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Anisotropic nonlinear elliptic equations with variable exponents and
two weighted first order terms

Mokhtar Naceria

aENS of Laghouat; Box 4033 Station post avenue of Martyrs, Laghouat, Algeria.

Abstract. This paper is devoted to studying the existence of distributional solutions for a boundary
value problems associated to a class of anisotropic nonlinear elliptic equations with variable exponents
characterized by two strictly positive−W̊1,−→p (·)(Ω) first order terms (the weight functions belong to the
anisotropic variable exponents Sobolev space with zero boundary), and this is in bounded open Lipschitz
domain (with Lipschitz boundary) of RN (N ≥ 2). The functional setting involves anisotropic varible
exponents Lebesgue-Sobolev spaces.

1. Introduction

Let Ω be a bounded open set in RN (N ≥ 2) with Lipschitz boundary ∂Ω.
Our goal is to prove the existence of distributional solution to the anisotropic nonlinear elliptic problems
of the form

−

N∑
i=1

Di

(
A(x)σi(x,Diu)) = −

N∑
i=1

Di

(
B(x)u|u|pi(x)−2

)
+ f (x), in Ω.

u = 0, on ∂Ω,

(1)

Where,
•) f is in L1(Ω), and A(·), B(·) two strictly positive W̊1,−→p (·)(Ω), such that

A(x) ≥ α, (2)

where, α > 0.
•) σi : Ω ×R→ R, i = 1, . . . ,N, are Carathéodory functions and satisfying;
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a.e. x ∈ Ω and for all η, η′ ∈ R ((η, η′) , (0, 0)), the following :

σi(x, η)η ≥ c1|η|
pi(x), (3)

|σi(x, η)| ≤ c2

 N∑
j=1

|η|p j(x) + |h|


1− 1

pi (x)

, h ∈ L1(Ω) (4)

(
σi(x, η) − σi(x, η′)

) (
η − η′

)
≥

 c3|η − η′|pi(x), if pi(x) ≥ 2
c4

|η−η′ |2

(|η|+|η′ |)2−pi (x) , if 1 < pi(x) < 2 (5)

where cl, l = 1, . . . , 4 are positive constants.

This paper is concerned with the study of the existence results of distributional solutions concerning a
class of anisotropic nonlinear elliptic equations with variable exponents and characterized by two first order
terms with strictly positive−W̊1,−→p (·)(Ω) coefficients where the weight functions belong to the anisotropic
variable exponents Sobolev space with zero boundary, and the datum f ∈ L1(Ω). The existence results
of this type of equations with various data in the isotropic scalar case, is proven in [1–7]. The existence
of distributional solutions for anisotropic nonlinear weighted elliptic equations with variable exponents it
was studied in [8, 9].

The proof requires a priori estimates for a sequence of suitable approximate solutions (un), which in turn
is proving its existence by Leray-Schauder’s fixed point Theorem. We then prove the boundedness of un in
W̊1,−→p (·)(Ω) and the a.e. convergence of the partial derivatives Diun, i = 1, . . . ,N in Ω, which can be turned
into strong L1-convergence. Equipped with this convergence we pass to the limit in the strong L1 sense in
An(x)σi(x,Diun) , and in Bn(x)un|un|

pi(x)−2, and finally conclude that the approximate solutions un converge
to the solution of (1).

The work has been organized in the following form:
Section 2 for some mathematical preliminaries, where here we reminded the isotropic and anisotropic
variable exponent Lebesgue-Sobolev spaces, then some embedding theorems . The main theorem and its
proof come in section 3.

2. Preliminaries

In this section we need to provide some basics definitions and properties about isotropic and anisotropic
variable exponent Lebesgue-Sobolev spaces (see [14–19]).

Let Ω be a bounded open subset of RN (N ≥ 2), we denote

C+(Ω) = {continuous function p(·) : Ω 7−→ R such that 1 < p− ≤ p+ < ∞},

where
p+ = max

x∈Ω
p(x) and p− = min

x∈Ω
p(x).

We define the Lebesgue space with variable exponent Lp(·)(Ω) by

Lp(·)(Ω) := {measurable functions u : Ω 7→ R;ρp(·)(u) < ∞}

where

ρp(·)(u) :=
∫
Ω

|u(x)|p(x)dx, the convex modular.

The space Lp(·)(Ω) equipped with the norm

∥ f ∥p(·) := ∥ f ∥Lp(·)(Ω) = inf
{
λ > 0 | ρp(·)( f/λ) ≤ 1

}
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becomes a Banach space. Moreover, is reflexive if p− > 1.
Lp′(·)(Ω) symbolize to the dual of Lp(·)(Ω) where 1

p(x) +
1

p′(x) = 1.
∀u ∈ Lp(·)(Ω) , ∀v ∈ Lp′(·)(Ω) the Hölder type inequality:∣∣∣∣∣∫

Ω

uv dx
∣∣∣∣∣ ≤ (

1
p−
+

1
p′−

)
∥u∥p(·)∥v∥p′(·) ≤ 2∥u∥p(·)∥v∥p′(·),

holds true.
We define also the Banach space W1,p(·)

0 (Ω) by

W1,p(·)
0 (Ω) :=

{
f ∈ Lp(·)(Ω) : |D f | ∈ Lp(·)(Ω) and f = 0 on ∂Ω

}
endowed with the norm ∥ f ∥W1,p(·)

0 (Ω) = ∥D f ∥p(·). Moreover, is reflexive and separable if p(·) ∈ C+(Ω).
The following Lemma will be used later.

Lemma 2.1 ([15, 16]). If (un), u ∈ Lp(·)(Ω), then the following relations hold

(i) ∥u∥p(·) < 1 (respectively = 1, > 1)⇐⇒ ρp(·)(u) < 1 (respectively = 1, > 1),

(ii) min
(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−

)
≤ ∥u∥p(·) ≤ max

(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−

)
,

(iii) min
(
∥u∥p

−

p(·), ∥u∥
p+

p(·)

)
≤ ρp(·)(u) ≤ max

(
∥u∥p

−

p(·), ∥u∥
p+

p(·)

)
,

(iv) ∥u∥p(·) ≤ ρp(·)(u) + 1,

(v) ∥un − u∥p(·) → 0⇐⇒ ρp(·)(un − u)→ 0.

Now, we present the anisotropic Sobolev space with variable exponent which is used for the study of
problems (1).
First of all, let pi(·) : Ω→ [1,+∞) for all i = 1, . . . ,N be a continuous functions, we set ∀x ∈ Ω

−→p (·) = (p1(x), . . . , pN(x)), p+(x) = max
1≤i≤N

pi(x), p−(x) = min
1≤i≤N

pi(x),

p(x) =
N

N∑
i=1

1
pi(x)

, p+(x) = max
1≤i≤N

pi(x),

p++ = max
x∈Ω

p+(x), p−(x) = min
1≤i≤N

pi(x),

p−− = min
x∈Ω

p−(x), p⋆(x) =
 Np(x)

N−p(x) , for p(x) < N,
+∞, for p(x) ≥ N.

The anisotropic variable exponent Sobolev space W1,−→p (·)(Ω) is defined as follow

W1,−→p (·)(Ω) =
{
u ∈ Lp+(·)(Ω),Diu ∈ Lpi(·)(Ω), i = 1, . . . ,N

}
,

which is Banach space with respect to the norm

∥u∥W1,−→p (·)(Ω) = ∥u∥p+(·) +

N∑
i=1

∥Diu∥pi(·) .

We define the spaces W1,−→p (·)
0 (Ω) and W̊1,−→p (·)(Ω) as follow

W1,−→p (·)
0 (Ω) = C∞0 (Ω)

W1,−→p (·)(Ω)
,

W̊1,−→p (·)(Ω) =W1,−→p (·)(Ω) ∩W1,1
0 (Ω).
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Remark 2.2. ([13]) If Ω is a bounded open set with Lipschitz boundary ∂Ω, then

W̊1,−→p (·)(Ω) =
{
u ∈W1,−→p (·)(Ω), u|∂Ω = 0

}
,

where, u|∂Ω denotes the trace on ∂Ω of u in W1,1(Ω).

We have the following embedding results.

Lemma 2.3 ([13, 14]). Let Ω ⊂ RN be a bounded domain and −→p (·) ∈ (C+(Ω))N. If r ∈ C+(Ω) and ∀x ∈ Ω, r(x) <
max(p+(x), p⋆(x)). Then the embedding

W̊1,−→p (·)(Ω) ↪→ Lr(·)(Ω) is compact. (6)

Lemma 2.4 ([13, 14]). Let Ω ⊂ RN be a bounded domain and −→p (·) ∈ (C+(Ω))N. Suppose that

∀x ∈ Ω, p+(x) < p⋆(x). (7)

Then the following Poincaré-type inequality holds

∥u∥Lp+ (·)(Ω) ≤ C
N∑

i=1

∥Diu∥Lpi (·)(Ω), ∀u ∈ W̊1,−→p (·)(Ω), (8)

where C is a positive constant independent of u.

Thus
N∑

i=1

∥Diu∥Lpi (·)(Ω) is an equivalent norm on W̊1,−→p (·)(Ω).

In this paper, we use the scalar truncation function Tk : R −→ R at levels ±k defined as for all s ∈ R as;

Tk(s) := max(−k,min(k, s)). (9)

In addition to this, we use the standard scalar truncation function Tt : R −→ R (at height t > 0) defined for
all s ∈ R as;

Tt(s) =
1
2

(|s + t| − |s − t|) =

s, if |s| ≤ t,
s
|s| t, if |s| > t.

(10)

We also need its derivative (see [10–12]);

DTt(s) =
{

1, |s| < t,
0, |s| > t. (11)

We need further the following function defined for s ∈ R by

Gt(s) =


0, i f |s| ≤ t,
s − t, i f s > t, t > 0
s + t, i f s < −t,

as a test function in the approximate weak formulation.
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3. Statement of Results

Definition 3.1. We say that u is a distributional solution for problem (1) if u ∈W1,1
0 (Ω), and for all φ ∈ C∞c (Ω),

N∑
i=1

∫
Ω

A(x)σi(x,Diu)Diφ dx =
∫
Ω

B(x)u
N∑

i=1

|u|pi(x)−2Diφ dx +
∫
Ω

f (x)φ dx.

Our main result is the following.

Theorem 3.2. Let pi(·) > 1, i = 1, . . . ,N, are continuous functions on Ω such that (7) holds and p < N, and let f
is in L1(Ω), and A(·), B(·) two strictly positive W̊1,−→p (·)(Ω) such that (2) holds. Let σi, i = 1, . . . ,N be Carathéodory
functions satisfying (3), (4), (5). Then the problem (1) has at least one solution u ∈ W̊1,−→p (·)(Ω) in the sense of
distributions.

3.1. Approximate solutions
We are going to prove the existence of solution to problem (1).

We define

An(x) =
A(x)

1 + A(x)
n

, Bn(x) =
B(x)

1 + B(x)
n

, fn(x) =
f (x)

1 + | f (x)|
n

n ∈ N∗. (12)

We must first notice that :
Since Θ(x) = x

1+ x
n

is increasing, we deduce by (2) that, for all x ∈ Ω

α
1 + α

≤ An(x) ≤ n. (13)

Lemma 3.3. Let pi(·) > 1, i = 1, . . . ,N, are continuous functions on Ω such that (7) holds and p < N, and let f is
in L1(Ω) , and A(·), B(·) two strictly positive W̊1,−→p (·)(Ω) such that (2) holds. Let σi, i = 1, . . . ,N be Carathéodory
functions satisfying (3), (4), (5).
Then, there exists at least one weak solution un ∈ W̊1,−→p (·)(Ω) to the approximated problems

−

N∑
i=1

Di

(
An(x)σi(x,Diun)

)
= −

N∑
i=1

Di

(
Bn(x)un|un|

pi(x)−2
)
+ fn(x), in Ω,

un = 0, on ∂Ω,

(14)

in the sense that
N∑

i=1

∫
Ω

An(x)σi(x,Diun)Diφ dx =
∫
Ω

Bn(x)un

N∑
i=1

|un|
pi(x)−2Diφ dx +

∫
Ω

fn(x)φ dx, (15)

for every φ ∈ W̊1,−→p (·)(Ω) ∩ L∞(Ω).

Proof. This proof derived from Leray-Schauder fixed point Theorem.
We consider for X = LP+(·)(Ω) the operator

ψ :X × [0, 1] −→ X
(vn, δ) 7−→ un = ψ(vn, δ),

where un is the only weak solution of the problem−
N∑

i=1
Di (An(x)σi(x,Diun)) = δ

(
fn −

N∑
i=1

Di

(
Bnvn|vn|

pi(x)−2
))

inΩ,

un = 0 on ∂Ω,
(16)



M. Naceri / Filomat 38:3 (2024), 1043–1054 1048

verify, for all φ ∈ W̊1,−→p (·)(Ω), the weak formulation
N∑

i=1

∫
Ω

Anσi(x,Diun)Diφ dx = δ

∫
Ω

fnφ dx +
∫
Ω

Bnvn

N∑
i=1

|vn|
pi(x)−2Diφ dx

 . (17)

The existence of the weak solution u of the problem (16) in W̊1,−→p (·)(Ω) is directly produced by the main
Theorem on pseudo-monotone operators. Let’s prove the uniqueness of this solution.
Let u1, u2 ∈ W̊1,−→p (·)(Ω) be two weak solutions of (16). Considering the weak formulation of u1 and u2, by
choosing φ = u1 − u2 as a test function, we have

N∑
i=1

∫
Ω

Anσi(x,Diu1)Di(u1 − u2) dx = δ

∫
Ω

fn(u1 − u2) dx +
∫
Ω

Bnvn

N∑
i=1

|vn|
pi(x)−2Di(u1 − u2) dx

 , (18)

and
N∑

i=1

∫
Ω

Anσi(x,Diu2)Di(u1 − u2) dx = δ

∫
Ω

fn(u1 − u2) dx +
∫
Ω

Bnvn

N∑
i=1

|vn|
pi(x)−2Di(u1 − u2) dx

 . (19)

By subtracting (19) from (18), we get that
N∑

i=1

∫
Ω

An (σi(x,Diu1) − σi(x,Diu2)) Di(u1 − u2) dx = 0. (20)

Putting for all i = 1, . . . ,N,

Ii =

∫
Ω

(σi(x,Diu1) − σi(x,Diu2)) (Diu1 −Diu2) dx.

Then, By using (13), the fact that (σi(x,Diu1) − σi(x,Diu2)) (Diu1 −Diu2) ≥ 0 (due (5)), and (20), we get for all
i = 1, . . . ,N,

Ii = 0. (21)

Right now, we put for all i = 1, . . . ,N,

Ω1
i = {x ∈ Ω, pi(x) ≥ 2}, and Ω2

i = {x ∈ Ω, 1 < pi(x) < 2}.

Then, By (5) we have, for all i = 1, . . . ,N

Ii ≥ c3

∫
Ω1

i

|Di(u1 − u2)|pi(x). (22)

On the other hand, by Hölder inequality, (5), Lemma 2.1, and since u1, u2 ∈ W̊1,−→p (·)(Ω), we have∫
Ω2

i

|Di(u1 − u2)|pi(x) dx ≤ 2

∥∥∥∥∥∥∥ |Di(u1 − u2)|pi(x)

(|Diu1| + |Diu2|)
pi (x)(2−pi (x))

2

∥∥∥∥∥∥∥
L

2
pi (·) (Ω2

i )

×

∥∥∥∥(|Diu1| + |Diu2|)
pi (x)(2−pi (x))

2

∥∥∥∥
L

2
2−pi (·) (Ω2

i )

≤ 2 max
{( ∫

Ω2
i

|Di(u1 − u2)|2(
|Diu1| + |Diu2|

)2−pi(x)
dx

) p−i
2
,
( ∫
Ω2

i

|Di(u1 − u2)|2

(|Diu1| + |Diu2|)
2−pi(x)

dx
) p+i

2
}

×max
{( ∫

Ω

(
|Diu1| + |Diu2|

)pi(x)
dx

) 2−p+i
2
,
( ∫
Ω

(
|Diu1| + |Diu2|

)pi(x)
dx

) 2−p−i
2

}
≤ 2c max

{(
Ii

) p−i
2
,
(
Ii

) p+i
2
} (

1 + ρpi (|Diu1| + |Diu2|)
) 2−p−

−

2

≤ c′max
{(

Ii

) p−i
2
,
(
Ii

) p+i
2
}
. (23)
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By combining (22), (23), and (21), we obtain∫
Ω

|Di(u1 − u2)|pi(x) dx = 0, i = 1, . . . ,N. (24)

Then, from (24) and (iii) of Lemma 2.1 we conclude that

∥Di(u1 − u2)∥pi(·) = 0, i = 1, . . . ,N. (25)

By using (7) and (25) we get

∥u1 − u2∥−→p (·) = 0, i = 1, . . . ,N. (26)

Then, (26) implies that u1 = u2 and so the solution of (16) is unique.

It is clear thatψ(vn, 0) = 0 for all vn ∈ X, because un = 0 ∈ Lp+ (Ω) is the only weak solution of the problem−
N∑

i=1
Di (An(x)σi(x,Diun)) = 0 in Ω,

un = 0 on ∂Ω.

Now we’ll give an estimate of the solution to the problem (16), for that taking φ = un as test function in
(17), and using (3), (13), (8), Hölder inequality, and Young’s inequality we have

c1α
1 + α

N∑
i=1

∫
Ω

|Diun|
pi(x) dx ≤ c

∥∥∥ fn
∥∥∥

p′i (·)

∥∥∥un

∥∥∥
pi(·)
+ nc′

C(ε)
N∑

i=1

∫
Ω

|vn|
pi(x) dx + ε

N∑
i=1

∫
Ω

|Diun|
pi(x) dx

 (27)

Choosing ε = c1α
2nc′(1+α) in (27) and using the boundedness of fn in Lp′i (·)(Ω), the fact that

ρpi(·)(vn) ≤ |Ω| + ρp+(·)(vn), we obtain

c1α
2(1 + α)

N∑
i=1

∫
Ω

|Diun|
pi(x) dx ≤ c(n)

∥∥∥un

∥∥∥
p+(·)
+ c′′nNρp+(·)(vn) + c′(n). (28)

Then, we have

c1α
2(1 + α)

N∑
i=1

∫
Ω

|Diun|
pi(x) dx ≤ C(n)

∥∥∥un

∥∥∥−→p (·)
+ C′(n). (29)

On the other hand, we have
N∑

i=1

∫
Ω
|Diun|

pi(x) dx ≥
N∑

i=1
min{

∥∥∥Diun

∥∥∥p−i
pi(x)

,
∥∥∥Diun

∥∥∥p+i
pi(x)
}.

We define for all i = 1, . . . ,N; ξi =

p++, si
∥∥∥Diun

∥∥∥
pi(·)

< 1

p−
−
, si

∥∥∥Diun

∥∥∥
pi(·)
≥ 1

, we obtain

N∑
i=1

min{
∥∥∥Diun

∥∥∥p−i
pi(.)
,
∥∥∥Diun

∥∥∥p+i
pi(.)
} ≥

N∑
i=1

∥∥∥Diun

∥∥∥ξi

pi(.)

≥

N∑
i=1

∥∥∥Diun

∥∥∥p−
−

pi(.)
−

∑
{i,ξi=p++}

(∥∥∥Diun

∥∥∥p−
−

pi(.)
−

∥∥∥Diun

∥∥∥p++
pi(.)

)
≥

N∑
i=1

∥∥∥Diun

∥∥∥p−
−

pi(.)
−

∑
{i,ξi=p++}

∥∥∥Diun

∥∥∥p−
−

pi(.)
≥

( 1
N

N∑
i=1

∥∥∥Diun

∥∥∥
pi(.)

)p−
−

−N.
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Then, we get

N∑
i=1

∫
Ω

|Diun|
pi(x) dx ≥

( 1
N

∥∥∥un

∥∥∥−→p (·)

)p−
−

−N. (30)

From (29) and (30), we conclude
c1α

2(1 + α)Np−
−

∥∥∥un

∥∥∥p−
−

−→p (·)
≤ C(n)

∥∥∥un

∥∥∥−→p (·)
+ C′′(n). (31)

Si
∥∥∥un

∥∥∥−→p (·)
≤ 1, we have∥∥∥un

∥∥∥−→p (·)
≤ 1. (32)

Si
∥∥∥un

∥∥∥−→p (·)
> 1, from (31) we have∥∥∥un

∥∥∥p−
−
−1

−→p ≤ c(n). (33)

Then, there exists c′(n) > 0 such that∥∥∥un

∥∥∥−→p (·)
≤ c′(n). (34)

Compactness of ψ: Let B̃ be a bounded of Lp+(·)(Ω) × [0, 1]. Thus B̃ is contained in a product of the type
B × [0, 1] with B a bounded of Lp+(·)(Ω), which can be assumed to be a ball of center O and of radius r > 0.
For u ∈ ψ(B̃), we have, thanks to (34): ∥∥∥u

∥∥∥−→p (·)
≤ ρ.

For u = ψ(v, δ) with (v, δ) ∈ B × [0, 1] (
∥∥∥v

∥∥∥
p+(·)
≤ r ). This proves that ψ applies B̃ in the closed ball of center

O and radius ρ ( ρ depend on n and r due (28)) in W̊1,−→p (·)(Ω) and W̊1,−→p (·)(Ω) ↪→ Lp+(·)(Ω) compactly due (7)
and (6).
Let un be a sequence of elements of ψ(B̃), therefore un = ψ(vn, δn) with (vn, δn) ∈ B̃. Since un remains in a
bounded of W̊1,−→p (·)(Ω), it is possible to extract a sub-sequence which converges strongly to an element u of

Lp+(·)(Ω). This proves that ψ(B̃)
Lp+ (·)(Ω)

is compact. So ψ is compact.
Now, let’s prove that; ∃M > 0,

∀(vn, δ) ∈ X × [0, 1] : vn = ψ(vn, δ)⇒
∥∥∥vn

∥∥∥
X ≤M.

For that, we give the estimate of elements of Lp+(·)(Ω) such that vn = ψ(vn, δ), then we have,

N∑
i=1

∫
Ω

Anσi(x,Divn)Diφ dx = δ

∫
Ω

fnφ dx +
∫
Ω

Bnvn

N∑
i=1

|vn|
pi(x)−2Diφ dx

 , for all φ ∈ W̊1,−→p (·)(Ω). (35)

We use in the weak formulation (35) the test function φ = vn, and use (3), (13), Young’s inequality, the
boundedness of fn in Lp′i (·)(Ω), the fact that ρpi(·)(vn) ≤ |Ω| + ρp+(·)(vn), we obtain for all ε > 0, ε′ > 0:

c1α
1 + α

N∑
i=1

∫
Ω

|Divn|
pi(x) dx ≤

∫
Ω

| fn||vn| dx + n
∫
Ω

N∑
i=1

|vn|
pi(x)−1

|Divn| dx

≤C(ε′)
∫
Ω

| fn|p
′

i (x) dx + ε′
∫
Ω

|vn|
pi(x) dx + n

C(ε)
N∑

i=1

∫
Ω

|vn|
pi(x) dx + ε

N∑
i=1

∫
Ω

|Divn|
pi(x) dx


≤C′(ε′) + ε′(|Ω| + ρp+(·)(vn)) + n

NC(ε)(|Ω| + ρp+(·)(vn)) + ε
N∑

i=1

∫
Ω

|Divn|
pi(x) dx

 . (36)
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Choosing ε = ε0 =
c1α

2n(1+α) in (36), we get

c1α
2(1 + α)

N∑
i=1

∫
Ω

|Divn|
pi(x) dx ≤

(
ε′ + nNC(ε0)

)
ρp+(·)(vn) + C′(ε′) +

(
ε′ + nNC(ε0)

)
|Ω|. (37)

Then, we obtain

c1α
2(1 + α)

N∑
i=1

ρpi(·)(Divn) ≤
(
ε′ + nNC(ε0)

)
ρp+(·)(vn) + C′(ε′) +

(
ε′ + nNC(ε0)

)
|Ω|. (38)

By using (iv) from Lemma 2.1, (8) (since (7)), the fact that ρp+(·)(vn) < +∞ (since vn ∈ Lp+(x)(Ω)), and for any
fixed choice of ε′ > 0, we obtain∥∥∥vn

∥∥∥
p+(·)
≤ c(n). (39)

It then follows from the Leray-Schauder’s Theorem that the operatorψ1 : X −→ X defined byψ1(u) = ψ(u, 1)
has a fixed point, which shows the existence of a solution of (14) in the sense of (15).

3.1.1. A priori estimates
Lemma 3.4. Let {un} ⊂ W̊1,−→p (·)(Ω) be the sequence of approximating solutions of (15). Assume f , A, B and
pi, σi, i = 1, . . . ,N be restricted as in Theorem 3.2. Then

un is bounded in W̊1,−→p (·)(Ω). (40)

Proof. After chousing φ = un in the weak formulation (15), and the same technique as in the proof of (39)
we can get (37) (Of course with replacement vn by un), and on the other hand with the use of (30), we obtain∥∥∥un

∥∥∥−→p (·)
≤ C(n). (41)

Lemma 3.5. Let {un} ⊂ W̊1,−→p (·)(Ω) be the sequence of approximating solutions of (15). Assume f , A, B and pi, σi, i =
1, . . . ,N be restricted as in Theorem 3.2. Then there exists a subsequence (still denoted (un)) and u ∈ W̊1,−→p (·)(Ω), such
that

un ⇀ u weakly in W̊1,−→p (·)(Ω) and a.e in Ω, (42)

Hence, up to a further subsequence, for all i = 1, . . . ,N

Diun −→ Diu a.e. in Ω. (43)

Proof. From (41) the sequence (un) is bounded in W̊1,−→p (·)(Ω).
So, there exists a function u ∈ W̊1,−→p (·)(Ω) and a subsequence (still denoted by (un)) where for them, we find
that (42) is fulfilled.

Taking Tt(un) as test function in (15) and using (3), (13), and Young inequality it follows that for any
ε > 0

c1α
1 + α

N∑
i=1

∫
Ω

|Di(Tt(un))|pi(x) dx ≤ t
∥∥∥ f

∥∥∥
L1(Ω)
+C(ε)(1+ tp++ )

N∑
i=1

∫
Ω

|Bn|
p′i (x) dx+ε

N∑
i=1

∫
Ω

|Di(Tt(un))|pi(x) dx. (44)

Thanks to (44) we deduce that for all t > 0 and all i = 1, . . . ,N

Di(Tt(un)) ∈ Lpi(x)(Ω) and Tt(un) ⇀ Tt(u) weakly in W̊1,−→p (·)(Ω). (45)
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Now, let us define for all i = 1, . . . ,N and t > 0 fixed

It
i,n(x) =

(
σi(x,Di(Tt(un))) − σi(x,Di(Tt(u)))

)(
Di(Tt(un)) −Di(Tt(u))

)
For 0 < θ < 1, 0 < h < t, and all i = 1, . . . ,N, we can get∫

Ω

(
It
i,n(x)

)θ
dx =

∫
{|Tt(un)−Tt(u)|>h}

(
It
i,n(x)

)θ
dx +

∫
{|Tt(un)−Tt(u)|≤h}

(
It
i,n(x)

)θ
dx

≤

(∫
Ω

It
i,n(x) dx

)θ ∣∣∣{|Tt(un) − Tt(u)| > h}
∣∣∣1−θ

+

(∫
{|Tt(un)−Tt(u)|≤h}

It
i,n(x) dx

)θ
|Ω|1−θ. (46)

Then, we can write∫
Ω

(
It
i,n(x)

)θ
dx ≤ J1 + J2. (47)

Where,

J1 =

(∫
Ω

It
i,n(x) dx

)θ ∣∣∣{|Tt(un) − Tt(u)| > h}
∣∣∣1−θ

J2 =

(∫
{|Tt(un)−Tt(u)|≤h}

It
i,n(x) dx

)θ
|Ω|1−θ.

For every fixed h, thanks to (45), and the convergence in measure of Tt(un), we can get

lim
n−→+∞

J1 = 0 (48)

Now, choosing Th(un − Tt(u)) (with 0 < h < t ) as test function in (15) and using (3), (13), we obtain

N∑
i=1

∫
Ω

σi(x,Di(Tt(un)))Di

(
Th(Tt(un) − Tt(u))

)
dx −

N∑
i=1

∫
{|un−Tt(u)|<h}

σi(x,Di(Gt(un)))Di

(
Tt(u)

)
dx

≤ ch + c′
N∑

i=1

∫
Ω

Bnun|un|
pi(x)−2Di

(
Th(un − Tt(u))

)
dx. (49)

Then, using (49) and the fact that It
i,n(x) ≥ 0 (since (5)), we deduce

0 ≤
N∑

i=1

∫
{|Tt(un)−Tt(u)|≤h}

It
i,n(x) dx =

N∑
i=1

∫
Ω

(
σi(x,Di(Tt(un))) − σi(x,Di(Tt(u)))

)
Di

(
Th(Tt(un) − Tt(u))

)
dx

≤ch + c′
N∑

i=1

∫
Ω

Bnun|un|
pi(x)−2Di

(
Th(un − Tt(u))

)
dx

+

N∑
i=1

∫
{|un |>t}∩{|un−Tt(u)|<h}

σi(x,Diun)Di

(
Tt(u)

)
dx

−

N∑
i=1

∫
Ω

σi(x,Di(Tt(u)))Di

(
Th(Tt(un) − Tt(u))

)
dx. (50)
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By noticing that {|un − Tt(u)| < h} ⊂ {|un| ≤ h + t} ⊂ {|un| ≤ 2t}, and that (σi(x,Di(T2t(un)))) is bounded in
Lp′i (x)(Ω), and (45), we can pass to the limit with respect to n in (50) when n −→ +∞, we get

lim sup
n−→+∞

N∑
i=1

∫
{|Tt(un)−Tt(u)|≤h}

It
i,n(x) dx ≤ ch + c′

N∑
i=1

∫
Ω

Bu|u|pi(x)−2Di

(
Th(Gt(u))

)
dx

+

N∑
i=1

∫
{t<|u|<t+h}

τtDi

(
Tt(u)

)
, (51)

where τt ∈ Lp′i (x)(Ω) is the weak limit of σi(x,Di(T2t(un))).
After letting h −→ 0 in (51), we obtain

lim
n−→+∞

J2 = 0. (52)

We combine (47), (48), (52), and using (5), we get

lim
n−→+∞

∫
Ω

(
It
i,n(x)

)θ
dx = 0. (53)

From (53) we deduce, like in [1], that: for every t > 0 and every i = 1, . . . ,N

Di(Tt(un)) −→ Di(Tt(u)), almost everywhere in Ω. (54)

And through the results obtained in [2] we can get (43).

Lemma 3.6. Let A(·), B(·) are in W̊1,−→p (·)(Ω), and An(·), Bnde(·) be defined in (12). Then An(·), Bnde(·) are bounded
in W̊1,−→p (·)(Ω) and

An −→ A, Strongly in W̊1,−→p (·)(Ω) (55)

Bn −→ B, Strongly in W̊1,−→p (·)(Ω). (56)

Proof. Since, for all x ∈ Ω

DiAn(x) =
DiA(x)(

1 + A(x)
n

)2 , i = 1, . . . ,N,

we have that |DiAn(x)| ≤ |DiA(x)|, and therefore An(·) ∈ W̊1,−→p (·)(Ω), due to 0 < An(x) ≤ A(x), we obtain that,
An is bounded in W̊1,−→p (·)(Ω), and (55). In a similar way we get the boundedness of Bn in W̊1,−→p (·)(Ω) and
(56).

3.2. Proof of the Theorem 3.2 :
From (4) and (40), we get for all i = 1, . . . ,N∫

Ω

|σi(x,Diun)|p
′

i (·) dx ≤(1 + cp′++
2 )

∫
Ω

 N∑
j=1

|Diun|
p j(x) + |h|

 dx

≤(1 + cp′++
2 )

∫
Ω

N
N∑

j=1

|D jun|
p j(x) + |h|

 dx ≤ C
∥∥∥un

∥∥∥p++
−→p (·)
+ C′ ≤ C′′.

And therefore

σi(x,Diun) is bounded in Lp′i (·)(Ω), i = 1, . . . ,N. (57)
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By (43) and (57) we have, for all i = 1, . . . ,N

σi(x,Diun) ⇀ σi(x,Diu) weakly in Lp′i (·)(Ω), p′i (·) =
pi(·)

pi(·) − 1
. (58)

Now, we have∫
Ω

(
|un|

pi(·)−1
)p′i (·) dx =

∫
Ω

|un|
pi(·) dx ≤ C.

Then, we obtain

(un|un|
pi(·)−2) is bounded in Lp′i (·)(Ω), i = 1, . . . ,N. (59)

By (42) and (59) we have, for all i = 1, . . . ,N

un|un|
pi(·)−2 ⇀ u|u|pi(·)−2 weakly in Lp′i (·)(Ω). (60)

Then, from (58), (60), (55), and (56) , we can pass to the limit in the weak formulation (15). This proves
Theorem 3.2.
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