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Rough statistical convergence and rough ideal convergence in random
2-normed spaces

M. H. M. Rashid?
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Abstract. This study’s main goal is to define approximate statistical convergence in spaces with proba-
bilistic norms. The idea of convergence in random 2-normed space is more generalized as a result of our
demonstrations of some fundamental features and examples of convergence in linear spaces with norms.
More specifically, we demonstrate the findings for sets of statistical limit points and sets of cluster points
of approximate statistically convergent sequences in these spaces. Additionally, we extend the idea of
rough convergence by applying the idea of ideals, which automatically expands the original ideas of rough

statistical convergence and rough convergence. We define the collection of rough ideal limit points and
demonstrate a number of outcomes related to this collection.

1. Introduction

Fast [13] and Steinhaus [37] independently established the idea of statistical convergence for real number
sequences in the same year 1951, and other expansions and implementations of this idea have subsequently
been studied by numerous writers, including [7, 17, 22]. Kostyrko et al. description’s of I-convergence,
which is one of its intriguing generalizations, is cited in [19]. Balcerzak et al. [5], who recently explored
I-convergence for sequences of functions, are cited in this sentence.

Menger [23] proposed the idea of statistical metric spaces, which was later explored by Schweizer and
Sklar [34, 35], giving rise to the theory of probabilistic normed spaces [15]. It offers a vital technique for
broadly utilizing the deterministic outcomes of normed linear spaces. It has many other extremely useful
applications, such as the study of boundedness [11], convergence of random variables [12], continuity
features [1], topological spaces [15], linear operators [16], etc.

Rough convergence is concerned with the approximate numerical resolution of any real-world problem.
It aids in confirming the accuracy of computer program solutions and drawing conclusions from scientific
research. As an intriguing generalization of the typical convergence for sequences on finite dimensional
normed linear spaces, Phu [30] first developed the rough convergence. Later, Phu introduced it on infinite
dimensional normed linear spaces [31]. In addition to developing the concept of rough convergence, he
made contributions to the closeness and convexity of the rough limit set.

The convexity and proximity of the set of rough statistical limit points and rough cluster points of a
sequence were two more factors that Aytar [4] looked into. Maity [24] showed rough statistical convergence
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of order a (0 < a < 1) in normed linear spaces and discussed several significant findings for the set of rough
statistical limit points of order «, both of which were inspired by the work of Aytar. In [25], Maity
established the notion of pointwise rough statistical convergence and rough statistical Cauchy sequences
for real valued functions. Malik and Maity first established rough convergence for double sequences in
normed linear spaces in their article [26]. Later, the authors expanded on this concept and described rough
statistical convergence for double sequences in their article [27].

Many researchers have been inspired to employ ideals concepts by this idea. Rough I-convergence was
presented by Pal et al., [29], using the ideals of IN. Later, in [28], Malik et al. expanded this idea of rough
I-convergence to rough I-statistical convergence and discussed certain topological features of the set of all
rough I-statistical limits of sequences in normed linear spaces. In various contexts, statistical convergence
as well as generalized statistical convergence can be used to further investigate, generalize, and apply the
rough convergence; see [2—4, 30], and [31].

We introduce the idea of rough statistical convergence in the random 2-normed linear spaces in this
study. Additionally, we use the idea of ideals to broaden the idea of rough convergence.

This essay is structured as follows: We provide some preliminary definitions and findings of random 2-
normed spaces in the section that follows. The notions of rough convergence, rough Cauchy sequence, and
the set of rough limit points of a sequence are introduced in Section 3, and we created rough convergence
criteria for this set in RTN. We later prove that this set is convex and closed. Finally, we look into how rough
convergence and rough Cauchy sequence relate to RTN. The idea of rough convergence is expanded upon
in this section using the concept of ideals, which logically goes beyond previous understandings of rough
convergence and rough statistical convergence. We define the group of rough ideal limit points and show
some results that are connected to this group.

2. Definitions, notations and preliminary results

In this section, we will review some fundamental definitions and notations that serve as the foundation
for the current work (see [5, 10, 16, 22, 33-37]).
A distribution function is an element of 2%, where

2" ={f : R — (0,1); fis left-continuous, nondecreasing, f(0) = 0and f(+o0) = 1}

and the subset #* C 2% is the set #* = {f € 2% : I” f(+00) = 1} Here I f(+00) denotes the left limit of the
function f at the point x. The space Z* is partially ordered by the usual pointwise ordering of functions,
i.e., f < gifand only if f(x) < g(x) for all x € R. For any a € IR, ¢, is a distribution function defined by

() = 0, ifx<g
calX) = 1, ifx>a.

The set &, as well as its subsets, can be partially ordered by the usual pointwise order: in this order, ¢, is
the maximal element in Z*.

Definition 2.1. A triangle function is a binary operation on 2%, namely a function y : 2* x 2% — 2%, that
is associative, commutative, nondecreasing, and has ¢, as unit; that is, for all f,g,h € Z*, we have:

@) yOf, 9. =y(f, v h),

@) y(f,9) =@, /)
(iii) y(f,9) < y(f,h) whenever g < h,
iv) y(f,e) = f

Definition 2.2. A t-norm is a binary operation * : [0,1] X [0, 1] — [0, 1] such that for all 4,b,¢,d € [0,1] we
have: (i) = is associative and commutative, (ii) * is continuous, (iii) a*1 = a, (iv) a*b < ¢ +d whenevera < ¢
and b < d.

The concept of a 2-normed space was first introduced by Géahler [9].



M. H. M. Rashid / Filomat 38:3 (2024), 979-996 981

Definition 2.3. Let X be a linear space of a dimension m, where 2 < m < co. A 2-norm on X is a function
IIl., .l : X X X — R satisfying the following conditions: for every x,y € X, (i) Hx, y“ = (0 if and only if x and y

are linearly dependent; (ii) x,y| = ||y, x||; (iii) ||ax,y( = |al|jx, y (, a € R; (iv) (x + y,z| <|lx,zll + ||y, z | In
this case, (X, [[., .|| is called a 2-normed space.
Example 2.4. Take X = R? being equipped with the 2-norm ||x, y | = the area of the parallelogram spanned

by the vectors x and y, which may be given explicitly by the formula

%, y|| = Ix1y2 — x21l, where x = (x1,x2), ¥ = (y1, 12).

Recently, Golet [10] introduced the notion of a random 2-normed space as follows.

Definition 2.5. Let X be a linear space of a dimension greater than one, y a triangle function, and 1 :
Xx X — 2%, Then ¢ is called a probabilistic 2-norm on X and (X, ¢, y) a probabilistic 2-normed space if
the following conditions are satisfied:
(i) Yy(t) = €o(t) if x and y are linearly dependent, where 1, , () denotes the value of ¢, att € R,

(ii) ¥y (t) # €o(t) if x and y are linearly independent,

(iii) ¥yy = ¢y,x forevery x,yin X,

(iV) Qaxy(t) = Psy (ﬁ) foreveryt>0,a#0andx,y € X,

(V) Yriyz 2 Y(Wrz,Py) whenever x,y,z € X.

If (v)is replaced by
(V') Yrpyz(ti + t2) 2 Prz(t) * Py 2(t), for all x, v,z € X and t, t, € R,

then triple (X, ¢, ) is called a random 2-normed space (for short, RTN-space).

Remark 2.6. Note that every 2-normed space (X, ||., .||) can be made a random 2-normed space in a natural
way, by setting ¢, ,(t) = eo(t — ||, y ’), forevery x,y € X,t > 0and a +b = min{a, b}, a,b € [0, 1].

Definition 2.7. Let (X, 1, ) be a RTN. A triple sequence {x,,x} of element of X is said to be statistically
convergent to C € X with respect to RTN if for any €, A € (0,1) and each z € X, we have 6(A(A)) = 0, where

AA) = {(m,n,k) e NXIN XN : ¢y, () <1—A}.
In this case, C is called the statistical limit of the sequence x.

Definition 2.8. Let (X, ¢, *) be a RTN and r be a non-negative real number. A triple sequence x = {x,c} of

element of X is said to be r-convergent to { € X with respect to RTN, denoted by x = x, if for any €, A € (0,1)
and each z € X, there exists Ny € IN X IN X IN such that for all m,n,k > Ny we have ¢, ,—c-(r+€) >1—-A. In
this case (C is called an r-limit of x.

Remark 2.9. We consider r-limit set x which is denoted by LIM} and is defined by
sty — LIM, := {Ce X : x5 .

Definition 2.10. Let (X, 1), *) be a RTN and r be a non-negative real number. A triple sequence x = {X;} is

said to be r-convergent if stf — LIM, # 0 and 7 is called a rough convergence degree of x. If r = 0, then it is
ordinary ¢-convergence of triple sequence.

Definition 2.11. Let (X, ), *) be a RTN and r be a non-negative real number. A triple sequence x = {X;,x} of

element of X is said to be r-statistically convergent to C € X with respect to RTN, denoted by stf—limx =,
if for any €, A € (0,1) and each z € X, we have 6(A(A)) = 0, where

AA) ={(m,n,k) e NXIN XN : )y, —c.(r+€)>1-A7A}.

In this case C is called r¥-statistical limit of x. If r = 0 then it is ordinary y-statistical convergent of triple
sequence.
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3. Rough statistical convergence in RTN

In this section, we introduce the concepts of rough convergence, rough Cauchy sequence, and the set
of rough limit points of a sequence, and we produce rough convergence criteria associated with this set in
RTN. We later demonstrate that this set is both closed and convex. Finally, we investigate the relationships
between rough convergence and rough Cauchy sequences in RTN.

Theorem 3.1. Let (X,1,%) be a RIN. A triple sequence x = {xXyu} € X, r1 = 0 and ro > 0. x = (X} IS
(r1 +r2)-convergent to C in X if and only if there exists a sequence { Yy} such that for every A € (0,1) and each z € X,

Yk i Cand Yy, —yz(r2) > 1= A,m,n,k € N. (1)
Proof. Suppose that (1) is true. Given A € (0,1),e > 0, and for all z € X. Choose n € (0,1) so that
I-m=+1-n)>1-A. Then Yuu i C means that there exists an 1, such that

Vyuitz(n +€) > 1 =1,
whenever m, n,k > n,. Since Vx,,,—y,...2(r2) > 1 — 1 then, for m,n,k > n) , we have
V(1 + 72+ €) 2 Py 2(r2) * Py -t2(rn +€) > (L= (1 =) > 1= A

Hence, X, is r1 + ro-convergent to C.
Now we let X, is 11 + rp-convergent to . We define a sequence {y,,x} for each A € (0, 1) and for every
z € X as following;:

G if |k — G, zl| < 72
k = A mn 3
Ik = e + 12 | — G2l > 7o
Then, we have
o ar2) = o B { 1, if Uy, —c2(r2) 21 - A;
Yui—C212) = ——F/—————F =\ _n _
2 + “ymnk -Gz | Tl A Yra-g2(r2) <1-A.

and so
lp}/nmk_c,z(rz) Z 1 - /\
for every m,n,k € N and every z € X. Since C € LIM;}H'ZX, we have

liminf gy, (11 +1)=>21-A,

and so
liminfy,,  c.(r1) >1-A
y!)

for every A € (0,1) and each z € X. Hence we have ¥« I, C. Therefore, the proof is complete. [J

Definition 3.2. Let (X, 1, *) be a RTN. A sequence {x,,x} in X is said to be rough statistically bounded with
respect to the norm ¢ for some non-negative number r if for every € > 0 and A € (0, 1) there exists a real
number M > 0 such that for each z € X,

S({mnk) e NxNXxN:, (M)<1-A})=0.

We discover the following intriguing findings on rough statistical convergence in RTN in light of the
aforementioned criteria.

Theorem 3.3. Let (X,1,*) be a RTN. A triple sequence x = {xy,,x} in X is statistically bounded in RTN if and only
ifst;p — LIM, # 0 for r > 0.
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Proof. Let {x,,x} be statistically bounded in X. Then, for every € > 0,A € (0,1) and some r > 0 and each
z € X, there exists a real number M > 0 such that

O({(m,n, k) e NXINXN: ¢, -(M)<1-A})=0.
Let K ={(m,n,k) e NXxIN XN : ¢y, . .(M) <1-A}. For (m,n,k) € K°we have ¢, .(M) >1 - A. Also

llbxmnkrz (r + M) Z ¢0/Z(r) * ¢xr11nk/z (M)
> 1+(1-A)>1-A.
Hence, 0 € st;p — LIM’, and so stg' — LIML, # 0.
For the converse, Let stf — LIMY, # 0 for some r > 0. Then there exists C € X such that C € stf — LIM, For
every € > 0,4 € (0,1) and each z € X we have

O({(m,n,k) e NXINXIN: ¢,  c.(r+€) <1-A})=0.

Therefore, almost all elements x are contained in some ball with center C which implies that the sequence
x = {Xput} is statistically bounded in X. [J

Corollary 3.4. Let (X,¢,+) be a RTN and x = {xx} € X be a triple sequence. If x' = x , is a subsequence of Xk

then,

k
sty — LIMY, C st) — LIM,

in (X, 1, *).

Example 3.5. Let X = R®. We define the probabilistic norm ¢ for x € X, t € R as y.(t) = = for each

£+|x,z|

z € X. Then (X, ¢, *) be a RTN under the f-norm * which is defined as x * y = min{x, y}. Then, define a
sequence X = {X,x} as

), i (k) # (R P) G ]) € Nx N x N;
Xk = mnk, otherwise.

Then
0, ifr<1;

] _ T _
st, LIM, = { [1-77r-1], otherwise.

and stf —LIM, = 0 for all ¥ > 0. Thus, this sequence is divergent in ordinary sense as it is unbounded. Also,
the sequence is not rough convergent in RTN for any .

Theorem 3.6. Let (X, 1), +) bea RTN and x = {x,,c} € X be a triple sequence. For all r > 0, the r-limit set stf —LIM;,
of an arbitrary sequence {Xyy} is closed.

Proof. 1f stf — LIM;. = 0, then nothing to prove. Assume that stf — LIM. # 0 for some r > 0 and consider

Y = {Ymnk} be a convergent sequence in stff — LIM}, with respect to the norm 1) to yy € X. For A € (0, 1) choose
n € (0,1) such that (1 - 1) * (1 —n) > 1 - A. Then for every € > 0 and 1 € (0,1) and each z € X there exist
my,n1,k; € IN such that

Yypi—vo,2(€/2)1 =1 for all m > my,n > ny, k > ky

Let us choose v, € st;l’ — LIM}, with s > mjy,t > ny,p > ki such that
5({0m,nk) e NXINXN: tp, -y, -(r +€/2) <1 -7}) = 0. @)

For (i, j,I) € {(m,n, k) € NXIN XN : ¢y, .y, -(r + €/2) > 1 -1}, we have ¢y, -(r + €/2) > 1 - 1. Hence,
we have
lpx,,'z—yo,Z(r + 6) 2 ¢xi/1_ystp,z(r + 6/2) * lestp_yUrZ(e/z)
> 1-np*x1-n>1-A
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Hence (i, j, 1) € {(m,n,k) € N XIN X IN : 1y, —y, -(r + €) > 1 — A}. Now we have the following inclusion

{(m,n,k) € NXINXIN: ¢y, ,—y,(r +€/2) >1—-n}
C{(m,n,k) € NXINXIN : hy,—y,(r +€) >1=A},ie,
{(m,n,k) e NXINXIN: ¢,y 2(r +€) <1 - A}
C{(m,n k) e NXINXIN: ¢y, v, (r+€/2) <1 -1}

Then
5({0m,m,k) € NXINXIN : g,y =(r +€) <1 - A})
<o ({(m, k) ENXNXN: ¢y oy o(r+e/2)<1- q})

Using (2), we obtain
5 ({0m, 1, k) € NXINXIN: @y, y,(r +€) S1=A}) =0

and so yp € st;p -LIM,. O

Theorem 3.7. Let (X, 1), ) bea RTN and x = {x,ux} € X be a triple sequence. If yo € LIM:L’xm,,k and y; € LIM:/j Xk
arg+(1-a)ry

then y, == ayo+ (1 —a)y; € LIM,,

Xmnk, for a € [0, 1].

Proof. Given e > 0,A € (0,1),79,71 > 0 and z € X. Choose nn € (0,1) so that (1—-1n)*(1—-1n) >1—-A. By
definition there exist m(A), n(A) and k(A) such that m > m(A), n > n(A) and k > k(1) implies that

lpxmnk_y(l/z (TO + €) >1- 77 and ¢xmr1k_y1rz (rl + 6) >1- 17

which implies that
Vriyaz (@0 +€) + (1 =) (11 +€)) 2 Pag,u—y02(@(0 +€) * Yg_g(s,, ), (1 = )11 + €))
a(rp +€) 1-a)r +e)
= ll)xmnk_y()/z (T) * lmenk—yl,Z (?

¢xn171k_y0rz (1’0 + 6) * wxnmk_}/lrz(rl + €)
A-n*+A-n>1-A.

\

Hence, we have
Yo c LIMimHl—a)ﬁxmnk.

O

By setting r = rg = ry in Theorem 3.7, we have

Corollary 3.8. Let (X, y,*) bea RTN and x = {xy,x} € X be a triple sequence. Then st;p — LIML, is convex.

Theorem 3.9. Let (X, 1, *) be a RTN and x = {Xyui}, ¥ = {Ymuk) € X be triple sequences. If x i Ciandy i Gy,
then

(i) x+in1+C2and

.. v
(ii) cx 5 gy for every c € R.
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Proof. (i) Given € > 0,4 € (0,1),r9,71 > 0 and z € X. Choose p € (0,1)sothat (1 -n)+(1-1n) >1-A.
By definition there exist m(A),n(A) and k(A) such that m > m(A),n > n(Ad) and k > k(1) implies that
Ys,u—0,2(11 + €) > 1 —1. Also there exist r(A),s(A) and t(A) such that m > (1), n > s(A) and k > t(A) implies
that ¢, ., -(r2 + €) > 1 — 1. Let i = max{m(A), r(A)}, j = max{n(A),s(A)},p = max{k(A), t(A)} and r = r1 + r7.
For every m > i,n > j,k > p and each z € X, we have

llbxrnnk"']/mrzk_(Cl+C2)rz(r + 26) Z ¢xn1r1k_C1rZ(r1 + e) * lpyrrmk_CZ/Z(rz + €)
> 1-np*Q-n>1-A

"
and so {xmnk + ymnk} - Cl + CZ-

(ii) It is clear for ¢ = 0. Let ¢ # 0 and assume that x L Ci. Givene > 0,4 € (0,1),7r > 0 and every z € X.
By the definition of r¥-convergence there exist m(A), n(A) and k(A) such that m > m(A),n > n(A) and k > k(A)
yields that

r+e
lpxnmk_alrz (W) >1-A
According to this, for all m > m(A), n > n(A) and k > k() and every z € X, we can write
r+e
chxmnk_CCrZ (7’ + E) = llbxnmk_CrZ (W)

> 1-A.
Therefore, cx AN cC1. O

Theorem 3.10. Let (X, 1, *) be a RTN. A triple sequence x = {x,ux} in X is rough statistically convergent to C € X
with respect to the norm 1) for some non-negative number r if there exists a sequence Yy = {Ymuk} in X, which is
statistically convergent to C € X with respect to the norm  and for every A € (0,1) and each z € X we have
Usi—ymuz(r) > 1= A for all m,n, k € IN.

Proof. Lete > 0,A € (0,1) and z € X. Suppose that y,k LR Cand ¢y, —y,uz(r) > 1= A for allm,n, k € N. For
given A € (0,1) choose 1 € (0, 1) such that (1 —n) * (1 — 1) > 1 — A. Define
A
B

{(m, n,k) eENXNXN:, c.(€)<1- 17} and
{m, 1K) eNXNXN: g, .20 <17}

Obviously, 6(A) = 0 and 6(B) = 0. For (m,n, k) € A° N B, we have

lpxmnk_CrZ(r +e) = lpynmk_gz(e) * ll}xmnk_ymukrz(r)
> 1-np*x1-n>1-A

Then ¢y, —c-(r + €) > 1 — A for all (m,n, k) € A° N B°. This implies that
{(m,n,k) eENXINXN:p, c.(r+e)<1-A}CAUB

and so
O({(m,n,k) e NXINXIN : )y, . —c.(r+€) <1—A}) <O(A) + 6(B).

Consequently,
O({(m,n,k) e NXINXN: 1)y, —c.(r+e)<1-A})=0

and this implies that x,,x AN C. O

Theorem 3.11. Let (X, 1, *) be a RTN and x = {X,} be a triple sequence in X. Then there does not exist elements
y,weE stff — LIM, for some r > 0 and every A € (0,1) and z € X such that {y_,.(mr) <1 - A form > 2.
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Proof. We will use contradiction to prove our result. Assume there exists elements y, w € stép — LIM’, such
that

Yywz(mr) <1-A form > 2. 3)

Asy,we st;’b — LIM,. For given A € (0,1) choose i € (0,1) such that (1 - 1) * (1 — 1) > 1 — A. Then for every
€>0,1€(0,1) and z € X we have 0(E1) = 0 and 6(E;) = 0, where

E, = {(m, n,k) E NXINXIN: ¢y —y(r+e€)>1- r]} and
E;, = {(mnk)e NXxNXN: iy,  —w(r+€)>1-n}.
For (m,n, k) € E{ N E5 we have

lpy—W,Z(zr + 26) Z libxmnk_yrz(r + e) * I]l)xnmk_w,z(r + 6)
> 1-n*1-n>1-A

Hence, y—,.(2r + 2€) > 1 — A. Then (3) ensures that

Yy (mr) >1-A form>2

which is a contradiction. Then there does not exist elements y,w € stgb — LIM, for some r > 0 and every
A €(0,1) and z € X such that ¢, .(mr) <1-Aform >2. [

The statistical cluster point of a sequence in RTN is then defined, and certain results are established in
relation to it.

Definition 3.12. Let (X,1,*) be a RIN. Then u € X in X is called rough statistical cluster point of the
sequence x = {X,x} with respect the norm 1 if for every e > 0,A € (0,1) and z € X and for some r > 0,

5({tm,n, k) e NXNXN: 1y, o(r+€) > 1-A}) >0,

In this case, p is known as r¥-cluster point of a sequence X = {Xyuk}.
Let stgb — CI. denotes the set of all r¥-cluster points of a sequence x = {x,,x}. If r = 0 then we get ordinary
statistical cluster point defined by Karakus [17] i.e. sti -C = st;P -C..

Theorem 3.13. Let (X, 1, ) bea RTN. Then, the set st;f—CQ of any sequence X = {Xui} is closed for some non-negative
real number r.

Proof. 1f st;P — CL = 0, then there is nothing to prove. Assume that stf,f — CL # 0. Then, take a sequence
{Ymnk) € st;p — C7 such that v,k ?, v. It is sufficient to show thatv € st;p —C. For A € (0,1) choose 1 € (0, 1)

such that (1 —n)*(1-1n) > 1—=A. AS Yyuuk o, v, then for every € > 0,1 € (0,1) and z € X there exist
my, ny, ky € N such that . —,.(€) > 1 —nforall m > my,n>n,and k > k.
Now choose myg, 19, ko € IN such that mg > m,, ng > n, and ko > k;, . Then, we have l’by”'o"oko —vze)>1-n.

Again as ¥ = {Yyu) € st? — C%, we have Yok, € stff — C}. Hence,
0 ({(m, n,k) € NXINXN: iy, . -(r+e€)>1- 17}) > 0. 4)

Choose (i, j, 1) € {(m, n,k) € NXINXIN: iy, 0 2(r+€)>1— 17}, then we have

Il)xijl_ymonoko/z(r + 6) > l - T]'
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Now

lil}xzjlfvlz(r + ze) Z liz}xiﬂ*ymonoko/z(r + €) * lﬁljymonoko *V/Z(e)
> I-np*rA-n)>1-A.

Thus (i, j,I) € {(m,n,k) e NXIN X IN : ¢, ., -(r + 2€) > 1 — A}. Therefore
{(m, n,k) € NXINXIN -y, w0 =(r+€)>1 - 1]}
C{(m,nk) e NXINXIN: ¢, _.(r+2e)>1-A}.
Consequently,
5({tm,n,l) e NXINXN:py, 0 o(r+€) > 1-1n})
<O({m,n,k) e NXINXIN: ¢y, ,—(r +2¢) >1-A}). (5)

Using equation (4), we obtain that the set on left side of (5) has natural density more than 0. Therefore,
O({(m,n,k) e NXINXIN: ¢y, . —(r+2€)>1-A}) >0
andsov € stf -C. O

eorem 3.14. Let (X, Y, *) be a . Let st; — e the set of all statistical cluster points of a triple sequence
Th 3.14. Let (X, 1, %) be a RTN. Let sti — C,, be th 11 statistical cluster poi iple seq

x = {Xpur} € X and r be some non-negative real number. Then, for an arbitrary v € stf —Cland A € (0,1)andz € X
we have
Yroyz(r) >1—Aforall Ce stf - CL.

Proof. For A € (0,1) choose n € (0,1) such that (1 —n)*(1—1n) >1-A. Letv € stf — Cy. Then, for every
€>0,1€(0,1) and z € X we have

O ({x,4-v2(€) > 1 —1}) > 0. (6)

Now we will show that if for C € X we have 1¢_,,(r) > 1 —nthen C € st;# —CL. Let (i, j,]) € {(m,nk) €
INXIN XN :x,,—vz:(€) > 1 —n} then iy, —,2(€) > 1 —7n. Now

be,ﬂ—C,z(r +te) = l,bx,-ﬂ—v,z(e) * Uy 2(7)
> I-np*xQ-n>1-A.

We have ¢y, —c.(r + €) >1—A. Thus
(i) € {mmk) e NXN XN : g, c(r+€) >1— A}

Now the next inclusion holds.

{(m,n,k) e NXINXN: ¢y _.(6)>1-n}
C{m,nk)e NXxINXIN: ¢, _c.(r+€)>1-A}.

So,

O({(m,n,k) e NXINXIN: ¢y  .(6) >1—n})
<Oo({(m,n, k) e NXINXN: ¢y, —c.(r+€)>1-A}).

Using equation (6) we get
O({(m,n,k) e NXINXIN: ¢, _c.(r+€>1-A})>0

and hence C € stif -C. O



M. H. M. Rashid / Filomat 38:3 (2024), 979-996 988

Theorem 3.15. Let (X,4,*) be a RTN. If E:\(C) = {x € X : Py_.(r) = 1 — A} represents the closure of open ball
B'\(c) = {x € X : y—z(r) > 1=A} forsomer > 0,1 € (0,1) and z € X and fixed c € X then stif—C; = UCES%»_CX E;(c).

Proof. For A € (0,1) choose 17 € (0,1) such that (1-n)*(1-n) >1-A. Letve U v - E;(c) then there exists
3 X
ce st? — C, for some r > 0 and every 1 € (0,1) and z € X such that
Yoo (1) >1—1.
Fix € > 0. Since c € stgb — Cy then there exists a set E = {(m,n,k) € NXIN XN : ¢ _c.(e) > 1 —n} with
O(E) > 0. Now, for (m,n,k) € E
Yyivzr+€) 2 Yy —c2(€) *Peyz (1)
> I-np*x1Q-n>1-A.

This implies that
0(f{m,n,k) e NXINXN: ¢y .. (r+€)}) > 0.

—r
Hence, v € st;b — C. Therefore, | J c,Bilo) < stf - Cl.

cest! —

For the converse, let v € stf - (33; Then we try to show that v € [J, esti—C, E;(c). Suppose that v ¢
Ucestg’—CX E;(c), ie,v¢ E;(c) forallc e st;f —Cy. Then i,—..(r) <1 — A for every c € stf,f} —-Cyand z € X. By
Theorem 3.14 for arbitrary c € stif — Cy wehave i,_.(r) >1 - A forevery c € stff —Cyand z € X whichis a
contradiction to the assumption. Therefore, v € Ucestg”—cx E;(c). Consequently, stgb -CLc U, est!—C, E;(c). |

Theorem 3.16. Let (X, {,*) be a RTN. Let x = {x,x} be a triple sequence in X. Then for every A € (0, 1), we have
(i) Ifce stép — Cy, then st;ﬁ - LIM;, C E;(C),
(ii) st — LIM}, = Neest e Bj(c) = {Ce X : st! — Cc C By ().

Proof. (i) Let € > 0. For given A € (0,1) choose 1 € (0,1) such that (1 —n)*(1 —n) > 1 - A. Consider
Ce st;p - stff —Clandce st;p — CL. Forevery e > 0,1 € (0,1) and z € X, define the sets

A={m,nk)eN: vy, —c.(r+€)>1-n} with 5(A) =0,
and
B={(m,nk)e N: ¢, _..(€)>1—n} withd6(B) # 0.

Now if (m,n,k) € AN B we have

1PC—C,Z(F + 26) 2 ¢ank—ﬁ,2(r + 6) * llbxmnk_C:Z(E)

> I-n*1-n9)>1-A
Consequently, C € E;(c) and so st;# - LIM! € E;(c).
(ii) By previous part we have st;p = LIM} € (eit—c E;(c).

Assume that m € c, E;(C). Then ¢—.(r) >1 - A forz e Xand forall c € stgb — Cy. This implies

cestg’—
that stf -C, C Eg(c), ie.,

ﬂ By(c) ¢ {Ce X sty — Cy C By(0)).-
cestg/—CX

Further, let m ¢ st;f — LIM, then for € > 0 and z € X we have

O({m,n, k) e NXINXIN: ¢y, —mo(r+€) <1—-A})#0,
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which implies that the existence of a statistical cluster point ¢ of the sequence x = {x,;x with ¢y, —y.(r +€) <
1-A. Hence st;b -Cy ¢ E;(c) andm ¢ {Ce X : stf -CLc E;(c)}. This implies that {C € X : stf -Cy C E;(c)} c
st;/} — LIM, and we obtain c. B;(c) c st;p — LIM,. Consequently,

cest;‘b—
sty — LIM, = ﬂ B\(c) = {Ce X :st] - C C By(0)}.
CESt;'CCX
O

Theorem 3.17. Let (X, 1), *) be a RTN. Let x = {x,,x} be a triple sequence in X which is statistically convergent to
C € X with respect to the norm v then there exists A € (0,1) such that

sty — LIM, = B) (¢c)
for some v > 0.
Proof. Lete > 0. For given A € (0,1) choose i € (0, 1) such that (1 —n) * (1 —n) > 1 — A. Since Xy -, C then

there is a set
K={(m,nk)e NXNXN: 1y, —c.(6) <1-n} with6(K) =0and z € X.

Consider forz € X, w € E;(c) ={q€ X :Y;-¢.(r) 21 -1}. For (m,n, k) € K° we have

lﬁbxnznk—wrz 2 lﬁbxnmk_c/z (6) * ll/w—C,z (T)
> I-m*x1-n>1-A.

This implies that w € st;p — LIM, that is, E;(c) c stg' — LIM;. Also, st;b - LIM;, C E;(c). Therefore,
st! — LIML = By(¢). O

Theorem 3.18. Let (X, 4, *) bea RTN. Let x = {x,,x} be a triple sequence in X which is statistically convergent with
respect to the norm 1 then

sty — Cl = st} — LIM,
for some v > 0.
Proof. Suppose Xk -, C. Then stff — C, = {C}. By Theorem 3.15 for some r > 0 and A € (0,1) we have
st;b -CL = E;(c). Also by Theorem 3.17 we get stf - LIM, = E;(c). Hence, stgb -CL= st;D — LIM.
Conversely, let stif -C = st;P — LIMY,. By Theorem 3.15 and Theorem 3.16(ii) we have

—r —r
) Bio= () Bio.
CESt;’)—CX CESt;”’—Cx

This implies that either st;p —Cy=0or st;p — C, is a singleton set. Then

St? - LIM; = ﬂ E;(c) = E;(C)

cEs’cg'—C)C

for some ( € st? — C,, and it follows then by Theorem 3.17 that st — LIM". = {¢). O
3 y 3 x

Definition 3.19. Let (X, ¢, *) be a RIN and x = {x,,x} € X be triple sequences. {x,,} is said to be a rough
Cauchy sequence with roughness degree 7, if

VYA €(0,1),e >0,3iy, ja, by :m,r 2ip,n,5 2 ja,kt 2pa: Yrpp—rg(T+€) 21— A

is hold for 7 > 0, C € X and every z € X. 7 is also called a Cauchy degree of {x}.
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Proposition 3.20. Let (X, 1, *) be a RTN and x = {x,ux} € X be triple sequences.

(i) Assume v’ > t. If T is a Cauchy degree of a given sequence x = {Xyui} € X, so T’ is a Cauchy degree of {Xynk}.
(ii) A sequence x = {x,u} € X is bounded if and only if there exists a T > 0 such that {x,,ux} is a T-Cauchy sequence
in X.

Theorem 3.21. Let (X, ¢, *) be a RTN. If {xy,,x} is rough convergent in X, i.e., st;p — LIML # 0, if and only if {Xx}
is a t-Cauchy sequence for every T > 2r.

Proof. Let Cbe any pointin st;# —LIM. Then, foralle > 0, A € (0, 1), choose 1 € (0,1) such that (1-n)*(1-7) >
1 - A and so by definition of r‘/’-convergent there exist iy, ji, ky such that m,r > iy, 1,5 > ja, k,t > p) implies
that

Yy -r+€)>1—=n and ¢, c.(r+€) >1-1
for every z € X. Consequently, for every m,r > iy,n,s > ja, k,t > p) we have

lpxmnk_xrshz (27’ + 26) 2 ll)x,,mk—C,Z(r + E) * lerS[_Clz(r + 6)
> I-m*Q-m>1-2

for every z € X. Hence, {x,x} is a 7-Cauchy sequence for every t > 2r. By Proposition 3.20, every 7 > 2r is
also a Cauchy degree of {xi}.

Let {x;;x} be a rough Cauchy sequence in X. Since {x;x} be a rough Cauchy sequence, then it is bounded
and consequently it is rough convergent for 7 > 0 and for everyz € X. [

4. Rough ideal convergence

In this section, we extend the notion of rough convergence by the notion of ideals, which naturally
extends the notions of rough convergence and rough statistical convergence. We define the group of rough
ideal limit points and show some results that are connected to this group. See the references provided by
[2, 16, 18, 32] for information on the ideal limit points, ideal cluster points, statistical rough limit points,
statistical rough cluster points, and statistical rough points of sequences in a fuzzy 2-normed space and
probabilistic normed space, respectively.

Let G be a non empty set. Then a family of sets I ¢ 2¢ (2 is the power set of G) is said to be an ideal on
G if for each A1,A, € I we have A1 U A, € I, and for each A1 € I and each A, C A1, we have A, € I. A non
empty family of sets F C 26 is said to be filter on G if @ ¢ F, for each A;,A; € F we have A; N A; € F and
for each A; € F and each A, D A;, we have A, € F. An ideal I on G is called non-trivial if I # 0 and G ¢ I.
It is clear that I ¢ 2€ is an non-trivial ideal on G if and only if F = F(I) = {G\ K : K € I} is a filter on G. A
non-trivial ideal I ¢ 26 is called an admissible ideal if I > {{x} : x € S}. In this paper we consider the case
G=N.

Definition 4.1. Let (X, ¢, %) be a RTN and r be a non-negative real number. A triple sequence x = {x,,,x} of
elements of X is said to be rough ideal convergent or rléf -convergent to C with respect to RTN, denoted by

Y
x = ¢, if forany €,A € (0,1) and z € X, we have
{(m,n,k) e NXINXIN: ¢y, —c.(r+€)<1-A}els.

In this case C is called r — I;p -limit of x and a triple sequence x = {x,,x} is called rough I;D -convergent to C
with r as roughness of degree. If r = 0 then it is ordinary I;p -convergent.

The same reasons as in [30] and [3] for presenting this idea. For instance assume that the sequence
Y = {Ymnk} is I3-convergent and can not be measured or calculated exactly and one has to do with an
approximated (or [-approximated) sequence x = {x,x} satisfying ¢y, —y,..2(r) = 1= A for all m, n, k € IN and
every A € (0,1) and z € X (or for almost all m, n, k that is {(m,1,k) € N XIN XN : ¢y, —y,.2(r) <1 = A} € I3).
Then I3-convergence of the sequence x isnot assured, but as the inclusion {(, 1, k) € NXINXIN : ¢, .« .(€) <
1-A2{(m,nk) e NXINXIN: 1, ._c.(r+€) <1- A} holds so the sequence x = {x,,} is rI3-convergent.
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Remark 4.2. Let (X, 1), *) be a RTN and r be a non-negative real number.

(i) Generally, a triple sequence i = Yy is not I;# -convergent in usual sense and

lll)xmnk_ymnk/z(r) 2 1 - /\
for all (m,n,k) € N xXIN x N or

{(m,n,k) ENXINXIN: 1y () ST -A} €T3

for some ¥ > 0 and each € > 0,4 € (0,1) and z € X. Then the triple sequence x = {X;x} is r — 134}—
convergent.

(ii) Itis clear thatr— I;b -limit of x is not necessarily unique.
v
(iii) Consider r— I;U—limit set of x which is denoted by I;P -LIM ={CeX:x 5, C}, then the triple sequence
X = {X;unk} is said to be r — I;P -convergent if I;f’ -LIM, # 0 and r is called a rough I;/’ -convergence degree
of x.

Theorem 4.3. Let (X, ), +) be a RTN and r be a non-negative real number. For a triple sequence x = {Xy,,x} we have
diam(lgp — LIMY) < 2r. In general diam(lf — LIMY) has no smaller bound.

Proof. Lete > 0,A € (0,1) and z € X. Choose n € (0,1) so that (1 —7n)+(1 —7n) > 1—A. Assume that
diam(I§ — LIMZ) > 2r. Then there exists y,w € I§ — LIM;, such that ¢, -(2r) < 1 — A. Put

A = {(m, n,k) e NXINXIN: ¢y ,—y(r+e€)<1- 17} and
Ay = {mnk) e NXINXIN: ¢y  —w0(r+€) <1-n}
Then A1, A; € Is and hence M = IN X IN X IN '\ (A; U Ap) € F(I3) and so M # 0. Let (m,n,k) € M. Now
Uyw:2r +2€) 2 Uy —y(r +€) * Py, —wz(r +€)
> I-np*+1Q-n>1-4

which is a contradiction. Thus diam(I; — LIMY) < 2r.

To prove the converse part, consider a sequence x = {x,,,x} such that r—I;/} -limx = C. Lete >0,A € (0,1)
be given. Choose n € (0,1) sothat (1 -n)*(1—-1n) >1—-A. Thenforz e X, A = {(m,n,k) e NxIN XN :
Yy, u—2(€) £1 =1} € I3. Now for each & € Er(C) ={&e X :Ps.(r) £1-n} wehave

lmenk—C,z(r +e) 2 ¢xm,1k—c,z(€) * lPC—&,Z(”)
I-m*Q-n>1-4,

whenever (m,n,k) ¢ A. Which shows that £ € 113’0 — LIM, and consequently we can write I;P - LIM, = E;(C)

This shows that in general upper bound 2r of the diameter of the set Igb —LIM}, = E;(C) can not be decreased
anymore. []

\Y

In [30] it was established that there exists a non-negative real number r such that LIM}, for a bounded

sequence x. As LIM, implies I — LIMZ, this result is also true for I;P — LIM, for any admissible ideal I3. The
converse implication is not generally true. For this we have the following result.

Definition 4.4. Let (X, ¢y, *) be a RIN and r be a non-negative real number. A triple sequence x = {x;x} is
said to be I;p -bounded if there exists a real number M > 0 such that

A={mnk)e NxNxN:p, (M<1-A}el

forevery A € (0,1) and z € X.



M. H. M. Rashid / Filomat 38:3 (2024), 979-996 992
Theorem 4.5. Let (X, 1, +) bea RTN. A triple sequence x = {X,x} is I;p -bounded if and only if there is a non-negative
real number r such that I;b -LIMY # 0.

Proof. Let x = {x,x} be an ff—bounded sequence. Then, for every € > 0,1 € (0,1) and some r > 0 and
z € X, there exists a real number M > 0 such that

A={mnk)e NXxNXN:¢, (M) <1-A7A}el.
For (m,n, k) € A we have ¢, .(M) >1 - A. Also

lpxmnklz(r + M) 2 wO,Z(r) * ¢ank,Z(M)
> 1+(1-A)=1-A

Hence, 0 € I§ — LIM, and so I3 -LIM, # 0.

For the converse, Let I;P -LIM?, # 0 for some r > 0. Then there exists C € X such that C € I;P — LIM. For
every € > 0,4 € (0,1) and z € X we have

{(m,n,k) e NXINXIN: ¢y, —c.(r+€)<1-A}els.
Therefore, almost all elements x are contained in some ball with center C which implies that sequence
X = {Xuuk} 18 J;D-bounded sequence in X. [J
The r-I;D -limit set of a sequence is then given various topological and geometrical features.

Theorem 4.6. Let (X,1,*) bea RTN. The r—I;# -limit set I;p -LIM, of a triple sequence x = {X,x} is a closed set.

Proof. 1f I;D—LIM; = (), then nothing to prove. Assume that I;P -LIM, # 0 for some r > 0 and consider y = {1k}

be a convergent sequence in I;P -LIM, with respect to the norm 1 to yp € X. For A € (0,1) choose 1 € (0,1)
such that (1 —1)* (1 —n) > 1 - A. Then for every € > 0 and 1 € (0,1) and z € X there exist my,n1,k; € N
such that ¢, ,—y,2(€) > 1 —n forallm > my,n > ny and k > ky. Let (mg, 1o, ko) € IN X N X IN such that

Ymonoko € {Ymni} S I;p—LIM;. Therefore, the set K = {(m,n,k) € NXIN XN : ¢y, .y, . -(r+€) <1-n} €l
Clearly, E = IN x N x N \ K € F(I3) and hence E # 0. Let (p,q,!) € E and choose mg > my,ny > ny,ko > k.
Consequently,

lPqul_yOrZ(r + 26) Z I]l)qul_ymonoko Z (r + 6) * ll)ym()n()ko_y():z (6)
> I-np*xA-n>1-A.

Hence
E= {(m, n,k) ENXNXN: g,y (r+€)>1- q}
C {(m,m k) € NXNXN: thy g (r +2€) > 11},

where {(m, n,k) € NXINXIN: iy, —y, . -(r+e€)>1— n} € F(I3). Hence
{m,1,K) e NXNXN: P,y =(r +2€) > 1= 1} € F(I3)
and so {(m,n,k) € NXINXIN : ¢y, .y, -(r +2€) < 1 -n} € I5. Therefore, the proof is complete. [

Theorem 4.7. Let (X, ,*) be a RTN. The r—I;P -limit set I;p -LIM, of a triple sequence X = {Xy,x} is convex.
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Proof. Let e > 0 and A € (0,1) be given. Choose choose n € (0,1) such that (1 —n)*(1—-1n) > 1-A. Let
Yo, y1 € I3 -LIMZ. Then for z € X, put

Qi = {mnk) e NXNXN:y, y:(r+€) <1-n| and
Qx {m,m,k) e NXNXN:y, y-(r+€) <1-7).

Then Q; UQ» € I3 which implies that E = N XINXIN\ (Q; UQ,) € F(I3) and so E # 0. Now for all (m,n,k) € E
and each «a € [0,1] we have

lpxmnk_(a]/(l"'(l_a)yl)rz(r + 6) Hl}xm,,k—(ayo+(1—a)y1),z(a(r + 6) + (1 - 0‘)(7 + 6)

2 llbaxmnk_ay[)rz(a(r + 6)) * l;b(l—a)x,,mk—(l—a)yo,z((l - 0‘)(7’ + 6))
r+e r+e

= ll)x,y,,,k—yg,z (OCT) * wxnmk—yolz ((1 - 0() 1- a)

> I-m+A-n>1-A

Hence,
{(m, n,k) e NxINxN: 1pxmnk_(ayo+(1_a)yl),z(r +e)<1- A} €l3

which implies that ayo + (1 — a)y; € Iif -LIML. Consequently, I;b -LIM, of the triple sequence x = {x} is
convex. []

Theorem 4.8. Let (X, 4y, *) be a RTN and r be a non-negative real number. Then a triple sequence x = {Xx} is r—I;P -

convergent to Cif and only if there exists a sequence y = {y = Yk} Such that I;P Alimy = Eand Py, -y (r) > 1= A
forall (m,n,k) € N xIN xIN and every A € (0,1) and z € X.

Proof. Lete > 0,1 € (0,1) and z € X. Suppose that Y — r¥Cand ¢y, ,—y,..-(r) > 1 — A forall m,n,k € N.
For given A € (0,1) choose 1 € (0,1) such that (1 — 1) *(1 —n) > 1 — A. Define

A

{(m, n,k) e NXNXN:v¢, c.(6) <1- 17} and
{Om,m,k) e NXIN XNt oy 2() < T =77}
Then AU B € I3 and hence M = IN X IN X N \ (A U B) € F(I3). For (m,n, k) € M, we have

¢x1ﬂnk_CrZ(r +te) = ¢ynxrzk_C/Z(€) * ¢xynnk—ynxyzk,2(r)
> I-n*1-n>1-A.

Then ¢y, —c-(r + €) > 1 — A for all (m,n, k) € M. This implies that

B

{(m,n,k) e NXINXN:p, c.(r+e)<1-A}CAUB
and so
{m,n, k) eNXINXN:¢y —c.r+e)<1-Alels

17
and this implies that x,,x — C.
Conversely, suppose that the given condition holds. For any e > 0, A € (0,1) and z € X. Choose 1 € (0, 1)
such that (1 — )+ (1 — 1) > 1 — A. Then the set

A= {(m,n,k) eENXINXN : ll/ymk_g/z(e) <1- T[} € ls.
Observe that

lmenk_CrZ(r +e) = lpxmnk_ymnklz(r) * 17bymnk_C:Z(€)
> I-mx0-np>1-2
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for all (m,n,k) € M = IN X IN X IN \ A. This shows that

{(m,n,k) e NXINXN: ¢y —c.(r+€)<1-A}CA€el.

r—1¢
Consequently, X,;x — C. O

Definition 4.9. Let (X,1,*) be a RIN and r be a non-negative real number. A point £ € X is called an
I;p -limit point of a triple sequence x = {x,,,} if there exists a set K = {(m;,n;,k;) : j € N} € F(I3) such that
limj o0 Xk, = €. The set of all I;U -limit points of the sequence x will be denoted by II; -LIME.

Definition 4.10. Let (X, 1y, *)beaRTN and r be anon-negative realnumber. £ € Xiscalled anI ;p -cluster point
of atriple sequence x = {x,,x}if foranye > 0,A € (0,1)and z € X, theset {(m,n,k) : ¢y, ,—c.(r+€) > 1-A} ¢ 5.
The set of all I;p -cluster points of x will be denoted by I;p - CL.

Theorem 4.11. Let (X, 1, %) be a RTN and r be a non-negative real number. For an arbitrary v € I;P — Cy, where
X = {Xpux} is a triple sequence in X, we have Y,_z,(r) =1 - A forall £ € I;J}—LIM; and every A € (0,1) and z € X.

Proof. For A € (0,1) choose 7 € (0,1) such that (1 —n)*(1—-7n) >1-A. Letv € I;P — Ci. Then, for every
€>0,n1€(0,1)and z € X we have

{m,n,k) e NXINXIN: ¢y, . —0-(€) >1 -1} ¢ L. 7)
Now we will show that if for £ € X we have {s_,.(r) > 1 —n then £ € I;P —CL. Let (4, j,]) € {((m,n,k) €
INXINXN : ¢y, —vz(€) >1—n}then L/JXU.,_V,Z(G) >1-1n. Now

lpx,,‘]—é,z(r +te) = l,bxijl—v,z(e) # Py (1)
> 1-m*Q-n>1-A

We have ¢y,,—¢.(r + €) > 1 — A. Thus
i) € {mmk) e NXNXN: ¢y, e-(r+€) >1-AJ.

Now the next inclusion holds.
{(m,n,k) e NXINXN: ¢y, .(6)>1-n}
C{(mnk)e NXNXN: 1y, —c.(r+€)>1-A7A}.
Using equation (7) we get

{m,n, k) e NXINXN: ¢, —c.(r+€)>1-Al¢I3
and hence & € ij -CL. O

Theorem 4.12. Let (X, Y, *) be a RTN, r be a non-negative real number and A € (0,1). A triple sequence x = {Xyx}
is I;' -convergent to & if and only if I;D -LIML, = E;(é).

Proof. In Theorem 4.3 we have already proved the necessity part. For the sufficiency, let I ;p -LIM, = Et\ (&) #0.
Thus the sequence x = {x,x} is I;P -bounded. Suppose that x has another I;P -cluster point C different from &.
The point E=¢+ m(é — () satisfies lllg,érz(i’) <1l-Aforevery A € (0,1)and z € X. Since C € 113’0 - CL, it
follows by Theorem 4.11 that C ¢ 113# -LIM. But this is impossible as {z_ ,(r) > 1 — A and Iif -LIM}, = E;(é)
Since £ is the unique I;b -cluster point of x, it follows that x is I;P -convergent. []
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Theorem 4.13. Let (X, ), +) be a RTN. Let x = {x,nx} be a triple sequence in X. Then for every A € (0, 1), we have

(i) Ifc € IY = Cy, then IY — LIM, C B (c).
(ii) I — LIM] = Neet_c., Bi(0) = {Ce X : I} — C: C B} (0)).

Proof. (i) Lete > 0. For given A € (0, 1) choose 17 € (0,1) such that (1-71)*(1—n) > 1—-A. Consider C € I;P -Cr
andc € 113’,) — Cy. Forevery e > 0,11 € (0,1) and z € X, define the sets

A={mmnk)e N: iy, —c.(r+e)>1-n} ¢,

and
B={(m,nk)e N: ¢, _..(€)>1-n}¢L.
Now if (m,n,k) € AN B we have

Veca(r+2€) 2 Yy, ca(r +€) * U, -c2(€)
> I-m*1-n>1-A.

Consequently, C € By (c) and so I{' — LIM, C B, (c).
(i) By previous part we have 113/} — LIM, < mcelg’—cx E;(c).
Assume that m € mceq,,x Ej\(c). Then 1,—c.(r) > 1 - Aforz € Xand forall c € I;D — C,. This implies that
I - C, CBy(o), ie.,
ﬂ By(c)c{ceX:I{ - C. CBy(o).

cel{ ~C;
Further, let m ¢ I;p — LIM, then for € > 0 and z € X we have

{m,n, k) e NXINXN: ¢y  —m(r+e)<1-A7A}¢ I,

which implies that the existence of a 1'3’[} ~cluster point c of the sequence x = {x,} with ¢y, —y-(r+€) <1-A.
Hence I{ - C, ¢ B, (¢) andm ¢ (L€ X: I¥ —C, € B)(c)}). This implies that {C € X : I{ —C, € B)(c)} € I{ —LIM;,
and we obtain () _v_~ B,(c) € I;P — LIM,. Consequently,

3 X

I - LIM], = ﬂ Bi()={cex: I -C, c B0}
cel{ ~C,

O

Theorem 4.14. Let (X,1,*) be a RTN, r be a non-negative real number. Let x = {x,,x} be an I;P -bounded sequence.

If r = diam(I} — CY), then we have I§ — C;, C I§ — LIM,

Proof. Letc ¢ I;p — LIM,. Then there exists an €’ > 0 such that the set
K={mnk)e NXNXN: ¢y,  —c.(r+€)<1-A} ¢

Since the sequence is I;p -bounded, there exists an Il; -cluster point ¢’ such that Y. (r + €/2) < 1 - A.
Consequently ¢ ¢ I;P — C and the result follows. O
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5. Conclusion

This work develops and investigates the notion of rough statistical convergence as well as ideals to widen
the notion of rough convergence for triple sequences in the setting of random 2-normed space. Also, some
fascinating results and connections between these ideas were shown. Definitions of I;-rough convergence
and [;-rough-Cauchy of triple sequences in probabilistic 2-metric spaces will be given in further work,
which will also look at some connections with the concepts discussed in this study. On the other hand, the
lacunary sequence can benefit from these concepts.
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