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Power series expansion and decreasing property related to normalized
remainders of power series expansion of sine
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Abstract. In the paper, with the aid of a derivative formula for the ratio of two differentiable functions,
in view of a monotonicity rule for the ratio of two differentiable functions, in terms of the Hessenberg
determinants, the authors present a Maclaurin power series expansion of the logarithm of the normalized
remainder of the Maclaurin power series expansion of the sine function, and demonstrate the decreasing
property of the ratio of two logarithms of two normalized remainders of the Maclaurin power series
expansion of the sine function.

1. Motivations
We first recall some known results, introduce a sequence of functions, and state our main aims.

1.1. Known results

In [8] pp. 42 and 55], we looked up the Maclaurin power series expansions
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where the Bernoulli numbers By are generated by

Z z Z V4
e = kE_O Bkﬁ =1- E + kE_l sz@, |Z| < 2m.

From the series expansion (1.2), we acquire

22k 1

In the paper [14], the authors established the following results.
1. The even function
6(x — sinx)
In

Qx) = o
0, x=0

0<lxl <o

has a Maclaurin power series expansion
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QW) L au)!” 20" T 16800° " 756000

where the determinant
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%Ci/z, 1<i<2nj=1

ij 1+ (=1)-7*1
(]_ )%C(l’—jﬁ-l)/ZI 1<i<2n,2<j<2n,

and the scalars

3!m!
" m > 0.

Cmpp = (1) (m+3) -

2. The even function
In 6(x—x53inx)
———, [l €(O,n)

Ro={s

X) =

%, x=0
0, X ==+T7

is decreasing on [0, t].
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1.2. A sequence of even functions

We now introduce a sequence of even functions, which extend and generalize the functions Q(x) and
R(x), as follows.

1.2.1. The first function
The sinc function

sin x

. , x#0
sincx={ «x

1, x=0

arises frequently in signal processing and the theory of Fourier transforms. The Maclaurin power series
expansion of the power function sinc’ x for r € R, the series expansion (3.5) on Page [10455|below, has been
studied in [22] and applied in [6}[7}[10} 14, 21]. On the set

S= U(an, Qk + 1)7) U (=(2k + 1)1, —2knr), 1.7)
k=0

the sinc function sincx is positive; on the set

| J@k + 1y, @k +2)m) U (~(@k + 2)m, —(@k + D)),
k=0

the sinc function sinc x is negative; the points +km for k > 1 are real zeros of sinc x.
The first function we are introducing is

lnSiﬂ X€S;
Qo(x) = x ’ (1.8)
0, x=0.

The function Qy(x) has the limits

li k=1,2,... d , k=0,1,2,....
xa(}rIZIl}n)* QO(X) an ~c—>(+(2k+1) QO(x) -

The reciprocal of the function Qy(x) is defined by

Q@ 1, x= 22k +2)m, £k + 1), k=0,1,2,... .

The limit lim,_, ﬁ = oo is valid.

1.2.2. The second function
We now discuss a generalization of sinc x, which is

A @n+ 1! 2k
SinR, () = | [ 2 <2k+1)' ] x#0 (19)
1, x=0

for n > 0. It is obvious that SinRy(x) = sincx for x € R.
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Let

2k+1 n 2n+1 ( 1)k 2k
SRy(x) = sinx - Z (2k+1)' Z Qn+2k+ 1)

forn > 1and x € R. It is well known that the quantity SR, (x) is called the nth remainder or tail of the series
expansion (1.I). It is easy to see that the function

A @n+ 1!
Sil’an(x) = ( ) 2n+1 SR”(x)/ X F 0
’ = (1.10)
Y (-1* 2k
= | Ny
@+ 1) £ (211 + 2k +1)!

forn >1and x € Ris even.

We call the quantity SinR,(x) defined for n > 1 by the normalized remainder of the Maclaurin
power series expansion of the sine function sinx. In [29], the normalized remainder SinR,(x) for n > 1 was
proved to be positive and decreasing in x € (0, o) and to be concave in x € (0, 7t); see also [11, Remark 7].

Considering the positivity of SinR,(x) for n > 1 on (0, o), we introduce the second even function

InSinR,(x), 0 < |x| < oo
Qu(x) = ) (1.11)
0, x=0
for n > 1. It is obvious that Q1(x) = Q(x) defined by on (—oo, 00).
1.2.3. The third function
Basing on the domains of Qy(x) and Q,(x) for n > 1, we now introduce the third even function
Qu(x) z
, xeS\{0}, m=0, n>1;
Qo(x)
Qn(x)
Rin(x) = , O<lx]<oco, n>m>1; 1.12
() On®) (112)
(m+1)2m + 3)
A i = >
D@3 YT nem=l

where S denotes the closure of the set S defined by (T.7).
It is obvious that Rg1(x) = R(x) on [-7, t], which is defined by (L.6).

1.3. Aims of this paper
In this paper, we will consider the following problems:

1. What are the monotonicity and concavity of the functions Qy(x) on (0, ) and Q,(x) on (0, c0) forn > 1?
2. Expand the functions Q,(x) for n > 0 into a Maclaurin power series at the origin x = 0.
3. What is the monotonicity of the functions Ry, ,(x) for n > m > 0?

The motivations and reasons why we consider these three problems are purely due to our hobby and
interest in mathematics, rather than due to their history, backgrounds, and applicability in mathematical
sciences.

By virtue of properties of the normalized remainder SinR,(x) for n > 1 in [29], we see easily that the
function Q,(x) for n > 1 is decreasing and concave in x € (0, ), because a concave function must be a

logarithmically concave function but the converse is not true. It is straightforward that

1 Lo 11
tanx - ; <0 and QO (X) = F Sln—zx <0 (113)

Qo(x) =
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on (0,m). Hence, the function Qy(x) is decreasing and concave on (0,r). On the other hand, the series
expansion shows us that the function Qy(x) is decreasing and concave on (0, 7). In a word, the first
problem has been completely solved.

The Maclaurin power series expansions of the functions Qp(x) and Q1(x) around x = 0 are just the series
expansions and (L.5).

The decreasing property of Ro1(x) on (0, 7t) has been proved in [14] Theorem 2].

In this paper, we will completely solve the second problem by expanding Q,(x) for n > 0 into a Maclaurin
power series at the origin x = 0, and partially solve the third problem by showing the decreasing property
of Ryz(x) on (0, 7).

2. Lemmas

For smoothly proceeding, we need the following lemmas.

Lemma 1. Let u(x) and v(x) # 0 be two n-time differentiable functions on an interval I for a given integer n > 0.
Then the nth derivative of the ratio )

u(x)
d" M(X) B " |W(n+1)><(n+1)(x)|
P [@] = (—1) U’1+—1(J('), n>0, (21)

where the matrix

Winsyxms1) (%) = (u(n+1)><l(x) V(n+1)><n(x))(

n+1)x(n+1)

the matrix Uys1yx1(x) is an (n + 1) X 1 matrix whose elements satisfy uy1(x) = u®D(x) for 1 <k < n+ 1, the matrix
Vins1yxn () 15 an (n + 1) X n matrix whose elements are

-1 .
()] —
0 (x) = (] _ 1)0 (x), €-j=0
0, t-j<0

for1 <t <n+1landl < j<n,and the notation |W,1)xm+1)(X)| denotes the determinant of the (n + 1) X (n + 1)
matrix We1yxn+1)(X).

The formula is a reformulation of [4, p. 40, Exercise 5)]. See also the papers [19, 20] and those
papers collected at https://qifeng618.wordpress.com/2020/03/22/some-papers-authored-by-dr-prof-feng-qi-
and-utilizing-a-general-derivative-formula-for-the-ratio-of-two-differentiable-functions.

Lemma 2 (Monotonicity rule for the ratio of two functions [2| Theorem 1.25]). For a,b € R with a < b, let
A(x) and p(x) be continuous on [a, b], differentiable on (a, b), and p’(x) # 0 on (a, b). If the ratio A

w (x)
(a,b), then both 28:28 and Qg;:ﬁgg are increasing in x € (a, b).

is increasing on

3. Maclaurin power series expansion

In this section, with the aid of the derivative formula (2.1), we expand the functions Q,(x) defined
by (1.8) and (1.11) for n > 0 into a Maclaurin power series around the origin x = 0.

Theorem 1. For n > 0, the function Q,(x) can be expanded into the Maclaurin power series

{(—n, n), n=0;
€

(—oo,00), 21, (3.1)

© 2m
Qu(x) = - ; Wiz (0; 1) %
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where the determinant |W(2m)x(2m)(0; n)) is given by

|W(zm)x(zm)(0; n)| = |U(2m)><1 0;1)  Vomxem-1)(0; Tl)|(2m)x(2m)

with the 2m) X 1 matrix

1+ (=DF (-1)¥2
U(Zm)xl(or'n) = ( s (2 ) ((2n+12+1)
k

)1Sk52m

and the (2m) X 2m — 1) matrix

. q-1
1+ (=1)7 IV
Vomxem-1)(0;n) = [T(—l)(q ])/2(2,,+]q—,j+1)
q-j 1§q$2m
1<j<om-1
Proof. It is immediate that
SinR, (x)
() = Wy 0.
QW =gRe > 7

10452

Utilizing the derivative formula (2.1) and considering the even property of Q,(x) for n > 1, we acquire

Q@™ () = 0 and

SinR;(x)](z’"]) B |W(2m)x(2m)(0;n)| B

lim Q%" (x) = lim
lim Q™) SinR2"(0)

= 20lSinR, ()
where
Wamx@m)(0; 1) = (U(zm)xl(O} 1) Vomxen-1)(0; n))
11 (0;n) = SinRP(©0), 1<k <2m,
Vemxen-1y(0;1) = (vq,]'(o} ﬂ))

@m)x@m)”

@m)x@2m-1)"

0,(0;1) = (j - i)stfj‘D(O), 1<g<2m, 1<j<2m-1.

Employing the series expression (1.10), we derive SinR¥*Y(0) = 0 for £ > 0 and

e (1)
Slan (O) = m, = 0
20

Hence, it follows that

. 0, l1<k=20-1<2m—1
u1(0;n) =
a(0:1) SinR2(0), 1<k=20<2m

0, 1<k=2-1<2m-1
= -1)¢

Z(M%, 1<k=20<2m

("

0, 1<k=2(-1<2m-1
_ ) (_1\k2

(=1) 1<k=2(<2m

(Zn-;ck+1) 4

=- (W(Zm)xam)(o; n)

Umx1(0;n) = (”krl(O;n))(zm)x1 ’
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1+ (-DF (-2

2 (Zn -;{k+ l)

for1l <k <2mand

> o

~

vg,j(0;m) =

—_
—~

> o

~

—_——
—~

g-j<0

l1<g-j=20-1<2m-1

g-j<0

:i)SinR,(f_j)(O), 0<q-j=20-2<2m—1

l1<g-j=20-1<2m—-1

:})SinR,‘f“RO), 0<g—j=20-2<2m-1

0, q-j<0
0, 1<g-j=20-1<2m-1
= q 1
(1)(@])/2W 0<g-j=2t-2<2m-1
qa-]
_ 1+ ()7 (~1ya-n2_I
2 (2n+q—j+1)
q-j

forl<g<2mand1<j<2m-1.
In conclusion, we obtain

0,(x) = Z Q<m>x _ Z 0@ (2;2: Z Wy (05 1)

m= m=1
forn > 0 and x € (—m, 1) or x € (—o0, ). The proof of Theoremis complete. [

(2m)!

Remark 1. The determinant |W(2m)x(2m)(0,‘ n)| can be alternatively formulated as

0
0 s 0 0 0 0
0
1
% O Z(nl+)1 O O O
GO & o
0 ;1-83 0 anT 0 O
S o e X
1215\ 0 2n+13 0 ﬁ 0
e 4 e 4 e 4
0 (0) 0 _(2) 0 (4)
(Zn4+5) . (2}1;3) . (27104-1)
-1 0 (1 ) 0 7(3) 0
(2}1(;#7) Zn4+:>) (2n2+3)
m 1 2m—-2 yn :2 ZVVI 2 m ; 2m 2
0 ( 1;z+2r5 1 ) 0 2n+2r§ 3 ) 0 ( 1ln+275 5 )
(=1y" m=2 (_1)m—‘l (Zm—l) 24 (=1)m Z(Zm 1) 2m=6
G 0 (2nz+2—m{11 0 ) 0
2m =" m-

o o o o o o

2m-" 2)
21m—2.

(2n+1)

10453
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In particular, when m = 3,2,1, we obtain

0 - 0 0 0 0
e
I I ) N
) GO
o @ o & oo o
Wos@ml=| . 07 0 ) 0,
) ORI GO N,
0 s 0 & o 4
G I G5 B ¢
o0 oo O g
*d) ) *3)
(202 + 51+ 3) (202 + 90 + 10) 30 (40 + 61— 1) ()
B (n +1)%(n +2)(2n + 3)3@2n + 5)(*)
0 = 0 0
oy
R
Wea@m|=|" G
0 Yoy 0 T2n+1)
SR
A 0 % 0
2n43) (ank)
3 (2n2 - 4)
T (n+1)2(m+2)Q2n+3)2Q2n +5)’
and
0 n 1
Waam|=| o COlo— L
| 2% ( ”)| (2’—1_}3) 0 212 +5n+3
2

7

10454

Remark 2. Comparing the series expansion (L.3) with the series expansion (3.1)) for #n = 0 yields a determi-

nantal representation

k
|Bok| = YTy [Weanx@n(©0;0), k>1

for the Bernoulli numbers By, that is,

0 1 0 0 0
3 0 1 0 0
0o 0 1 0
E 0 -1 0 1
0 o 0 -2 0
=1 =10
Bl = 5| 7 0 1 0 =0
_ .k_l ) (_1)1(_.2 2k-2
o G0 ) 0
(D)* k-1 e DL

for k > 1. In particular, we obtain

4

B |[Wara(0; 0)| 1
Bif=—"7F— =3y

Bol = 2 [Wes050)] =

026

O — O OO

(0

+2k—5
2k—6

0

=R R=N=]

—_

1

42°

(3.2)
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Remark 3. Letting n = 0 in (3.1) and differentiating give

Qyx) = Z [ Wiz (O0; 0)| (2—1),, x € (-m, m)

m=1

and

00

(,),(x) Z ‘W(2m+2)><(2m+2)(0 0))

m=0

x € (-7, m).

(2m )"

Comparing these two with the quantities in (1.13) results in

Z [ Wiz (0; 0)|

oy am 1) T xe(-mmn) (3.3)
and
[Wams2x@ms2)(0;0)| 2
(Smx) Z B . xe(-m ). (3.4)

In [1} p. 75, Entry 4.3.70], it was listed that

1 1 k— 122k ~
cotz = Z- Z = ()Zk)' Boyz2 1, |z| < 7.

Comparing this series expansion with (3.3) recovers the determinantal expression (3.2) for the Bernoulli
numbers By.

Remark 4. The central factorial numbers of the second kind T(, k) for n > k > 0 can be generated [5,[15] by

k|(251nh ) ZT(n k)

In [5, Proposition 2.4, (xii)] and [23] Chapter 6, Eq. (26)], it was established that T(0,0) = 1 and

T0r, ) = Z( 1) ( )(- —5)

forn >k > 0but (1, k) # (0,0).
In [22, Theorem 4.1], it was established that,

1. when r < 0 is a real number, the series expansion

(smx) _q +Z 1)m[z( "k Z( )J( )T(ZZ;L)]’ )]((2222: (3.5)

is convergent in x € (—7, );
2. when r > 0, the series expansion (3.5) is convergent in x € (-0, 00);

where the rising factorial (r) is defined by

<r>k—H<r+e> {r(r”) kg
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Letting » = -2 in (3.5) gives

(ﬁ) —1+Z( 1)’”[Z(k+1)2( 1)!( )T(Z’;’;:])]’ )

Comparing with and equating lead to

KT(2 ,
Wmx@m)(0; 0)( om 5(21) D Z(k+1)2( 1)7() (Z;:)] ), m>1.

(zx)zm
@2m)!’

Further making use of the relation (3.2) arrives at

= T(2m+j,j)
|Boym| = 22m(2 =1 Z(k+ 1)2( 1)1( ) 2m+]) , m>1

This formula is similar to, but different from, the identity

92m-1 2m k TQm+j, )
Baw = YTy )f+1()—, ms1

2m—1 _ 2
2 1= j=1 ( "}ﬂ)

in [7, Theorem 4.1], which was applied in the proof of Corollary 1 in [9].

Remark 5. Theorem [I]in this paper is a generalization of [14, Theorem 1].

4. Decreasing property

x € (-7, ).

10456

(3.6)

In this section, by virtue of the monotonicity rule recited in Lemma[2} we prove that the function R (x)

is decreasing on (0, 7).
Theorem 2. The function Roy(x) is decreasing on (0, ).
Proof. From the definition in (1.12), it follows that

ln[%(sinx —x+ ’g—f)]

sinx
In =25

Ropa(x) =

, O0<xl<m.

It is straightforward that

d ln[S'( x3)] 6xcosx — 30sinx — 2x3 + 24x

sinx —x + = y
dx L5 3! 6xsinx + x* — 6x2

Making use of the first derivative in (I.13) yields

ar In| E(siny —x+ 5)| 23 — 120+ 15sinx - 3vcos 1) sin x

A | sinz (x3 — 6x + 6sinx)(sin x — x cos x)

and

[(x3 —12x + 15sinx — 3x cos x) sinx]' _ —T(x)
(x3 — 6x + 6sinx)(sinx —xcosx) |  4(x3 — 6x + 6sinx)2(sin x — x cos x)2’
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where

T(x) = 4x7 — 72x° + 264x> + 144x — 9x° cos x — 9x° cos x + 198x cos x + 24x° cos(2x) — 144x cos(2x)
— 3x° cos(3x) + 81x° cos(3x) — 198x cos(3x) + 93x* sin x — 549x? sin x — 54 sin x — 2x° sin(2x)

+ 60x* sin(2x) — 144x? sin(2x) — 72 sin(2x) + 21x* sin(3x) — 81x% sin(3x) + 18 sin(3x) + 36 sin(4x)
2k+1

IR o M Ll
_54;;( b S(k)(2k+1)!

_ l - 5(2k) ) SRk +1) 4
=51 ;[(4’{ A+ I T Ak

and
S(k) = 243 x 2%+5 — 8 % 3%(8K° — 104K* + 580k° — 703K* + 2163k + 972)

+27 % 22k(8k6 — 36k + 290k* — 351k> + 503k% — 198k — 576)
- 648(24k5 — 184k* + 148K3 — 137k2 — 163k — 12)

2k 5 3 )
= 7776 x 32k[(§) _ 8k5 — 104k* + 580Kk — 703K2 + 2163k + 972]
3 972
+ 648(8K° — 36k + 290k* — 351k> + 503Kk — 198k — 576)

y (2_2" : 24k° — 184k* + 148k® — 137k* — 163k — 12 )
24 8k6 —36k> + 290k* — 351k + 503k2 — 198k — 576/

It is easy to verify that

8k — 36k° + 290k* — 351k% + 503k> — 198k — 576

= 8(k — 8)° + 348(k — 8)° + 6530(k — 8)* + 67809(k — 8)° + 410639(k — 8)> + 1369962 (k — 8) + 1955664
>0, k=>8.

By induction, we can arrive at

4% 8K5 — 104K* + 580K® — 703K + 2163k + 972
( ) - >0, k=10

3 972
and

2_2" 3 24k° — 184k* + 148k> — 137k* — 163k — 12 S
24 8kb — 36k5 + 290k* — 351k + 503k2 — 198k — 576

Moreover, numerical computation gives

0, k=8.

5(8) = 215348170752 and S(9) = 14719784361984.

Consequently, the sequence S(k) is positive for k > 8.
We claim that the sequence

S(2k)

k>4 (4.1)

is increasing, that is,

S(2k + 2) S(2k)

(4k + 6)(4k + 7)m > (4k + 2)(4k + B)M, >
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This inequality can be reformulated as
(2k + 3)(4k + 7)S(2k + 1)S(2k + 2) > (2k + 1)(4k + 3)S(2k)S(2k + 3) (4.2)
for k > 4, that is, the sequence

6% [5877462609408(k — 4)° + 39472831259904(k — 4)® + 196342134897472(k — 4)”
+730097994024712(k — 4)° + 2014535981948876(k — 4)° + 4007358824520542(k — 4)*
+5376959126388333(k — 4)° + 4133484135723492(k — 4)* + 868746111722577(k — 4)
—707080673557332] +27 X 28k+3(524288k13 + 3735552k + 18546688k!! + 65630208k!°
+174176256k” + 388783872k® + 1039877632k” + 89567376k° + 117719408k> + 988449720k
+556139052k> + 170461233k> + 110225934k + 30779595) +81 x 2% [4110967986688(k —4)°
+30920619750144(k — 4)% + 170234785243200(k — 4)” + 691384393694904(k — 4)°
+2057371425719188(k — 4)° + 4383401348467698(k — 4)* + 6380703192978083(k — 4)°
+5789501374332684(k — 4)* + 2661504373407231(k — 4) + 286553966419476]
+1944[1133133824(k — 4)° + 13971296256(k — 4)® + 113369713152(k — 4)”

+634689396096(k — 4)° + 2497060922976(k — 4)° + 6891012178308 (k — 4)*
+13049925954580(k — 4)° + 16138319947155(k — 4)* + 11749819839327 (k — 4)

+3846043491534| + 25+33%+2[1254400(k — 14)” + 102037760(k — 14)°
+3460657408(k — 14)° + 62705578352(k — 14)* + 641678111260(k — 14)°
+3538255310240(k — 14)* + 8452271478129(k - 14) + 1859190048117 |

92160k® — 303104k” + 3118085 — 933440k
o187 x 25417 g 4 )|t —2725992k* — 2651276k3 — 2019162k2 — 854289k — 66879
+ X + -
( ) 18432(8k + 9)

131072(k — 4)! + 5357568(k — 4)1° + 99696640(k — 4)° + 1118859264 (k — 4)°
+8449651200(k — 4)7 + 45287008128(k — 4)° + 176490543328 (k — 4)°
+501911255076(k — 4)* + 1024728330068 (k — 4)°
+1440024128235(k — 4)? + 1270102753719(k — 4) + 544466994750

62914560(k — 4)12 + 2902589440(k — 4)!! + 61055680512k — 4)1°
+774376570880(k — 4)° + 6595463086080 (k — 4) + 39726293521920(k — 4)”
+173317513116288(k — 4)° + 550395775653920(k — 4)°
+1255946637183108(k — 4)* + 1987551374800804(k — 4)3
9% 3% |\ +2028126908873955(k — 4) + 1144415164087359(k — 4) + 236105909426862

2 131072(k — 4)'! + 5357568(k — 4)1° + 99696640(k — 4)° + 1118859264 (k — 4)3
+8449651200(k — 4)7 + 45287008128(k — 4)° + 176490543328 (k — 4)°
+501911255076(k — 4)* + 1024728330068 (k — 4)3
+1440024128235(k — 4)? + 1270102753719(k — 4) + 544466994750

+16 x 3%+

is positive for k > 4. By induction, we prove that the sequences

—2651276k> — 2019162k> — 85428% — 66879

(92160k8 — 3031047 + 311808kS — 933440k> — 2725992k*
24k
18432(8k + 9)
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and

62914560(k — 4)12 + 2902589440(k — 4)!1 + 61055680512(k — 4)'° + 774376570880 (k — 4)°
+6595463086080(k — 4)8 + 39726293521920(k — 4) + 173317513116288(k — 4)°
+550395775653920(k — 4)° + 1255946637183108(k — 4)* + 1987551374800804(k — 4)3
9 x 34 +2028126908873955(k — 4)2 + 1144415164087359(k — 4) + 236105909426862

2 131072(k — 4)11 + 5357568(k — 4)1° + 99696640(k — 4)° + 1118859264 (k — 4)8
+8449651200(k — 4)7 + 45287008128(k — 4)° + 176490543328 (k — 4)°
+501911255076(k — 4)* + 1024728330068(k — 4)® + 1440024128235(k — 4)?
+1270102753719(k — 4) + 544466994750

are positive for k > 4, so the inequality (4.2) is valid for k > 14. Furthermore, numerical computation
shows that the inequality (4.2) is valid for 4 < k < 14. Therefore, the inequality (4.2) is valid for k > 4.
Consequently, the sequence (4.1) is increasing in k > 4, with

. 5(2k) ] 2937, . [ S(2k) 3697387
lim| (4k + 2)(4k = d lim|(4k + 2)(4k =
klfﬂ[( AU+ | T mer < and Mm@k 2K+ 3955755 T m0es T

The first three terms of the Maclaurin power series expansion for 54T(x) is
6 17 p( 42
2 2k+1 X' Plx

Z[(4k+2)(4k+3) SICIN 2] SCkAD) ket _ () )

& S2k+1) (4k + 3)! 2439237690489600000

where

P(xz) = —2462313709x'0 + 74884614633x° — 1728814760640x°
+ 28375522583760x* — 295162342675200x> + 1476817377235200.
It is straightforward that
P(u) = —2462313709u° + 74884614633u* — 17288147606401°

+ 28375522583760u* — 295162342675200u + 1476817377235200,

P’(u) = —12311568545u* + 2995384585321 — 5186444281920
+ 56751045167520u — 295162342675200,

P"(u) = —4(12311568545u3 — 2246538438991 + 2593222140960u — 14187761291880).

The polynomial P”(u) of degree 3 has a unique real zero

2olio o 584360753784815184016105681949
+10 VB8263590327836093680044880445264204913316496543704023838910
to = 12311568545

B 88324652717204321223 X 192/3

1311568545 584360753784815184016105681949

+10 V8263590327836093680044880445264204913316496543704023838910

, 74884614633

12311568545

=9.0456. ..

which is the unique maximum point of P’(1) and

4617

P'luo) = 1866122555439895734412857478625
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198073438903262812228227057248057864704628006298724649424803
V19 +11687215075696303680322113638980

x /8263590327886093680044880445264204913316496543704023838910
584360753784815184016105681949 ]2“

+10 V8263590327886093680044880445264204913316496543704023838910
29441550905734773741 x 19%/3
1850791504480481548237203146300898847367927315039529417206803
X +23374430151392607360644227277960

X V8263590327886093680044880445264204913316496543704023838910

584360753784815184016105681949 ]

+10 V8263590327886093680044880445264204913316496543704023838910
—3964399353509542244016553369901128368383

4/3

=-10"®%x6.691--- .

Accordingly, the polynomial P’(u) of degree 4 is negative, and then the polynomial P(u) of degree 5 is
decreasing. Numerical computation gives

P(n2) = 1476817377235200 — 2951623426752007> + 283755225837607*
— 17288147606407° + 748846146337% — 24623137097'°
=10% x1.456--- .

As a result, the polynomial P(xz) of degree 10 is positive in x € [0, 7]. Consequently, the first three terms of
the Maclaurin power series expansion for 54T (x) is positive in x € (0, 7t].

In a word, the function T(x) is positive on (0, r].

By virtue of the monotonicity rule in Lemma we obtain that the function Rg»(x) is decreasing on (0, ).
The required proof is complete. [J

Remark 6. Can one find a new and more effective method to prove the decreasing property of the function
Rym(x) foralln >m > 0?

5. Connections with generalized hypergeometric functions

For a1 € Cand 1,6, € C\ {0,-1,-2,...}, the generalized hypergeometric function 1F»(a1; 1, f2;2) is
defined [8] p. 1020] by

- a), 2"
1Fx(a1; B1, B2 2) = Z (a1) eC.
n=0

— (B1)u(B2)u !’

In [29, p. 16], Qi and his coauthors derived the relation

3
SinR,(x) = 1F2(1;n +1,n+ E; _Z)' n € N. (5.1)
As done in [1T} Remark 7] and [16} Section 5], by the relation (5.1, we can restate main results of this paper
in terms of the generalized hypergeometric function 1F, as follows.

1. The logarithmic function

2

InSinR, (x) = ln[le(l;n +1,n+ g} _Z

2 Z)]’ nelN
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can be expanded into

2
ln[le(l; n+1,n+ §; _x_)] Z )W(Zm)x(Zm)(O ”)|

27 X € (—00,00).

(2m )"
2. The ratio

InSinRy(x) In[1F>(1;3,5; -7 )]

sinx - sinx
In =2+ In =2

is decreasing on (0, ).

6. Conclusions

In this paper, the logarithm of the normalized remainder SinR,(x) for n > 0, that is, the function Q,(x)
for n > 0, was expanded into a Maclaurin power series and the function Ro»(x) was proved to be
decreasing on (0, 7).

The concept and idea of normalized remainders, also known as normalized tails, of the Maclaurin power
series expansions of analytic functions originated from Qi and his joint paper [12]. Since then, Qi and his
coauthors set up and investigated normalized remainders of the Maclaurin power series expansions of
several elementary functions. We now systematically sum up as follows.

1. The normalized remainders of the Maclaurin power series expansion of the tangent function tanx
were introduced and studied in the paper [12] and another two manuscripts by Qi and his coauthors.

2. The normalized remainders of the Maclaurin power series expansion of the square tan® x of the tangent
function tan x were defined and investigated in [27].

3. The normalized remainders of the Maclaurin power series expansion of the function 7, the gener-
ating function of the Bernoulli numbers B, for n > 0, were defined and considered in ‘the paper [28].
Due to the study in [28], we discovered in [25] 28] some properties of the ratios of two Bernoulli
polynomials B,(t) on (0, 3) for n > 1.

4. The normalized remainders of the Maclaurin power series expansions of the sine function sin x were
researched in this paper, in the articles [14}[16| 29], and in [11}, Remark 7].

5. The normalized remainders of the Maclaurin power series expansions of the cosine function cos x
were discussed in this paper, in the articles [13][16} 17,24} 26, 29], and in [11, Remark 7].

6. The normalized remainders of the Maclaurin power series expansions of the inverse sine, cosine, and
tangent functions arcsin x, arccos x, and arctan x were looked into in a forthcoming manuscript by Qi
and his coauthors.

7. The normalized remainders of the Maclaurin power series expansions of the exponential function e*
were researched in [3}[18].

8. The normalized remainders of the Maclaurin power series expansions of the power function (@)
for g € N were investigated in a forthcoming manuscript by Qi and his coauthors.

We believe that normalized remainders of the Maclaurin power series expansions of analytic functions,
initially and originally invented by Qi, will be interesting objects attracting mathematicians in the world to
further deeply and intrinsically investigate.
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