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Abstract. The main motivation of this study is to present new Hermite-Hadamard-Mercer type inequalities
via a certain fractional operators. We establish several new identities and give Jensen-Mercer variants of
Hermite-Hadamard- type inequalities for differentiable and convex mappings via Katugampola-fractional
operators. We establish connections of our results with several renowned results in literature.

Here, we gave new Lemmas having identities for differentiable functions and construct related inequalities.
Main findings of this study would provide elegant connections and general variants of well known results
established recently. In future, we are going to extend this work for coordinate convex functions. This
research is open for further work by investigating such results for other class of convex functions.

1. Introduction

Convexity is a very functional concept in programming, statistics and numerical analysis as in many
different branches of mathematics. In theory of inequality, the concept of convexity exists in the proof of
many classical inequalities, but has been a source of inspiration for many new and useful inequalities.

LetO0 < <up ... < uyandlet &£ = (51,52,..., En) be non-negative weights such that Y, & =1 The

famous Jensen inequality (see [8]) in the literature states that if f is convex function on the interval [a, b],
then

Y iéi pi| < iéiT(#i) 1)
i=1 i=1

forall y; € [a,b] and all &; € [0,1], (i=1,2,...,n).
In (2003) Mercer gave a variant of Jensen’s inequality (see [3]) as:
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Theorem 1.1. IfY is a convex function on [a,b] , then

ﬂ+b—zn:§i{~li
P

Vui€lablandall & €[0,1] , (i=1,2,..,n).

Y

<SY@+Y0b) - ) &Y () )
i=1

Pecaric et al. in (2006) worked on Jensen’s inequality of Mercer’s type for operators with applications
[2]. In an another study performed by Niezgoda in (2009) and it includes some generalizations of Mercer
inequality in terms of higher dimensions [15]. In recent years, notable contributions have been made on
Jensen-Mercer’s type inequality. In (2014) M. Kian gave concept of Jensen inequality for superquadratic
functions [14]. Further, E. Anjidani worked on Reverse Jensen-Mercer type operator inequalities and
Jensen-Mercer operator inequalities for superquadratic functions (see [6], [7]). In [13], the authors gave
Mercer’s inequality as a general form and integral means .

Another important inequality that characterize convex function is Hermite-Hadamard inequality, that
is if a mapping Y : ] € R — R is a convex function and r,s € ], r < s, then

Y(rzj)s Lr f YA < w

Although fractional analysis is basically a generalization of classical analysis, it has developed rapidly with
the definition of fractional integral and derivative operators. Fractional analysis has recently become a pop-
ular topic with its applications in many fields such as statictics, economics, engineering and mathematical
biology, based on applied mathematics problems (see [1], [9], [19], [27], [28], [29] and [30]).

Recently in [24], the author introduced a new concept to unify Riemann-Liouville and Hadamard frac-
tional integral operators which a certain general form fro fractional integral operators. Also the conditions
are given so that the operator is bounded in an extended Lebesgue measurable space. The corresponding
fractional derivative approach to this new generalized operator can be seen in [25]. Moreover, Katugam-
pola worked for the Mellin transforms of the fractional integrals and derivatives (see [26]). For further
applications and related results (see [4], [5], [23]) and references therein.

Definition 1.2. [24] Let [a,b] C R be a finite interval. Then the left-sided and right-sided Katugampola fractional
integrals of order a > 0 of Y € X£(a?, bP) are defined as follows:

pl—a X ’](‘(/\) 4
P = p
(PI;,V)(x) @ ). @ A)l_a)\ dA, x>a

witha < x < band p > 0, if the integrals exist.

pl—a b T(A)

-1
@ ). o x<b

(L)) =

Theorem 1.3. [24]
Ifa>0and p >0, then for x > a

1) limp — 1(PILY)(x) = (Jo. Y)(x)
2)limp = )L N)() = (HE ().

The main motivation of the paper is to establish new and useful HH- type inequalities with the help
of Jensen-Mercer’s inequality via a certain fractional integral operator. The main findings includes new
approaches and estimations for differentiable and convex mappings.
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2. Hermite-Jensen-Mercer Type Inequalities for Katugampola-Fractional Integrals

We will start with the following result that includes HH-type inequalities by using Jensen-Mercer’s
results via Katugampola integrals:

Theorem 2.1. Suppose that if Y : [a?,b’] — R is positive function with 0 < a < b and Y € XL(af,bP). If Y is
convex on [aP, bP], then the following result is valid:

P
2] < %nr (@) + Y (")) 3)

e ORENANE

PP
< 1[Y @) + Y (b°)] - 1?(21 +ZZ]
p p

p

z" +z
ly(aubp_ :
P 2

2
forall a >0, zlp,zg € [a?,bP] and I (.) is the Gamma function.
Proof. Since Y is convex on [a”, b"], so by Jensen-Mercer’s inequality (2)

uf + o (uf) + Y (vf)

)SY(aP)+Y(bP)— X !

Y (aP F b — )

Yuf,of € [aP,bP].
Now by change of variables uf = /\sz +(1- /\P)zgJ and of = (1- )\P)zf + /\Pzg, sz,zg € [a?,bP]and A € [0, 1]
in (4), we have
Y (A%2] + (1= AP)2) + Y ((1 = AP)2] + APz5)
2

2 + 2
Y|af + b - —5 s Y (@) +Y@°) -
If we product the above result by A**~! and then apply the integration with respect to A on [0, 1], we have

1 2 +2h 1
—Y|a’ + P — ——= < —{Y (@) + Y (bP)}
pa 2 pa

L[ e p p P p

- 5 {fo AP (Y (AP2] + (1= AP)28) + Y ((1 = AP) 2 + AP25))dA ¢
Hence,

2+ 2
%Y(ap +b° — 172] < l[Y(ap) + Y (b7)]

p
- e ()

This shows the proof of the first inequality of (3).

We will proceed with the second part of (3), we remind that Y is convex on [a?, b], then for A € [0,1], it
yields

zf + zg /\sz +(1- /\P)zgJ +(1- /\P)zgJ + )szg
Y =Y
2 2
Y (A2 + (1= A7) 25) + Y((1-AP)2] + APzf)
2

IA
—~
U1
~
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If we product the above expression by A**~! and then apply integration with respect to A on A € [0,1], we
get

PP
pia T[Zl ZZZ) < % { fo " o (v (A2 + (1= A7) 25) + Y ((1 - A9) 2 + Ar’zg))}

V[357) < SRR e )

Multiplying by (=1), we obtain

P P

ar 1 zZ. +Z

_ w{(Plj+)Y(z§)+( PIg)Y(zf)}s—T( ! 2] (6)
2 (zg - zf) ! 2 2

By adding Y(a”) + Y(b”) both sides in (6), we provide the desired inequality of (3). O

Remark 2.2. For p = 1in (3), we will get

Y(a+b— M)
<T@+ YOI 50 (1) T + (12 ) Y )
< C@+ro1-7(22).

proved in [[10], Theorem 2].
Remark 2.3. For p = 1and a = 1 in (3) we will get

zZ1+ 2o

1 (e
T(a+b— . )S(ZZ_Zl)LY(a+b—t)d/\sT(a)+Y(b)—(

Y (z1) + Y (22)
2

for all z1,z; € [a, b] proved by Kian and Moslehian in [16].

Theorem 2.4. Suppose that if Y : [aP,bP] — R is positive function with 0 < a < b. If Y is convex on [af,bP], then
the following result is valid:

P P a-1 a
Y(ap+bp—zl+zz)sz prifa+l)

? (=)

X {[WE‘WH?LZ};;Z}Z,)+ ]Y(ap +bP — zf) + ( PIE‘Hb_#), )Y(ap +bP — 2‘2’)}

< Y@)+Y (@) -

for all zf,zg € [af,bP], a > 0.

Proof. To see the proof of first part of (8), we consider convexity of Y and write

T(af’+bp— up+vp)

(af’ +bP —uP +af +bP —of
2

<Y @ +b° —ul)+Y (@ +b° —oP)
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Yuf,vP € [a?,bP]. Now by change of variables uf = 4z + 2220

get

and o = 220+ 220 1 €[0,1] we

2+ 25
2Y | af + bP — 5

P 2 — AP 2_ AP p
< Y(ap+bp—(%z’f+TAzg ))+Y(ap+bp—(T/\z§+%zzp))

If we product the above expression by 1**"! and then apply integration with respect to A on [0,1], we
get
PP\
iy af + P — ﬁ f AP14)
pa 2 0

1
_ AP 2— AP 2— AP AP
<[l -t 5 ol oo e
p p a-1
Y(ﬂp+bP—Z1+ZZJ52 pr(“:l)
? (=2 -=)

x {(pl?mﬂ?)* )wr(ap +b - )+ (Plf(xm_zl?) )Y(ap +bP — zg)}. )

Thus, this implies the first part of (8).

We will try to prove the second part of (3), we remind that if Y is convex, then for A € [0, 1], it gives

AP, 2=AP AP oy 2=AP i,
Y(ap+bp—(721+ > Zy ))SY(aP)+Y(bP)—[7T(zl)+TT(Z )]

(10)

and
2—AP AP 2—AP AP
e S )) <Y @)+ Y0P - [Tr(z’j) n —Y(zp)] (1)
By adding the inequalities of (10) and (11), we have
p —AP —AP p
Y(ap +bP —(%zi’ +2 2/\ zh ))+T(ap +bP —(2 2/\ 2 + %zg ))
< 200 @)+ Y ) - (Y () + Y (25))

T(a" +bP —(

If we product the above expression by AP*~! and then apply integration with respect A on [0,1], we have

1 P —AP 2_ AP p
R e e I G e S I

< Rr@)+ ) - (Y()+ 17 (25))] f B
0
Therefore,

ZZZJ&jZF,J;g)[(M?”*h‘“?V )Y(gp +bP — zf) + ( PI‘("Hb_%)_ )Y(ap +bP - Zg)]
2 1
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< :2 (Y (@) + Y (b)) = (7 (2]) + 7 (25)) }pia (12)
Multiplying (12) by &, we get
29710 T + 1) . .
W {(pl(mﬂ?)* )Y(aP +bP - 20) + (pl(g+bﬂ;22)‘ )Y(gp L P zg)}
p p
< (Y (@) +7Y(®°) - w (13)

Collecting (9) and (13), we get (8). [
The following interesting cases can be deduced

Remark 2.5. For p = 1in Theorem 2.4, we will get Theorem 3 proved in [10].

Remark 2.6. For p = 1and a = 1, Theorem 2.4 recapture (8) given in Remark 2.3.

3. New Identities and Related Results for differentiable function A’

In this section, we first introduce new identities and then give related results:

Lemma 3.1. Suppose that Y : [a?,bP] — R is a differentiable mapping on (aP,bP) with 0 < a < b, then the following
equality for Katugampola-fractional integrals holds:

Y(a? + b9 —2f) + Y(a? + b —25)  p*'T(a) /) ,
ap - (zg ~ ZDa( (u/7+b/’—z‘2))+ )Y(ap +bP — zl)
o (ZP _ ZP) 1 .

i I(arwb/uz{’ . )T<apbp _Zg)) == a 1 I) et

x [ =Y (af + 00 = (1= AP)2f + AP25) ) + Y (a + b7 = (AP2) + (1 — A") 20 )]d/\ (14)
Sfor all z’f,zg €laf,bP], a>0, A €]0,1].
Proof. We have used the fact that

p_p

k- & Zl)(K2 - Ky) (15)

where

Ky = fol (AP (a7 407 = (1= A7)z + (A7) 7)) dA

Y(ar +b° -2 1
T e [ x( e (e s - a
p(ZZ _Zl) Z, =27 Jo

=— T(ap : v ;zi) + pa_lr(a * 11) {( Pre ¢ )Y(gP + bP _zf)}
p(zy —2)) (Zzp p)‘” (ar+br—2)

1 —Z1
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and

1
Ky = f (A1) Y (0 + b — (102 + (1 - 1) 2)) A

0 0 _ P
= Y(af + bf Zl) o« pfl/\ﬂa—l)\lﬂ-lY(ﬂp+bp—</\pzf+(1—/\p)zg))d/\

plzy = 7)) 2 -7
Y (af +bP -2 a1l (g +1
IV A) prerben  Yreer-a)
pz; —z) (zg —z’f) !

Substituting the values of the K; and K; in (15), we will get (14). O

Theorem 3.2. Suppose that Y : [a?,bP] — R is a differentiable mapping on (af,bf) with 0 < a < b. If Y is
differentiable function on [aP, bP], then one has the inequality for Katugampola-fractional integrals:

‘Y(ap +00 = 2)+ (P + 0P —25)  apT(a)

P
2 ( ) (( (m +bP -2/ )
(zh — 20)? 1
= Ja+D@+2) ( )f’e‘;f; (e (16)

)Y(ap +b° - zf)

+(' . )T(ap +bf — 2’2)))

(al’+bl’ —zl )

Sfor all z’f,zg €laf,bP], a>0, A €]0,1].

Proof. By following Lemma 3.1, we have the following equality

ot el
ap (zg — z(f) (m’+b/’—z‘2’)
+ (pI"‘ )Y(apbp - ZP)) = M[Il /\p(“”)_l(T' (ap +bP - ((1 - AP)Z + AP zp))
(af’Jrh/’—zg7 : z a 0 ! 2

—Y (4 + b7 - (A2 + (1= A7) 25)) )d/\]

Now applying Mean value theorem for the function Y on the right side of above equality, we have

YaP+bP—zP+aP+bP—z alr
( 1) ( ( ﬂ‘D + b‘D _ Zl)
ap z — z ar +bP— z
p (Z -z ! Dot ,
+ (' (e -2 f AP (200 Z )Y (£(A)) d/\}
(1zt’+bl’—z’17 0

where £(A) € (a?,bP). This leads us to

—5F _ 1
‘Y(ap+bp )+ (P + b0 —25)  p*IT(a ( (o + - 0)
ap z —z aP+bP—z !

+('r NY(arb? -z

(uf’+bf’ -z )

B Pz
Gt f e 1o iy o |on)
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(25 -z

1 1
<21 sup Y (&) |( f T AP@HD=L(] _22P)dA + f /\f’(““)‘l(ZAf’—l)dA)
a Eelab] 0 %

B T
~ap(a+ 1)(a+2) (a * 2_“);1[%] |Y (£)|

After simple re-arrangement, we will get (16). [J
Remark 3.3. For z; = aand z; = b in Theorem 3.2, we will get Theorem 2.2 proved in [11].

Theorem 3.4. Suppose that Y : [a?,b°] — R is a differentiable mapping on (a?,b?) with 0 < a < b. If|Y'| is convex
function on [aP, bP], then one has the inequality for Katugampola-fractional integrals:

‘Y(ﬂp +bP — Z?) + Y(ap +bF - Zg) _ p“I’(a) ( Pla ’Y(ap + bP — zp)
2 2(eg =) (oows) 1
Pra
+ ( I(aﬂ+bﬂ—2§)_ )Y<ap b7 - Zg))
P p Y () + Y (2
< (Z; +il) [ @) + Y ") - [| i 2 &) "

for all z’f,zg €laf,bP], a>0, A €]0,1].

Proof. By taking into account Lemma 3.1 and employing Jensen-Mercer’s inequality for the convex function
[Y'|, we have

Tt e b)) g
ap p(zg - zf) (ﬂPW—Zé’)

*cﬁmw@)ﬂﬂ+w‘£»

< (5 _Zf)(fl Aplarn)-1
a 0

—Y (@ + 17— (A0)2 + (1 - A7) ) ’d)t)

P_ Py
< (z; —7) Ap(a+l)—1(
<— i

" 'Y’ (a# + b2 = (A2 + (1= A7) 22)) ‘)d/\

< (Zzp;—zf){z( ' @) + e ] )= (e (&) + e (&)])} fo gy,

Simplifying the integral gives the required inequality (17). [

Y (a” + b7 = (1= A7)z + A°2D))

T (@40 = (- A0+ 2020)|

Remark 3.5. For zy = aand z; = b in Theorem 3.4 , we recapture Theorem 2.3 proved in [11].

Now, we give the follownig new identity.
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Lemma 3.6. Suppose that Y : [aP,bP] — R is a differentiable mapping on (a?, bP) with 0 < a < b, then the following
equality for Katugampola-fractional integrals holds:

Y(ap+bp—zf)+Y<aP+bP—z§) p°T (a + 1)

44
2 2 (zg - zf)
a P a p
X {(pl(ambw—zg)+ )Y(ap +07 — Zl) + ( pI(aHbﬂ—zf)* )T(ﬂp + 07— 22)}
_ (Zg B Zf) ! pa YN AP A (4P P PP Py ZP
- 5 0 (AP = (1= APY) AP Y (0 + b7 = (AP2] + (1= A7) 25))dA. (18)

forall 28,20 € [a?,b°] , @ >0, A €[0,1].
Proof. It is obvious to see that

(zh -2
K= 2 221 (1<1—1<2) (19)

where
1
K= [ ) v (e - rg -0

_ P
:Y("p”’p Zl)_ a fl/vwW1Y(ap+bP—(Asz+(1—AP)z§))dA

P(Zg - Zf) Zg - Zf 0
Y (af +bP -2 14T (a + 1
= ( P Y 1) - p - (aa+1 ) {(p ?up+bp_zp)_ )Y(ﬂp + bp - Zzp)}
p(z; —2z) (zg—zp) 1

1

and

Ky = f IS OTERY (a# +0° = (A%2] + (1= A7) 20)) dA
0

Y (af +b° - 25 1
- ( 2 + 2 (1= A7) Y (aP + b7 — (AP2] + (1 - A7) 25)) dA
pP_ P p_ P ! ?
p(ZZ — 21 22 — Zl 0
Y (af +bP — 25 a1l (a +1
= ( 5 7 2) + i (aa+1 ) {( pll(’tu»wbw—zp)+ )T(gp - Zg))} '
A (g2 2

Putting the respective values of K; and Kj in (19), we will get (18). [
We deduce the following important connections of our result:

Remark 3.7. For z; = aand zp = b in Lemma 3.6, we will get Lemma 2.4 proved in [11].
Remark 3.8. For p = 1in Lemma 3.6, we will get Lemma 1 proved in [10].

Remark 3.9. Forp=1,a=1andzy =aand z, = b in Lemma 3.6, the equality reduces to the equality

Y@+Y® 1 (* Cbea
2 _(b—g)ﬁT(u)du_ 2 ‘fO(ZA_l)T((l—/\)ﬂ-i-Ab)d/\. (20)

proved by Dragomir and Agarwal in [21].
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Theorem 3.10. Suppose that Y : [a?,b’] — R is a differentiable mapping on (a?,bP) with 0 < a < b. If [Y'| is
convex on [aP,bP], then one has the new result as:

T(ap + bP — zf) + T(ﬂp +bP - Z?) paal“(a + 1) P Lo Y(af +b° - 2°
| 2 A=) (g D=2
' (plzambp_%’ )7 )Y<ﬂp v Zg))

- pla+1)

B (1—2%){1? @)] + Y’ (bp)([w ) )

} (21)

forall 2{,25 € [af,bP] , a >0, A €[0,1].

Proof. From Lemma 3.6 and Jensen-Mercer’s inequality, we have

Pra

‘Y(uf’ +00 =)+ X(aP + 0P —2f)  pial(a) (

2 - 2(,2‘27 - zp)a

1 (gp+hp_zg)+ )Y(ﬂp + P — Z/la)

+ (pI"‘ ), )T(apbp - zg))

(af’ +bP—2!

-2 ! ay1p-1] | P P
<= j; (A2 — (@ = APy)AP ||Y (a” + b7~ (A7) + (1 - Ap)zz))|’m
p_p
<& 2 . fol e — =y far P @)+ e @0)] = (4 ()] + @ - a0 | ()] jar
_ p(Zg _Zf) [ + L]
where

I = fo - (1= A7) — A% A”*l{ [ @) + " )] - (Ap [ (&) + a-an|y (ZQ)D }‘”

, / 1 27«
= (¢ @]+ |x (bﬂ>))(p(a+ 5 eT 1))

Al oemress - o) @l oass - o)
Ne@ny@+d ~pa+n) I B\ Ga+2) ~ oD

and

L= f 1 (A= (1= 29 2 P @)+ [ @0)] = (19 [ ()] + = a0 [ (&)]) Jar
%

, , 1 2°a
= (@] +pren) ((p<a ) plar 1))

_ {'Y (zp)|( 12 ) + |Y’ (zP)|( 1 _ 2 )}
U\ (p(a+2)) pla+1) i\ (pla+1)(@+2) pla+1)

Placing the values of the evaluated integrals I; and I, gives inequality (21). O
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It is pertinent to give the following elegant connections of our obtained result:
Remark 3.11. For z; = a and z, = b in Theorem 3.10, we will get Theorem 2.5 proved in [11].
Remark 3.12. For p =1 in Theorem 3.10, we will get Theorem 4 proved in [10].
Remark 3.13. For p =1, z1 = aand zo = bin Theorem 3.10, we will get Theorem 3 proved by Sarikaya et al. in [17].

Next we formulate another important lemma that is useful to obtain further results:

Lemma 3.14. Let Y : [a?,bP] — R be a differentiable mapping on (a,bP) with 0 < a < b. If ' is convex, then the
following equation hold:

Y(ap+bﬁ—z§’)+Y(aP+bP—Z§)_ 2“p“F(a+1){(pa )

2 2 (zp — zP)a (ar+br-z5)*

2 1

2 + 2 . 2 +2b
x| Y@ + 0 - 22 |+ (Pl(a“bp_zf)_) Y@+ - )

P _ P 1
= P =) f APEA P~y (up +bP - (1 hl Apzf . Ang))d/\
4 0 2 2

pzh =2 1-AP , 1+AP
—%foﬂtmpw(m’wr’—( e zg))am 22)

for all z’f,zg €la?,b’] , >0, A€[0,1] and I' () is the Gamma function.

Proof. To make things simple, let us denote

_ P-4

K= T(1<1 - Ky) (23)
where
1
, 1+ AP 1-A°

— o -1 P p
K = j; (AP¥) AP T(ap+bp—( > z; + > zz))d/\

2Y (af +b° — 2° atl P2 2+ 22\
= ( R 1) - p2 P(X f o o | =P + b = 2 2 Y (w?)dw

p(zh —2) (zh — zl)art ,zp+h,>_(21 ;Zz) 2

2Y(af +bP —2f)  pavipg Py P
_ 1 a+1) |, oL AatEH
= - (aMbLZT)fY(a +bf — —5 )

P P a+1
(zy —2%) T—a (P _ P
plz; =z P (22 21)

and

1
i 1-20 , 1447
KQ:fO(A)P /\le(ap+bf’—( e zg))d)\

2P 42f
2Y (LZP +bP — Z’ZJ) Da+l, P+bP— 132 le + Zg ot
ST E D) @2y f , (@Y ) e e
2 T4 274 P +bP—z
__ZY(aP+bP—zg)+ 2T @+1) |, Y(aerbp_zf+z‘2))
B P(Zg - Z’f) pl-a (ZP _ Zp)‘” 1) C@+br-z)r 2
2 T4

Putting the respective values of K; and Kj in (23), we get (22). O
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Remark 3.15. For p = 1in Lemma 3.3, we will get Lemma 2.1 proved in [20].

Theorem 3.16. Suppose that Y : [a?,bP] — R is a differentiable mapping on (a°,b°) with 0 < a < b . If [Y'| is
convex on [aP, bP], then one has the following statement:

Y(aP+bP—z§)+Y(aP+bP—zg) 29pT (o + 1) -
‘ 2 2 (zg - Z’f)a {( <ﬂ”+b/’—2’£>*)
X (Y(af’ +bP — Zf i Zg )) + (P["‘ )[’Y‘(ap +bP — Z[1) + Zg )] }‘
2 (ap+bP =z >
2= ) : |Y(zf)( + |Y/(zg)|
< Yo 11){‘Y )= - (=) 29

forallzi’,zg €laf,bP] , >0, A €]0,1].

Proof. By considering Lemma 3.14 and Jensen-Mercer s inequality along with the convexity of | Y |, we have

‘Y(af’ +bP —z§)+’Y' (ap +bP —zg) 29p°T (a + 1){(

2 2(25 — zp)a

pre )
(aP+bP—zh)*
1

2 +2h N 2 +2h
X Y(ﬂp +bP — T) + (pl(a”-#bp—zi))’) T(ﬂp +bP — T)

P_ P 1
< P(zz Zl) f Apa/\p—l
4 0
ZP—ZP 1 , _ P p
+ P —2) 24 1)f APEAPTL Y (ap+bp—(1 2)\ 28 + 1+2/\ z ))‘dA
0

(P_ P) 1 , , (P -4 “(2°
2D o) o) - (i )« e

[l - @ e o

Evaluating the integrals leads to inequality (3.16). [

dA

Y/(a”+b”—( 5 z) + 5 z,

1440 , 1-AP p))

Remark 3.17. Forp=1,a =1,z =aand z; = b in Theorem 3.16, we will get Theorem 2.2 proved in [21].
Remark 3.18. For p = 1 in Theorem 3.16, we will get Theorem 2.2 proved in [20].

Lemma 3.19. Suppose that Y : [a?, bP] — Ris a differentiable mapping on (a?, bP) with0 < a < band Y € L[a,b"],
then the following equality for Katugampola-fractional integrals holds:

Z + 2 2"‘1p"r(a + 1)
Y(af’ Lpr A - 2) _ (Zg - Zf)a [ P z(x”[7+bp_ﬁ)+ )Y(gﬂ L bP - zf)
P
+ I(Zmbwﬁ)f )T(aP +BP— zg)]

P P

_p(ZZ_Zl) ! pa yp-1 ’(p P (/\P P 2-A° P))
= 2 OA/\ Y (a” +b 221+222d)\
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1 , — AP p
- fo AP APy (aﬂ L - (%zl’j + %zg )) d/\]. (25)

Proof. The technique to prove this Lemma is similar to that of Lemma 3.14. [

Remark 3.20. For z; = aand zp = bin Lemma 4.1, we will get Lemma 1 proved in [12].

Remark 3.21. For p = 1in Lemma 4.1, we will get Lemma 2 proved in [10].

Remark 3.22. For p =1,z = aand z, = b in this Lemma 4.1, we will get Lemma 3 proved in [17].

Theorem 3.23. Suppose that Y : [a?,bP] — R is a differentiable mapping on (a°,b°) with 0 < a < b . If [Y'| is
convex on [aP, bP], then one has the following statement:

(24

zé’n; * )
(m’+bf’— T)

zl + 20 2“’1p"‘1"(a + 1)[ 3

‘T(ap+bp— e ¥(o + 00— )

v (pl() Pr(er +v7 - 25)|
2oy - (L e

forallzf,zg €laf,bP], a>0, A €]0,1].

Proof. From Lemma 4.1 and Jensen-Mercer’s inequality, we have

Pra

2+ 2 2“‘1p“T(a + 1)
‘Y(””bp‘ ) (-2 [

+ (P T, ;) )T(ap TpP— Z,ZJ)]

23 +Z,
(ﬂ‘)+bf’— 12 2

p_ P 1
< Pz, — 7)) [f APa P
<—1 |

1
+ f APa 7Pl
0

<P [ ) o) - (o) S5 o
¥ f 1 A (o) + (o) - (<2‘2_Ap)|v’(zq)1 ¥ %v’(zg)))}m].

Now simplifying the integrals gives (27). O

s )+ )T(gf’ . z’f)

) pp— 1
(a‘ +bF >

AP 2— AP
4 zf

¥ e - (G- 5

, — AP p
Y (ap + b — (uzf + %zg ))’d)\]

dA

2

Remark 3.24. For p = 1 in Theorem 3.26, we will get Theorem 5 proved in [10].

Remark 3.25. Forz; =aandz; = band p = 1 in Theorem 3.26, we will get following inequality proved by Sarikaya
and Yildrim in [18].

2011 (o + 1)[

(b=a)

o) )_Y(a)‘s b-a {hr’(a)1+lr’(b)1}‘

(s 2(cr+1) 2
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Now, we will state following result of our paper for function [Y'| to be convex as:

Theorem 3.26. Suppose that Y : [a?,bP] — R is a differentiable mapping on (a°,b°) with 0 < a <b. If[Y'|[7 is
convex on [aP,bP], q > 1, then one has the following statement:

2+ 2 2“‘1p“T(a + 1)

pyppp— L2 a b e P bP — P
‘Y(a + 2 ) (Zg—z’f)a [ I<a;’+bp_¥) )Y(a + z)
P oo 222 4\
sy P25
x [4%.2(|Y’ @)+ [x' @) - (37 +1) (|Y ()] + | (zg)‘)] 27)

forallz z € [a?,b°] , >0, A €]0,1].

Proof. By Lemma 3.6 and if we use Holder's integral inequality along with Jensen-Mercer’s inequality for
the convex function [Y'|9, we have

~ 2 +2h B 2“‘1p“T(a+1)[ ) L
‘Y(ap b - ) E Izauhp-ﬁy (e +b° - 2F)
S AN (S zg)]
(m’+bf’——)
2

. @[([}1 1Pyt M)(fol Yf(ap+bp_(%pzf+ 2 2)\ ))
+ (fol Apayp-l d)\)( fol Y’(ap +bP - (2 _ZAPZT + Azp 2”)) d/\)]
S (el oo (724257
1 0 1 1 '
[l
0 0

2172
(ZZP—Z’f)( 1 );

<[ e
AL

ar)

AP dA)

, — AP p q
Y(ap+bp—(2 2/\ zf+%z§))

1
AP d/\)q]

2-AP
2

el Gl (@) orrtar)
\ () - (A Dorr-an} |
;l(apil) (e ey - (B A
o ety -(EL

After simplification we will get inequality 27. O

Y (z’f

IY zg)

Remark 3.27. For p = 1 in Theorem 3.26, we will get Theorem 6 proved in [10].
Remark 3.28. For p =1,z = a and z, = b in Theorem 3.26, we will get Theorem 6 proved in [17].
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4. New Identities and Related Results for Differentiable Function A”

Now, we will state the final result of our paper for function [Y"|7 to be convex by using previous results:

Lemma 4.1. Suppose that Y : [a?,b°] — R is a differentiable mapping on (a?, b?) with 0 < a < b, then the following
equality for Katugampola-fractional integrals holds:

e T

a
ap (zg —zf ) (aw+bﬂ—zg

+ (pI“ ), )Y(anP - zp))

(aP+bP—zf 2
P _ P
- %[ fo 1 [1= AP DAY (af + P — (1 = A0)zf + AP25) )dA
- f 1 APEDTY! (P 1 b2 — (APZ + (1= AP) 25 )d/\] (28)
0

forall 28,25 € [af,bP] , @ >0, A €[0,1] and T () is the Gamma function.

Proof. Let

1
Ky = fo [1 = AP e o 4 b7 = (1= A7)z + A7) Jd

and
1
K = f AP@DTAY (g 4 bP — (APZ + (1 = AP) 25) )dA
0

By using integration by parts, we have

1
K = fo [1 = AP 0+ b — (1= A7)z + A723) a2

Y (af + b -2 1
= ( — ) - ‘j * 1p f ALY (f 4 5 — (1= AP)Z] + APZ5) )dA (29)
p(z; —2) =% Yo

and

Kz = fl APy (af’ . ()U’Z’lj +(1- Ap)zzp) )dA
0

Y(a? +b° - 2° 1 1 /
_ ( i 1) _ 1;(+ Pf APy (g 4 b _(/\Pz’f + (1 - AP)z5) )dA (30)
p(z; —2;) Z T E V0

Using (29) and (30), we have

1 ! _
Ki-K; = (z(g-—i-zf) i Apla+-1
X Y (aP + b = (AP2] + (1= A7) 25) ) = Y'(af + b7 = ((1 = AP)z] + AP25) )]dA (31)

The desired identity in (28) follows from (31) by using (14) and rearranging the terms. [J
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Remark 4.2. For z; = aand z; = b in Lemma 4.1, we will get Lemma 3 proved in [22].

Theorem 4.3. Suppose that Y : [a?,b°] — R is twice differentiable mapping on (a?,bP) with 0 <a < b. If[Y"|7is
convex on [aP,bP], g > 1, then one has the following statement:

T(ap +bP — ZT) + Y(ap +bP — zg) p”‘l"(oc + 1)

2 2(25 — z’f)a
P(Zg - Zf)z s(a+1) : 1 . q
< 2(a+1) [(p(s(a 1)+ 1)) (p s (af’)|

Y(a” +b° — zf)

[(plzap+bv—z§)+ )

+ (pI“ : )Y(apbf’ - zg)]

(uP+bV—zf)
10 1w 1, i 1 o
@ - G - )+ (=) (@
. 1 . , 0
+ ‘T (bp)|q - (p+ 1)|Y (xp)’ﬂl - (p f_ 1)’Y (VP)V) ] (32)

forallzf,zg €laf,bP] , >0, A € [0,1],where%+ % =1.

Proof. From Lemma 4.1 and if we use Holder’s integral inequality along with Jensen-Mercer’s inequality
for the convex function [Y”|7, we have

_ Pra . )
2 Z(Zg - Zf)a (aV+bf’—z‘2’)

‘Y(ap w00 =)+ Y(aP + 00 —25)  pT(a+1) Yo+ 19— 2)
a” + —Z

+ (' - Y(apbp—zg)]

(aP +bP —z’f

P _ Py2 1
<l
~ (- a2t + 22

1
< fo
< ([ [
q fo - ‘YN Calk fo L0 = AnydA - 'y”(zg)

i ( f 1 ASP(MZ)‘SdA)l{‘Y” () 1
0
- ‘Y(ZT) q fol APdA — ‘T”(zg) i fol(l ) AP)dA};]

After simplification we will get inequality 32. O

1 = Apla+)

s 1 1

A’HdA)S( f A0-1

q 1 1 ° 1

)+ f g gy )
0

N

d)\) ]

SAP—ldA)i {'Y (")

Y’ (ap + b

Y"(ap b - ()\Pz’l’ (- AP)zg)

1 = APl+D)

9 1 i
f /\P‘l/\Pd/\}
0

. |y~ (v)

o 'T"(bP)

Remark 4.4. For zy = aand z, = b in Theorem 4.3, we will get Corollary 2 proved in [22].
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Theorem 4.5. Suppose that Y : [a?,bP] — R is twice differentiable mapping on (a?,bP) with0 < a <b. If[Y"|1 is
convex on [aP,bP], q > 1, then one has the following statement:

Y(ap +bf —z )+Y(ap +bP —zz) p”‘l“(a+1) o
‘ 7 - 2(25 ~ Z’f)a[ I(ﬂ})+bp_zg)+ )Y(ap +b° — Zf)
+ (" )Y ope — 2\l < (Zg—z’f)z ((a+1))1—$(o¢+1wu p )q

( (a”bp_zrf)' (a Zz)] T 2a+1) [ (a+1) a+2 (a )

1 (@+1)(+4) \ o (@+1) \oor ]
O (3 a1 O = (33 e ()
1 i1
+((a+2)) (oz+2|Y (ap)|q

1 o 1 , i
ol O - e e - G )| @)

forall 2,25 € [a?,bP] , @ >0, A €[0,1], where 1 +1 =1

Proof. From Lemma 4.1 and if we use Power mean inequality along with Jensen-Mercer’s inequality for the
convex function [Y”'|7, we have

_ ) B
ap 2(25—2113)“ IZaP+bﬂ—z5)+ Y(a” + b7 - 2f)

' (pIZaHbV_Z’f 7 )T<ﬂpbp - Zg)]

‘Y(ap +bP -z ) + Y(ap +bP -z ) p“‘lf(a)

¥ (o0 4 b0

L@ _ZP)Z [1 AP 10 1d)\ [1 AP 201y
- oc(a + 1)
dA)”+( f AP<“+2>—1dA)
0

Y’ (af’ . ()\sz L Ap)zg)

- ((1 - APzl + Ang)

1
X(f /\p(a+2)—1
0

_P\2 _1
(Z Z) f[l )\P(le p]d)\) q{"r”(ap

- oz(a+ 1)

*WM

LERY
dA) ]
q 1
) f [1 - ArD]Ar-1dA
0
f [1 - Arl@D]ar1dA - ‘Y”(zg’)r f 1 [1- AP ]2 (1 = AP)dA
0 0
” q 1 i
—'Y (5) fo [1—AP<‘*+1>]AP—1/\Pd/\}”
1 1-1 q 1
+( f AP(""“z)‘ld/\) ”{‘Y”(aﬂ) f AP@D147 4
0 0
. q 1 . q
_hgjﬁwMum{u@

After simplification we will get inequality 33. O

r”(bp) ' f 1 AP@+)=1g)
0

1 1
AP@2-1( _ /\P)d/\} "]

0
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Remark 4.6. For z; = a and z; = b in Theorem 4.5, we will get Corollary 1 proved in [22].

Lemma 4.7. Suppose that Y : [af,bP] — R is twice differentiable mapping on (a°,bP) with 0 < a < b, then the
following equality for Katugampola-fractional integrals holds:

Y(ap +bP — zf) + Y(ap +bP — zg’) ) p“F(a + 1)(

2 (5 -2) I((Xu/7+h/’—z‘27)+ r(af +b° - 2)
+ (f’ 1((*ﬂp+bﬂ_21p), )Y(apbp _ Zg))
p_ P
] % j(: [1- @ =A™ = APV (af 40P = (422 + (1= A)2) ) (34)

forall 28,28 € [a?,bP] , @ >0, A €[0,1] and T () is the Gamma function.

Proof. We start by considering the following computation which is a direct application of integration by
parts.

_ f | [1- @ = Ayt = AP DAY (0P 4+ b2 — (AP2] + (1= AP)z5) )dA
0

a+1

e fo 1 [A7% = @ = A)* A7 Y (0P + bP — (492 + (1 - A°) 25)) dA (35)

(25 — 2
The intended identity in (34) follows from (35) by using (18) and rearranging the terms. [
Remark 4.8. For z; = aand zp = bin Lemma 4.7, we will get Lemma 4 proved in [22].

Theorem 4.9. Suppose that Y : [aP,bP] — R is twice differentiable mapping on (af,bP) with0 <a <b. If Y17 is
convex on [aP,bP], q > 1, then one has the following statement:

Y(Llp + P — Zfl’) + ‘Y‘(gf’ +bP — zg) p”T(a + 1)

R == (WL

a (# -2 [s@+ 1) =1\ (1o,
" (pl(uubr)—zf : )Y(apbf’ - Zg)] = 2;(01 +11) [(z(z i 1)+ 1) (|Y (a‘ )|‘7
() = 5P - 3 () (36)

PP _
forall 2,25 € [aP,bP] , >0, A € [0,1], where L + % =1.

Proof. From Lemma 4.7 and if we use the Holder’s integral inequality along with Jensen-Mercer’s inequality
for the convex function [Y”|7, we have

R . U N T
i 2 - (w-s) 1
+ (P Izmbp_z?), ¥ (arb” — zg)]
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(-2 1— (1 — APyt — gplatD) s/\P‘ld/\)‘1
1 T\
x (f APTHY "(aP +bf — (Apz +(1- AP)ZE’) dA) )
) P)Z( 1 = (1= APy = 10D S/\p_ld/\)i{fl Ap—l(‘rl'(ap)q
2(a +1) 0
el - e

q

s Sl |

+ 'T”(bp - 'T’,(Zf)lq— fo 1 APIAPdA — 'T"(zg)

After simplification we will get inequality 36. O

1-— (1 _ /\p)aJrl _ Ap(zHl)

Y”(ap)

q rl :
f (1—/\P)/\P‘1d/\}
0

Remark 4.10. For z; = a and z, = b in Theorem 4.9, we will get Corollary 4 proved in [22].

Theorem 4.11. Suppose that Y : [a?,bP] — R is twice differentiable mapping on (af,bP) with 0 <a <b. If|Y"|7 is
convex on [aP,bP], g > 1, then one has the following statement:

P . )T(ap +bP - z’f)

(ahb”—z‘z’)
- @ -2 (@ Vi a .
" (F I(ar’+b/7—z ) ) <apbp o F )] = 2pz(a + 1) [( (Oé + 2)) (0( + Z)Y (ap>’q

" 1 ”
(0)' - (e ~ Bz 2) e ()

(@2 =2+30) ()
B (2((; + 3)(; +a2) B (2’ at 2))‘T (yp)r’) ] 37

‘Y(ap +00 = 2)+ Y(aP + 0P —25)  pT(a+ 1)[

2 2(25 - zf)a

for all zf,zg €af,b’] , >0, A €[0,1] and B(.,.) is the Beta function.

Proof. From Lemma 4.7 and if we use the Power mean inequality along with Jensen-Mercer’s inequality for
the convex function [Y”|7, we have

‘Y(”“bp‘z D)+ (e +br—2)  pT(a) g0 JY(a” + b - 20)
2 2(25 _ lej)a (aP+bP—z‘2))+ '
g =)
_p &
< ;a +Z 1))2 f [1-@—ary - Ap(“”)]Apl‘”)l q

1

a7)’

X(f [ _(1 /\p)a+1 Ap(a+1)])\p—1
0

Y(ap+bp—(/lpz +(1-AP)z )
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1
(zh — 20y 1

L m[( fl [1 — (1= APy - /\p(m—l)]/\p—ld/\)
0
x{r @)
1

1
1 _ a+l _ ypla+l) -1 _ o P\|1 (1 _ a+l _ gpla+l) |y p
xfo [1-@—aryt — AreDae-g) ‘Y (=) fo [1-@—Anyt = AreDaed)

@)

After simplification we will get inequality 37. [

f 1 [1-@—Apyt — areD|ae-tgp 4 ‘Y”(bp) '
0

1
f [1- @ = Ayt — AP Dap(1 - AP)dA
0

Remark 4.12. For z; = a and zp = b in Theorem 4.11, we will get Corollary 4 proved in [22].

5. Conclusion

In this paper, we have obtained some new Hermite-Jensen-Mercer type integral inequalities for Katugam-
pola fractional integral operators. The results can be performed for different kinds of convexity and opera-
tors. However it is not easy to give Jensen-Mercer’s inequality for other classes of convex functions. These
results can be applied in convex analysis, optimization and different areas of pure and applied sciences.
The authors hope that these results will serve as a motivation for future work in this fascinating area.
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