uikbl
j

+ (Ul
i j −Ul

ji)[(t − 1)ωk + πk] + (Ui jk −U jik)(ωl
− πl) + (t − 1)(Ul

ikω j −Ul
jkωi)

+ δl
kψi j + (t − 1)Ul

kωi j − Vl
kπi j + πiVl

jk − π jVl
ik − (t − 2)(ω jUik − ωiU jk)σl

+ Tl
i j(ψk + σk) − Ti jkσ

l

(4.3)

where

dik =
◦

∇i(ψk + σk) − (ψi + σi)(ψk + σk) − 1ik(ψp + σp)σp
− (t − 1)ωiU

p
k (ψp + σp)

−Up
i (ψp + σp)[(t − 1)ωk + πk] −Uik(ψp + σp)(ωp

− πp) + πiV
p
k (ψp + σp)

eik =
◦

∇iσk − σiσk + (t − 1)ωiUkpσ
p +Uik[(t − 1)ωp + πp]σp +Uipσ

p(ωk − πk) + πiVkpσ
p

(4.4)

Using the expression (2.4), the expression (4.3) becomes

Rl
i jk =

t
R

l

i jkδ
l
jdik − δ

l
id jk + 1ikel

j − 1 jkel
i + δ

l
kψi j

− (t − 2)(ω jUik − ωiU jk)σl + Tl
i j(ψk + σk) − Ti jkσ

l
(4.5)

Theorem 4.1. In a Riemannian manifold (M, 1), if 1-form ψ, α and α are closed forms, then the volume curvature
tensor of ∇ is zero, namely

Pi j = 0 (4.6)

where Pi j = Rk
i jk is a volume curvature tensor of ∇.

Proof. Contracting the indices k and l of the expression (4.4), then we have

Pi j =
t
Pi j + di j − d ji + ei j − e ji + nψi j − (t − 2)(ω jUik − ωiU jk)σk + Tk

i j(ψk + σk) − Ti jkσ
k

On the other hand, from the expression (4.4), we have

di j − d ji = ψi j − Tp
ij(ψp + σp)



D. Zhao et al. / Filomat 38:29 (2024), 10133–10146 10145

ei j − e ji = (t − 2)(ω jUip − ωiU jp)σp + Ti jpσ
p

Substituting these expressions into the above expression, we obtain

p
Pi j =

t
Pi j + (n + 1)ψi j (4.7)

If a 1-form ψ, α and α are closed, then
p
Pi j = 0(theorem 2.1) and ψi j = 0. Hence from the expression (4.7), we

obtain the expression (4.6).

Remark 4.1. The expression (4.7) is not different from the expression (3.7). This shows that volume flat condition of
p
∇ and ∇ is equal.

From the expressions (4.1) and (4.2), the coefficient of the mutual connection family
m
∇ of the generalized

projective conformal quarter-symmetric non-metric connection family ∇ is

m
Γ k

i j = {
k
i j} + (ψi + σi)δk

j + (ψ j + σ j)δk
i − 1i jσ

k + [(t − 1)ωi + πi]Uk
j

+ (t − 1)ω jUk
i +Ui j(ωk

− πk) − π jVk
i

(4.8)

And from this expression the curvature tensor of
m
∇, by a direct computation is

m
R l

i jk = K l
i jk + δ

l
j

m
dik − δ

l
i

m
d jk + 1ik

m
e l

j − 1 jk
m
e l

i +Ul
j
m
aik −Ul

i
m
a jk +U jk

m
b l

i −Uik

m
b l

j

+ (t − 1)(Ul
i j −Ul

ji)ωk + (Ui jk −U jik)(ωl
− πl) +

m
U l

ik[(t − 1)ω j + π j]

−
m
U l

jk[(t − 1)ωi + πi] + δl
kψi j + (t − 1)Ul

kωi j +Ul
kπi j + Vl

i f jk − Vl
j fik + (

m
V l

i j −
m
V l

ji)πk

− (t − 2)(ω jUik − ωiU jk)σl
− 2(π jUik − πiU jk)σl

− Tl
i j(ψk + σk) − 2Vi jπkσ

l

(4.9)

where

m
dik =

◦

∇i(ψk + σk) − (ψi + σi)(ψk + σk) + 1ik(ψp + σp)σp
− [(t − 1)ωi + πk]Up

k (ψp + σp)

− (t − 1)Up
i (ψp + σp)ωk −Uik(ψp + σp)(ωp

− πp) + Vp
i (ψp + σp)

m
e ik =

◦

∇iσk − σiσk + [(t − 1)ωi + πi]Ukpσ
p + (t − 1)Uikωpσ

p +Uipσ
p(ωk − πk) + Vikπpσ

p

(4.10)

Using the expression (2.13), the expression (4.9) becomes

pm
R l

i jk =
pm
R l

i jk + δ
l
j

m
dik − δ

l
i

m
d jk + 1ik

m
e l

j − 1 jk
m
e l

i + δ
l
kψi j − (t − 2)(ω jUik − ωiU jk)σl

− 2(π jUik − πiU jk)σl
− Tl

i j(ψk + σk) − 2Vi jπkσ
l

(4.11)

Theorem 4.2. In a Riemannian manifold (M, 1), if 1-form ψ, α, α, β, β and γ are closed, then a volume curvature

tensor of
m
∇ is zero, namely

m
Pi j = 0 (4.12)

where
m
Pi j =

m
R k

i jk is the volume curvature tensor of
m
∇.
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Proof. Contracting the indices k and l of the expression (4.11), then we have
pm
P i j =

tm
P i j +

m
di j −

m
d ji +

m
e ji −

m
e i j + nψi j − (t − 2)(ω jUik − ωiU jk)σk

− 2(π jUik − πiU jk)σk
− 2Vi jπkσ

k
− Tk

i j(ψk + σk)

On the other hand from the expression (4.4), we have
m
di j −

m
d ji = ψi j + Tp

ijψp

m
e ji −

m
e i j = (t − 2)(ω jUip − ωiU jp)σp + 2(π jUip − πiU jp)σp + 2Vi jπpσ

p

Substituting this expression into the above expression, we obtain
m
Pi j =

tm
P i j + (n + 1)ψi j (4.13)

If a 1-form ψ, α, α, β, β and γ are closed form, then
tm
P i j = 0(theorem 2.4) and ψi j = 0. Hence from the

expression (4.13), we obtain the expression (4.12).
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