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Abstract. We study mean-value interpolation of Hermite type by a polynomial of degree m in z™! and n
in z. We show that the interpolation problem corresponding to the integrals over the segments of the form
{te'’ : p <t < 1} always has a unique solution. We point out that the sequence of interpolation functions of
a holomorphic function in a neighborhood of a closed annulus converges uniformly to the function when
the angles that define the line segments are equally spaced.

1. Introduction

Let # be a finite-dimensional vector space of functions defined on a subset Q of R" or C" withd := dim ¥ .

The classical problem in the theory of interpolation is to find d functionals {1, 2, ..., g} in the dual space
of ¥ for which the interpolation problem

u(P)=cy, 1<k<d,

has a unique solution P € ¥ for any given preassigned data {c, }. The set {u1, uz, ..., 44} can be regarded as
the interpolation conditions. It reduces to the Lagrange interpolation problem when the ;s are the Dirac
delta functionals, i.e., ux = 0,,, axr € Q, 1 < k < d. More precisely, ux(f) = f(ax) for 1 < k < d. In the case
where the ;’s are induced from differential operators of the form

fo () DM@, aeo,

a

it becomes the Hermite—Birkhoff interpolation problem. Many explicit solutions of the two particular
interpolation problems mentioned above are available in literature. For example, some types of unisolvent
sets, which solve the Lagrange interpolation problem, can be found in [3, 4, 10] and regular Hermite
interpolation schemes were constructed in [6, 7, 15, 19]. Another type of interpolation problem is the
mean-value interpolation problem, where the functionals f + p(f) are given by the integrals. In [13, 14]
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the authors investigated the interpolation problem the case where the pi(f) are the integrals of derivatives
of f over the standard simplices Ay = {(u1,...,ux) : uj 2 0, Zlle uj < 1}. Some authors considered the
mean-value interpolation problem based on Radon projection defined as follows. Let ID be the open unit
disk in the plane. For 0 € [0,2m) and t € [0, 1), we denote by I(0, t) the line segment of ID that passes through
the point (t cos 6, t sin 0) and is perpendicular to the vector (cos 8, sin 8). The Radon projection Ry (f; t) of a
real-valued function or complex-valued function f defined on ID is the line integral of f over I(0, t),

Vi-2
Rg(f;t):ffds: ff(tcos@—ssin@,tsin6+scos9)ds.

16,9 _ViiE

In [1, 2], the authors solved the problem of determining a bivaritate polynomial from its finite Radon
projections. Some classical and important results focusing on Radon projections in two and several variables
can be found in [8, 9, 16, 17, 25]. Georgieva and Hofreither investigated the Lagrange interpolation problem
using Radon projection, where ¥ is the space of bivariate harmonic polynomials of total degree at most
n (see [11, 12]). The authors obtained interesting results. They gave sets of chords which determine an
element of ¥ uniquely. In [21, 22], we generalized some results of Georgieva and Hofreither to Hermite
type interpolation. In a recent work [23], we studied polynomial interpolation of holomorphic functions
based on Radon projections. We constructed two types of regular Hermite interpolation schemes. The first
Hermite scheme contains the chords which are equidistant from the origin along with the derivatives with
respect to angles. The other one is formed by parallel chords. We also studied the convergence property
of interpolation polynomial of holomorphic functions in neighborhoods of D. We proved in [23, Theorem
3.7] that the interpolation polynomials converge geometrically on D to the functions as # — co when 7 + 1
angles of chords are equispaced and the distance is sufficiently near 1.

In this paper, we give a new type of mean-value interpolation on an annulus and investigate the
convergence of the interpolation functions. For 0 < p; < py, let Z(pl, p2) be the closed annulus defined by
twocircles {z€ C: |z = pi1}and {z € C: |z| = py},

Z(PLPz) ={zeC:p1 <zl < pa}.

In the special case p; = 0 and p, = 1, A(0,1) is identical with the closed unit disk D. Let p € [0,1) be a
fixed radius. For 0 < 0 < 2m and a continuous complex-valued function f defined on A(p, 1), we denote by
y3<Z(p, 1); f) the line integral of f over the segment {te’” : p <t < 1}. More precisely,

1
ue(Z(p, 1); f) = f f(te®)dt. 1)
p

For two natural numbers m, 1, let R, , be the space of rational functions defined by

Rinn = spanc{z*m,z*m”, .7
Remark that Ry, becomes the space $, of all polynomials (of complex coefficients) of degree at most 7 in
C. Our purpose is to study the interpolation problem for the space R, , based on the functionals defined in
(1). The following theorem is our first main result

Theorem 1.1. Let 0 < p < 1. Let m,d be positive integers and n be a natural number. Let v1,...,v4 be positive
integers such that vi +---+vg =m+n+1. Let 61,...,0; € [0, 2n) be pairwise distinct angles. Then, for arbitrary
complex numbers yy j, there exists a unique R € Ry, , such that

di

1o yQ(Z(p,l);R)L:Qk =Yk, k=1,...,d, j=0,...,vx—1
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Next, we wish to investigate the convergence property of the interpolation functions. Let 0y, ..., Oy4n+1 €

[0,27) be pairwise distinct angles. Let f be holomorphic in a neighborhood of A(p, 1). Theorem 1.1 points
out that there exists a unique R € Ry, , such that

uo(Alp, 1);R) = po,(Ap, 1) f), k=1,...,m+n+1. @)
The rational function R in (2) is denoted by I[R,, ., ©; f], where

0= {er ceey 9m+n+1}-

We show that the sequence of interpolation functions converge uniformly on the closed annulus when
angles are equispaced. It is our second main result.

Theorem 1.2. Let 0 < p < 1 and f be holomorphic in a neighborhood of A(p,1). Let m,n be positive integers. Let
Dyyin4+1 be the set of equally spaced angles

(m+n+1) _ 2]7-[

:0<j< .
/ m+n+1 0_]_m+n}

D1 = {(P
Then there exist three positive constants A, B, C and 6 € (0, 1) depending only on f such that
IR y1, Puunst; f1= fllzypy < (1 + 1+ 1)(AS™ + BE") + Co™ .

Consequently, if 0™ and m6™ tend to 0 as k — oo, then IRy, n., Pry+n,+1; f] converges to f uniformly on Z(p, 1)
ask — oo,

Our article is organized as follows. In the next section we compute the value yQ(Z(p, 1); zk) forke Z
and use the result to prove Theorem 1.1. Section 3 presents the proof of Theorem 1.2. We first give a
formula for the rational function I[R,, ., ©; f]. Using the formula, we can estimate the error between the
interpolation function and the finite Laurent expansion of f. The estimate leads to an upper bound for the
uniform norm of I[R,; ,, @p+n+1; f1— f, and Theorem 1.2 follows. In Section 3 we also study the convergence
of interpolation polynomials based on the functional f +— lug(ﬁ; f) We show in Theorem 3.4 that the
interpolation polynomials converge geometrically on ID to the functions as #n — co when 7 + 1 angles are
equispaced.

Finally, we note that the Lagrange interpolation problem by an element in R, ,_1 was studied in [5, 24].
The interpolation set consists of 21 points, equally spaced around two circles of an annulus. Also in [24]
Mason conjectured that the Lebesgue function of the Lagrange interpolation on an annulus A(p~, p), p > 1,
attains its maximal value on the inner circle and the Lebesgue constant grows like 2logn/m. Pan proved
that the conjecture is true (see [18]).

2. Mean-value interpolation of Hermite type

In this section, we calculate the value yg(Z(p, 1); zk) and prove Theorem 1.1. We also give some useful
properties of the parameter f.
Lemma 2.1. If qi(z) = z* for k € Z, then

1-— k+1
+1

2 ", k>0, 0<p<1,
y@(Z(p,l);q,l) =—(In p)e_ig, 0<p<l,

[JG(Z(F)/ 1); Qk) =

and
_ A—k+1

yG(Z(p,l);q_k) = %e"‘ke, k>2, 0<p<L
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Proof. The proof is immediate. For k > 0 and 0 < p < 1, we have

1
_ . 1-p .
) — iOVk 74 _ iko
y9<A(p,1),qk> = f(te )dt = 1 e,
p

Similarly, for 0 < p < 1, we can write

1
po(Alp, 0-1) = [ )t = ~(inpre
P

and
—k+1

1
— . 1- .

#G(A(P/ 1); Q—k) = f(tele)_kdt = %Eﬂkg, k>2.

P

The proof is complete. [

For convenience, we set
1

Br(p) = f tdt, kez.
p
We have

1-— pk+1
p-1(p) = -In(p),  Plp) = ——7 k#*-1 (©)

Note that, for k < 0, Bx(p) is well-defined only if 0 < p < 1. However, Bi(p) is well-defined for k > 0 and
p € [0,1). We will write B(p) simply Br when no confusion can arise. In this setting, Lemma 2.1 gives

uo(Alp, 1); qx) = pie™, ke Z. 4)

Proof. [Proof of Theorem 1.1] Since the number of interpolation conditions is equal to m +n +1 = dim R, ..
It is sufficient to show that if R € R,, , satisfies the following conditions

i

dejyg<Z(p,1);R)| =0, k=lad j=0. w1 )

0=06

then R = 0. Letus set R(z) = Yp__,, crzk. By Lemma 2.1 (see also (4)), we can write

n

uo(Alp, 1;R) = Y cxpre™.

k=-m

The polynomial Q(z) = ,’:fon Ckm ﬁk_mzk belongs to the space #,.+,» and admits the relation

eQ(e) = o(A(p, 1); R).
Hence, relation (5) is equivalent to

d] —im i .
e HQ(eQ))|6=9k=o, k=1,...,d, j=0,... -1 ©6)
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Using [20, Lemma 2.6] in (6) we obtain

d—jQ(ff’) =0, k=1,...,d, j=0 -1
10 e oug, = O =1,...,d, j=0,...,ni—1
Lemma 3.3 in [23] now implies
QVe%) =0, k=1,...,d, j=0,...,v—1 7)

By the uniqueness of univariate Hermite interpolation, we conclude from (7) that Q = 0. It follows that
Ck-mPr—m = 0fork =0,1,...,m+n. Since fx > 0 for any k € Z, we get ¢y = 0 for -m <k <n,and henceR =0,
which completes the proof. O

Examining the proof of Theorem 1.1, we see that it still holds true when p = 0 and m = 0. In this case,
Ro,n is replaced by P,,. We state the result without proof.

Corollary 2.2. Let n be a natural number. Let v1,...,v4 be positive integers such that vi +--- + vy =n+ 1. Let
01,...,04 € [0,2m) be pairwise distinct angles. Then, for arbitrary complex numbers Yy ;, there exists a unique
P € P, such that

%HQ(E;P)L:G;(:?/M’ k=1,...,d, j=0,...,v—1

Example 2.3. We compute the interpolation function R € Ry of the function f(z) = EZ—% on the annulus Z(%, 1)
corresponding to the set of angles {0, 5, mt}. The interpolation function is determined by the following three equations

uo(Z(%J);R) = uo(Z(éfl);f), Hg(z(%,l);R) = ug(Z(%,l);f)

— 1 — 1
ux(A(5, D R) = (A5, 1) )
We first evaluate the integrals of f over three line segments. We have

1 1

1 1
)= [ @i [SatoL

NI

1

p3(AG 1) £) = fl %dﬁ— f o f

1
2

=sinl —-sin2 +i(cos 1 — cos 2),

Let us set R(z) = c_1z~ ' + ¢ + c1z. We see that

A(_ f(_+CO+Clt)dt—C 1ln2+—+3T;1,
Co 3C1
“ 1)' (_ +co—cit)dt = —c1In2 + > 5

1
Co 3iC1

— 1 . _ Ccq .
y%(A(E,l),R) = f(F + o+ it = —ic.aIn2+ 2 + =5

1
2
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Hence, we obtain a system of equations

c_1ln2+%°+% =e2—¢
—C_11H2+%—%=% !
—ic1In2+ 3 + 31% =sin1-sin2 + i(cos 1 — cos2)

e2

The exact solution of the system of equations is

et —e*—e+1-2¢*(cos —cosZ)+i(—e4+e3—e+l +2€2(sin1—sin2))

1= 4¢21n2
-l +e—1
Co—e—z,
7 et—e>—e+1+2e%(cos —c052)+i(e4—e3 +e—1-2¢%(sinl —sinZ))
1 ==+ .

3 3e2
The above solution gives precise formula for R(z).

We need some elementary properties of the sequence {f} that are used in the next section.

Lemma24. Let0O<p<1.
i) For jk € Z and n € Z*, we have
ﬁ] > ﬁk >0, ] <k
and
Br—n < p~"Br-
i) Ifk > 1and N > k + 2, then fr_n < Np*17Ng,.
iii) Ifk > 0 and N > k + 2, then B_.n < Np*1B_s.

10728

1 1
Proof. i) For j < k, we have t/ > " forall t € (p, 1). Hence, f tdt > f tkdt. Consequently, f; > Bi. To prove the

p p

1 1
Pk—n = ffk_ndt < fp_ntkdt = p_nﬁk.
P P

second inequality, we write

ii) Since p € (0,1), we see that

Bon _1=p""N k41 k+1 1-pNH
B k+1-N 1-pkl N-k-1 1-pkl pN-k1
1 T+p+-+pV 2 k11 k41
— . . < <
1+p+---+pk N-k-1 pN-k=1 7 pN—k-1

iii) We first consider the case k > 2. We can write

,8—k+N B 1 _ pN‘Fl*k _k + 1 k _ 1 1 _ pNJrl*k '

Br  N+l-k 1-pk1 N+l-k 1-p1

3 1 T+p+---+pNFk
T4 ptee+pk2 N+1-k

(k-1)p" < (k- 1) < NpFL.



A. N. Nguyen at el. / Filomat 38:30 (2024), 10723-10736 10729

If k=1, then
Ban  1-pN  1-p 1+p+~-+pN‘1<1<N
-1 N(=Inp) ~—Inp N - ’
because p € (0,1)and 1 —p < —Inp.
Finally, for k = 0, we write
BN 1-pN+t _1+p+--~+pN<1<N
fo  (N+DA-p) N+1 ‘

The inequalities are proved completely. [

3. Convergence of interpolation functions

3.1. Convergence of interpolation functions on an annulus

In this subsection, we assume that 0 < p < 1. Let f be holomorphic in a neighborhood of A(p,1). We
can find p; and p, with 0 < p; < p <1 < p; such that f is holomorphic on a neighborhood of A(p1, p2). By
the Laurent theorem we can write

00

f@=Y az', p1<l<p, (8)
{=—c0
where
1 f(t)at 1 1
= — — > = — > 1.
ar i e >0 and a i f tf(hdt, 1=1
|tI=p2 [tI=p1
Let us set

M = max{[|fllig=p, /Il fllig=p. ),
where ||fllx = sup{|f(t)| : t € X}. Applying standard arguments we obtain the estimate for the coefficients

of the Laurent expansion

lacl < €20, layl<Mp), 1>1. 9)

vy
2

The above settings and results for f will be used throughout the subsection. We also use the following

simple relations
I I M M
kopa-1 p —\p/  p-p1

k=0 k=0

Let us define the generalized Vandermonde determinant corresponding to the set of functions %, :=
{fom, f-m+1, -, fu} and the set of points exp(i®) := {¢'%1, ..., e%m1}. We set

f—m(@{zl) f—m+1(€’izl) . fn(el:?)
VDM(F ,n; exp(i®)) = f—m(:e ) f—m+1:(€ ) " fn(e: )
f—m (€i3m+n+1) f_m+1(ei3m+n+1) ce fn (ei9m+n+1)

A useful formula I[R,, ., ©; f]is given in the following lemma.
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Lemma 3.1. If f(z) = Y2 ., acz’, then I[Ry 0, ©; f1(z) = Y4__,, ckzk, where

— M mn ; 1
Cr = ﬁl Z €VD Monlgi < qcli exp(i©) -m<k<n. (10)

VDM(M,y, .; exp(i©))

Here My = {q-m,q-m+1, ..., qn} with q;(z) = zl and M, ulqr < q¢] means that we substitute g, for g in My, ,.

Proof. Since the series at the right hand side of (8) converges uniformly on the closed annulus A(p, 1) to f,
Lemma 2.1 (see also (4)) yields

uo(f) =Y apee™, 0¢€[0,2m). (11)

{=—0c0

Observe that the series at the right hand side of (11) converges absolutely. Indeed, from Lemma 2.4(i) we
see that

Be<po=1-p, €20
and
Ba<pBo=pT(1-p), 121
It follows that
Y g = Z lachel + Z a1l < 2 ), Z M(1 - o,
{=—c0

where we use (9) in the second relation
Since IRy, ®; f1(z) = Y _,, ckz", we can use Lemma 2.1 again to obtain

n

1o(I[Ru, ©; 1) = Z ape™®,  0e[0,2n). (12)

k=—m

Since I[R,, 1, ©; f] satisfies the interpolation conditions

IUQ;(I[Rm,n/@}f]) ZMQj(f), j= 1,...,m+n+1,

we conclude from (11) and (12) that

n o

z kBl = Z W@, j=1,...,m+n+1. (13)

k=—m {=—c0

Hence, we get a system of m + n + 1 linear equations, where c_,,—, C—p41f-m+1, - - ., CnPn are unknown. We
can use the Cramer rule to compute its solution. The determinant of the coefficient matrix is equal to

VDM(M,,1; exp(i®)).

Hence, from (13), we have

- VDM(M, ulqi < gel; 1)
o= 3 o YOM Ml — aibexp)

VDM(M,,,.; exp(i®)) (14)

{=—00

The proof is complete. [
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Proof. [Proof of Theorem 1.2] The proof is inspired from the proof of Theorem 3.7 in [23]. For simplicity of
notation, we let N stand for m + n + 1. Since I[R,, », @n; f1 € Ryn, We can write

n

IRy, Pr; f1@) = Y, "2

k=—m

By Lemma 3.1, we have

(o - Z VDM(Mm,n[qk — qc]; exp(i®y))

VDM(M,1; exp(i®y)) -m<k<mn. 5

(N) _

SinceCDN:{(p] O<]<m+n} we see thatif £ € j+ NZ = {j + Nk : k € Z}, then

(1) ) = ). 72,

It follows that

. VDM(M,,,.; exp(i® iftek+NZ
VDM(M,ulgk < qcl; exp(i®n)) = { Mo 0 PUEN) otherwise
Substituting this into (15) we obtain
,(Cm ™ = ﬁ Z ak+lNﬁk+lN/ -m<k<n. (16)

We denote by e, ,(z) the error between the interpolation function and the finite Laurent expansion of f,

n n
emn(z) := HRpn, On; f1(z) — Z a2k = Z (c}(:"’”) - ak)zk. (17)
k=—m k=—m
In view of (17), we get

(m,n)
lewmnllzy < Z'C —aid - 121k,

Z 1 — ag] + Z 1 — gy - —k (18)

We need to estimate the quantity Ickm’n —ai| for —m < k < n. From inequality (9) and relation (16), we get,
for-m <k <n,

0o

Br+iN
|C,((m’n) —al = ﬁ;akﬂN'
I=—00,I#0 k
ﬁk IN | Br-iv
< | s ak+lN| Z | ﬂk—1N|
=1 = B
< " Bl ﬁk IN MpINE, 19
= Z B pbN Z (19)
=1 ) I=
We will use Lemma 2.4 to get upper bounds for
Brsin Br-in

and ——, -m<k<n, [>1.

B Br ’ T
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,n}. Since IN 2 m +n+1 > k + 2, the inequality in Lemma 2.4(ii) yields

ﬁkﬁ% < Np ™N+k+1In addition, 'g 7 < 1by Lemma 2.4(i). It follows that
|Cl((m,n)_ ol < Z o Z Np—lN+k+1 MplN —k
=1 P2 =1
M v 1  MNp™ & pryw
= TN+ Z “IN N—k-1 Z (_)
Py 120 P2 p l o P
M v« 1 pY 1yl
< — +MNp - —
p£\7+k;plz kalZO(p)
MN 2 N-k
- Mt M A (20)

Next, we treat the case —m < k < 0. Since IN > m+n+1 > —k + 2, Lemma 2.4(iii) gives =~ "

PN

< Np7*1. Using

Lemma 2.4 (i), we get B p~!N. Substituting these estimates into (19) we obtain
P

|C;(<m,n)

IA

— al

5yt
I=1

k+IN

Mka 00

+ Z p—lN 'MpllN—k

MNp™1 & 1 P1\IN
Py IZ(; Py N 1=0 ( P )
MNp™1 & 1 Mp1 )
- N-+k Z Z
P2 1=0 Pz 1=0
MNp™1 M
- R Pt . —m<k<O. 1)
pa—1  ptt - p—pr pN
We will use (20) to estimate the first term in (18). We have
n n 2 N-k
M 1 MN P
Z |C1(<m,n) —ml < Z,( 1 N+k-1 _ - ;\I—k)
= p2 [ p=pP1 p
-1 n—1
1 1 Pl 1
- - )m+
p-1 o ,Z py P— pl ;
Mp2 1 MNP’ pr
S TN 2( )
(p2-1 py  (p—p1)
Similarly, using relation (21) we obtain
m . m MN k=1 1 M pN+k 1
Zlc(_k’)—a,k P Z( Pl © T N—k-1 e 1N)'_k
k=0 o P27 Py p=prr p p
i (MNp—1 1 Mp p§V+")
— pz — 1 pgf—k—l p — pl pN+k
MNp7py 1 Mp* (2
(p2 = 1)? (p—p? ‘p’ -
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We conclude from (18) and the above estimates that

Mp, 1 MNp® p1,., MNpp, 1 Mp?  p1\N
”em'””Z(pl) < —p 7 N + —p 2(p— 1y P p2 — p 2(p—) (22)
D e =12 py (=) (p2=17 p;  (p—p1)
On the other hand, using inequality (9), we get
M 1
1) aczllig,q < - = (23)
é’;l Ao :Z‘ Py P2- 1 P;
and
1 M +1
1Y ae < Y M| = PL By, (24)
t=m+1 {=m+1 “pPp

Combining (22), (23) and (24) we obtain

n

IR, Pn; f1= fllzpry S IR, ON; f1(2) = Z akz"llg(p,l)
k=—m
Y a0 Y ezl
{=n+1 {=m+1
< ANS™ + BN§" + CoN,

where 6 = max{1/p», p1/p} € (0,1) and the constants A, B, C depend only on M, p, p1, p2. The last estimate
directly implies the desired assertion, and the proof is complete. [

The following corollary is a simple consequence of Theorem 1.2.

Corollary 3.2. Let 0 < p < 1 and f be holomorphic in a neighborhood of A(p, 1). Let m,n be positive integers such
that m —n € {0, £1}. Let @441 be the set of equally spaced angles

2jm
D1 = {(p('m+n+1) = J

———:0<j<m+nj.

Then there exists 0 € (0,1) depending only on f such that

tim sup (IR0, Povne; 1= Fllz, ) < 0.

n—oo

3.2. Convergence of interpolation polynomials on the unit disk

In this subsection, we consider the case p = 0. In this case Z(O, 1) =
Let n be a positive integers. Let 04,..., 0,41 € [0,27) be pairwise distinct angles. Let f be holomorphic

in a neighborhood of ID. By Corollary 2.2, there is a unique P € P, such that
[_lgk(ﬁ,'P) = ‘Ll@k(ﬁ;f), k=1,...,n+1. (25)
The polynomial P in (25) is denoted by I[P,, ®; f], where
©=1{01,..., 00}

We can repeat the arguments in the proof of Lemma 3.1 to get a formula for I[P, ©; f].
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Lemma 3.3. If f(2) = Y500 acz’, then I[Py, ©; f1(z) = Yo ckz’, where

Z VDM (Mo ulgi < gcl; exp(i®))
aePe , 0<ksn,
VDM(Mo,.; exp(i®))

where exp(i©) = {e', ..., %1}, Mo, = {40, q1,. .., qa} with qi(z) = 2/ and the B’s are given in (3).

Theorem 3.4. Let f be holomorphic in a neighborhood of D. Let n be a positive integer. Let ®,,.,1 be the set of equally
spaced angles

2jn
B N I L
®p1 = () === 10<j<nl
Then there exists a positive constant 6 € (0,1) such that
lim sup (JX[%y, Pria; ] - flig)" < 6. (26)

n—oo

Proof. The proof is similar to the proof of Theorem 1.2, For convenience to the readers, we give the precise
arguments. Since f be holomorphic in a neighborhood of D, there exists p, > 1 and f is holomorphic on a
neighborhood of D(0, p»). We can write

e8]

f@ =Y az', E<p.

=0

By the Cauchy inequality, we have

M
lael < =, €20, M= fllg=p,- (27)

2
Since I[Py, Dy+1; f] € Pp, we can write

n

[P, Ouat; f12) = ) 2"

k=0

Using Lemma 3.3, we get a formula for coefficients

(" = Z €ﬁ[VDM(MO,n[Qk — q¢]; exp(i®,11))

- 0<k<n. 28
VDM(Ma 7 exp(®par)) (28)

(n+1) _ 2jm

Since @41 = {(pj 7:0<j< n}, we can check at once that if £ € j + (1 + 1)Z then

(q[( l(pgqﬂ)), ey q[( 1‘(’5;””))) = (q]( Z(PE)VKH))/ " q]( 1?’51“1))).

Consequently,

‘ VDM(My ,.; D, iftek+n+1)Z
VDM (Mo [qk < qc]; exp(i@y+1)) :{ o gxp(l o otherx(/:lise )

Combining the above relation with (28) we obtain

1 (o)
C}({n) = E ; Aesi(n+1) Py, 0 <k < m. (29)
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From relations (27) and (29), we get, for 0 < k <,

() B ﬁk+l(n+1) ﬁk+l(n+1) M
le,” —al = |Z — k)| < Z oD
P2
M 1
= Z k+l(n+1) k+n+1Zpl(n+l)
=0 P2
M v1 M 1
p1£+n+1 — pl2 p2_1p§+n’

where we use Lemma 2.4(i) in the second relation, that is Sx+iu+1)/fr < 1. Therefore, we get an estimate for
the error between the interpolation polynomial and the finite Taylor expansion

|| Z (71) k”D
Z e — gl - I

n

M 1
Z P2 — 1 pk+n

n

P, Dy £12) = Y s

k=0

IA

k=0

Mps 1
_re 30
-1 7 (30)

In addition, relation (27) gives

1
I a2 |lp < ———-—,, (31)
Y, alp= Y. 4 Pl

l=n+1 {=n+1

Combining (30) and (31), we obtain

Py, Dt f1- flls < P, Puer; 1) = Y a5 +11 Y ezl
k=0 {=n+1
M M 1
( = 2 T )7'
(p2—1) p2—17p;

The desired assertion follows directly from the last estimate. The proof is complete. [

Acknowledgements

We are grateful to an anonymous referee for his/her constructive comments. This research is funded by
Vietnam National Foundation for Science and Technology Development (NAFOSTED) under grant number
101.02-2021.16.

References

[1] B. Bojanov, I. Georgieva, Interpolation by bivariate polynomials based on Radon projections, Studia Math. 162 (2004), 141-160.

[2] B. Bojanov, Y. Xu, Reconstruction of a bivariate polynomial from its Radon projections, SIAM J. Math. Anal. 37 (2005), 238-250.

[3] B.Bojanov, Y. Xu, On polynomial interpolation of two variables, J. Approx. Theory 120 (2003), 267-282.

[4] L.Bos, On certain configurations of points in IR” which are unisolvent for polynomial interpolation, J. Approx. Theory 64 (1991),
271-280.

[5] L. Brutman, P. Vertesi, Y. Xu, Interpolation by polynomials in z and z~! on an annulus, IMA J. Numer. Anal. 10 (1990), no. 2,
235-241.

[6] L. Bos, J.-P. Calvi, Multipoint Taylor interpolation, Calcolo 45 (2008), 35-51.



[7]
(8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]

A. N. Nguyen at el. / Filomat 38:30 (2024), 10723-10736 10736

L. Bos, J.-P. Calvi, Taylorian points of an algebraic curve and bivariate Hermite interpolation, Ann. Scuola Norm. Sup. Pisa CI.
Sci. 7 (2008), 545-577.

AS. Cavaretta, C.A. Micchelli, A. Sharma, Multivariate interpolation and the Radon transform, Math. Z. 174 (1980), no. 3,
263-279.

AS. Cavaretta, C.A. Micchelli, A. Sharma, Multivariate interpolation and the Radon transform. II. Some further examples,
Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-London, 1980, pp. 49-62.

K.C. Chung, T.H. Yao, On lattices admitting unique Lagrange interpolations, SIAM J. Numer. Anal. 14 (1977), 735-743.

I. Georgieva, C. Hofreither, Interpolation of harmonic functions based on Radon projections, Numer. Math. 127 (2014), 423-445.
L. Georgieva, C. Hofreither, New results on regularity and errors of harmonic interpolation using Radon projections, J. Compt.
Appl. Math. 293 (2016), 73-81.

L. Filipsson, Complex mean-value interpolation and approximation of holomorphic functions, J. Approx. Theory 91 (1997), no.
2,244-278.

T.N.T. Goodman, Interpolation in minimum semi-norm and multivariate B-splines, J. Approx. Theory 37 (1983),212-223.

N. C.Le, Q.D. Nguyen, V.M. Phung, Hermite interpolation associated with certain quadratic polynomials in R”, Rocky Mountain
J. Math. 53 (2023), 725-736.

B. Logan, L. Shepp, Optimal reconstruction of a function from its projections, Duke Math. J., 42 (1975), 645-659.

R. Marr, On the reconstruction of a function on a circular domain from a sampling of its line integrals, ]. Math. Anal. Appl., 45
(1974), 357-374.

K. Pan, On Mason’s conjecture concerning interpolation by polynomials in z and z~! on an annulus, IMA J. Numer. Anal. 14
(1994), 599-604.

V. M. Phung, Hermite interpolation on the unit sphere and limits of Lagrange projectors, IMA J. Numer. Anal. 41 (2021), no. 2,
1441-1464.

V. M. Phung, V. K. Nguyen. Polynomial interpolation on the unit sphere and some properties of its integral means, Filomat 33
(2019), 4697-4715.

V. M. Phung, Interpolation polynomials of Hermite types based on Radon projectors in two directions, J. Math. Anal. Appl., 454
(2017), 481-510.

V. M. Phung, V. L. Tang, Interpolation polynomials of Hermite types of harmonic functions based on Radon projectors with
constant distances, Appl. Anal., 98 (2019), 2884-2902.

V. M. Phung, T. T. Phan, H. A. Mai, T.T.M. Ta, Polynomial interpolation of holomorphic functions based on Radon projections,
Complex Var. Elliptic Equ. 66 (2021), no. 8, 1298-1319

J.C. Mason, Near-minimax interpolation by a polynomial in z and z~! on a circular annulus, IMA J. Numer. Anal. 1 (1981), no. 3,
359-367.

J. Radon, Uber die Bestimmung von Funktionen durch ihre Integralwerte lings gewisser Mannigfaltigkeiten, Conf. Proc. Lecture
Notes Math. Phys., IV, International Press, Cambridge, MA, 1994, 324-339.



