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Impact of concircular curvature tensor in f (R*)-gravity
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Abstract. This paper concerns with the characterization of a spacetime and f (R*)-gravity endowed with
concircular curvature tensor. We prove that a concircularly flat perfect fluid spacetime is either a de-
Sitter spacetime or locally isometric to Minkowski spacetime . Moreover, it is established that a perfect
fluid spacetime admitting harmonic concircular curvature tensor represents a Robertson-Walker spacetime.

Finally, we examine the impact of concircularly flat perfect fluid spacetime solutions in two forms of
f (R)-gravity.

1. Introduction

A spacetime is a Lorentzian manifold M* that allows for a globally time-oriented vector and has a

Lorentzian metric g with signature (-, +, 4+, +). Numerous scholars have examined spacetimes in various
contexts (see; [14], [13], [20], [30]).

A n dimensional (1 > 2) Lorentzian manifold having the local structure

4> = — (@0 + 2 (O) oy @
is called generalized Robertson-Walker (GRW) spacetime ([3], [12]), ¢ indicates a function dependent on
Cand g;,, = g;,, (x*) are only functions of x** (v1,v2,v3 = 2,3,...,n) . The last equation can also be
presented as —7 x ¢?M, where 7 C R and M denotes (1 — 1)-dimensional Riemannian manifold. If M is 3-
dimensional and of constant sectional curvature, then the GRW spacetime represents a Robertson-Walker
(RW) spacetime.

M?* is described as a perfect fluid spacetime (PFS) if the Ricci tensor R having the form
Rjk = CGjk + dujuk, (2)
in which ¢, d denote scalars and u; indicates a unit timelike vector. The energy-momentum tensor (EMT)

7, which is used to describe the matter content of spacetimes in general relativity (GR) theory. In a PFS,
the EMT [26] is given by

Tik =p9jx + (P + P) Uiy, (3)
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where p and p denote isotropic pressure and energy density, respectively. Also, the equation of state (EoS)
p=p (y) interconnects p and g, and the PFS is named isentropic. Moreover, ifp =y, p+p =0,p =0and

p= %l, the PFS is called stiff matter, the dark matter era, the dust matter fluid and the radiation era [11],

respectively. From Einstein’s field equations (EFE), we infer
1
Rix = 5 9uR = kT, @

in which R is the Ricci scalar and « indicates the gravitational constant.

Concircular transformation was introduced by Yano [28]. It preserves geodesic circles (A curve called
a geodesic circle has a first curvature that is constant and a second curvature of zero). The conformal
transformation

Ji = §02glk
of the Riemannian tensor gy fulfilling the partial differential equation

Vipr =Ygy,

Y being a scalar changes a geodesic circle to a geodesic circle. The circular transformation is a term used to
describe such a transition [28§].
In a Riemannian or a semi-Riemannian space, tensor H; ?jk of type (1,3) defined by Yano and Kon [29]

7.{1 _7{1 R I I 5
ijk = "ijk 11(11 1) {6kgl] 6]'glk} ()

is called a concircular curvature tensor, Rfjk stands for the Riemannian curvature tensor. Under such a
transformation the expression

R
! lg. — &g
Rijk_m{ékgl] 5]‘!71k}

remains invariant.

It is widely circulated in GR theory, the energy conditions (ECs) are important tools for examining
wormbholes and black holes in many modified gravity, like f (R), f (7)), f(G), f (R, T), f(R,G) and f (R, L,,)-
gravity ([4], [5], [6l, (7], [8], [16], [13], [21], [22], [23]). The Raychaudhuri equations [27] provides the
fascinating feature of gravity through the criterion Ryv/of > 0 (positivity condition), where v/ is the null
vector. In GR theory, the last criterion on geometry is identical to the null EC (NEC) ‘7'jkvf v* > 0 on matter.
Particularly, the weak EC (WEC) states that 7']-kuf uk > 0, for every time-like vector #/ and allows a positive
local energy density. Various changes to EFE have been established and extensively studied [9]. In ([10],
[18]), the authors assert a specific model in which the adjustment to GR is a polynomial function of R?,
R]-kak and Rlijkﬂlifk quadratic curvature invariants (Rj;jx stands for the Riemannian curvature tensor).In this
article, we study “f (R*)-gravity theory”, where R* = RyR*, which was developed by Li et al. [24]. A
few f (R*)-models, for example, f (R*) = B(R*)” (B and y are constants) introduced by Li et al. [24] and we

Ri—

choose a novel model f (R*) = In (6R") — e A (A and 6 are constants), to discuss different ECs.
After preliminaries the properties of PFS allowing concircular curvature tensor are provided in Section
3. Lastly, we explore concircularly flat PFS solutions in f (R*)-gravity.

2. Preliminaries

We choose a 4-dimensional spacetime throughout the paper. A spacetime is named concircularly flat if
the concircular curvature tensor vanishes at each point of the spacetime. Let us choose a concircularly flat
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spacetime. Hence, equation (5) yields

R
Ré]’k 12 [62917' - ‘5?9ik]r

which entails that the spacetime is of constant sectional curvature.
Contraction of (6) provides

R
Rij = 1 9if-

Thus we state:
Proposition 2.1. A concircularly flat spacetime is an Einstein spacetime.

Covariant derivative of equation () gives (for n = 4)

=VR. E{

1
ViH i~ 1o

! I
ijk i = 5j!7ik}-

we know that

ViR}; = ViRij = VR

Making use of equation (9) in (8), we infer
1
V]?‘(l-l]-k = VkRij - VjRik - E {giijR - gikVﬂZ} .
Suppose ‘7—(1 .I].k is harmonic, that is, Vﬂ-(l .’].k = 0, then equation provides

1
VkRi]‘ - V]‘Rl'k = E {giijR - gikV]‘R} .
Multiplying (T1) with g"/ infers

1
ViR = ViR = ZViR.

i 1
Since V;R] = Eka’ thus from the equation (12), we acquire

R = constant.

Therefore, equation yields
ViRij = ViR =0,

which entails R is of Codazzi type.

Conversely, for a Codazzi type of Ricci tensor Ry, we get
V]-Rik - Vkﬂi]' =0.
Multiplying (T5) with g'/, we find

ViR =0.
The equations (10), and turns into
I
ViHY, = 0.

Thus, we write

10531

(7)

©)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

Proposition 2.2. In a Riemannian or a semi-Riemannian space the concircular curvature tensor is harmonic iff the

Ricci tensor is of Codazzi type.

Remark 2.3. Theorem 6 and Theorem 7 of the paper [2] are wrongly stated.
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3. PFS admitting concircular curvature tensor

Here, we choose a concircularly flat PFS obeying EFE.
From equations (), @) and (7), we get

(o + i+ (kp+ g =0 18)
Now multiplying equation with g/* yields

R+xBp—u)=0. (19)
Again, multiplying with u/ provides

R = 4xp. (20)

From the last two equations, we obtain

p=-U (21)
which means that a dark matter era [11]. Therefore, we provide:
Theorem 3.1. A concircularly flat PFS satisfying EFE represents a dark matter era.

Equations (3) and () jointly yield

Rijx = x(p + Wujux + (kp + g)gjk. (22)
Now, multiplying equation (22) by u/u¥, we acquire

Rjkufuk = KU - 8 (23)
Therefore, from (20) and (23), we find

Rjkufuk = —KU. (24)

A spacetime satisfies the strong EC (SEC) [17] if for every time-like vector v, Ryv"v/ > 0 holds. Let the
spacetime under consideration obeys the SEC. Thus

Ky < 0. (25)
As p is non-negative and x > 0, then (20) and (25) infer
R =0. (26)

Then equation (6) provides Rﬁjk = 0, which entails that the spacetime has vanishing sectional curvature.

Hence, a concircularly flat PFS and Minkowski spacetime are locally isometric ([17], p. 67).
Thus, we write:

Theorem 3.2. A concircularly flat PFS satisfying the SEC is locally isometric to Minkowski spacetime.
Since p is non-negative, equation states that

R =0, (27)
which entails R > 0, or R = 0.

Case 1. If R > 0, then equation (6) implies that the space is of positive constant curvature. Thus, it is a
de-Sitter spacetime [17].

Case 2. For R = 0, equation (6) reveals Rﬁjk = 0. Therefore, the spacetime is locally isometric to Minkowski

spacetime.
Hence, we state:
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Theorem 3.3. A concircularly flat PFS is either locally isometric to Minkowski spacetime or a de-Sitter spacetime.

Since the de-Sitter spacetime is conformally flat and therefore belongs to Petrov classification O. Hence, we
provide:

Corollary 3.4. A concircularly flat PFS belongs to Petrov classification O or locally isometric to Minkowski spacetime.

Let the concircular curvature tensor be harmonic, that is, VI'H, ,l],k =0.
We know that a Yang pure space [19] is a Lorentzian manifold obeying the Yang’s equation:

ViR = ViR, = 0. (28)

Hence, by Proposition 2, we infer that a spacetime allowing harmonic concircular curvature tensor is a Yang
pure space.
From [19], we write the subsequent:

Theorem A. A 4-dimensional PFS obeying u + p # 0 represents a Yang pure space iff it is a RW spacetime.

Therefore, using Theorem A, we provide:

Theorem 3.5. A PFES obeying p + p # 0 and harmonic concircular curvature tensor is a RW spacetime.

4. Concircularly flat PFS solutions fulfilling f (R*)-gravity

The modified Einstein-Hilbert action term is given by

5= f{Lm t %K(R*)}d‘*x =, (29)

where L, indicates the matter Lagrangian density depends on the metric g and Ricci-tensor-squared
gravity R" is presented as

R = Ry R (30)

The variation of action term provides the modified EFE of f (R*)-gravity as [24]

1
Ru+ 2fe RiRy, = 3 (R + F (R)] goc = KT o

)
in which fg- = &_7];* and ‘7’1{ is the EMT of the fluid.
In f (R) modified gravity, the ECs are given by

NEC = u+p >0,

WECe& u>0 and p+p=>0,
DECe—= u>0 and p+p=>0,
SECe= pu+3p>0 and pu+p=0,

in which DEC indicates the dominant EC.

Here, we choose PFS solutions in f (R*)-gravity equation allowing the EMT equation (). Thus, (3), (7)
and together imply

R2 R 1 .
3 Jikfr — T~ 5 gif (RY) = xpgu + (P + ll) Uiy (32)
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Multiplying (32) with u!, we obtain

R 1 . R
b=t 5 fR) - o fre (33)

Again, multiplying equations (32) with g’ infers

RZ
3Kp—1<p=7qux—ﬂ—2f(7€*). (34)

From and (34), it follows that

R 1

o, R
P="1c o R+ g fre (35)

Hence, we provide:

Theorem 4.1. In a concircularly flat PES solutions in f (R*)-gravity the energy density p and the isotropic pressure
p are described by (B3) and B9), respectively.

Equations (33) and (85) together imply
p+p=0,

which tells that NEC is verified.
From (7), it follows that

R
Rl — - g (36)

Equations (7) and (36) together imply

.RZ

%ﬂﬁ:-z. (37)

Therefore the Ricci-tensor-squared gravity is

RZ

R =7 (38)

We now investigate the ECs for two distinct f (R*)-gravity models in the subsequent subsections.

A f(R) =B R
Using equations (33), (35) and (38), the energy density and pressure are described as

R PpA-p)R¥

= et Toexa (39)

R BA-p)R¥
Pe " ™ oexa (40)
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The ECs are now discussed using equations (39) and (40).

N
[N} N

w oo

Fig. 1: Advancement of Fig. 2: Advancement of DEC
8 u 8
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Fig. 3: Advancement of SEC

Figs. 1, 2 and 3, gave the profiles of y, DEC and SEC. In this set up, g + p is zero. As NEC belongs to
WEC, consequently NEC and WEC are verified. Fig. 2 gives the DEC profile.SEC is violated, and this result

provides the Universe’s late-time acceleration [25]. Moreover, for this set up, the EoS is P_ -1.

R*
B.f(R) = In(BR") — e A

Here, using (33), and (38), the energy density and pressure are represented as

R
1|(R=2\ (R+41) - 1 (62
== — 4\ + = -
K K(4)( 8 )e +2l”(4)’ 4
2 _Rz 2
1| (R-2\ (RE+41) -~ 1 _[oR
-1 - L (BN
P=x ( 2 )+( 8 )e zl"( 4) (42)
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Using @T) and @2), we can discuss about the ECs for this model.

x10%2 x10%
6 12

13 24 12
-14 23 3 14 23 24

A TTas 21 ’ R A 16 21 - R

Fig. 4: Advancement of u Fig. 5: Advancement of DEC

24

R

<16 24

Fig. 6: Advancement of SEC

Figs. 4, 5, and 6 shows the profiles of y, DEC, and SEC. Also, we see that y and DEC are obeyed for
R > 2 and R? + 41 < 0 with 6 = 4 but the SEC is not satisfied. Moreover, as p + p = 0 for this set up, NEC
and WEC are also verified.

5. Conclusion

The prime focus of this paper is to explore the concircularly flat PFS solutions in f (R’)-gravity.

Our outcomes have been examined analytically and graphically. To create our formulation, we used here

the analytic technique and discuss the stability of two cosmological models, like f(R") = B(R)" and
R*

fR) =In(6R") - Ae A . For the 1st model, Figs. 1, 2 and 3 gave the profiles of ECs. For parameters R > 0

and > 0, the evolution of y is seen to be positive. Although WEC, NEC and DEC are verified, SEC violated

the agreement. Moreover, the EoS is P_ —1, which indicates the dark matter era. Besides, all conclusion is

U
consistent with the ACDM model [1]. Likewise to the 1st model, Figs. 4, 5 and 6 depict all ECs for the 2nd
model. The findings we discovered for the 2nd model are identical with those of the 1st model.

6. Acknowledgement

The author, Fatemah Mofarreh, expresses her gratitude to Princess Nourah bint Abdulrahman Uni-
versity Researchers Supporting Project number (PNURSP2025R27), Princess Noura bint Abdulrahman



U. C. De, F. Mofarreh / Filomat 38:30 (2024), 10529-10537 10537

University, Riyadh, Saudi Arabia.

References

(1

[2]
13

[4]
(5]

[6

[7

(8]

[9

[10]

[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]

[21]
[22]
[23]
[24]

[25]

[26]
[27]

[28]
[29]
[30]

Aghanim, N., Akrami, Y., Ashdown, M., Aumont, J., Baccigalupi, C., Ballardini, M., Banday, A.]., Barreiro, R.B., Bartolo, N.,
Basak, S. and Battye, R., Planck 2018 results-VI. Cosmological parameters, Astronomy & Astrophysics, 641(2020), Article ID A6.
Ahsan, Z. and Siddiqui, S.A., Concircular curvature tensor and fluid spacetimes, Int. J. Theor. Phys., 48(2009), 3202-3212.

Alifas, L., Romero, A. and Sanchez, M., Uniqueness of complete spacelike hypersurfaces of constant mean curvature in generalized
Robertson-Walker spacetimes, Gen. Relativ. Gravit., 27(1995), 71-84.

Atazadeh, K. and Darabi, E, Energy conditions in f (R, G)-gravity, Gen. Relativ. Gravit., 46(2014), Article ID 1664.

Bamba, K., Ilyas, M., Bhatti, M.Z. and Yousaf, Z., Energy conditions in modified f(G) gravity, Gen. Relativ. Gravit., 49(2017),
Article ID 112.

Cai, Y.F, Capozziello, S., Laurentis, M.D. and Saridakis, E.N., f (T) teleparallel gravity and cosmology, Rept. Prog. Phys., 79(2016),
Article ID 106901.

Capozziello, S., Frusciante, N. and Vernieri, D., New spherically symmetric solutions in f (R)-gravity by Noether symmetries,
Gen. Relativ. Gravit., 44(2012), 1881-1891.

Capozziello, S., Mantica, C.A. and Molinari, L.G., Cosmological perfect fluids in higher-order gravity, Gen. Relativ. Gravit.,
52(2020), Article ID 36.

Carroll, S.M., Duvvuri, V., Trodden, M. and Turner, M.S., Is cosmic speed-up due to new gravitational physics?, Phys. Rev. D,
70(2004), Article ID 043528.

Carroll, S.M., Felice, A.D., Duvvuri, V., Easson, D.A., Trodden, M. and Turner, M.S., Cosmology of generalized modified gravity
models, Phys. Rev. D, 71(2005), Article ID 063513.

Chavanis, PH., Cosmology with a stiff matter era, Phys. Rev. D, 92(2015), Article ID 103004.

Chen, B.-Y., A simple characterization of generalized Robertson-Walker spacetimes, Gen. Relativ. Gravit., 46(2014), Article ID
1833.

De, A. and Loo, T.-H., Almost pseudo-Ricci symmetric spacetime solutions in F (R)-gravity, Gen. Relativ. Gravit., 53(2021), Article
ID 5.

De, K, C. Woo and U.C. De, Geometric and physical characterizations of a spacetime concerning a novel curvature tensor, Filomat
38:10 (2024), 3535-3546.

De, K. De, U.C. and Gezer, A., Perfect fluid spacetimes and k-almost yamabe solitons, Turk ] Math (2023) 47: 1236-1246.

De, U.C,, De, K., Zengin, FO. and Demirbag, S.A., Characterizations of a spacetime of quasi-constant sectional curvature and
F (R)-gravity, Fortschr. Phys. 2023, 2200201.

Duggal, K.L. and Sharma, R., Symmetries of spacetimes and Riemannian manifolds, Springer New York, NY 1999.

Easson, D.A., Modified gravitational theories and cosmic acceleration, Int. J. Mod. Phys. A, 19(2004), 5343-5350.

Guilfoyle, B.S. and Nolan, B.C., Yang’s gravitational theory, Gen. Relativ. Gravit., 30(1998), 473-495.

Giiler, S. and Demirbag, S.A., A study of generalized quasi-Einstein spacetimes with applications in general relativity, Int. J.
Theor. Phys., 55(2016), 548-562.

Harko, T. and Lobo, ES.N., f (R, L,;)-gravity, Eur. Phys. J. C, 70(2010), 373-379.

Harko, T., Lobo, ES.N., Nojiri, S. and Odintsov, S.D., f (R, T)-gravity, Phys. Rev. D, 84(2011), Article ID 024020.

Hawking, S.W. and Ellis, G.ER., The Large Scale Structure of Space-Time, Cambridge University Press, London, 1973.

Li, B., Barrow, ].D. and Mota, D.F.,, Cosmology of Ricci-tensor-squared gravity in the Palatini variational approach, Phys. Rev. D,
76(2007), Article ID 104047.

Loo, T.-H., De, A., Mandal, S. and Sahoo, PK., How a projectively flat geometry regulates F (R)-gravity theory?, Phys. Scr.,
96(2021), Article ID 125034.

O’Neill, B., Semi-Riemannian Geometry with Applications to the Relativity, Academic Press, New York-London, 1983.
Raychaudhuri, A.K., Banerji, S. and Banerjee, A., General relativity, astrophysics, and cosmology, Springer-Verlag New York, Inc.
1992.

Yano, K., Concircular geometry I. Concircular transformations, Proc. Imp. Acad., 16(1940), 195-200.

Yano, K. and Kon, M., Structures on Manifolds, World Scientific Publishing, Singapore, 1984.

Zengin, EO. and Tasci, A.Y., Spacetimes admitting the Z-symmetric tensor, Quaestiones Mathematicae, 44(2021), 1613-1623.



	Introduction
	Preliminaries
	PFS admitting concircular curvature tensor
	Concircularly flat PFS solutions fulfilling f(R^)-gravity
	Conclusion
	Acknowledgement

