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On composition of certain exponential operators
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Abstract. In the present article, we deal with a class of exponential operators, associated with p(t) = ¢/, t €
(0,0), 1 < r < 2. We consider their composition with the well known Szédsz-Mirakjan operators and investi-
gate the order of approximation using Taylor’s formula. We further discuss the approximation properties of
the composition operators by employing the modulus of smoothness and Peetre’s K-functional. Moreover,

Voronovskaja-type asymptotic theorems are given. Additionally, we provide further compositions and
compare their approximation properties graphically.

1. Introduction

In 1978, Ismail and May [13], as well as Volkov [21], individually conducted their studies on the
exponential-type operators. Consider an operator of the form

(Lrg) () = f1 kat, wg(u)du,

on an infinite interval I. Here, the kernel k,(t, u) satisfies a homogeneous partial differential equation and
the normalization condition, respectively, as follows:

P) CAu—t)

Ek/\(t/ M) - P(t) k?\(t/ u)/ (1)
and

L1 () = fl ku(t, u)du = 1. )

p(t) is an analytic function with p(t) # 0 on the interval I. Such operator is called exponential-type operator.
May gave some approximation properties of these operators in [16], where p(t) is a function of degree at
most 2. Ismail and May, together, captured some existing exponential-type operators including Gauss-
Weierstrass, Bernstein, Baskakov and Szdsz-Mirakjan operators, connected to p(t) = 1, t(1—t), (1 +¢t) and t;
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respectively. These operators preserve constant and linear functions. They have been studied by numerous
researchers over last few decades. Abel, in [1]], gave complete asymptotic expansion for an exponential-
type operator associated with p(t) = #>. Abel et al. studied semi-exponential operators in [2]. Gupta et
al. provided convergence estimates of some specific exponential-type operators in [9]. Some exponential
operators and their generalizations have been considered in [8}11,[12,[17]. Recently, Gupta (see [10, Eq.(6)])
introduced a general class of these operators, associated with p(t) = ', where 1 <r <2,and A € N:

°° 2 e (2-1)m
_ A AT (r=1)®D S -Au
(Lag) (t) = exp (—(r — 2)t"—2) [!](0) + mZ=1 C—nm T ((zr__?m> ‘fo‘ u r=1 "exp (—(r i ) g(u)du} .
@)

Here, the term g(0) is added, so that the operator in satisfies the normalization condition . Another
well-known operators of exponential type, associated with p(t) = t, given by Szdsz-Mirakjan [20], are
defined as follows:

(Sag) () = Z e—M(Ak—?kg(ﬁ), te[0,00) cRand A € N. 4)
k=0 ’

Here, let us introduce a new operator by the composition of the operators defined in (3) and @), in that
order, as follows:

(Vag) (t) := (La o Sag) (D).

The aim of this paper is to discuss the approximation properties of the operators V,. We begin with an
explicit formula for the operators and estimate their moments in Sect. In Sect. B} we provide direct
theorems using modulus of smoothness and Peetre’s K-functional and also establish Voronovskaja-type
theorems. Sect. [4]is devoted to further compositions and their convergence behaviour. Finally, in Sect.
we compare the rates of convergence of the operators using graphical examples.

2. Estimation of Moments

In this section, we will calculate the moments and central moments for the operators V,, which will aid
in discussing their convergence properties. Let us first provide an explicit formula for the operators V.

Theorem 2.1. For 1 <r <2and A € N, the new discrete operator V can be represented as follows:
Va6 =Y suattg X
A!] - £ /\,k g /\ 7

where

spo(t) = exp (% (tz_r - (r -1+ tli_l)”]], (5)

and for k > 1,

@2-rym

. A =Dt Ve (k-1 A - -
saklt) = exp ((r _ 2)tf—2){(1 (- 1)tr—1) 2( k )(2 ! (1 T 1)t"1) ’ (6)

m=1
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Proof. By definition, we have

(r=2)m

© A o (2-1)m_ \u
(V}\g) (t) = eXp ( 2)t’/ 2) [Z m‘ (l’ o )r;m)) f(; u r-— 1 ! exp (W) (S,\g)(u)du
r—1

m:l
+(519)(0)]
o A - A (r=1)t ’ZK‘ * w+k—l —}tu(1+7l )
— -1 r—1)tr—1
EP((’,_z)tr 2)[](2:04 lg( );:1 —r)’”m' (Z_qm) j; ur e (1) du
+9(0)]

k
sus0a () +exp =) 70,

k=0

where
(2—r)m

A oA ! o A
srolt) = exp ((r - 2)t"2) mzzl 2= rmm! ((r "y 1) Tep ((r - 2)t"2)

r=2
_ A 2—-r _ _ 1 =
= exp(—r — (t (r 1+ tr_l) ]J,

and fork > 1,

I o (2-nm 2
it = exp— A )| L (=D Yy ()
M = EPA G o2 ) | \ 1T+ ¢ = e Q=" m \T+ (r = 1)1 (g o)
- - r—

A emne A P\
Xp((r—Z)t’—2) (1+(r—1)tr—1) Z( k )(2—r)mm!(1+(r—1)tr—1) '

=1

O
Now, we give moments and central moments for the operators V.

Lemma 2.2. Let us denote by exp,(u) = e and e, (u) := u" (m = 0,1,2,...). For A € N, t € [0,00) and
1 <7 <2, we have

(V,\ epr) (t) = exp (% (tz_r - ((r —1)(1—et) + tl‘r)%)) , 7)

and

(i) (Vaeo) (1) =1,
(ii) (Vyer)(t) =t,

(iii) (Vaer) (t) = £ + £ + £

A A
HE + tr 2r—1 r
(iv) (Vaes) (t) = £+ 3(A o Az =8
612(t+ 1) TR+ B +4ANE + 181 4+ r(Qr — D)2 + 71 + 61121
(v) (Vaey) (t) = t* + (A ) + ( /\3 + ( ) E )

Proof. For the operators L, defined in (), by simple computations we have

(Laexp,)(t) = exp[% [trl—z _ ((7 ;\ ) (—A + #))1 ]], 1<r<2.
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Also, for the Szasz-Mirakjan operators, defined in (@), we have

(S,\ epr) (t) = exp (At(e% - 1)).

Now, the MGF (moment-generating function) for the operators V, is obtained as

(VA epr> (t) = (Lxr o Sy exp,)(t)

_ A 2-r 4 1-r =)
_exp(m(t —((r—l)(l—e/)+t ) )),1<1’<2.

The moments, now, can be obtained by using the following relation between the MGF and moments of the
operator V:

(w%my{g%%mQ%z@*—w—na—ﬁyquamA,m:aLzm. ®)

=0

O

Remark 2.3. For A € Nand 1 <r < 2, we have }im (Vaep) (f) = tkfor k=0,1,2,....

Lemma 2.4. Let pyu,(f) := (Va(er — teg)™) (t),m € N U {0} denote the m-th order central moment for the operator
VA, then for A € Nand 1 < r < 2, we have

Ham(t) = [% {exp (% (tz_’ - ((r -1 - e%) + tl_r)%) - At)}L_O ,m=0,1,2,.... )
In particular, the first few central moments are
(i) papoH) =1,
(ii) paa(t) =0,
(iii) ppa(t) = tt\tr,
(iv) pas(t) = Mﬁ;—;—yl“,
(0) walt) = (=1 +2r)#" + 3142 (2r + tt/;)Agr B3(1 +3tA) + 217(7 + 6t/\)'
In general, we notice that that fors e N U {0}, as A — oo
s = 0 (A1), (10)

where | a] denotes the integral part of a.

Remark 2.5. Presupposing that the operators V, are of exponential-type, associated with p(t) = t + t', where
1 < r < 2. Then their moments must satisfy the following recurrence relation

(t+1t)

(Vaers1) (t) = 1

(Vae) () +t(Vae) (), k=0,1,2,3,...,

which can be obtained by using the differential equation %SA,k(t) = (’f;—?t) sy k(t). Here, we observe that the moments

obtained in Lemma do not satisfy this recurrence relation for 3rd and higher order. Therefore, we conclude that
the operators V are not of exponential-type.
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3. Estimation of Convergence

10425

In this section, we will give direct theorems using modulus of continuity and K-functional. Let C[0, oo)
denote the class of continuous functions, which are bounded on the positive real axis. Also, let C;[0, )
denote the class of functions that are in Cg[0, o), and whose first s derivatives exist and are bounded,

continuous on [0, o) fors =0,1,2,... .

Theorem 3.1. If g € Cg[0, c0) and m > 1, then the operator V, satisfies the following property with the operator Sy,

defined in (4):
lim (Vg (1) () = (Sngw) 0.

Moreover,
lim (Vig) (5 = g(8).

Proof. LetAeNand1<r<2.

(i) By simple calculations, we have

. t , mA [t sy L (EVTT)
}:n;(VmAeXPM)(z):%lli‘oe"p[m((z) (-0 (7))

=exp (mt(eis/m - 1)) = (Sm expjs) ®),

where exp;, (1) = cos(sAu) +isin(sAu), s € Rand i = V-1.
(ii) Similarly,

lim (Vaexp,) () = exp (-5 (7 = (0= vt =) + 1) 7))

= = (Id exp,-s) (t), where Id is the identity operator.

Now, the conclusion follows from [3, Theorem 1.1] and [4, Theorem 2.1].

Theorem 3.2. For any function g € C3[0, 00) and 1 < r < 2, we have

lim (V1) () = 900

Proof. For any function g € C3[0, o), the Taylor’s expansion at any point ¢ € [0, ©) is given by

2 2
-0l

where £ is a bounded function and & (% ;H) =& (% - t) with lim,, o &(u) = 0.
Operating V, on g(t) and using Lemma we get

E+ = koVo [k
a0 =300+ G200+ Vsns (1) (1)

where s, «(t) denotes the kernel of the operator V, defined by (5) and (6).
Set the remainder term as

R2(1) '—is () k—tzg E~t
A = Ak 2 A7)

k=0

(11)

(12)
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or

2 2
R3(t) = Z SA,k(t)(g - t) 5(;21‘) + Z SA,k(t)(E - t) 5(;;15)

[£—t>6 |5 —t<s

= A1 + Aj.

&, being bounded and lim,, o (1) = 0, we have that for a pre-assigned € > 0, there must be a 0 > 0 such
that |E(u)| < € for all u such that |u| < 0. For the first term from above, choosing a positive constant M such

that |E (%, t)| < M, we get

2
A1l <M 2 SA,k(t)(g - t) =0(A™"),

k
% —t>5

as A — co. Moreover, for the second term, by applying Cauchy-Schwarz inequality and using Lemma

k 2
Aol <e Y sA,k(t>(X—t)

|£—t]<s
K 4
< le? Z sy k() Z SA,k(t)(X - t)
[£—t]<s |£—t<6
<eruralt) =o(A™),
as A — oo.

Thus,
lim R3(t) =0,

and hence, (11) follows. O

Theorem 3.3. Let g € C3[0, 00), then fors € N U {0} and 1 < r < 2, we have

S 4()
tim |(v2g) () - Y ].ft) w(t)] “0. (13)

=0

Proof. Using Taylor’s formula, we have the following expansion for g(t):

K\~ (k N0 (k Y _(k
5= 25 T () () 19

=0

where ¢ is, as defined in the previous Theorem 3.2}
Multiplying by s, () and taking summation over k € N U {0}, we get

() & & s
(V29) () = Z LY t)(— —t) XsA,k<t)(§ —t) 5(§;t)

k=0 k=0

(¢ s
= Z g ]"( HA’](t) + Z S/\’k(t)(§ - t) 6 (;, t) . (15)
j=0 J: k=0
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We set the remainder term as

SO Zsm(t)(g - t) a(g;t)

k=0
kN [k kN (k
= Z SA,k(t)(X - t) 5(}#) + Z SA,k(t)(X - f) S(X;t)
[£—t>6 [k—t]<s
:= B; + B,.

Utilizing the fact that & is bounded and lim,,o £(u) = 0; for a given € > 0, there must be a 6 > 0 such that
|E(u)| < € for all u satisfying |u| < 5. We can choose a positive constant D such that |E (% ; t)| < D, so that
Bl < Dluas(t)] = 0 (715},

as A — oo.
Moreover, in view of (10), we have

IB2| < €luas(t)] = o(/\‘L%J),

as A — oo.
Thus,
lim R3 () = 0,

and hence, follows. O

Corollary 3.4. Let g € C3[0, o), then for 1 < r < 2, we have

tim AL(V3) () - 9001 = 52

Proof. Substituting s = 2 in (15), we have

9" (). (16)

17

(®) 2
(Vag) ) - g(t) = s ta() +o (A1),
as A — co. Then, in view of Lemma 2.4}, we immediately get (16). O

Let f € Cp[0, o) and 6 > 0. Consider Peetre’s K functional defined as (see [18]])

Ku(f;0)= inf {lIf —pll, +0lp™I. ), m=1,2,....
peClt[0,00)

Also, we have the following relations (see [5} [14]):
Cran(f; V8) < Ki(f;8) < Can(f; Vo),
Ka(f;6) < Can(f; V),

where

wi(f; Vo) = sup sup|f(t+h) — () (17)

0<h<Vo 120

and

wy(f; \/5) = sup sup|f(t+2h)=2f(t+h)+ f(t)

0<h< 5 120



V. Sharma, V. Gupta / Filomat 38:29 (2024), 10421-10433 10428

are the first- and second-order moduli of continuity [6], respectively and C, C; and C; are positive constants.
Fors > 1, let f € C*(J), then the Taylor’s series expansion for t1,¢, € | C R is given by

s ) ,
flth) = Z f ].(, 2) (t1 = t2)) + Rs(f; 11, 12),
=
and the remainder term Ry(f; t1, t2) := (1 — t2)°E(t1; t2) satisfies (see [[7]):

Now, we present a Voronovskaja-type asymptotic formula with the help of K-functional.

Theorem 3.5. For g € C3[0,00) and 1 < r < 2, we have

(19)

r t2r—1 +3tr
ALVag) @) - gy] - LE5) |]

_Tg (t)’s(t+t)K1(g ;W

Proof. For g € C3[0, ), we have

17

) 2
e pa2(t) + kZ:o‘ S/\,k(t)(g - t) 13 (; f),

where € is, as defined in the Theorem Let Rao(g; t1,t2) := (t1 — t2)2 &(t1; 1), then

kim(f) Rz(g,, )‘
} <A i (t)(——t) ( t6k|].

= ko P
AZsmt)(X - t) (g =1l + =1

k=0
Al Nloo |
6

(Vag) (8) = g(t) +

‘ {(Vﬂg) ®) - 9 — 1z ()}

In view of (I8), we have

‘A{(w) ()~ 9(8) — paa(

Let i € C3[0, o) be fixed. Then

‘ {(Vw) t)—g(t)—uu(t)g ()} <

= Alg = h) Nl |ua2(®)| + ()|

Taking the infimum over i € C}[0, ),

_ |[~1/\,3(t)| )

< A w28 Ka [9’/’ 6lura)])’

‘ {(Vw) (t) = g(t) = pa2(t) ()}

and so the result follows. [
Theorem 3.6. For g € C;[0,00) and 1 <r < 2, we have

ol )
s! 2(s+1) |‘uA,s(t)(

* g
g
1 Ha

Vag) () —g)- ), (20)
j=1
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{3

Proof. By using the Taylor’s formula upto s-th order terms,

(e8]

Y sud|R

k=0

7

(Vag) () - (t)—Zg (1) <

where R(g; 11, t2) := (t1 — £2)°&(t1; 12). In accordance with (I8), we have

k|° f_k
g'() <ZSM(”2I i (9)2|(S+A1|))'

(Vag) ) - gt —Z i)

j=1

Leth e CSB“[O, o) be fixed. Then

(¢ t_K
V- g-Y L “M><zzm<t‘ A’ {u( -1y, + —2'(5+q)||h<s+1>um}
j=1
g = 1)l K]l
—2—| as(B)] + GTD): |trsra ().

Taking the infimum over 1 € C}[0, ) gives the desired result 20). [

Theorem 3.7. Let g € C2[0, o0) be defined on a compact interval [0, b] C [0, 00) with b > 0, then for 1 <r <2,

|(Vag) () = g < A+ b+ D) (9; %)

and

2 0
Mvago -y ng)uA,ja)
=

< S (b+ b +r(@r = DB 2 4+ 6rb¥ !+ 367 + b+ 362 + 7L+ 66" ) any (g"; i)
Vi

where C[0, o0) is the space of functions f such that f, f’ and f” are continuous on [0, o). Also, w; is the first order
modulus of continuity, defined in (17).

I\.)IP—‘

Ty o(t Ty a(t
Proof. LetT) () :== APuyp(t),p=0,1,2,...,thenwehave }im 12(t) = t+t"and Alim )\/’\42( ) = 37 +32+6t11.
Tro(t Tha(t
Also, for t € [0, b], we have the bounds A’;( ) <b+0V and A/’{lz( ) <rQRr—1)b2 +6rb* 1 +30* + b + 3b* +

7b" + 6b'*". Utilizing the above terms and following Pop [19) Theorem 3.1], we get the desired result. [J

4. Further composition

The composition of the operators V,, defined in (3) and Szész-Mirakjan operators, defined in @) yields
a new operator, which we denote by V}, so that

(Vag) (1) = (Vi o S19) ().
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Lemma 4.1. The MGF of the operators Vs given as

P o =on{ 5 -0

Moreover, let us denote the m-th order moment as (VAem) (t), where ey, (1) :=u", m=0,1,2,..., then the moments

are obtained by applying the formula (8)) for V,, as in Lemma First few moments are as follows:
(1) (VAeo) =
(ii) (VAel) )
(iii) ( ,\62) (t) = + —
5t + 61+t 6t 4 3
( ) £+ + .
A? A

ae3) (t) =

Lemma 4.2. Let us denote the central moment of m-th order for the operators V,\ by fiym(t) == (VA(el - teo)m) (t),me
N U {0}. These are obtained by applying the formula () for V. First few central moments are

(i) firo(t) = 1,
(ii) fiaa(f) =

2t+t’
(iii) fipp(t) = —
L 5t + 1?1 + 6t
(iv) fias(t) = —

The corresponding approximation results for the operators V, are outlined below, with formulations
similar to the Theorem 3.2land Theorem 3.5]for the operators V), respectively:

Theorem 4.3. For any function g € C3[0, 00) and 1 < r < 2, we have
lim (Vag) () = (0. (21)

Theorem 4.4. For g € C3[0,00) and 1 < r < 2, we have

r 2r-1 r
2t + 1) £ + 6t )] )

\A [(Vag) () - g(0)] - Tg"(t)' < @2+ 1)Ky [g"; —eRrTEIL

The composition of the operators V) and Széasz-Mirakjan operators yields a new operator, which we
denote by %, so that
(V29)® = o 51000

Lemma 4.5. The MGF of the operators Vyis given as

(;‘}A eXPA)(t) = exp (% (tZ—r B ((r _1) (1 ~ ee"AM*‘—l) N tl—r):'%)).

Also, let the m-th order moment be denoted by (?Aem) (), where e, (1) :== u™, m =0,1,2,... . First few moments

are as follows:

i (Vi) =1,
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(ii) (X:Qel) ®=t,

N 3t
(iii) (VAez)(t) =£+ 0 + T

(= 12t + 9t + rt¥ =1 9f2 4 31+
(iv) (VAe3)(t) =8+ = + ) .

Lemma4.6. Let the central moment of m-th order for the operators VA be denoted by [iy m(t) := (VA (er — teo)m) (t),me
N U {0}. First few central moments are

(i) fiao(®) =1,
(ii) fina(t) =0,

T 3t+t"
(i) [iz2(t) = S
L s Ot + 12t + 21
(i0) fira(t) = =5

Theorem 4.7. For any function g € C3[0,00) and 1 < r < 2, we have

lim (Vag) 0 = g(0). 23)
Theorem 4.8. For g € C3[0,00) and 1 < r < 2, we have

Bt+1t)

‘/\ [(5/\9) (t) - g(t)] - Tg”(t) L, |9 + 12t + r1?Y)

< (Bt+ K (g ; BT T

(24)

Remark 4.9. Upon comparison of the approximation properties of the operators V,, V) and V,, it is evident from
(19), @2) and that higher order compositions produce less precise approximations.

5. Graphical comparison among V, Viand V,

Here, we provide a comparison among the approximations of functions through the operators V;, V)

and V,, with the help of following graphs.
In Figure the graphs (Fig. Fig. present the comparison among the approximations of g(t) = e
by these operators. Likewise, in Figure 2} the graphs (Fig. Fig. present the comparison among the

approximations of g(t) = 2t* + t + 1. We observe that V, provides better approximation compared to V, and

V) for both functions. Moreover, as A increases, the approximations become more precise.
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Comparison among graphs of (V3g)(t), (V,g)(t) and (V,g)(t) Comparison among graphs of (V3g)(®), (V2g)(t) and (\:/)\g)(t)
for g(t)=e~* with r=3/2 and A=10 (Fig. 1a) for g(t)=e~*! with r=3/2 and A=50 (Fig. 1b)
g(t) g(t)
0.030+
0.08}- — Vg 0.025- — Vsog
Y Vi
Viog 0.020|- g0 g
0.06 - : :
" — V509
109 0.015] o
0.04 — o™ e
0.010 -
0.02 -
0.005 -
! ‘ ‘ L ! ; ‘ ‘ ‘ L
1 2 3 4 5 6 7 1 2 3 4 5 6 7
(a)la (b) 1b
Figure 1: Comparison among the graphs of V;, V, and V, for g(t) = e
Comparison among graphs of (V3g)(t), (V,g)(t) and (\:/Ag)(t) Comparison among graphs of (V3g)(t), (V,g)(t) and (\:/Ag)(t)
for g(t)=2t2+t+1 with r=3/2 and A=5 (Fig. 2a) for g(t)=2t2+t+1 with r=3/2 and A=25 (Fig. 2b)
g(t) g(t)
70; ot
60 — V59 — V59
~ 50 -
Vsg Vasg
50 = =
— Vsg 40 - — V259
40 — 224 t+1 — 224 t+1

30

30
20
20
10 10
| | | | | t 1 1 1 1 1 l
1 2 3 4 5 1 2 3 4 5
(a)2a (b) 2b

Figure 2: Comparison among the graphs of V, V, and V, for gty =22 +t+1

6. Conclusion

In this paper, we introduced composition operator of certain class of exponential operators with Szasz-
Mirakjan operators. We estimated their moments and gave the approximation properties of the new
operators by means of the modulus of continuity and Peetre’s K- functional. We also pointed out that the
new operator is not of exponential type. Also, the Voronovskaja-type results were discussed. Finally, we
discussed further compositions and compared the approximation properties of these operators with the
help of graphs. We observed that higher order compositions increase the approximation error.
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