Filomat 38:3 (2024), 919-937

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2403919L

University of Ni$, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
2 S
) @
b, &
Ty s

5
TIprpor®

Lie higher derivations on triangular algebras without assuming unity

Xinfeng Liang®*, Dandan Ren?

#School of Mathematics and Big Data, AnHui university of science & technology, 232001, Huainan, P.R. China

Abstract. In this paper, we focus on the structure of Lie higher derivations on triangular algebras 7~ without
assuming unity. We prove that Lie higher derivation on every triangular algebra can be decomposed into
a sum of a higher derivation, an extreme Lie higher derivation, and a central mapping vanishing on

commutators [x, y]. As by-products, we use it on some typical algebras: upper triangular matrix algebras
over faithful algebras and semiprime algebras, respectively.

1. Introduction

Let R be a commutative ring with identity and A be an algebra over R. C(A) be the center of A. Let
us denote the Lie product of arbitrary elements x, y € R by [x, y] = xy — yx. This paper is devoted to the
treatment of Lie higher derivations of algebras A. Let’s introduce some necessary mappings. Letn € N
be the set of all non-negative integers and A = {0,},ep be a family of R-linear mappings on A such that
0p = idg. Ais called:

(a) ahigher derivation if

Sulxy) = Y 615y
i+j=n
forall x,y € Aand for eachn € N;
(b) a Lie higher derivation if

Sullx, yl) = ) [6:(x),6;(y)]
i+j=n

forall x,y € Aand for eachn € N.

It is obvious that Lie higher derivations and higher derivations are usual Lie derivations and derivations
for n = 1 respectively. Lie derivations (resp. derivations) are an active subject of research in algebras which
may not be associative or commutative see[6, 10, 11, 16]. It is easy to verify that every higher derivation
is a Lie higher derivation. But, the converse statement is in general not true. Higher derivations play an
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important role in the algebraic theory and are also an active subject of research in algebras which may not
be associative or commutative [1, 7-9, 17, 18].

In this paper, we mainly study the structure of Lie higher derivations on triangular algebras that
do not assume to contain unit elements. Many mappings related to Lie higher derivation on triangular
algebras have been extensively studied. Under certain conditions, Lie derivation was studied by Cheung][6]
and proved to have a standard form. Subsequently, the result of Cheung[6] was extended to Lie higher
derivations by Li and Shen [9], Li and Shen’s results[9] also extend the results of Lie higher derivations
on nest algebras studied by Qi and Hou [15]. Moafian and Ebrahimi Vishki [12] given the structure of Lie
higher derivations on triangular algebras by the entries of matrices and obtained a similar conclusion as
shown by Li and Shen [9]. It should be noted that the unit elements of triangular algebra play an important
role in the research process of the above article[6, 9, 12, 15].

It should be noted that the unit elements of triangular algebra play an important role in the research
process of the above article. So an interesting question is proposed: how to completely characterize the
structural form of Lie higher derivations on triangular algebra without assuming unity? This is the main
purpose of this paper. Note that some mappings on triangular algebras without assuming unit elements
have attracted the attention of many scholars. Lie centralizer, Lie derivations, and generalized Lie 2-
derivations at zero products on triangular algebras without assuming unity was worked by Ghahramani and
collaborators[2—4] The origin of this problem comes from the study of Lie derivations by [16]. Specifically,
under suitable conditions, he proved that Lie derivations L on triangular algebras have the following form:

L=0+0+T,

where 0 is a derivation of 77, 0 is an extreme Lie derivation defined in Definition refxxsec2.2 of 7, and 7 is
a linear mapping into the ordinary center C1(7") defined in Part 2 of 7 and 7([7, 7 ]) = 0. Inspired by the
article[16], the focus of this article is to characterize the structural form of Lie higher derivation on triangular
algebras. We provide necessary and sufficient conditions for each higher derivations on a triangular algebra
[é M ] without assuming unital (Theorem 3.1), on this basis, we provide sufficient conditions for each Lie

higher derivations on a triangular algebra [é Aél] without assuming unital have has a decomposition form

(Theorem 3.2). And then we apply this result to describe the Lie higher derivations on upper triangular
matrix algebras T,,(A) over a faithful algebra A (see Corollary 3.6) and a semiprime algebra A (see Corollary
3.7) respectively.

This paper assumes that triangular algebra does not contain identity element, so the property of the
identity element is not used in the whole proof process. Based on this, under certain conditions, this paper
proves that each Lie higher derivation has a completely new decomposition form(see Theorem 3.2). This
is the first feature of this article. In addition, the proof process in this paper is also suitable for the case of
triangular algebra containing identity elements. Only by modifying the proof process appropriately, the
conclusion of Li and Shen’s results[9] can be obtained, which is the second feature of this paper.

2. Triangular algebras without assuming unity

In this section, we will introduce the concept of triangular algebra and introduce some basic knowledge
related to the topic. Let’s start this section with a definition. Wang[16] described a generalization of faithful
bimodule as follows.

Definition 2.1. [16, Theorem 2.1] Let A and B be algebras. Let M bean (A, B)-bimodule: ifaAMB = O(resp. AMBb=0),
then a = O(resp.b = 0), it is called left strong faithful(resp. right strong faithful). If M satisfies the definition of
both left strong faithful and right strong faithful, it is said to strong faithful.

If algebras A and B both contain identity elements, then left strong faithful, right strong faithful and strong
faithful evolve into strong faithful, strong faithful and faithful in papers[5, 19], respectively. Thus it can
be known that every faithful (A, B)-bimodul is equivalent to strong faithful bimodule Many examples of
faithful bimodule are constructed by Wang [16, Example 2.1, Example 2.2] which is not strong faithful.
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For algebras A and B, and their (4, B)-bimodule M, we define an algebra

T:[‘g ]\g]z{[g 121] VaeA,meM,beB} 2.1)

according to the usual matrix addition and multiplication operations. Note that 7~ = [8 ]g] is unital if and
only if both A and B are unital. If algebra 7~ contains an unit elements, it evolves into a triangular algebra
studied by many scholars[6, 9, 12, 15].
Starting from this point, we assume that triangular algebras T~ do not contain identity elements. At this point,
it should be noted that triangular algebra 7~ without assuming unity still has the form of equation (2.1).
With the help of [16, Proposition 2.1], the center C(7") of algebra 7 is characterized as follows

on={ 7]

Based on the structural form of triangular algebra, we define two natural R-linear projections 714 : 7 — A
and rig : 7 — B by

am =mb, Vme Mand Amy =0 = mOB}. (2.2)

nA:[a m}n—nz and 713:[

0 b }I—)Z’J.

a m
0 b
Itis obvious that algebras 114 (C(77)) and mtp(C(7")) are subalgebras C(A) and C(B), respectively. Furthermore,
there exists a unique algebraic isomorphism t: A(C(7)) — 7np(C(7)) such that am = mt(a) for all a €
1ta(C(7)) and for all m € M.

In light of (2.2) and the definitions of strong faithful bimodule, the definitions of ordinary centers and
extreme centers was defined by Wang[16, Proposition 2.1] as follows respectively :

a 0
con-{[3 3

Cz(T)={[8 ’H Am0=0=moB,VmeM}.

amzmb,VmeM}.

and

The sets C1(77) and C»(7") is said to be ordinary centres and extreme centres respectively. According to [16,
Proposition 2.1], both C1(7") and C»(7") are subalgebras of C(7") satisfying relation

C(T) = Ci(T) ) Ca(T).

Moreover, t4 (C(77)) = ma (C1(7)) € C(A) and 7tg (C(77)) = mp (C1(77)) € C(B). Notice that if the algebra 7~
has the identity element, then C»(7") = 0 and C(7") = C1(7).

Based on the above definition of center, we introduce a new concept: extreme Lie higher derivation,
which extends the definition of extreme Lie derivation in the article[16, Definition 2.2].

Definition 2.2. Let 7 = [é M ] A Lie higher derivation of T is said to be an extreme Lie higher derivation if it is a
higher derivation modulo C>(7") and is not a nonzero higher derivation. In other words, extreme Lie higher derivation
L = {onlnen satisfy the following relationship:

(a) oy, is a nonzero mapping on T and oo = Idg is an identity mapping on T,
(b) on(xy) = Lir j=n(6:X)0j(y) + 0:(x)0;(y)) € Co(T),
(c) au(lx, Y1) = Lisjen([0i(x), 0] + [0i(x), 6,(y)])-

It should be noted that if algebra A contains a unit element, each extreme Lie higher derivation de-
generates to zero. During the research, I was surprised to find that there are non-zero extreme Lie higher
derivations in many algebras, such as [6, Example 8] and [16, Example 2.3].
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What is studied in the literature[9, 13, 14] is indeed the structure of Lie type derivatives on trian-
gular algebras. But they used the identity element properties of triangular algebras. Comparing those
literatures[9, 13, 14] on Lie higher derivations, we characterize the structure of Lie higher derivations on
triangular algebras without assuming that triangular algebras contain unit elements, and obtain a new
decomposition structure (see Theorem 3.2) of Lie higher derivation. From the proof of Theorem 3.2, it
can be seen that this structure generalizes Wang’s results[16, Theorem 3.2]. In the research process, we
just do not assume that there is a unit element. When this assumption is removed, the triangular algebra
will evolve into a triangular algebra with an unit element. Therefore, the strong faithful bimodule used in
theorem 3.2 will evolve into a faithful bimodule, and the extreme center will evolve into zero. Therefore,
Theorem 3.2 generalized some existing conclusions. It should be noted that, in order to obtain Theorem 3.2,
we first gave the equivalent characterization of higher derivations on triangular algebras(see Theorem 3.1).
In the research process of Theorem 3.1, we also did not assume that triangular algebras contains identity
elements. In other words, we use Theorem 3.1 to describe the new structural characterization of Lie higher
derivations on triangular algebras without assuming unity (see Theorem 3.2).

3. Lie higher derivations of triangular algebras

In this section we characterize Lie higher derivations on triangular algebras without assuming unity.
For this purpose, We first give a description of higher derivations of triangular algebras 7~ = [é ]\lf] without
assuming unity and with also M strong faithful. Next, we show that a sequence A = {0,},en of linear
mappings 6, : 7 — 7 on triangular algebra without assuming unity is an equivalent characterization of

higher derivation.

Theorem 3.1. Let 7 = [6‘ 1}54] with M strong faithful. A sequence A = {6, }nep of linear mappings 6, : T — T isa
higher derivation if and only if for each n € N, 0, can be written as

(n) (1) _ (1)
e om [ 0@ @) - ) + 0 m)
‘S"([O b ])‘[ o T o ’

where, for arbitrary n € N,
pfff):A—>A, pg'):B—>B;
e A-M A B M fP MM

are all R-linear mappings satisfying the following conditions:

(D) fOam) = Ly je Py (@) f O m);
(ii) fOmb) = Ly i fOm)pY (b);
(ii) Lo jon PO@ID0) = Ly jon 1 @pY 0),
(iv) (aa’) = Ly joy @ (@), and ) (00) = Ly iy 1V 0P ()
foralla,a’ € A,b, V' €B.

Proof. Assume thatasquence A = {6, },en of linear mappings 0, : 7~ — 7 isahigher derivation on triangular
algebras 7 = [é Igf ] We shall use an induction method for n. Forn =1,061 : 7 — 7 is a derivation and the
result follows from [16, Theorem 3.1].
Suppose that 9, is a higher derivation on 7. Writer 6, as
() (m) (n) )y _ ) (n)
M[ a m ]) _ [ P @) +qp(b) + k7 (m) " (@) =1y (b) + £ (m) 3.1)

0 b 0 P ) + 4\ (@) + K (m)
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foralla € A,b € Band m € M, where, for arbitrary n € N,
p A=A g0 B A KM A
A M A B M, f M- M;
pg) BB, gV :A->A K :M->M

are all R-linear mappings. It is important to note that linear maps incorporate the following conditions: for
n = 0, we know that 6,(0) = Ids is an identity mapping, this is,

pY)@) = a, K (m) = m, ry)(b) =

4y ®) = 0, k" m) = 0, r{(a) = f<"><a> 0, pi(@) = 9(a) =
Since
00 a 0 00 a 0
0:571([ 0 b H 00 ])ZZ ‘5i([ 0 b ])‘51([ 00 ])
l+]_}’l
B i+j=n pB (b) 0 qA (11) ’
_ <”<b Q) q;(mr(”()a) ;”wm (a) ]
i+j=n Ps (b) qdaA (a)
we arrive at ) 0 . 0
g0 @ =0 and Y pb)g @) =0 (32)
i+j=n i+j=n
forallae A,b e B.
Let’s check q(")(b) = (")(a) by complete induction on n. When n = 1, by the definition of Lie higher
derlvatlons, 0n:7 — T is a Lie derivation and hence it follows from [16, Theorem 3.1], it is clear that
gP() =0 <1>(a) forallae A,beB.

Suppose that '
4y ®) =0 = 4 (@)
foralll1<i,j<mn—-1andalla € A,be B. We therefore get from (3.2)

0=Y dopl@=Y. O @ +q wa

i+j=n i+j=n,i#0
=45 (b)a
and
0=) rol@=Y prlea)@+b} @
i+j=n i+j=n,j#n
= pg™
q, (@),
i.e., for arbitrary a € A,b € B we have qgl)(b)a =0= bq )(a). And then q(”)(b)AMB 0 and AMBq(")(a) =0.
Hence g% = 0 = g as M is strong faithful.

On one hand, according to (3.1), we have

o[« o "0
5(|8 bH% b'])=5n([ag bb’])
(), r ()¢ (n) bb'
zén([ e (M&)(bb/)( ) ])
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foralla,a’ € A,b, b’ € B.
On the other hand, in light of (3.1), we have

)
sl § 0 ol 5 2 )

Z [ (l) 1)(61) i)(b) ])( (])(a) ])(a) (f)(br) )
B G 0

i+j=n pB (b,)
-y (|7 Pl@pl@) @ @) - <’)<b'>)+<r“><a> ROy ) )
== 0 P el &)

foralla,a’ € A,b, b’ € B.
Thus, we arrive at

(ﬂﬂ )= Z p(l)(a)p(])(a ), p(‘rl)(bb/ Z p(z)(b)p(])(b,

i+j=n i+j=n
and 4 . . 4
Waa') =Pt = Y. @0V @) - ) + (@) - 1) ) (33)
i+j=n

foralla,a’ € A,b, b’ € B. This implies that both a sequence Pz = {pf:)}neN of linear mapping pf:) A A

and a sequence Pg = {pg)}nE  of linear mapping p;") : B — Bbe a higher derivation on A and B respectively.
Leta’ =0 =bin (3.3), we get

Y @ e) =Y Papde) (3.4)
i+j=n i+j=n

foralla e A,b’ € B.
Letb =0 ="banda’ =0 = ain (3.3), respectively, we obtain

() = Zijenp D@ @) and 1000y = Y 1o )
l+] =n
foralla,a’ € Aand b,V € B.

o=l g 5 ][5 o P=Zas 5 a5 5]

i+j=n
y ([ Ko foon 1y [ e e ]
S0 KB 0 0

Y k‘”(m)p(”(a) K@ |y
- 0

i+j=n

foralla € A,m € M. Thus weobtain that ¥, -, K (m)p)(a) = 0and ..,k (m)r} (a) = Oforalla € A, m € M.
In order to prove kg”) = 0 for arbitrary n € N, we use mathematical induction for n. According to the
proof of [16, Theorem 3.1], we obtain that kgl) = 0 for n = 1. Suppose that

K'=0 forall 1<i<n-1.
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We therefore obtain

0= Kmmpl@= Y K wmp@+k"ma

i+j=n i+j=n,j#0
)
= k" (m)a
for alla € A,m € M. Therefore, we obtain kg”)(m)u = 0and so kg”)(m)AMB = 0. Since M is strong faithful, we
obtain k;") = 0. For the same reason, we have

_ —r“)(b)] [0 f(f)(m)]
‘i+j_n<[ pio) (o oy |
-yl ° —r K (m)) )
i L0 pg)(b)sz)(m) ’

for all b € B,m € M. Thus we arrive at

Z p(l) k(])(m (3.5)

i+j=n
forall b € B,m € M. In order to prove k(zn) = 0 for arbitrary n € N, we use mathematical induction for n.
According to the proof of [16, Theorem 3.1], we obtain that k(zl) = 0 for n = 1. Suppose that
kg)=0 forall 1<i<n-1.
With the help of (3.5), we therefore obtain
0= poKm =Y p®Km)+ bk m)

i+j=n i+j=n,i#0

— 11"
= bk’ (m)

for all b € B,m € M. Therefore, we obtain bk(zn)(m) =0and so AMBk;”)(m) = 0. Since M is strong faithful, we
obtain ké") =0.
On the one hand, we have

7

_ ([ 0 pﬁ?(a)gwm) ])

1.
T,
=

for all b € B,m € M. On the other hand, we have

O R R (R B R S
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foralla € A,m € M. We have
FOam) =Y pa) fOom)

i+j=n

foralla € A,m € M. In an analogous manner, by computing 6n( [ 0 m ] [ 0 2 ] ), we can obtain

FOmb)y =Y fOmpl(b)

i+j=n
forallbe B,m € M.
Conversely, suppose that a sequence A = {0,,},en of linear mapping 6, : 7 — 7 is of the form
s @ <[ PR@ 7@ ®)+ f0m)
0 b 0 Py )

with (i), (ii), (iii) and (iv) satisfied.
We first show that a sequence 5 = {pf:)}ne n oflinear mapping pf) : A — Aand asequence Pg = {pgi) Ynen
of linear mapping pg') : B — B is a higher derivation on A and B respectively. By assumption (i) we have

fOaamy =Y paa’) fOm)
i+j=n

foralla,a’ € A,m € M. On the other hand, we have

fO@am) =Y @ O m)

i+j=n

= ), @Y P @) P om)
i+j=n jit+ja=j

=), 2. P@p@)f R
i+j=n ji+j2=]

= Y. p@p @) fPm
i+j1+j2=n

= Y @ @) m
11+]1+] =n

= L (X p@p @)
i+j=n i1+j1=

foralla,a’ € A,m e M.
On comparing the above two relations, we see that

X 0= 3 @p @nson =0 (6
i+j=n i1+j1=
foralla,a’ € A,m € M. Next, we use mathematical induction to prove that a sequence Pz = {pff;)}neN of

linear mapping pxl) : A — Ais ahigher derivation on A. For this purpose, By the proof of [16, Theorem 3.1]
we know that for alla,a’ € A,

pg)(aa’) = (a)a + apA)(a )
whenever n = 1. Suppose that for all 4,4’ € A,

Q)= Y, p@pl @) =0

i +]1 =k
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whenever 1 < k < n — 1. Taking into accounts (3.6), we therefore arrive at

(aa’) — Z p(” a)pAl)(a Nm =0

i +]1 =n

(n)

foralla,a’ € A,m € M. Since M is faithful as a left A-module, we immediately obtain

(")(aa ) — Z p(ll)(a)p(]l)

i1+j1=

and so a sequence P4 = {p " e of linear mapping p A) A — Ais a higher derivation on A for all 4,4’ € A.
Adopt the same discussion as relations PZ‘) and the proof of [16, Theorem 3.1], we can prove that a sequence

Pg = {Pg')}ne n of linear mappings sz) : B — Bis a higher derivation on B. On the one hand, in view of the
relation (iii) and (3.4) we have

a m a m aa’ am’ +mb’
6<[ A e e )
<”>(aa 1 (aa’) — 1 (01" + f(”)(am’+mb’)]
po(bb)

{WWWWW zmmw>]
Tirjon PO O @)

_v | @pl@)  HG,j)
= 0 PO o) )
_ m@WW)MUHW@WW)W%@WW
=1 0 Doy )
_ (1)(01) r(li)(a) (1)(b) +f(l)(ﬂ ][ pA (ﬂ') r(lj)(a’) (])(b/)+f(] (m’) ]
=L 0 Py () 0 PR b))
a m a m
=Yool e )
i+j=n

where

HG, ) = p @ @) = i) p ) + p @ fO o' + fOmp @)
foralla,a’ € A,b,b’ € B,m,m’ € M. Therefore, a sequence 6 = {Oy}nen Of linear mappings 6, : 7 — 7 is a
higher derivation. [J

We now give the main result of the paper.

Theorem 3.2. Let T = [6‘ M ] be a triangular algebra. If the following statements hold true:
(i) Z(A) = na(Z(T)) and Z(B) = ns(Z(T));
(ii) M is strong faithful;
(ii) For any my € M, we have that Amgy = 0 if and only if myB = 0.

Let a sequence & = {Ly}uen of linear mappings L, : T — T is a Lie higher derivation. Then there exists a higher
derivation A = {6, }uen of linear mapping 6, : T~ — T, extreme Lie higher derivation . = {0, }uen of linear mapping
0y 1T — T and an R-linear mapping t,, : T — C1(T") vanishing on commutators [x, y] such that

L,=06,+0,+1,

forallne N.
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Proof. Suppose that a sequence £ = {L,},en of linear mappings L, : 7 — 7 is a Lie higher derivation.
Writer L, as

a m |y _[ d%@+nP0) + K m) @) - () + £ (m)
(N R 900 + K@ + K ) | 7
foralla € A,b € Band m € M, where Ly = Idg is an identity map on algebra 7.
Since
00]f[a o0
0=Ln([[ 0 b H 0 0 ]])
00 a 0 e -0 [ @ Y
=z+j:n[L1([ 0 b ])’Lf([ 0 0 ])] :i;n[[ BO %(b) ] 0 h}i)(a) ]
_ v [ Woel@-gl@n ) h e @ - @@ + g% @ @) - @gf @)
= 0 @) - 1)@ )

foralla € A,b € B. Thus we arrive at

Y. i@ - gl @ e = o,

i+j=n

Y @@ - @g ) = 0,

i+j=n (3.8)

and

Y @)@ = 1O @ + g7 @1 ®) - P @g ®) = 0

i+j=n

foralla € A,b € B. Let’s check

0" (b) € C(A) and 1(a) € C(B) (3.9)

by complete induction onn foralla € A,b € B. When n = 1, due to the proof of [16, Theorem 3.2], it is clear

that
) (b) € C(A) and K (a) € C(B)

foralla € A,b € B.
Suppose that
K (b) € C(A) and h(a) € C(B)

forall 1 <i,j < n—1. With the help of (3.8), we therefor get

0="Y" () ®)g7(@ — g @ b)) = 1 B)a - ah ()

i+j=n

and
0= (g9®n @~ @33 ®) = bh (@) - 1) (@b

i+j=n
foralla € A,b € B. And then hé")(b) € Z(A) and hf:)(a) € Z(B) foralla € A, b € B. Taking into accounts (3.9),

the third equation in (3.8) can be rewritten as

Y (@)@ - 7 Q@) &) - @) b) - 9 b)) = 0 (3.10)

i+j=n
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foralla € A,b € B. Let us define p(})(a) gA (a) (p‘l(h(])(a)) and p(l)(b) = gg)(b) - (p(hg)(b)) foralll1 <i,j<n.
Thus the equation (3.10) can be rewritten as

Z (p(z)(a (])(b) (l)(a)p(])(b)) =0 (311)

i+j=n

On the one hand, in view of (3.7), we have

st 1o D= s P )

-y H K (m) f@(m)] gl @+ ®) @ - o) ]
=, 0 Km) |’ 0 g ) +h (@)
_ (K" (m), 9 (a) + 1) (b)] u

e 0 [ (m), g3 ) + 1) @]

where ‘ ‘ ‘ .
U = (02 m)¢ @) = ) @) + fO0m)(gg ®) + @)
= @@+ 1) @) fOm) = (@) = 7 K (m)

forallae A,b € Band m € M.
On the other hand,

L 0 m a 0 (|0 mb — am k(” (mb—am) ) (mb — am)
"o o |/lo & || ~"]|o0 0 0 K (mb — am)

forallae A,b € Band m € M.
On comparing the above two relations, we see that

K" (mb — am) = Z[k(’ (m), g0 (@) + K )1, K (mb - am) = Z[k“ (m), g0 () + ) (@)]

i+j=n i+j=n

and
FOmb —am) =Y ()@ = 1) ®) + £Om)(g) ) + ] (@)
itj=n (3.12)
— (@) + K ®) fOm) — (@) = PP O (m)))

forallae A,b e Band m € M. Letus seta = 0in (3.12), we have

K0 mb) = Y (6 (m)h (0) = ) (m)),

i+j=n
K mb) = )" () m)g) () — g (D) (m)),

i+j=n (3.13)
and
FOmb) =Y (FO0m)g ) = KD m)r 0) = W ) O (om) + 7 (B )

i+j=n

forallb e B,me M.
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By an analogous manner, taking b = 0 in (3.12), we arrive at

K@) = Y 7 @k m) K (m)g ) @),

i+j=n
K am) = Y (1 @k (m) = K (m) ) (@),
i+j=n (3.14)
and
O = Y @@ F ) + 1 @K ) = kP omyr @) = £O )l )
i+j=n
forallb e B,me M.
Note that
[0 m 0 m
:L"<[_0 0 ] [0 0 ”
0 0 m
S X[ 5 P )
i+j=nt
_ 'MW)NW> W')Mm)
= 0 k(l)(m) k(])(m )
_ WWWWNWWWW%WWWW)W’WW)NWWM
20 0 wawﬂ
It follows that

Y ) ) + FOm (m') = K ) O am) = £ (') (m))
i+j=n
=), Wm0+ fOm m') = K ') fO o) = O (S ()
i+j=n, j#0 or i#0
+ K mym’ — m' kP (m) = K (mym + mk$ (')
=0

(3.15)

for all m,m’ € M.
By the proof of [16, Theorem 3.2], we know that

KD (mb) = 0,k (@am) = 0, and k" (m) @ K (m) € C1(T)
whenever n =1 foralla € A,m € M, b € B. Suppose that
KD (mb) = 0,k @am) = 0, and K™ (m) @ kS (m) € C1(T)

whenever 1 < xq,xp,x3 <n—1foralla € A,m € M,b € B. On comparing the equation (3.13) and (3.14), and
using complete mathematical induction, we therefore arrive at

K0 mb) = Y (&) (k) (6) = W (0K () = 0 and kS am) = Y (g5 () (m) = K (m)gy (b)) = 0
i+j=n i+j=n

foralla e A,m € M,b € B. Hence . .
k" (am) = 0 = k," (mb) (3.16)
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foralla € A,m € M, b € B. At the same time, taking into (3.15) and inductive hypothesis k§x3)(m) ® k(2x3)(m) €
C1(7"), we can obtain
(n) ’ r3(n) (), () ry
Ky (mym” —m’ky” (m) — k" (m"ym + mky”(m’) = 0 (3.17)

for all m,m’ € M. Substituting m’ with am’b in (3.17) and using (3.16), we obtain
(m) ’ 11,7:1) —
ky” (m)am’b — am’bk, " (m) = 0 (3.18)
Replacing a by aa’ in (3.18) and then subtracting the left multiplication of (3.18) by a, we arrive at
(n) ’ r1.(n) _
(ky"(m)a’ —a’ky”(m))AMB = 0
foralla” € A,m € M. Since M is strong faithful, we get
(n) A X())
k" (m)a" = a'ky” (m)
ie., k(ln)(m) € C(A) for alla’ € A,m € M. With the help of (3.18), we have
ant' b (k" (m) = k5 (m)) = 0

forallae A,b € B,m’ € M. Thus
AMB((k" (1)) — K (m)) = 0

for all m € M. Since M is strong faithful, we get
k(") _ k(”) =0
p(ky " (m)) — ky " (m)

for all m € M. Hence
K" (m) @ k" (m) € C1(T) (3.19)

for all m € M. In view of the relation (3.13), (3.14), (3.19) and the relations hg)(b) € C(A) and hf:)(a) € C(B),
we have

£mb) = 3 (FOm)g) ) = Ky 0) = K ©)fOm) + ) 0k ()

i+j=n
= ) (PO ®) ~ o) ) ~ k7 (m) = o7 (K () 0)
i
= ), fOm'®) - ot )
and o
FOam) = Y @@ fOm) + @k m) - ) ) @) — Oy (@)
= i (97 @) = @7 P @) fOm) + 1) @k (m) = kP (myr (@)
i+j=n
= ) @@ - @) O
i

foralla € A,b € B,m € M. Hence we obtain
FOmb) =Y fOm)(gy ®) - i B)))
i+j=n

fOam) = Y, (6@~ o7 0 @) O )

i+j=n

(3.20)
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forallue A,be B,me M.
On the basis of equation (3.20), we propose a claim.

Claim 1: A sequence Pz = {p " }neN of linear p(”) A — A and a sequence Pg = {Pgl)}ng/\/ of linear

p;”) B — Bis a higher derivation on A and B respectively.

Indeed, we prove this assertion by full mathematical induction for n. For n = 1, with the help of the
mapping ”6” in [16, Theorem 3.2], we known that p(l) A — Aand p(l) B — B be a derivation on A
and B respectively. On the basis of "n=1", we can prove this conclusion by using complete mathematical
induction for n and combining with equation (3.6).

Let’s check .
Waa) = Y pQ@r)@) e CoT) (3.21)
i+j=n
and
Reb) - Y AP ) € CT) (322)
i+j=n

foralla,a’ € Aand b,b’ € B by complete induction on 7.
Let’s prove the relationship ((3.21)) by mathematical induction for n. When n = 1, due to the proof of
[16, Theorem 3.2], it is clear that

r(ll)(aa’) - argl)(a') = r(ll)(aa') - ar(ll)(a ) — )(a) (0)( ") e Cr(A)

with the help of the definition of Lie higher derivation foralla € A,b € B.
Suppose that

Waa) = Y p@r @) € Co(7)

i+j=k

foralll<k<n-1,ie,

@)= Y pl@r@nB =0= A0 @) - Y. par@).

i+j=k i+j=k

With the help of (3.11) and replacing a by aa’, we have

Y. Waayp) ) = ), paa ) @)

i+j=n i+j=n
Z Z Pll)(a (12)(al))l’gj)(b)
i+j=n iy +ip=i
=Y ), a@r @
i+j=nij+ip=i
= ), PP @)
l1+12+] n
= Y @) i@ o)
i1+s=n ir+j=s
= Y @Y AP@w o)
i1+s=n ir+j=s
=), @@l
i +ix+j=n

=Y (Y PP @@ )

i+j=n iy +ip=i
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for all aa’ € A and b € B. Furthermore, we have

0= (V@)= )Y pi@rP@np®

l+] n l]+12 i
= Y, W)= Y @R @) o)
i+j=n, j#0 i1+ip=i
+ () - Y @ @b
i1 +ip=n

for all aa’ € A and b € B. Taking into accounts the above equation and inductive hypothesis, we have
(@)= Y pl@r@)B =0
i+j=n
forall a,a” € A. The condition (iii) implies that
A(r(”)(aa ) — Z p(l)(a (])(11 ) =
i+j=n
for all aa’ € A. In view of the extreme centers C,(A) we see that

[ 8 7" (aa’) - Zl+6 (L@ @) ]e Ca(T)

for alla,a’ € A. Similarly, with the help of [16, Theorem 3.2] and (3.11), We can conclude that (3.22) is true,
ie.,

rob) - 1) € Ca(A)
for all b, b’ € B. In other words,

— 0
[ 0 A0~ Lo MO0 ]ecm

forallb, b’ € B.
We define a mapping 7, : 7 — 7 in the following way:

o @ ])= o7 (1 (@)) + 1Y (b) + K (m) 0
o o 0 () (b)) + h (@) + K (m)

foralla € A,b € B,m € M. We note that 7, : 7 — C1(7") for arbitrary n € N.
In order to obtain the conclusion of this Theorem, we divide its proof into two different cases.
Case 1: Suppose first that

Waa) = Y pQ@r@) - ey + Y e ) =
i+j=n i+j=n
foralla,ar € A,b,b’ € B. This implies that
Waa’) = Y pQ@r@) = 0and k) - ) AD@)p ) =0 (3.23)
i+j=n i+j=n

foralla,ar € A,b,b’ € B.
We define two mappings here:
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(1) Defining the first mapping 6, : 7 — 7 as defined as
oo [ a m ] )= [ 9@ -7 0P @) 1@ =) + £7(m) ]
"o b |/

0 7 b) - el ()
_ [ pP@ @) - ) + 7 m) ]
0 P (v)

foralla € A,b € B,m € M. Using (3.20) — (3.22), we get from Theorem 3.1 that a sequence A =
{64} nen Of linear mappings 6, : 7 — 7 is a higher derivation; therefore, we obtain that a sequence

Pa = p? = g0 @) — o (1 (@))}hen of linear mapping p?” : A — A and a sequence Py = {p(b) =
)(b) (P(h(n) (b))}ne  of linear mapping p(”) B — Bbe a higher derivation on A and B respectively.

(2) Let’s define the second mapping o, : 7 — 7 as follows
a m 00
f’"([o b ]):[0 0]
forallae A,be B,m e M.

It is clear that L, = 0, + 0, + 7,,. Using (3.19) and (3.20), we obtain from Theorem 3.1 that A = {0,},ep is @
higher derivation on 7. We easily check that 7,,([x,y]) =0 forallx,y € 7.
Case 2: Suppose next that

Waoap) = Y pao)r(ag) — 13 boby) + Y 1 (bo)p (b)) (3.24)
i+j=n i+j=n
for some ag, ap’ € A, by, by € B. We define two mappings here:
(1) Defining the second mapping 6, : 7 — 7 as defined as
a m 2@ f7m)
o )=| 74" o
00 0 p®)
foralla € A,b € B,m € M. Using (3.20), we get from Theorem 3.1 that a sequence A = {(3,1},1e n of linear
mappings 0, : 7 — 7 is a higher derivation; therefore, we obtain that a sequence Pa= p A = f?(a)
@1 (h%(@))}nen of linear mapping p : A — A and a sequence Pg = {p\(b) = g2’ (b) — p(h (0))}en of
linear mapping pg') : B — B be a higher derivation on A and B respectively.

(2) Let’s define the third mapping g, : 7 — 7 as follows

RN

forallae A,be B,m e M.

It is clear that L, = 0, + 0, + T4. Using (3.20) we obtain from Theorem 3.1 that 0, is a higher derivation on
T.

We propose the second claim.

Claim 2: With the notations as above, we have that a sequence ~ = {0,,},ex Of the mappings o, : 7 — T
and 7, satisfy the following relations:

(a) 0, is anonzero mapping on 7,

(b) 0u(xy) = Lisj=n(6ix)0j(y) + 0i(x)0;(y)) € Co(T),
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(@ aullx, yD) = Lisj=n([0i(x), 0 ()] + [0i(x), 0;()]),
(d) u(lx,y]) =0

forallx,ye 7.
Indeed, we first prove conclusion (b).
According to (3.21) and (3.22), there exists mg, m| € M satisfying the following relation

ri")(aa’) = Z pf‘?(u)rgj)(a') € Cy(T) + mp and

i+j=n
$et) = ) AR E) € CoT) +m
i+j=n

foralla,a’ € Aand b,V € B and some 1, m; € M.
For arbitrary x =a+m+band y =a’ + m’ + I’, using (3.11) and (3.25) we have

a m
IIs %]
]) _ [ 0 ri")(aa’) - r(zn)(bb’) ]
0 0

Un(xy) = Gn([ 8 IZ

0
_ [0 pg)(a)r(lj)(a’) —rg)(b)pg)(b’) +[ 0 mo—my ]
- 0 0 0 0
i+j=nt
_ v [0 p@rl@) - Q@) o) + P @p @) - Op @) | [ 0 mo—m

T
iy
Il
=

| 0

[ 9@ @) -0

0

r

()

@)+ )

0 my—m

0

RE

0

O ’
H 0 PO(v) ]+[ 0 O ]
(6i(x)0j(y)+0i(x)5j(y))+[ 8 mo5m6 ]

n

0 0

T
I
=

j

1+

-

Therefore, we have

an(xy) = ), (6:x)0() + 0:(x)5;(y)) € Ca(T)

i+j=n

forallx,ye 7.
In view of (3.23), and the last relation we see that

5wl D Zed s b e )
a5 el 5 b )eo

We see that ¢, is not a nonzero mapping.
In order to prove conclusions (c) and (d), set

tn(x, y) = on([x, y]) = Z ([6ix), o ()] + [0i(x), 6;(y)])

i+j=n

’

0

|

935

(3.25)
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forall x,y € 7. Note u,(x, y) € Zo(7). Since L, = 6, + 0, + T is a Lie higher derivation we have

L,y = ) [Li(x), Liy)]

i+j=n
= ) 1610 + i) + 1), 8,() + 0(y) + T(y)]
i+j=n
Y 18 + 0i(x), 6,() + 73(y)]
i+j=n
Y ([8i(x), 6,1 + [6:(x), 7)1 + [0:(x), 6;(y))
i+j=n

= Lu([x, y]) = ou([x, Y1) + pa(x, )

for all x, y € 7. This implies that

on([x, y1) + pin(x, y) = 0
forall x,y € 7. Since C1(7) (1 C2(7") = 0, we get that

Tu([x, y1) = 0 = wa(x, )

for all x, y € 7. The proof of the result is now complete. [

Remark 3.3. When n = 1, a sequence ©. = {0p}nen Of linear mapping o, : T — T will degenerate into a extreme
Lie derivation introduced by Wang [16, Definition 2.2].

As a consequence we have the following results by Wang(see [16, Theorem 3.2]) and Cheung(see [5,
Theorem 11]).

Corollary 3.4. Let T = [6‘ M ] be a triangular algebra. If the following statements hold true:

(i) CleAe) = C(A)e and C(fAf) = C(A)f
(ii) M is strong faithful;
(ii) For any mo € M, we have that Amy = 0 if and only if moB = 0.

Let a linear mappings L : T~ — T is a Lie derivation. Then there exists a derivation 0, extreme Lie derivation o and
an R-linear mapping t : 7 — C(T") vanishing on commutators [x, y] such that

L=0+0+71

forallx,y e T.

orollary 3.5. Let 7 = e a trianQular algebra. If the following statements hold true:
Corollary Let T él‘gb iangular algebra. If the following hold

(i) Z(A) = na(Z(T)) and Z(B) = ng(Z(T));
(ii) M is faithful;
(ii) Both A and B are unital.

Let a linear mappings L : T — T is a Lie derivation. Then there exists a derivation 6 and an R-linear mapping
T: 7 — C(T) vanishing on commutators [x, y] such that

L=6+r7

forallx,y e T.
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In addition to the above corollaries, Theorem 3.2 has important applications in other algebras, such as
upper triangular matrix algebras T, (A)(n > 2) defined on faithful algebras A (see [16, Theorem 4.1] for
definition). With the help of [16, Theorem 4.1], T,,(A) can be viewed as the triangular algebra

A A1 | [ A M

0 Ty (A) |~ |0 B[
Through the medium of [16, Theorem 4.1], the upper triangular matrix algebra T, (A)(n > 2) coincides with
the conditions of Theorem 3.2.

Corollary 3.6. Let T,,(A) be an upper triangular matrix algebras over a faithful alebra A, where m > 2. Let a
sequence £ = {L,},en of linear mappings 6, : T (A) — T, (A) is a Lie higher derivation. Then there exists a higher
derivation A = {6,}uen and an R-linear mapping t, : T,,(A) = C(T,,(A)) vanishing on commutators [x, y] such
that

L,=0,+1T,

forall x,y € Ty (A).

At the same instant, noting that the unital algebra and semi-prime algebras are both faithful algebras[16,
Theorem 4.1], so the following corollary follows from Theorem 3.2 and Corollary 3.6:

Corollary 3.7. Let T,,(A) be an upper triangular matrix algebras over a semiprime algebra A, where m > 2. Let a
sequence £ = {L,}nep of linear mappings 6, : Ty (A) — Ty(A) is a Lie higher derivation. Then there exists a higher
derivation A = {Onlnen and an R-linear mapping ©, : Tpy(A) = C(T1(A)) vanishing on commutators [x, y] such
that

L,=06,+1,

forall x,y € Ty (A).

Proof. With the help of [16, 4.An application], the definition conditions of each semiprime algebra coincide
with those of the faithful algebra. Therefore, Corollary 3.6 tells us that Corollary 3.7 is true [J

In view of [19, Example 2.5], there are many classical examples of semi-prime algebras, such as that
double affine Hecke algebras, graded Hecke algebras, rational Cherednik algebras, Iwasawa algebras,
algebras of bounded linear operators, von Neumann algebras and so on. We apply the Corollary 3.7 to the
above algebra, which leads to many conclusions similar to Corollary 3.7.
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