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Weakly and weak” p-convergent operators

Saak Gabriyelyan®

?Department of Mathematics, Ben-Gurion University of the Negev, Israel

Abstract. Let p € [1,0]. Being motivated by weakly p-convergent and weak® p-convergent operators
between Banach spaces introduced by Fourie and Zeekoei, we introduce and study the classes of weakly
p-convergent and weak" p-convergent operators between arbitrary locally convex spaces. Relationships
between these classes of operators are given, and we show that they have ideal properties. Numerous
characterizations of weakly p-convergent and weak” p-convergent operators are given.

1. Introduction

Unifying the notion of unconditionally converging operators and the notion of completely continuous
operators, Castillo and Sanchez selected in [3] the class of p-convergent operators. An operator T: X — Y
between Banach spaces X and Y is called p-convergent if it transforms weakly p-summable sequences into
norm null sequences (all relevant definitions are given in Section 2). Using this notion they introduced and
study Banach spaces with the Dunford-Pettis property of order p (DPP, for short) for every p € [1,00]. A
Banach space X is said to have the DPP, if every weakly compact operator from X into a Banach space Y is
p-convergent.

The influential article of Castillo and Sdnchez [3] inspired an intensive study of p-versions of numerous
geometrical properties of Banach spaces and new classes of operators of p-convergent type. The following
two classes of operators between Banach spaces were introduced and studied by Fourie and Zeekoei in [6]
and [7], respectively, where the Banach dual of a Banach space X is denoted by X".

Definition 1.1. Let p € [1, 0], and let X and Y be Banach spaces. An operator T : X — Y is called

(i) weakly p-convergent if limy,_,e(nn, T(x,)) = O for every weakly null sequence {1,}ser in Y* and each
weakly p-summable sequence {x,},¢ in X;

(ii) weak” p-convergent if lim, o1y, T(x,)) = 0 for every weak™ null sequence {1, },c, in Y* and each weakly
p-summable sequence {X,}nce in X. O

It should be mentioned that if p = oo, weakly p-convergent operators are known as weak Dunford—Pettis

operators (see [1, p. 349]) and weak” p-convergent operators are known as weak* Dunford—Pettis operators
(see [5]).
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Numerous characterizations and applications of weakly p-convergent and weak* p-convergent operators
between Banach spaces and in particular between Banach lattices were obtained in [6-8]. These results
motivate us to consider these classes of operators in the general case of locally convex spaces.

Definition 1.2. Letp € [1, o], and let E and L be separated topological vector spaces. A linearmap T : E — L
is called

(i) weakly p-convergent if limy,_,eo(1n, T(x,)) = 0 for every weakly null sequence {n,},eo in L; and each
weakly p-summable sequence {x,}e, in E;

(ii) weak” p-convergent if lim,, (1, T(x,)) = 0 for every weak” null sequence {1, },c, in L” and each weakly
p-summable sequence {X,}ue, IN E. [

Relationships between the classes of p-convergent, weakly p-convergent and weak" p-convergent oper-
ators are given in Proposition 3.1, and Proposition 3.2 provides a sufficient condition on the range space L
under which all these three classes of operators coincide.

In [2] Bourgain and Diestel introduced the class of limited operators between Banach spaces. More
general classes of limited completely continuous and limited p-convergent operators were defined and
studied by Salimi and Moshtaghioun [19] and Fourie and Zeekoei [7], respectively. We generalize these
classes by introducing the classes of (7, ¢)-limited p-convergent and (7°, 4)-(V*) p-convergent operators from
a locally convex space E to a locally convex space L, where p,q,4" € [1, ] and 4" < g. In Proposition 3.6
we show that these new classes have ideal properties. If the space L contains an isomorphic copy of {w,
in Theorems 3.8 and 3.10 we show that all weakly p-convergent operators are (4’, g)-limited p-convergent
(resp., (7', 9)-(V*) p-convergent) if and only if so are all weak” p-convergent operators if and only if so is the
identity operator idg : E — E.

The main results of the article are Theorems 3.12 and 3.14 in which we give numerous characterizations
of weak” p-convergent and weakly p-convergent operators between locally convex spaces.

2. Preliminaries results

We start with some necessary definitions and notations used in the article. Set w := {0,1,2,...}. All
topological spaces are assumed to be Tychonoff (= completely regular and T;). The closure of a subset A of a

topological space X is denoted by A, A or clx(A). A topological space X is defined to be selectively sequentially
pseudocompact if for any sequence {U,},c, Of Open sets of X there exists a sequence (Xy)new € Iluew Un
containing a convergent subsequence. A function f : X — Y between topological spaces X and Y is called
sequentially continuous if for any convergent sequence {x,}n,c S X, the sequence {f(x,)}sew converges in Y
and lim,, f(x,) = f(lim, x,). We denote by C(X) the vector space of all continuous F-valued functions on X.
A subset A of a topological space X is called

e relatively compact if its closure A is compact;

o (relatively) sequentially compact if each sequence in A has a subsequence converging to a point of A
(resp., of X);

o functionally bounded in X if every f € C(X) is bounded on A.

The space C(X) endowed with the pointwise topology is denoted by C,(X).

Let E be a locally convex space. We assume that E is over the field [F of real or complex numbers. We
denote by No(E) (resp., Nj(E)) the family of all (resp., closed absolutely convex) neighborhoods of zero of
E. The family of all bounded subsets of E is denoted by Bo(E). The topological dual space of E is denoted
by E’. The value of y € E’ on x € E is denoted by (x, x) or x(x). A sequence {x,},c, in E is said to be Cauchy
if for every U € Ny(E) there is N € w such that x, — x,, € U for all n,m > N. It is easy to see that a sequence
{Xn}new in E is Cauchy if and only if x,, — x,,,, — 0 for every (strictly) increasing sequence (1) in w. We
denote by E;,, and Eg the space E endowed with the weak topology o(E, E’) and with the strong topology
B(E, E’), respectively. The topological dual space E’ of E endowed with weak" topology o(E’, E) or with the
strong topology B(E’, E) is denoted by E . or E;J,, respectively. The closure of a subset A in the weak topology
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is denoted by A" or A" ), and B" (or EU(E,'E)) denotes the closure of B C E’ in the weak” topology. The
polar of a subset A of E is denoted by

A% :={x€eE :|xlla<1}, where |lxlla= sup{lx(X)I tx€AU {0}}-

A subset B of E’ is equicontinuous if B € U° for some U € Ny(E). The family of all continuous linear maps (=
operators) from an lcs H to an Ics L is denoted by L(H, L).

Let p € [1,00]. Then p* is defined to be the unique element of [1, c0] which satisfies  + L = 1. For
p € [1, ), the space ¢, is the dual space of £,. We denote by {e,},c. the canonical basis of £, if 1 < p < oo,
or the canonical basis of ¢y, if p = co. The canonical basis of £, is denoted by {e}},c,. Denote by 52 and Cg
the linear span of {e,},c. in ¢, or ¢y endowed with the induced norm topology, respectively.

A subset A of a locally convex space E is called

o precompact if for every U € Ny(E) there is a finite set F C E such that A C F + U;
o sequentially precompact if every sequence in A has a Cauchy subsequence;
o weakly (sequentially) compact if A is (sequentially) compact in E,;

’

o relatively weakly compact if its weak closure A7 5 compact in Ey;

o relatively weakly sequentially compact if each sequence in A has a subsequence weakly converging to a
point of E;

o weakly sequentially precompact if each sequence in A has a weakly Cauchy subsequence.

Note that each sequentially precompact subset of E is precompact, but the converse is not true in general,
see Lemma 2.2 of [11].
Let p € [1, o0]. A sequence {x,}se in a locally convex space E is called

o weakly p-summable if for every x € E’, it follows

(X, Xu))new € €y if p < 00, and (X, Xu))new € co if p = 00;

o weakly p-convergent to x € E if {x, — X}, is weakly p-summable;
o weakly p-Cauchy if for each pair of strictly increasing sequences (k,,), (ju) € w, the sequence (xi, — X, Jnew
is weakly p-summable.

The family of all weakly p-summable sequences of E is denoted by £(E) or ¢j(E) if p = 0.

A sequence {X,}neq in E’ is called weak* p-summable (resp., weak" p-convergent to x € E’ or weak" p-Cauchy)
if it is weakly p-summable (resp., weakly p-convergent to x € E’ or weakly p-Cauchy) in E/ ..

Generalizing the classical notions of limited subsets, p-limited subsets, p-(V*) subsets and coarse p-
limited subsets of a Banach space X and p-(V) subsets of the Banach dual X* introduced in [2], [16], [4], [13]
and [17], respectively, we defined in [11, 12] the following notions. Let 1 < p < g < oo, and let E be a locally
convex space E. Then:

e anon-empty subset A of E is a (p, 9)-(V") set (resp., a (p, q)-limited set) if

(supl(xn,a)l) €, ifg<oo, or (sup |<)(n,a)|) € ifg=oo,

aeA aeA
for every weakly (resp., weak”) p-summable sequence {x,}neo in E;;. (p, 00)-(V*) sets and (1, 00)-(V*)
sets will be called simply p-(V*) sets and (V") sets, respectively. Analogously, (p, p)-limited sets and
(00, 00)-limited sets will be called p-limited sets and limited sets, respectively.

e anon-empty subset A of E is a coarse p-limited set if for every T € L(E, () (or T € L(E, cp) if p = 00), the
set T(A) is relatively compact.

e anon-empty subset B of E’ is a (p, 9)-(V) set if

(sup I()(,xn)l) €, ifg<oo, or (sup I()(,xn)|) €y if g = oo,
XEB X€EB

for every weakly p-summable sequence {x,},e, in E. (p, 00)-(V) sets and (1, 00)-(V) sets will be called
simply p-(V) sets and (V) sets, respectively.
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Recall that a locally convex space E

o is sequentially complete if each Cauchy sequence in E converges;
o (quasi)barrelled if every o(E’, E)-bounded (resp., B(E’, E)-bounded) subset of E’ is equicontinuous;
o co-(quasi)barrelled if every o(E’, E)-null (resp., f(E’, E)-null) sequence is equicontinuous.

The following weak barrelledness conditions introduced and studied in [11] will play a considerable
role in the article. Let p € [1,0]. A locally convex space E is called p-barrelled (resp., p-quasibarrelled) if
every weakly p-summable sequence in E/. (resp., in Eé) is equicontinuous. It is clear that E is co-barrelled
if and only if it is co-barrelled.

We shall consider also the following linear map introduced in [11]

Sp: LE, ;) = C(EL,) (or Se : L(E, co) — c¥(E,,) if p = o)

defined by S,(T) := (T*(e,’;))new.

The following p-versions of weakly compact-type properties are defined in [11] generalizing the corre-
sponding notions in the class of Banach spaces introduced in [3] and [14]. Let p € [1,00]. A subset A of a
locally convex space E is called

o (relatively) weakly sequentially p-compact if every sequence in A has a weakly p-convergent subsequence
with limit in A (resp., in E);
o weakly sequentially p-precompact if every sequence from A has a weakly p-Cauchy subsequence.

Itis clear that each relatively weakly sequentially p-compact subset of E is weakly sequentially p-precompact.

Let E and L be locally convex spaces. An operator T € L(E,L) is called weakly sequentially compact
(resp., weakly sequentially p-compact, weakly sequentially p-precompact or coarse p-limited) if there is U € Ny(E)
such that T(U) is a relatively weakly sequentially compact (resp., relatively weakly sequentially p-compact,
weakly sequentially p-precompact or coarse p-limited) subset of L. Generalizing the notion of p-convergent
operators between Banach spaces and following [11], an operator T € L(E,L) is called p-convergent if T
sends weakly p-summable sequences of E to null sequences of L.

3. Main results

The following assertion gives the first relationships between different p-convergent types of operators.
Recall that a locally convex space E is called Grothendieck or has the Grothendieck property if the identity map

idg : E}. — (Eé)w is sequentially continuous.

Proposition 3.1. Let p € [1, 0], E and L be locally convex spaces, and let T : E — L be a linear map. Then:

(i) if T is finite-dimensional and continuous, then T is p-convergent, coarse p-limited and weak® p-convergent;
(ii) if T is weak* p-convergent, then it is weakly p-convergent; the converse it true if L has the Grothendieck property;
(iii) if L is co-quasibarrelled and T is p-convergent, then T is weakly p-convergent;
(iv) if L is co-barrelled and T is p-convergent, then T is weak® p-convergent.

Proof. (i) follows from the corresponding definitions and (iv) of Proposition 4.2 of [12] (which states that
every finite subset of E is coarse p-limited).

(ii) follows from the fact that every weakly null sequence in L‘;g is also weak” null and the definition of
the Grothendieck property.

(iii), (iv): Let {nu}new S L;; be a weakly (resp., weak®) null-sequence, and let {x,},c, C E be a weakly
p-summable sequence. As L is co-quasibarrelled (resp., cp-barrelled), the sequence {1}, }ne( is equicontinuous.
Now, fix an arbitrary ¢ > 0. Choose U € Ny(L) such that

[{nw, )l < e foreveryn € wand each y € U. (1)
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Since T is p-convergent, T(x,) — 0 in L, and hence there is N, € @ such that
T(x,) €U foreveryn > N,. (2)
Then (1) and (2) imply
[{1n, T(xx))| < € for every n > N,.
Therefore (1, T(x,)) — 0 as n — oo. Thus T is weakly (resp., weak”) p-convergent. [

Below we consider the case when the classes of all weakly p-convergent, weak” p-convergent and p-
convergent operators coincide. Observe that the conditions of the proposition are satisfied if L is a separable
reflexive Fréchet space or a reflexive Banach space. In particular, this proposition generalizes Corollary 2.4
and Proposition 2.5 of [7].

Proposition 3.2. Let p € [1, 00], E be a locally convex space, and let L be an co-quasibarrelled Grothendieck space
such that U° is weak” selectively sequentially pseudocompact for every U € No(L). Then for an operator T : E — L,
the following assertions are equivalent:

(i) T is weakly p-convergent;
(ii) T is weak" p-convergent;
(iii) T is p-convergent.

Proof. The equivalence (i) (ii) follow from (ii) of Proposition 3.1, and the implication (iii)= (i) follows from
(iii) of Proposition 3.1.

(ii)=(iii) Suppose for a contradiction that there is a weakly p-summable sequence {x,},c, in E such that
T(xy) #» 0. Without loss of generality we can assume that there is V € N{(L) such that T(x,) ¢ V for every
n € w. By the Hahn—Banach separation theorem, for every n € w there is n,, € V° such that [(n,, T(x,,))| > 1.
For every n € w, set

Uy = {x € V° : [{x, T(xn))| > 1}.

Then U, is a weak” open neighborhood of 17, in V°. Since V* is selectively sequentially pseudocompact in the
weak” topology, for every n € w there exists x, € U, such that the sequence {),}.c, contains a subsequence
{Xn}kew which weak” converges to some functional y € V°. Taking into account that the subsequence {x,, }xew
is also weakly p-summable and the operator T is weak® p-convergent the inclusion x,,, € U, implies

1 < <X‘rlk/ T(x‘flk)> = (Xnk - XI T(xl’lk)> + (Xl T(xl’lk)> - 0 as k - OO’
a contradiction. O

In (iv) of Proposition 3.1 the condition of being a co-barrelled space is not necessary in general even
for operators, but this condition cannot be completely omitted even for metrizable spaces, and also the
condition in (iii) of being co-quasibarrelled is essential as the following example shows.

Example 3.3. Letp € [1, 0].

(i) There are metrizable non-cp-barrelled spaces E and L such that each operator T : E — L is finite-
dimensional and hence it is p-convergent and weak” p-convergent.
(if) There is a metrizable non-cp-barrelled space E such that the identity map idg is p-convergent and
weakly p-convergent, but it is not weak” p-convergent.
(iii) There are a non-co-quasibarrelled space E and an co-convergent operator T : E — E such that T is not
weakly co-convergent.
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Proof. (i) Let E = (co), be the Banach space ¢y endowed with the topology induced from IF*, and let L := c{.
Then E and L are metrizable and non-barrelled. Since metrizable locally convex spaces are barrelled if and
only if they are cy-barrelled (see Proposition 12.2.3 of [15]), it remains to note that, by (ii) of Example 5.4 of
[11], each T € L(E, L) is finite-dimensional.

(i) Let E = L = Cy(s), where s = {x;}ne0 U {xw} is a convergent sequence. Then E is a metrizable space
and hence quasibarrelled. By Proposition 12.2.3 of [15] and the Buchwalter—Schmets theorem, E is not
co-barrelled. Since E carries its weak topology, idg is trivially p-convergent for every p € [1, c0]. Therefore,
by (iii) of Proposition 3.1, idg is weakly p-convergent. To show that idg is not weak" p-convergent, for
every n € w, let n, := 6y, — 0x, and f, := 1j,,;, where 0, is the Dirac measure at the point x and 14 is the
characteristic function of a subset A C s. It is well known that C,(s)" = L(s) algebraically, where L(s) is the
free locally convex space over s. Now it is clear that the sequence {1 }nee is weak® nullin L” and (f,) € £;'(E)
(or € cj(E) if p = o0). However, since (1, ide(fn)) = fu(xu) — fu(x) = 1 /> 0 we obtain that idg is not weak”
p-convergent.

(iii) Let s = {xn}new U {x} be a convergent sequence, and let E = L(s) be the free locally convex space
over s. By Example 5.5 of [11], the space E is not 1-quasibarrelled and hence it is not co-quasibarrelled.
Let T = idg : E — E be the identity operator. Since, by Theorem 1.2 of [10], E has the Schur property the
operator T is trivially p-convergent. We show that T is not weakly co-convergent. To this end, as in the
proof of (i), we consider two sequences {1}, := 0y, — Ox_lnew € E and {fu}new S E’ = C(s). It is clear that
{Nu}new is weakly null in E. Since, by Proposition 3.4 of [9], the space Ejis the Banach space C(s), it is easy

to see that the sequence {f, = 1{y,)}new is weakly null (= weakly co-summable). Taking into account that

<fn/T(7]n)> = <fn/6xy, —0x,) = fn(xn) _fn(xtw) =1+,0,

it follows that T is not weakly co-convergent. [

Below we generalize the classes of limited, limited completely continuous and limited p-convergent
operators between Banach spaces.

Definition 3.4. Letp,q,9" € [1,00], 4 < g, and let E and L be locally convex spaces. A linearmap T : E — L
is called

o weakly (p, g)-convergent if lim,_,co{n,, T(x,)) = 0 for every weakly g-summable sequence {1}, in Ll'3
and each weakly p-summable sequence {x;},c, in E;

o weak® (p, q)-convergent if lim,, (1, T(x,,)) = O for every weak" g-summable sequence {1}, }se, in L’ and
each weakly p-summable sequence {x,},e, in E;

o (p,q)-limited if T(U) is a (p, q)-limited subset of L for some U € Ny(E); if p = g or p = g = oo we shall say
that T is p-limited or limited, respectively;

o (p,q)-(V)if T(U) is a (p,q)-(V*) subset of L for some U € Ny(E); if g = coorp = 1 and q = oo we shall
say that T is p-(V*) or (V"), respectively;

o (q',9)-limited p-convergent if T(x,) — 0 for every weakly p-summable sequence {x,},e, in E which is a
(9’, 9)-limited subset of E; if g = g or ¢’ = q = oo we shall say that T is g-limited p-convergent or limited
p-convergent, respectively;

o (7',9)-(V*) p-convergent if T(x,) — 0 for every weakly p-summable sequence {x,},c, in E which is a
(9, 9)-(V*) subset of E; if g = oo or g = q = oo we shall say that T is q'-(V*) p-convergent or (V*)
p-convergent, respectively. [

It is clear that weakly p-convergent operators are exactly weakly (p, o0)-convergent operators, and weak”
p-convergent operators are exactly weak” (p, oo)-convergent operators.

Lemma 3.5. Letp,q,q’ €[1,],q" < q,and let E and L be locally convex spaces. If T € L(E, L) is finite-dimensional,
then T is (p, q)-limited, (p,q)-(V*), (¢’, q)-limited p-convergent and (q’, q)-(V*) p-convergent.
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Proof. Since T is finite-dimensional, there are a finite subset F of L and U € Ny(E) such that T(U) C acx(F).
Therefore, by Lemma 3.1 of [12], T(U) is a (p,q)-limited set and hence a (p,q)-(V*) set. Whence T is
(p, 9)-limited and (p, 9)-(V*). Since, by (i) of Proposition 3.1, T is p-convergent it is trivially (g, g)-limited
p-convergent and (9°, 9)-(V*) p-convergent. [

The next proposition stands ideal properties of the classes of operators introduced in Definition 3.4.

Proposition 3.6. Let p,q,q4" € [1,00], 9 < g, A, u € F, the spaces Eog, E, Ly and L be locally convex, and let
Qe L(Ey,E), T,Se L(E,L)yand R € L(L,Ly). Then:

(i) if T and S are weakly (p, q)-convergent, then so are Ro T o Q and AT + uS;

(ii) if T and S are weak® (p, q)-convergent, then so are Ro T o Q and AT + uS;
(iii) if T and S are (p, q)-limited operators, then so are Ro T o Q and AT + uS;
(iv) if T and S are (p,q)-(V*) operators, then so are R o T o Q and AT + uS;

(v) if Tand S are (q', q)-limited p-convergent, then so are Ro T o Q and AT + uS;
(vi) if T and S are (q°, 9)-(V*) p-convergent, then so are Ro T o Q and AT + uS;
(vil) if T and S are coarse p-limited, then so are Ro T o Q and AT + uS.

Proof. Since the case AT + uS is trivial, we consider the case Ro T o Q.

(i) and (ii): Let {n,}ueew be a weakly (resp., weak”) g-summable sequence in (Lo)[;, and let {x,},co be
a weakly p-summable sequence in Ey. Then, by (iii) of Lemma 4.6 of [11], the sequence {Q(x,)}neo iS
weakly p-summable in E. Since R* is weak" and strongly continuous by Theorems 8.10.5 and 8.11.3 of [18],
respectively, Lemma 4.6 of of [11] implies that the sequence {R*(1,)} e« is weakly (resp., weak®) g-summable
in Lllﬁ' Now the definition of weakly (resp., weak” (p, q)-convergent operators implies

lim (1, R o T 0 Q) = Tim(R* (), T(Q(x) > = 0.

Thus R o T o Q is weakly (resp., weak”) (p, g)-convergent, as desired.

(iii) immediately follows from (iv) of Lemma 3.1 of [12].

(iv) immediately follows from (iv) of Lemma 7.2 of [11].

(v) and (vi): Let {x,},eo be a weakly p-summable sequence in Ey which is a (g°, g)-limited (resp., (7, 9)-
(V*)) subset of E. Then, by Lemma 4.6 of of [11] and (iv) of Lemma 3.1 of [12] (resp., (iv) of Lemma 7.2
of [11]), the sequence {Q(x,)}seo is @ weakly p-summable sequence in E which is a (4°, g)-limited (resp.,
(9, 9)-(V")) subset of E. Since T is (g, q)-limited (resp., (§’, )-(V*)) p-convergent, it follows that T(Q(x,)) — 0
in the space L. The continuity of R implies that R o T o Q(x,) — 0in Ly. Thus Ro T o Q is (g, g)-limited
(resp., (7', 9)-(V*)) p-convergent.

(vii) immediately follows from (iii) of Lemma 4.1 of [12] (which states that continuous images of coarse
p-limited sets are coarse p-limited). [

Corollary 3.7. Let p,q,q4" € [1,00], ¢ < q, and let E and L be locally convex spaces. If the identity operator
idg : E — E is weakly (p,q)-convergent (resp., weak* (p,q)-convergent, (q’,q)-limited, (q°,q)-(V*), (q’, q)-limited
p-convergent, (q’, 9)-(V*) p-convergent or coarse p-limited), then so is every T € L(E,L).

Proof. The assertion follows from the equality T = T o idg o idg and Proposition 3.6. [J

Corollary 3.7 motivates the study of locally convex spaces E for which the identity operator idg : E — E
has one of the properties from the corollary. If the space L contains an isomorphic copy of £, we can
partially reverse Corollary 3.7 as follows.

Theorem 3.8. Letp,q,q" € [1, 0], 4’ < g, and let E and L be locally convex spaces. If L contains an isomorphic copy
of Lo, then the following assertions are equivalent:

(i) each weakly p-convergent operator from E into L is (g, q)-limited p-convergent;
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(ii) each weak® p-convergent operator from E into L is (q’, q)-limited p-convergent;
(iii) the identity operator idg : E — E is (q’, q)-limited p-convergent.

Proof. (i)=(ii) follows from (ii) of Proposition 3.1.

(ii)=(iii) Suppose for a contradiction that idg is not (4’, g)-limited p-convergent. Then there is a (¢, 9)-
limited weakly p-summable sequence S = {x,},e0 in E which does not converge to zero in E. Without loss
of generality we can assume that S N U = 0 for some closed absolutely convex neighborhood U of zero in
E. Since S, being also a weakly null-sequence, is a bounded subset of E, there is a > 1 such that S € alU. For
every n € w, by the Hahn-Banach separation theorem, choose yx, € U° such that [{x,, x,)| > 1. Therefore

1 <xn, x)| <a forevery n € w. 3)

Since {X,}new € U°, the sequence {xy}new is equicontinuous. Therefore, by Lemma 14.13 of [11], the linear
map

Q:E—tle, Q) :=((u )

new”

is continuous.

By assumption, there is an embedding R : {,, — L. Consider the operator T := Ro Q : E —» L. We
claim that T is weak® p-convergent. Indeed, let (y,)new € L) (E) (or (Yn)new € cj(E) if p = o0) and let {1y }new
be a weak® null-sequence in ({s)’. Then {R*(1,)}seo is also a weak® null-sequence in ({-)’. Therefore, by
the Grothendieck property of £, {R*(1)s)}new is weakly null in the Banach dual space (&Q)I’g. Since {Yu}new 1S
weakly null, it follows that {Q(1x)}new C € is also weakly null. Therefore, by the Dunford-Pettis property
of ., we obtain

lim (ny, T(ya)) = lim (R*(n), Q(y)) = 0.

Thus T is a weak" p-convergent operator.

To get a desired contradiction it remains to prove that T is not (¢’, q)-limited p-convergent by showing
that T(xx) # 0. To this end, choose W € Ny(L) such that W N R({s) € R(B¢,). The inequalities (3) and the
bijectivity of R imply

T(xx) = Ro Q(xx) = R((xn,xk)) ¢ R(B,) forevery k € w.

Since the range of T is contained in R({) and R is an embedding the choice of W implies that T(x;) ¢ W for
all k € w. Thus T is not (¢’, )-limited p-convergent.
(iii)=(i) follows from Corollary 3.7. O

Corollary 3.7 and Theorem 3.8 immediately imply

Corollary 3.9. Letp,q,q9" € [1, 0], q4" < q,and let E be alocally convex space. Then the identity operatoridg : E — E
is (q', q)-limited p-convergent if and only if so is any operator T : E — {w.

Below we obtain an analogous characterization of locally convex spaces E for which the identity map
idg is (7', 9)-(V*) p-convergent. We omit its proof because it can be obtained from the proof of Theorem 3.8
just replacing “(q’, 9)-limited” by “(q’, 9)-(V*)".

Theorem 3.10. Let p,q,9" € [1,0], ¢ < q, and let E and L be locally convex spaces. If L contains an isomorphic
copy of Leo, then the following assertions are equivalent:

(i) each weakly p-convergent operator from E into L is (§',q)-(V*) p-convergent;
(ii) each weak* p-convergent operator from E into L is (q’, )-(V*) p-convergent;
(iii) the identity operator idg : E — E is (q',q)-(V*) p-convergent.

Corollary 3.7 and Theorem 3.10 immediately imply
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Corollary 3.11. Let p,q,9" € [1,00], ¢ < q, and let E be a locally convex space. Then the identity operator
idg : E — Eis (q',9)-(V*) p-convergent if and only if so is any operator T : E — (.

Let p € [1,0]. We shall say that a locally convex space E is (weakly) sequentially locally p-complete if the
closed absolutely convex hull of a weakly p-summable sequence is weakly sequentially p-compact (resp.,
weakly sequentially p-precompact). It is clear that if p = co and E is weakly angelic (for example, E is a
strict (LF)-space), then E is sequentially locally co-complete if and only if it is locally complete.

Now we characterize weak” p-convergent operators.

Theorem 3.12. Let p € [1,00], E and L be locally convex spaces, and let T : E — L be an operator. Consider the
following assertions:

(i) T is weak* p-convergent;
(if) T transforms weakly sequentially p-precompact subsets of E to limited subsets of L;
(iif) T transforms (relatively) weakly sequentially p-compact subsets of E to limited subsets of L;
(iv) T transforms weakly p-summable sequence of E to limited subsets of L;
(v) SoTisp-convergent for each S € L(L, Z) and any locally convex (or the same, Banach) space Z such that U°
is weak™ selectively sequentially pseudocompact for every U € Ny(Z);
(vi) So T is p-convergent for each S € L(L, co);
(vii) for any normed space X and each weakly sequentially p-precompact operator R : X — E, the operator T o R is
limited;
(viii) for any normed space X and each weakly sequentially p-precompact operator R : X — E, the adjoint R* o T* :
L, — Xg is co-convergent;
(ix) if R € L(£9, E) is weakly sequentially p-precompact, then T o R is limited;
(x) for every normed space Z and each weakly sequentially p-compact operator S from Z to E, the composition T o S
is a limited linear map;
(xi) for any operator S € L(y,E), the linear map T o S is limited.

Then:
(A) (Yoe(i)e(ii)e(iv);
(B) (Q)=(v)=(vi), and if L is co-barrelled, then (vi)=(i);
(C) (ii)=(vii)e(viii)=(ix), and if E is weakly sequentially locally p-complete, then (ix)=(i);
(D) if 1 < p < oo, then (iii)=(x)=(xi), and if E is sequentially complete, then (xi)=(i).

Proof. (i)=(ii) Let A be a weakly sequentially p-precompact subset of E, and suppose for a contradiction
that T(A) is not limited. Therefore there are a weak® null sequence {1, },e, in L', a sequence {x,},c, in A and
€ > 0 such that [{n,, T(x,))| > ¢ for every n € w. Since A is weakly sequentially p-precompact, without loss
of generality we assume that {x,},c, is weakly p-Cauchy.

For ny = 0, since {1, }se0 is weak” null we can choose 11 > 1y such that [(1,,,, T(x4,))| < 5. Proceeding by
induction on k, we can choose 7y, > ni such that Kn,,,,, T(x,,))| < 5. Since the sequence {x;,,, — Xy, }kew iS
weakly p-summable and T is weak” p-convergent, we obtain

<nl’lk+1' T(xnk+1 - xnk)> — 0.

On the other hand,

|<nnk+1' T(x”k+1 - x”k>>| 2 |<77nk+u T(x"k+1)>| - |<nnk+1' T(xﬂk)>| > %/

a contradiction.
(i1)=(iii) and (iii)=(iv) are trivial.

(iv)=(i) follows from the definition of limited sets.
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(i)=(v) Assume that T is weak® p-convergent, and suppose for a contradiction that S o T is not p-
convergent for some S € £(L,Z) and some locally convex (resp., Banach) space Z such that U° is weak”
selectively sequentially pseudocompact for every U € Ny(Z). Then there are a weakly p-summable sequence
{Xn}new In E and a closed absolutely convex neighborhood V C Z of zero such that ST(x,) ¢ V for every
n € w. By the Hahn-Banach separation theorem, for every n € w there is 1,, € V° such that [(n,,, ST(x,))| > 1.
For every n € w, set

Uy = {x € V7 [{x, ST(xa))| > 1}

Then U, is a weak® open neighborhood of 17, in V°. Since V* is selectively sequentially pseudocompact in the
weak® topology, for every n € w there exists x, € U, such that the sequence {),},c, contains a subsequence
{Xn}kew Which weak” converges to some functional y € V°. By Theorem 8.10.5 of [18], the adjoint operator
5" is weak” continuous and hence 5*(x,,,) — S*(x) in the weak" topology. Since T is weak-weak sequentially
continuous, we have ST(x,,) — 0 in the weak topology. Taking into account that T is weak" p-convergent,
we obtain

[ STCe M < KS™Oin, = X), T DI+ 1K, ST(Xn ) — 0 as k — co.

Since, by the choice of xu,, Kxn,, ST(x4,))| > 1 we obtain a desired contradiction.
(v)=(vi) follows from the well known fact that B; is even a weak” metrizable compact space.

(vi)=(i) Assume that L is cy-barrelled. To show that T is weak” p-convergent, fix a weakly p-summable
sequence {xy}nee in E and a weak” null sequence {x,}ser in L’. Since L is co-barrelled, (ii) of Proposition 4.17
of [11] implies that there is S € L(L, cp) such that S(y) = (( Xns y))new for every y € L. By assumption ST is
p-convergent. Therefore ST(x,) — 0 in ¢o. Taking into account that {¢} },,c. is bounded in the Banach space

(co)’ = €1, we obtain

|Gk T = K, (s TN new)| =

This shows that T is weak” p-convergent.

(€, ST < lieglle, - IST(w)lley = IIST(xi)lley — O

(ii)=(vii) Assume that T transforms weakly sequentially p-precompact subsets of E to limited subsets
of L, and let R : X — E be a weakly sequentially p-precompact operator. Then the set R(Bx) is weakly
sequentially p-precompact, and hence TR(Bx) is a limited subset of L. Thus the operator T o R is limited.

(vii)e(viii) follows from the equivalence (i)<(ii) of Theorem 5.5 of [12] applied to T o R and p = 0.

(vii)=(ix) is obvious.

(ix)=(i) Assume additionally that E is weakly sequentially locally p-complete. Let S = {x,},c0 be a
weakly p-summable sequence in E. Then, by Proposition 14.9 of [11], the linear map R : £ — E defined by

R(ageg + -+ - + ayey) :=apxg + - +ayx, (M€Ew, ay,...,a, €F)

is continuous. Itis clear that R(B t’?) C acx(S). Since E is weakly sequentially locally p-complete it follows that

acx(S) is weakly sequentially p-precompact. Therefore R is a weakly sequentially p-precompact operator
and hence, by (ix), TR is limited. Whence for every weak" null sequence {1, },e, in L’ we obtain

<, T(xu )| = {110, TR(en))| < sup [(7, TR(x))] = 0 as n — oo.

XEB[?

Thus T is weak® p-convergent.

(iii)=(x) Let Z be a normed space, and let S : Z — E be a weakly sequentially p-compact operator. Then
S5(Bz) is a relatively weakly sequentially p-compact subset of E. By (iii), the set TS(By) is limited. Thus the
linear map T o S is limited.

(x)=(xi) By Proposition 1.4 of [3] (or by (ii) of Corollary 13.11 of [11]), the identity operator id,. of
{y is weakly sequentially p-compact. Hence each operator S = S oid;. € L({,, E) is weakly sequentially
p-compact. Thus, by (x), T o S is limited for every S € L({,:, E).
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(xi)=(i) Assume that E is sequentially complete. Let {x,}sc be a weak® null sequence in L’, and let
{Xn}new be a weakly p-summable sequence in E. By Proposition 4.14 of [11], there is S € L({}-, E) such that
S(ey,) = x,, for every n € w (where {€} },c., is the canonical unit basis of £-). By (xi), T o S is limited. Therefore

G, T = [Gn, TS@)] < sup [, TSGR — 0 as 1 — co.

X€By ,
by

Thus the linear map T is weak” p-convergent. [

Remark 3.13. The condition on L to be cp-barrelled in the implication (vi)=(i) in (B) of Theorem 3.12 is
essential. Indeed, letp € [1,00], E=L = Cy(s) and let T = id : E — L be the identity map. Then, by (ii) of
Example 3.3, L is a metrizable non-cy-barrelled space and T is not weak” p-convergent. On the other hand,
it is easy to see that each S € L(L, cp) is finite-dimensional (see Lemma 17.18 of [11]), and therefore S o T is
also finite-dimensional and hence p-convergent (see (i) of Proposition 3.1). Thus the implication (vi)=(i) in
(B) of Theorem 3.12 does not hold. [

Below we characterize weakly p-convergent operators (for the definition of the map S, see Section 2).

Theorem 3.14. Let p € [1,00], E and L be locally convex spaces, and let T : E — L be an operator. Consider the
following assertions:

(i) T is weakly p-convergent;
(ii) T transforms weakly sequentially p-precompact subsets of E to co-(V*) subsets of L;
(iii) T transforms weakly sequentially p-compact subsets of E to co-(V*) subsets of L;
(iv) T transforms weakly p-summable sequences of E to co-(V*) subsets of L;
(v) RoT is p-convergent for any Banach space Z and each R € L(L, Z) with weakly sequentially precompact adjoint
R*: Z’ﬁ - L/’g;
(vi) Ro T is p-convergent for each R € L(L, co) with weakly sequentially precompact adjoint R* : {1 — L;
(vil) R o T is p-convergent for each operator R € L(L, cp) such that S (R) = (x») is weakly null in L;;
(viii) for any normed space X and each weakly sequentially p-precompact operator R : X — E, the operator T o R is
co-(V7);
(ix) for every normed space X and each weakly sequentially p-precompact operator S from X to E, the map S* o T
is co-convergent;
(x) if R € L(£, E) is weakly sequentially p-precompact, then T o R is co-(V*);
(xi) for every normed space Z and each weakly sequentially p-compact operator S from Z to E, the composition T o S
is a co-(V*) linear map;
(xii) for any operator S € L({y, E), the linear map T o S is co-(V*).
Then:
(A) (Ye(i)edi)e(iv),
(B) ()= (v)=(vi), and if L is co-barrelled and L”g is weakly sequentially locally co-complete, then (vi)=(i);
(C) (i)=(vii), and if L is co-barrelled, then (vii)=(i);
(D) (ii)=(viii)e(ix)=(x), and if E is weakly sequentially locally p-complete, then (x)=(i);
(E) if1 < p < oo, then (i)=(viii)=(xi)=(xii), and if E is sequentially complete, then (xii)=(i).

Proof. (i)=(ii) Let A be a weakly sequentially p-precompact subset of E, and suppose for a contradiction
that T(A) is not an co-(V*) set. Therefore there is a weakly null sequence {1, }ne in L;g, a sequence {X,}eq in
A and ¢ > O such that [(n,, T(x,))| > € for every n € w. Since A is weakly sequentially p-precompact, without
loss of generality we assume that {x,},e, is weakly p-Cauchy.

For ng = 0, since {1, }new is also weak® null we can choose 11 > ng such that [(n,,,, T(x,,))| < 5. Proceeding
by induction on k, we can choose 7,1 > n; such that [(1,,,,, T(x,))| < 5. Since the sequence {x,,,, — Xy, }tcw

is weakly p-summable and T is weakly p-convergent, we obtain

<nl’lk+1' T(xnk+1 - xnk)> — 0.
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On the other hand, for every k € w, we have

|<n71k+1rT(xnk+1 - xnk)>| 2 |<7771k+1/ T(xnk+1)>| - |<n71k+1r T(xnk)>| > %r

a contradiction.

(ii)=(iii) and (iii)=(iv) are trivial.

(iv)=(i) follows from the definition of co-(V*).

(i)=(v) Assume that T is weakly p-convergent, and suppose for a contradiction that R o T is not
p-convergent for some Banach space Z and R € L(L,Z) with weakly sequentially precompact adjoint
R*: Z; - Lg. Then there are a weakly p-summable sequence {x,},c, in E and 0 > 0 such that ||[RT(x,)|| > 6
for every n € w. By the Hahn-Banach separation theorem, for every n € w there is 17, € (0Bz)° such that
[KR*(1n), T(xu))l = 1w, RT(x4))| > 1. Since R* is weakly sequentially precompact, passing to subsequences if
needed we can assume that the sequence {R*(1)}new C Lk is weakly Cauchy.

For ny = 0, choose n; > ny such that (R* (1), T(xp, )| < % (this is possible since {x,},e» and hence
also {T(xy)}new are weakly null). By induction on k € w, for every k > 0 choose n;1 > 1y such that
KR (1), T, DI < 3. As {R* (1)} new € Lg is weakly Cauchy, the sequence {R*(1,) — R* (1., ) }kew i weakly
null in Lg. Taking into account that {x,, },c. is also weakly p-summable and T is weakly p-convergent we
obtain

0« |<R*(T?nk - T]”m)l T(x”k+1)>| 2 |<R*(7771k+1)' T(xnk+l)>) - |<R*(Unk)r T(xnk+1)>| > %,

a contradiction.
(v)=(vi) is trivial.
(vi)=(i) Assume that L is cp-barrelled and Lgis weakly sequentially locally co-complete. To show that T

is weakly p-convergent, fix a weakly p-summable sequence {x,},c, in E and a weakly null sequence {x,}new

in L;S. Since L is cp-barrelled, (ii) of Proposition 4.17 of [11] implies that there is R € L(L,cp) such that

R(y) = ((X n y)) " forevery y € L. Since {Xn}new is weakly null in L!’g and L; is weakly sequentially locally co-

ne
complete, it follows that ac_x({ Xn }nau) is weakly sequentially precompact. Taking into account that R*(e;,) = x»
for every n € w (where as usual {€},},. is the canonical unit basis of ¢1), we obtain R*(B,) C a_cx({ )(n}new).

Therefore R* is weakly sequentially precompact, and hence, by (vi), RT is p-convergent. Hence RT(x,) — 0
in ¢g. Therefore

|, T = (et (G TMnewd| = [}, RT ()| < lleglle, - IRTGee)lley = IRT (xi)lle, — O

Thus T is weakly p-convergent.

(i)=(vii) Assume that T is weakly p-convergent, and suppose for a contradiction that R o T is not p-
convergent for some operator R € L(L, cp) such that the sequence So(R) = (x,) is weakly null in ng. Then
there are a weakly p-summable sequence {x,},c, in E and € > 0 such that ||[RT(x,)ll,, > € for every n € w.
Recall that R(y) = (( Xns y))n € ¢o for every y € L. Then for every n € w, we have (where as usual {¢’};c., is the
canonical unit basis of £; = (cp)’)

& < |[RT(xn)lle, = sup Ke;, RT(xn))| = sup KR'(€;), T(xu))l = sup [{xi, T(xu))l- 4)
1€EW 1EW 1€EW
For ng = 0, choose iy € w such that [(xi,, T(x)) = 5. Since T is weak-weak sequentially continuous and
because the sequence {x,},e, is also weakly null, it follows that T(x,) — 0 in the weak topology of L.
Therefore we can choose n; > 1y such that

[Kxi, T(xn, )M < 5 for every i < io. (5)
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By (4), there is i1 € w such that [(x;, T(xy,)) > 5. Taking into account (5) we obtain that i; > ip. Since

T(x,) — 0in the weak topology of L, there exists n, > n; such that

IKxi, T(xn,))| < 5 for every i < iy. (6)
By (4), there is i, € w such that [(x;,, T(xy,))| = 5. By (6), we obtain that i > 7;. Continuing this process
we find two sequences {x; }kew and {T(xy)}new such that {ix}rew and {nilrer are strictly increasing and
(X, T(xn, )| = 5 for every k € w. Clearly, the sequence {);, }xew is weakly null in L}g, and the sequence {x, }new

is weakly p-summable in E. Then the weak p-convergence of T and the choice of these two sequences imply
§ < Jim [, TG = 0

which is impossible.
(vii)=(i) To show that T is weakly p-convergent, fix a weakly p-summable sequence {x,},e, in E and
a weakly null sequence {x,}neo in L;g. Since L is co-barrelled, (ii) of Proposition 4.17 of [11] implies that

there is R € £(L, ¢o) such that R(y) = (()(n, y)) . for every y € L. Since {Xy}new is weakly null in ng and

€
S50(R) = (xn), (vil) implies that RT is p—convergnent. Hence RT(x,) — 01in ¢q. If {€}},eq is the canonical unit

basis of (cp)’ = £1, we obtain

|, TG = [€et, (G TGN new

Thus T is weakly p-convergent.

(€, RT(x))| < lieglle, - IRT(xo)lley = IRT(x0)lley, — 0.

(ii)=(viii) Assume that T transforms weakly sequentially p-precompact subsets of E to co-(V*) subsets
of L, and let R : X — E be a weakly sequentially p-precompact operator. Then the set R(Bx) is weakly
sequentially p-precompact, and hence TR(Bx) is an co-(V*) subset of L. Thus the operator T o R is co-(V*).

(viii)&(ix) follows from the equivalence (i) (ii) in Theorem 14.1 of [11] applied to T o R and p = oo.

(viii)=(x) is obvious.

(x)=(ii) Assume that E is weakly sequentially locally p-complete. Let S = {x,},c, be a weakly p-
summable sequence in E. Then, by Proposition 14.9 of [11], the linear map R : £ — E defined by

R(ageg + -+ - +aye,) :=apxp +---+a,x, (mMe€w, ag,...,a, €F)

is continuous. Itis clear that R(B 511)) C acx(S). Since E is weakly sequentially locally p-complete it follows that

acx(S) is weakly sequentially p-precompact. Therefore R is a weakly sequentially p-precompact operator
and hence, by (x), TR is co-(V*). Whence for every weakly null sequence {1, },e, in Li we obtain

<, T(xu )| = {170, TR(e))| < sup [(, TR(x))] = 0 as n — oo.

JCEB[?

Thus T is weakly p-convergent.

(viii)=(xi) is trivial.

(xi)=(xii) Let 1 < p < co.the identity operator id;,. of £, is weakly sequentially p-compact. Hence, each
operator S = Soidg, € L({,,E) is weakly sequentially p-compact. Thus, by (xi), T o S is an co-(V*) operator
for every S € L(¢,, E).

(xii)=(@) Let 1 < p < oo and assume that E is sequentially complete. Let {x,},eo be a weakly null
sequence in L, and let {x,},e, be a weakly p-summable sequence in E. By Proposition 4.14 of [11], there is

S € L({,, E) such that S(e},) = x, for every n € w (where {e},},,c,, is the canonical unit basis of £,). By (xii),
T o Sis a co-(V*) map. Therefore

|G TGen))| = |G TS| < sup K, TSGH — 0 as n — oo

X€By ,
ly

Thus the linear map T is weakly p-convergent. [J
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Remark 3.15. The condition on E to be sequentially complete in (D) of Theorem 3.12 and in (E) of Theorem
3.14 is essential. Indeed, let1 < p < o0, E = fg*, L =¢ withp" <g<oo,andletT =id: E — L be the
identity inclusion. Then every S € L({,-, E) is finite-dimensional (indeed, since E = | J,,¢, F" it follows that
ly = Unew STH(F") and hence, by the Baire property of £,-, S~ (F™) is an open linear subspace of ¢, for some
m € w that is possible only if S~1(IF") = {y; 50 § is finite-dimensional). Therefore, by Lemma 3.5, T o S is
limited for each S € L({,+, E). However, T is not weakly p-convergent and hence, by (ii) of Proposition 3.1,
T is not weak® p-convergent. Indeed, for every n € w, let x, = ¢;, € E and 1,, = ¢}, € L’. Then the sequence
{Xu}new is weakly p-summable in E (for every x = (a,) € £, = E’, we have ¥, KX, X))l = Y0 lanl < 00)
and the sequence {1, }.c. is even weakly g-summable in £, = L;; (for every x = (by) € {; = (L}’g)’, we have

Yoneo K6 = Y e0 a7 < 00). Since for every n € w, {n,, T(x,)) = 1 it follows that T is not weakly
p-convergent. []
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