Filomat 38:3 (2024), 1023-1032
https://doi.org/10.2298/FIL2403023 A

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

Hyperbolic Ricci solitons on sequential warped product manifolds
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Abstract. We study hyperbolic Ricci solitons on sequential warped products. The necessary conditions are
obtained for a hyperbolic Ricci soliton with the structure of a sequential warped product to be an Einstein

manifold when we consider the potential field as a Killing or a conformal vector field. Some physical
applications are also given.

1. Introduction

A semi-Riemannian manifold (M, g) is said to be a Ricci soliton [17], if there exists a smooth vector field
X € x(M) satisfying the equation

Ric + %Lxg =Ag

for some constant A and it is denoted by (M, g, X, A), where Ric and £ denote the the Ricci tensor and Lie
derivative of (M, g), respectively and the vector field X is called the potential vector field. Ricci solitons are
natural generalizations of Einstein manifolds.

A semi-Riemannian manifold (M, g) is said to be a hyperbolic Ricci soliton (see [3] and [10]), if there exists
a smooth vector field X € y(M) satisfying the equation

Ric + A.Exg + (-EX o Lx)g = ug (1)
for some constants A and p and it is denoted by (M, g, X, A, ), where Ric and £ denote the the Ricci tensor
and Lie derivative of (M, g), respectively. If X vanishes identically, a hyperbolic Ricci soliton is an Einstein

manifold. If A = % and X is 2-Killing i.e., (Lx o Lx) g = 0, (see [23]), then a hyperbolic Ricci soliton is a Ricci
soliton.

In [4], O’Neill and Bishop defined the notion of a warped product manifold to construct manifolds
with negative curvature. It is known that warped products have important applications in both differential
geometry and physics. In general relativity, the main application of them is to model the spacetime. As
generalizations of warped product manifolds, doubly, multiply and sequential warped product manifolds
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have been defined and each of them has some different geometric and physical properties. For example see
([71, [26] and [27]). In the recent years many papers have been published in which Ricci solitons on warped
product manifolds or generalizations have been studied, for example see ([1], [5], [6], [8], [11], [13], [15],
[16], [18], [19], [21] and [22]). Furthermore, for recent studies about sequential warped products see also
([12], [14], [20], [24] and [25]). Moreover, recently, in [3], Azami and Fasihi-Ramandi studied hyperbolic
Ricci solitons on warped product manifolds (see also [10]). By a motivation from the above studies, as a
generalization of the paper [3], in this paper, we consider hyperbolic Ricci solitons on sequential warped
product manifolds.

2. Preliminaries

Let (M, gi) be semi-Riemannian manifolds, 1 < i < 3, and f : My — R*, h : My XM, — R*
be two smooth functions. The sequential warped product manifold M is the triple product manifold M =
(M1 X ¢ M) X, M3 endowed with the metric tensor g = (71 @ f29,) ®h?g3 [7]. Here the functions f, h are called
the warping functions.

Throughout the paper, (M, g) will be considered as a sequential warped product manifold, where
M = M" = (M Xy My?) X My® with the metric g = (1 ® f2g2) ®h?g;. The restriction of the warping function
h:M=M; XM, — RtoM; x{0}is h1‘=h|Ml><{0}. .

We use the notation V, Vi; Ric, Ric'; Hess, Hess’; £, £ for the Levi-Civita connections, Ricci tensors,
Hessians and Lie derivatives of M, and M;, respectively. Hessian of M is denoted by Hess.

Firstly, we give the following lemmas on sequential warped product manifolds which will be necessary
to prove our results:

Lemma 2.1. [7] Let (M, g) be a sequential warped product and X;,Yi € x(M;) for 1 <i < 3. Then

Vi Y1 = VL Yy,

Vx, Xp = Vx, X1 = Xi(Inf) X,
Vx, Y2 = V3 Y2 = fg2(Xo, Y2)V'f,
Vx, X1 = Vx, X3 = X1(Inh) X3,
Vx, X3 = Vx, Xo = Xo(Inh) X3,
Vx,Ys = V5 Y3 = hgs(Xs, Y3) Vh.

ARSI

Lemma 2.2. [7] Let (M, g) be a sequential warped product and X;,Y; € x(M;) for 1 <i < 3. Then

1. Ric(Xy, Y1) = Ric' (X, Y1) — Hess f(X3, Y1) — Hessh(Xi, Y1),

2. Ric(Xa, Y2) = Ric*(Xa, Y2) — fig2 (X2, Y2) — 2 Hessh(Xa, Y2),
3. Ric(Xs, Y3) = Ric* (X3, Y3) — higs (X3, Y3),

4. Ric(X;, X)) = 0 when i # j, where f* = ( FAVF + (n2— 1) ||V1f||2) and I = (A + (n = 1) [IVHIP).
Lemma 2.3. [7] Let (M, g) be a sequential warped product manifold. A vector field X € x(M) satisfies the equation
(Lx9)(Y, Z) = (L, 31) (Y1, Z1) + f2(L2,02) (Yo, Za) + 12 (L3, 93) (Y3, Z5)

+2fX1 (f)gz(Yz, Zz) + Zh(Xl + Xz)(h)g3(Y3, Z3)
forY,Z € x(M).
Proposition 2.4. Let (M, g) be a sequential warped product manifold and Y, Z; € x(M;) for 1 <i < 3. Then

L (LxLxg)(Y1,Z1) = (L, Ly 901, Z0),
2. (LxLxg) (Y2, Zo) = f2(LY L5,92)(Y2, Zo) + 2X1(f2)(L, 92) (Y2, Z2) + X1(Xa(f))g2(Y2, Z2),
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3. (LxLxg)(Ys, Z3) = (L, L3 95)(Y3, Z3) + 22X (1?) + Xa (W) (L3, 95)(Y3, Z3)
+[(X1 + X2)(Xq + X2)(hH)]1g5(Y3, Z3),
4. (LxLxg)(Yi,Zj) =0,1<1,j<3,i+# jforevery vector field X = X; + X + X3 on M.

Proof. Let (M, g) be a sequential warped product manifold. Using Lemma 2.1, we have
LxY1 = VxY; - Vy X
= Vi, Y1+ Vi, Y1+ Vi, Y1 = Vi, X1 — Vy, X2 — Vv, X
=V Y1 -V} X1 =L} Yy,
LxY, = VxY, - Vy, X
=Vx, Ys + Vi, Yo + Vi, Yy — Vy, Xq — Vi, Xp — Vy, X3
=V3,Y2-V3 Xo = L3 Y,
and
LxYs; =VxY3;-Vy X
=Vx, Y3+ Vx, Y3+ Vx, Y3 = Vy,X; = Vy, X5 = Vy, X5
= Vi Ys =V X = L3 V3.
Hence, from Lemma 2.3, we have
(LxLxg)(Y1,Z1) = Lx(Lxg)(Y1, Z1)) = (LxP(LxY1, Z1) = (Lxg) (Y1, LxZ1)
= Lx((Lh, 00)(Y1,Z0)) = (Lxg)(LY, Y1, Z1) — (Lxg)(Y1, Ly Z1)
= L3, (Lx, 90 (Y1, Z0) = (L3, 9Ly, V1, Z1) = (L, 91)(V1, Ly, 1)
= (Ly, Ly, 90)(Y1, Z1),
(LxLxg)(Y2, Z2) = Lx(Lxg)(Y2, Z2)) = (Lxg)(LxY2, Z2) = (Lxg) (Y2, LxZ2)
= Lx(f(L3,92)(Y2, Zo) + Xa(f)92(Y2, Z2)) = (Lxg)( Ly, Y2, Z2) = (Lxg)(Ya, L3, Z2)
= Xi(fA)( Ly, 92) (Y2, Z2) + f2L3,((£5,02)(V2, Z2)
+Xa (X2 ()22, Z2) + Xa (f) LY, (92(Y2, Z2)
— L3, 92)(Ly, Y2, Z2) = Xa(f2)g2(LX, Ya, 7o)
~ ALY 92 (Y2, L3, Z2) = Xa(f)g2(Ya, L3, Z2)
= fALY, L3, 92) (Y2, Zo) + 2Xa (F) (LY, 92)(Y2, Za) + X (X1 (f2))g2(Y2, Z2)
and
(LxLxg)(Ys, Z3) = Lx(Lxg)(Ys, Z3)) — (Lxg)(LxY3,Z3) = (Lxg)(Ys, LxZs)
= Lx(W(L3,95)(Y3, Z3) + Xi(h*)g5(Y3, Z3) + Xa(H*)g5(Y3, Z3))
—(Lxg)(L,Ys,Z3) = (Lxg)(Y3, L3, Z3)
= Xa () (L, 93)(Y3, Z3) + Xa(WP)(L3, 93)(Ys, Z3)
+12 L (L3, 95) (Y3, Z3)) + X1(Xa(h*)g5(Y3, Z3) + Xa(X1 (1)) g3(Y3, Z3)
+X1 (1) L3, (95(Y3, Z3)) + X (Xa (1)) g5(Y3, Z3) + Xa(Xa(H))g3(Y3, Z3)
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+Xo (1) L3, (95(Y3, Z3)) — (LY, 93)(LY, Y3, Z3)
=X1(H)g3(L3, Y3, Z3) = Xa(h)ga(LY, Y3, Z3)
—H* (L3, 95)(Y3, L3, Z3) = Xa(h)g3(Ys, L3, Z3) = Xa(h)g3(Ys, L3, Z5)
= (L3, L£3,95)(Y3, Zs) + 2X1 (17)(L3, 93)(Y3, Z3)
+2Xo (W) (L3, 93)(Y3, Z3) + X1 (Xa(h)g3(Y3, Z3) + Xa(X1 (1)) g3(Y3, Z3)
+X1(Xo(1?))g3(Y3, Z3) + Xao(Xa(1?))g3(Y 3, Z3).
Moreover,
(LxLxg) (Y1, Z2) = Lx(Lxg(Y1, Z2)) = (Lxg)(Lx Y1, Z2) = (Lxg)(V1, LxZ5)
= ~(Lx9)(Lx, Y1, Z2) = (Lxg) (Y1, £3,72) = 0
and similarly for 1 <i,j <3 and i # j, we obtain (LxLxg)(Y;,Z;) =0. O

A vector field V on a Riemannian manifold (M, g) is said to be conformal, if there exists a smooth function
f on M satisfying the equation Ly g = 2fg. The function f is called the potential function of the conformal
vector field V. If f =0, then V is called a Killing vector field.

3. Main Results

In this section, we examine the properties of hyperbolic Ricci solitons on sequential warped product
manifolds.
Firstly, we have the following theorem:

Theorem 3.1. Let M = (M; Xy My) X, M3 be a sequential warped product equipped with the metric g = (g1 @
F2g2) @ W*g3. If (M, g, X, A, ) is a hyperbolic Ricci soliton with potential vector field of the form X = Xy + X + X,
where X; € x(M;) for 1 <i <3, then

(i) (M1, g1,AXq - %V(ln - ”2—3V(1n hl), 1, u) is a hyperbolic Ricci soliton.
(ii) M, is an Einstein manifold when X; is a Killing vector field and Hessh = g.
(iii) M3 is an Einstein manifold when X3 is a Killing vector field.

Proof. Let (M, g, X, A, 1t) be a hyperbolic Ricci soliton. Then from (1), we have
Ric(Y, Z) + MLxg)(Y, Z) + (Lx o Lx)g9(Y, Z) = ug(Y, Z)

for all vector fields Y, Z € x(M).
Let Y =Y; and Z = Z,. From Lemma 2.2, Lemma 2.3 and Proposition 2.4, we have

2
f

+A(Ly, 91) (Y1, Z1) + (L, © Ly)g1(Y1,Z1) = pgr (Y1, Z1).
It is noted that

Hess' f(Y1, Z1) — 2 Hessh(Y1, Z1) 2)

Ricl(Y1,Z) -
ic'(Y1,2Z1) 2

ALY, g)(Y1,Z1) %Hesslfm,zl) - S Hessh(Y1, Z1)

n
= Aq1(Vy, X1, Z1) — 201(Vy, V'f, Z1) —

ns
o n(Vy, V', Z))

2h
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n n
+)\91(Y1,V%1X1) - ﬁgl(Yl,Vé1 Vi) - ﬁgl(Yl,Vlz1 Vit
1 N2 1, N3 o1 1
-5 (Vyl (AX; - Z2¥'(n f) - Z2Viinh )),zl)
" (Yl,Vlzl (AX; - Z2¥'(n f) - Z2Viin hl)))

z(g

Axl—”%vl(lnf)—"gwanhl)gl) (Y1, Zy).

So the equation (2) turns into

Ric' (Y1, Z1) + (L}\xl_”%vl(lnf)—%svl(lnhl)gl)(Y1,Zl) +(Lx, Ly, 901, Z1) = pgr (Y1, Z1)

and therefore, (M1, g1, AX1 — 2 VY(In f) — 2VYInh'), 1, y) is a hyperbolic Ricci soliton.
Now, letY = Y, and Z = Z,. Then

RicX(Ya, Z2) — figx(Ya, Zo) - %Hessh(Yz, Z5) + Af(L2, (Y2, Z5)

+2AX1(f)92(Y2, Zo) + fALY, L3,92) (Y2, Zo) + 2X1(f)(LY, 92) (Y2, Zo2)

+X1(X1(f2)g2(Ya, Za) = pf292(Y2, Z2).

Here, if X, is a Killing vector field and Hessh = g, we get

RIC(Y2, Z2) = (uf? + £ + 2297 = 20X0(F2) = Xa (K (fN)ga(Ya, Z2),

which implies that M, is an Einstein manifold.
Finally, let Y = Y3 and Z = Z3. Then

Ric®(Ya, Z3) — hgs(Y3, Z3) + Ahz(ﬁigs)(ysr Z3) + 20Xy + Xo)(H*)g5(Y3, Z3)

+12 (L3, Lx,93)(Y3, Z3) + 2(X1 (1) + Xa(h*))(LY, 93)(Y3, Z3)
+(X1 + Xo) (X1 + X2)(1))g5(Y3, Z3) = uh*gs(Ys, Z3),

which means that (M3, g3) is an Einstein manifold when Xj is a Killing vector field.
This completes the proof of the theorem. [J

In the following theorem, we provide some conditions for a sequential warped product M = (M; Xy
M3) X;, M3 to be an Einstein manifold.

Theorem 3.2. Let M = (My X M) X M3 be a sequential warped product equipped with the metric g = (91 f*g2)®
h2g5 and (M, g, X, A, u) a hyperbolic Ricci soliton. Then M is an Einstein manifold, if the following conditions hold:

(i) X; are conformal vector fields on M; with factor p;, 1 <i <3,
(ii) puf? = AXq(f?) = Xa(Xa(f2) = pa(Af* + 2X1(f2) = fA(Xa(p2) + p3)
= f2(u = Ap1 = Xa(p1) = p3)
and
(iii) ph® — AX1(h?) — AXo(h?) = X1(X1(h?)) — Xa(X1(h?)) — X1(X2(h?))
~X2(Xa(H)) = pa(AR* + 24 (12) + 2Xo(1%)) = (X3 (p3) + p3)
= h*(u—Ap1 — Xa(p1) — p2).
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Proof. Since X; are conformal vector fields on M; with factor p;, 1 < i < 3, wehave L;l g1 = P11, £§(2 92 = 0292
and L3 g5 = p3gs. So we get

Ly Ly g1 = L (p191) = Xalpr) + p)gn,
L3 L5 92 = (Xa(p2) + p3)92
and
L3, L3.95 = (Xs(ps) + p3)gs-
Now, since (M, g, X, A, u) is a hyperbolic Ricci soliton, from (1), we have
Ric(Yq,Z1) + /\(L%(lgl)(ylrzl) + (L%(]L%(]gl)(ylrzl) = ug1(Y1, Zy).
Hence we get

Ric(Y1,Z1) = (u — Ap1 — Xa(p1) — p)ga(Y1, Z1).

Similarly, we can write

Ric(Y, Z2) = (uf* = AXa(f%) = Xa(Xa(f*) = p2(Af* + 2X0(F) = f*(Xa(p2) + p2))92(Y2, Z2)
and
Ric(Y3, Z5) = [uh® = AX1(1?) = A% (%) = X1 (X1 (%)) = X2 (K0 (1)) = X1 (Xa(H?))
~Xa(Xa(01) = pa(V? + 2 () + 2Xa (%)) = 12 (Xa(pa) + pgs (Y3, Za)
Therefore Ric(Y, Z) = (u — Ap1 — Xi(p1) — p%)g(Y, Z), which completes the proof. O
Using Lemma 2.3 and Proposition 2.4, we can state the following theorem:

Theorem 3.3. Let M = (My X M) X;; M3 be a sequential warped product equipped with the metric g = (91 f*g2)®
h2g5 and (M, g, X, A, ) a hyperbolic Ricci soliton. Then (M, g, X, A, u) is Einstein if one of the following conditions
hold:

(i) X = Xj is a Killing vector field on My and

AX1(f2) + Xa(Xa(f2) = 0
AXq(F?) + X1 (X4 (h%) = 0,
(ii) X = Xy is a Killing vector field on My and AXy(h*) + Xo2(X2(h?)) = 0,
(iii) X = X3 is a Killing vector field on M3,
(iv) X;is a Killing vector field on M;, i =1,2,3 and
AXi(f2) + Xi(Xa(f2) =0,
AX1 () + AXo(h?) + X1 (X1(h?)) + Xa(X1(h?)) + X1 (Xo(h?)) + Xo(Xa(h?)) = 0.

Proof. If X; is a Killing vector field on M;, 1 < i < 3, then Lg@ gi =0and Lé(ng(i gi=0.
Assume that X = X; and X; is a Killing vector field on M;. Then we have

(LY, 2) = (L3, 901, Z1) + Xi(f)g2(Ya, Z2) + Xa (h)g5(Y3, Zs)

= X1(f)g2(Ya, Z2) + Xa(hH)g3(Y3, Z5)

and

(Lx, Lx,9)(Y, Z) = (Ly, Ly, 91)(Y1,Z1)
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+X1(X1(f))g2(Y2, Zo) + X1(X1(h))g5(Y3, Z3)
= X1(X1(f2)g2(Ya, Zo) + X1 (X1 (H*))g5(Y3, Z3).

From the hypothesis, the hyperbolic Ricci soliton equation (1) turns into
ug(Y, Z) = Ric(Y, 2) + MLx, )Y, Z) + (Lx, Lx,9)(Y, Z)

= Ric(Y, Z) + (AX1(f?) + X1 (X1 (f*)g2(Y2, Zo) + (AX1(h?) + X1 (X1 (H*))g5(Y3, Z3) = Ric(Y; Z),

which shows that M is an Einstein manifold.
Using the same pattern, it can be shown that M is Einstein for the remaining cases. [J

A vector field X on a Riemannian manifold (M, g) is called Ricci bi-conformal [9], if it satisfies (Lxg)(Y, Z) =
ag(Y, Z) + pRic(Y, Z) and (LxRic)(Y, Z) = aRic(Y, Z) + Bg(Y, Z) for arbitrary non-zero smooth functions a and

In [3], Azami and Fasihi-Ramandi proved that on the warped product manifolds, the hyperbolic Ricci
soliton with Ricci bi-conformal potential vector field is Einstein. Inspiring from this point of view, by a
similar proof of Theorem 2.13 given in [3], we obtain a similar result for the sequential warped product
manifolds as follows:

Theorem 3.4. Let M = (M; Xy Mp) X, M3 be a sequential warped product equipped with the metric g = (g1 @
FPg) ®h?gs. If (M, 9, X, A, w) is a hyperbolic Ricci soliton with Ricci bi-conformal potential vector field X, then M is
an Einstein manifold or

1+AB+2aBf+X(B) =0, Aa+X(@)+a*+p>—pu=0.

4. Hyperbolic Ricci-Solitons on Sequential Warped Product Space-Times

In this section, we consider hyperbolic Ricci-solitons admitting sequential standard static space-times
and sequential generalized Robertson-Walker space-times.

Let (M;, i) be semi-Riemannian manifolds, 1 <i < 2,and f : My — R*, h: Mj x M, — R* two
smooth functions. The (117 + 1, + 1)- dimensional sequential standard static space-time M is the triple product
manifold M = (M; X7 M,) X, I endowed with the metric tensor 7 = (g1 @ f2g,) & h*(~dt?). Here I is an open,
connected subinterval of R and d#? is the usual Euclidean metric tensor on I [7].

By using of Lemma 2.3 and Proposition 2.4, it is easy to state the following Corollary:

Corollary 4.1. Let (M = (My Xy Mp) X, 1,9) be a sequential standard static space-time and Y;,Z; € x(M;) for
1<i<2 Then

(LxLxp(Ye,21) = (L%gl-ﬁ%(lgl)(Yl,Zl),

(L Lzg)(Ya, Zo) = fALY, L3 92)(Y2, Zo) + 2X1(fA)LS, 92) (Y2, Z2) + Xi(Xa(f2)g2(Y2, Z2),
- (LxLz9)(01,9p) = X1 (Xq(h?)) — Xo(X1(h?)) —X1(Xa(h?)) — Xa(X2(H?),

. (L}EYQ)(YZ', Zj) =0,1< i,j <2,i+# j,

(L L)@, Y) =0,1<i,j<2

Gl = WO N =

for every vector field X = X; + X + d; on M.

Now we consider a hyperbolic Ricci soliton with the structure of the sequential standard static space-
times. By using Theorem 3.1, the following result can be given:

Theorem 4.2. Let M = (M, X Mp) Xy, I be a sequential standard static space-time equipped with the metric
7 = (1 ® f2g2) ® H2(—dt?). If (M, 3, X, A, T0) is a hyperbolic Ricci soliton with X = X1 + X, + 9y, where X; € x(M;)
for1<i<2andd; € x(I), then
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(i) (M1,91,AX1 - %V(ln - %V(ln hY, 1, u) is a hyperbolic Ricci soliton.
(ii) M, is an Einstein manifold when X, a Killing vector field and Hessh = 3.
(iii) ph* = A(Xq + X2)(h?) + X1(Xa(h?)) + X2(X1(h?)) + X1(Xa (%)) + Xo(X2(h?)) — hAh.

Proof. Let (M,7,X,A, 1) be a hyperbolic Ricci soliton with the structure of the sequential warped product.
Then from (1), for Y, Z € x(M), the equation

Ric(Y, Z) + MLxn)(Y, Z) + (Lx Lz (Y, Z) = ug(Y, Z) 3

issatisfied. In the equation (3), using Lemma 2.2, Lemma 2.3 and Corollary 4.1 for vector fields Y = Yi+Y,+9;
and Z = Zy + Z, + 0;, we get

ny

f
+A(£§<lg1)(Y1,Zl) + (£§1£§1g1)(Y1,Zl) =ug1(Y1,Z1),

j [—
Ric' (Y1, Z1) — —Hess' f(Y1,Z) — —Hessh(Y1, Z1) (4)

h

1——
Ric* (Y2, Z2) = fHg2(Y2, Zo) — EHessh(Yz,Zz) + Af2 LY 92(Ya, Zo) (5)

+AX1(f2)92(Y2, Z2) + (13(2-[3(292)(1/2, Zo) +2Xq (fz)(Lizgz)(Yz, Z5)
+X1(Xa(f2)92(Ya, Z2) = ff292(Y2, Z2)

and
hAh — A(Xq + Xa)(h) — X1 (X1 (H?)) = Xo (X1 (H?)) — X1 (Xa(H?)) = Xa(Xa(H?)) = —1?,

which imply (iii).

In the equation (4), by following the same pattern as in the Theorem 3.1, we arrive that (M, g1, A X3 —
Z2V(n f) - %V(ln h'),1,1) is a hyperbolic Ricci soliton. Moreover, in the equation (5), if X; is a Killing vector
field and Hessh = 1pg, we obtain that M, is an Einstein manifold, which completes the proof. [J

Now we consider a hyperbolic Ricci soliton with the structure of the sequential generalized Robertson-
Walker space-times. Firstly, we give the definition of the sequential generalized Robertson-Walker space-
time.

Let (M;, 9;) be semi-Riemannian manifolds, 2 <i < 3,and f : I — R*, h : [ X M, — R* two smooth
functions. The (1, + 13 + 1)-dimensional sequential generalized Robertson-Walker space-time M is the triple
product manifold M = I x; My X, M3 endowed with the metric tensor 7 = (—dt> @ f2g,) @ h?gs. Here I is an
open, connected subinterval of R and d#? is the usual Euclidean metric tensor on I [7].

By using of Lemma 2.3 and Proposition 2.4, it is easy to state the following Corollary:

Corollary 4.3. Let (Z\_/I = (I Xy Mp) X M3, q) be a sequential standard static space-time and Y;,Z; € x(M;) for
2<i<3. Then

2.

(LxLx9)(Ya, Zo) = fA(Ly, L3,92) (Y2, Za) + 2f (L5, 92) (Y2, Z2) + 04(0:(f*))92(Y2, Z2),

(LxLx9)(Y3,23) = h2(£§<3£§(393)(Y3,Z3) +20Qff + Xz(hz))(£§(393)(ys, Z3)

+04(04(h))93(Y3, Z3) + Xa(9:(?))g3(Y3, Z3) + 9x(Xo (1)) g3(Y3, Z3) + Xo(X2(h?))93(Y3, Z3),
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4 (LzxLz)(Yi, Z)=0,2<i,j<3,i#]
5. (LxLx9)©@:,Yj)=0,2<1i,j<3

for every vector field X = d; + X; + Xz on M.
We give the following theorem as an application of Theorem 3.1.

Theorem 4.4. Let M = (I x £ M) X; M3 be a sequential generalized Robertson-Walker space-time. Assume that
(]\_/I, g, X, A, 1) is a hyperbolic Ricci soliton with X = 9;+ Xo + X5 on M, where X; € X(M,) for2 <i < 3and d; € x(I).
Then
. M . m3d*h _
(i) _Tf_ T ooe =4
(ii) (My, g2) is Einstein when Hessh = g and X is Killing on Mj.
(iii) (M3, g3) is Einstein when X3 is Killing on Mj.

Proof. Assume that (M, g, X, A, 1) is ahyperbolic Ricci soliton with the structure of the generalized Robertson-
Walker space-time M = (I Xy My) X, M3. By Lemma 2.2, Lemma 2.3 and Corollary 4.3, the proof is clear. [

Now, we give the following result for gradient hyperbolic Ricci soliton with the structure of the gener-
alized Robertson-Walker space-time.

Theorem 4.5. Let (M = (IXfM2)X,M3, g) be a sequential generalized Robertson-Walker space-time and (]\_/I, g, Vu, A, )
a hyperbolic Ricci soliton, where

t
u= f f(r)dr for some constant a € I,
a

then M is an Einstein manifold with factor (i — 2Af — 2f f — 4£%)3.

Proof. Suppose that X = Vu. Then X = f(t)d;.

Let {d},01,02,...,0m,, 41, - - -, Ony+ny} De an orthonormal basis for X(M). Using the proof of Theorem 4.7 in
[2], we have

(LxLxP (Y, 2) = Lx(Lx9) (Y, 2)) = (Lxg)(LxY, Z) = (Lxg)(Y, LxZ)

=2Lx(f9(Y, 2)) = 2f9(LxY, Z) - 2f (Y, LxZ)
= 2X(NF(, 2) + 2/ (Lx)Y, Z) = f f + 415X, 2)
Therefore, Ric = (i — Af — 2f f — 4f2)7 is satisfied. This completes the proof. [
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