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Abstract. In this paper, the multi-point nonlocal second order linear Sturm-Liouville problem is considered
consisting of the equation —u”(¢) + q(t)u(t) = Au(t) on [0, 1] and multi-point boundary value conditions.
The geometric multiplicity of eigenvalues, the asymptotic formulas for eigenvalues and eigenfunctions
are expressed explicitly under certain mild conditions, these results can be used to investigate the inverse
spectral problems of certain Sturm-Liouville operators.

1. Introduction

Sturm-Liouville theory is well known in qualitative analysis of eigenvalues and eigenfunctions of
second-order linear boundary value problems ([6, 19]), and many researches are involved such as self-
adjointness of operator, distribution of eigenvalues, asymptotic properties of eigenvalues, oscillation of
eigenfunctions, completeness of system of eigenfunctions. Among these researches, nonlocal boundary
value problems have been of growing interest in recent years since they can describe states and properties
that related to past moments ([8, 12, 15, 24, 34]), such processes arise in mathematical physics, biology and
biotechnology and other fields. The multi-point nonlocal boundary value problem for the second-order
ordinary differential equation was first proposed by Ilyin and Moisseev in [16], later, some scholars devoted
themselves to the study of such problems (see [1-3, 14]). The authors in [7, 11, 29] studied eigenvalues for
such problems with nonlocal boundary conditions of Ionkin-Samarskii or integral type. More complicated
cases of Sturm-Liouville problem with one classical boundary condition and another Bitsadze-Samarskii
type or integral type nonlocal boundary condition were considered in [25, 26]. In particular, Sturm-
Liouville problem in three cases of Bitsadze-Samarskii type nonlocal two-point boundary conditions were
investigated by Peciulyte and Stikonas in [25]. They obtained the general properties of eigenvalues and

eigenfunctions, the qualitative behavior of eigenvalues dependent on boundary condition parameters was
also described.
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In 2007, the following Sturm-Liouville problem with one classical boundary condition and another
Bitsadze-Samarskii type nonlocal boundary condition

—u”(t) = Au(t),t € (0,1)
u(0)=0
u(l) = yu(é)

was considered in [31], where y € Cand & € [0, 1]. The author proved general properties of the eigenfunction
and spectrum for such a problem in the complex case and analyzed the case of real eigenvalues. Then the
characteristic function method has been used in [32] for the purpose of presenting some new results of the
spectrum of the above problem.

Recently, Sen and Stikonas in [33] obtained the asymptotic formulas of eigenvalues and eigenfunc-
tions for the following second order nonlocal boundary value problem with potential function g(t) in the
differential equation

—u" () + g(H)u(t) = Au(t), t € [0,1]
u(0) =0,

u(1) = yu(s),

wherey e Rand & € (0, 1).

Meanwhile, the multi-point boundary value problems of ordinary differential equations have become
an important area of research in recent years, the authors in [17] considered the second order linear Sturm-
Liouville problem which involve one or two multi-point boundary conditions. They got certain interlacing
relations between the eigenvalues of Sturm-Liouville problems with multi-point boundary conditions and
those with two-point separated boundary conditions. Algebraic multiplicity of eigenvalues was also
involved. Furthermore, the studies of multi-point Sturm-Liouville problems will set up a foundation for
the further investigations of nonlinear boundary value problems with multi-point boundary conditions.
There were some literatures on such problems ( see [4, 5, 9, 10, 17, 20-23, 27, 28] for more details).

In [9], the authors investigated the structure of eigenvalues for the multi-point boundary value problem
in the following form:

—y" () +q(x)y = Ay, x €[0,1]

y(0) =0,
y(1) =Y ay(n) =0,
k=1

where g € LY([0,1],R), @ = (ay,...,a,) € R",and 0 < m < --- <1y < 1. They gave a sufficient condition for
real eigenvalues, but did not give the asymptotic formulas of eigenvalues and eigenfunctions.

Inspired by the above literatures, in this paper, we discuss a class of boundary value problems consisting
the equation

" (t) + q(Eyu(t) = Au(t), t € [0,1] (1)
together with the (m + 2)-point boundary conditions of the form

u(0) =0, ()

u(l) =

]

aju(n;), 3)

m
=1
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where the potential g(t) is a real-valued function which is continuous in [0,1], A = s? is a complex spectral
parameter and s = x +iy,x,y € R. aj € Rand @; > 0 (or @; < 0), j=1,2,--- ,m, simultaneously. 0 < 11 <
o< < L

Thé rest of the paper is organized as follows. In Section 2, we will give the asymptotic formulas of
solutions satisfying the initial conditions, and prove that the geometric multiplicity of the eigenvalue is 1.
In Section 3, by comparing the characteristic equation with the case ¢ = 0, we analyze the characteristic
equation of problem (1)-(3). Finally, the asymptotic formulas of eigenvalues and eigenfunctions for the
multi-point nonlocal boundary value problem are expressed explicitly under certain mild conditions.

In the sequel, we will use the following symbols:

R, ={s=x+iyeC:x=0,y>0}, R ={s=x+iyeC:x>0,y=0},
Cl={s=x+iyeC:x>0,y>0}, C,={s=x+iyeC:x>0,y<0},
R = {s = 0},

where Ry = R; URFUR?, C; = R,UCF UC;.

2. Preliminaries

In this section, we will give estimations of solutions satisfying the initial conditions and analyze the
geometric multiplicity of eigenvalues.
Let @, (t) = ¢(t, A) be the solution of equation (1) satisfying the initial conditions

Pa(0) =0, ¢3(0) =-1. (4)

Then we know that @, (f) is uniquely determined by the existence and uniqueness theorem of the solution,
and @,(t) is an analytic function with respect to A on the complex plane by the differentiability theorem of
the solution to the parameters.

Lemma 2.1. [19] The solution @,(t) of equation (1) satisfying initial condition (4) has the following expression for
A#0:

t
pa(t) =~ sinst) + 1 [ sinfsti - D)) 6)
0

Lemma 2.2. [33] Let s € Cs, then there exists qo > 0 such that for |s| > qo one has the estimate

@A) = O(s71e™),  Is| — oo, (6)
and more precisely,
@a(t) = —s L sin(st) + O(s~2e"),  |s| — oo. (7)

These estimates hold uniformly for 0 <t <1.

Lemma 2.3. [33] Let s € Cs, then there exists qo > 0 such that for |s| > 2q¢ one has the estimate

@B = O™, Is| > oo, (8)
and more precisely,
@) (H) = —cos(st) + O(s'e), |s| - oo. 9)

These estimates hold uniformly for 0 <t <1.

Theorem 2.4. The geometric multiplicity of eigenvalues of problem (1)-(3) is 1.

Proof. We suppose that A is the eigenvalue of (1)-(3) and 1(t) is the corresponding eigenfunction. The
statement is obvious since all solutions with 1;(0) = 0 are multiples of ¢, by the uniqueness property of
the initial value problem. [
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3. Main results

In this section, we will get the main results of the paper.
m

Substituting ¢, (t) into u(1) = aju(n;), we get the characteristic equation of problem (1)-(3)
j=1
Pr(1) = ) ajpan)) = 0. (10)
j=1

For s = VA, we define a function

E(s) := -s [(PA(l) - Z Oéj(P/\(T]j)]- (11)

=1
We see that F(s) is an analytic function of s. The set of eigenvalues for problem (1)-(3) is equal to the

set {A 1A =82, =F(s)/s = pa(1) = Ly ajpa(n)) = 0}.
Substituting (5) into (11), we obtain

1

F(s) =sins — f sin(s(1 — 7))q(t)@a(t)dT
0

=1

1j
Ocj(sin(mS)— fo Sin(S(m—T))Q(T)(PA(T)dT),

j

m
F'(s) =coss — Z ajn;jcos(n;s)
j=1

1 1 1j
- fo (1-7)cos(s(1 = Tg(D)pa(r)dT + ) a; fo (n; = ) cos(s(; = (D)D)
j=1

Next, we estimate F(s) and F’(s). Since

1
Sfo | sin(s(1 = 7)llg(7)llpa(T)ldT

1

‘—fo sin(s(1 — 7))q(7)pa(7)d7
1

< [ M0

<f0e A(DIC(s )

1
- Cf lg(7)ld7 - s7te = O(s7te),
0

andfor 0<nj<1(j=1,---,m),

7j 7j
Déjfo sin(s(nj — 1))q(1)pa(r)dr| < Iajlfo e I)g(r)|C(s™" )T

1

SCllXﬂf lg(7)ldT - s~ e
0

= O(stel"),

where C > 0 is a constant determined by the solution. We can write F(s) and F’(s) as

F(s) = f(s) + fo(s) = sins — Z ajsin(n;s) + O(s ey, (12)

m
J=1
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F'(s) = coss — Z ajnjcos(n;s) + O(s~'el¥h). (13)
=1

m
Theorem 3.1. Ifa; >0(j=1,2,--- ,m) and Za]- < 1, then there exists a countable number of positive eigenvalues
=1
for proflem (1)-(3) and the equation F(x) = O has at least one positive root in each interval (—7% +km, 5 +km) for k large
enough.

Proof. Suppose s = x, 0 < x € R, according to (12), we get
m
F(x) = sinx — Z a;sin(nx) + O(x™).
=1

For x large enough,

Z a;sin(n;x) + o@™h

< aq| sin(nyx)| + az| sin(nex)| + - - - + ay| sin(n,x)| + IO(xfl)I
< aj <1
=

=

—_

Since sinx takes the local maximum value 1 at —37” + 2k, k € IN, and the local minimum value -1 at
—7% +2km, k € N. Using the intermediate value theorem, the equation F(x) = 0 has at least one root in each
interval (=5 + kmt, 7 + knt), K <k € N for K large enough. So the equation F(x) = 0 has countable numbers
of roots. [

m
Remark 3.2. Similarly, equation f(x) = sinx — Z ajsin(njx) = 0 has at least one positive root in the interval
j=1
(=5 +km, 5 + kn) for k large enough. And it is obtained that the root of equation f(x) = 0 is unique in each interval
(=5 +kmt, 5 +kmt) by using the implicit function theorem as in [27], so we represent the root as xx = kri+gi(ay, -+ , am),
where |gi(av, -+, am) < 7.

If g(t) = 0, we note that the characteristic equation of problem (1)-(3) is exact the equation f(s) =

sins — Z ajsin(n;s) = 0. Remark 3.2 shows that for Z aj < 1, equation f(s) = 0 has countable numbers
j=1 =1

of positive simple roots x;, which can be obtained by solving equation f(x) = 0. According to Rouche’s

theorem, there exists x; between two roots x; and x.1 of the above equation such that f'(x;) = 0, that is,

m
X is the root of cosx — Z ajnjcos(n;x) = 0.
j=1

m

Remark 3.3. Supposea; >0(j=1,2, -+ ,m)with Z aj <land0 <n;. Ifxyisarootofsinx— ) a;sin(n;x) =0,

=

j=1 j=1
m
due to the simplicity of the roots of the equation ([27]), there exists x > 0 such that |cosx; — Z ajmn;cos(n;xy)| =
j=1

x > 0, where x depends on x.
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m

m

Remark 3.4. Suppose aj > 0 (j = 1,2,--- ,m) with Zaj <land 0 <n; <1 Ifcosx— Zajcos(n]-x) =0,
j=1
+a

=1
letx = ay := (k+ %)n, k € IN. At this time, by cos ar = 0, we have a; cos(mak)ﬂxz cos(Maax)+- - -+aty cos(Nmax) = 0,
m
then there exists K > 0 such that | sinay| — ajlsin(nja)| =2 x =1 - Z a;>0.
=1

LetDy ={s:|x| <ax = (k+ %)n, lyl < ax}, D; = DxNCs. Define a contour I} = dD; N C;, it can be seen from
[32] that the corresponding contour 1"2 is the boundary of the domain DQ in the plane C,, where A = s2 is
the bijection from C; to C,.
m

Lemma 3.5. Suppose Z aj < 1, then there exists | > 0 such that all eigenvalues of problem (1)-(3) are positive in
=1

the domain {s € C; : |s| > I}.

Proof. On the vertical part of the contour I'}, i.e. s = a, + iy, y € [—ax, ar],
f(s) =sins — Z a;sin(1);s).
=1
Taking the real part of f(s), we get

Ref(s) =sinaxcoshy — Z a;sin(n;ax) cosh(n;y),
j=1

|f(s)| = IRef(s)| =| sinay|coshy — Z aj|sin(n;ax)| cosh(n;y)
j=1

m
>||sinag| — Z aj|sin(n;ax)| | cosh y.
=1

According to Remark 3.4, we get |f(s)| > kcosh y > Myel¥l, where M; > 0.
On the rest part of the contour I, ie. y = £a, 0 < x < a. Since

sin(x + iy) = sinx cosh y + icosxsinh y,

we get

|sins| = \/ sin® x cosh” y + cos? xsinh® y

cosh? y — cos? x.

Then
|sins| > [sinhy|, |sin(n;s)| < cosh(n;y).
So we have
If(s)l =|sins — ) a;jsin(n;s)
=1
>|sins| — Z ajlsin(n;s)|
j=1

>|sinhy| - ) ajcosh(n;y) = h(y)e",
j=1
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where h(y) is defined by

h(y) =||sinhy| - Z ajcosh(n;y) ey
=1

1 e & oDyl e+ DIyl
272 _;O‘f 2 _;“f 2

We know that there exists i > 0 such that i(y) > & for |y| > i by analyzing the function h(y), so |f(s)| > %
Taking M = min{M;, %}, Thus we get |f(s)| > MelY! on I} for k large enough. By (12) and |s| > I, we obtain

fo(s)] < calsl™"e < Mel!t < |£(s)],

where c; is a constant determined by the solution. According to Rouche’s theorem, it is obvious that f(s) =
0 and F(s) = f(s) + fo(s) = 0 have the same number of zeros inside I. Since f(s) = 0 has only one root
in the area between contours I';_; and I}, equation F(s) = 0 also has one root in this area. Combined with
Theorem 3.1, we obtain that the roots of F(s) = 0 in the domain {s € C; : |s| > I} are positive. [

Let s be a root of F(s) = 0, we know that s; is positive by Lemma 3.5 for k large enough. Next we will
study the distribution of positive eigenvalues of problem (1)-(3), and we only consider the case of s = x > 0,
since eigenvalues are real, as |s| — oo, we have

F(s) = f(s)+ O(s™"), where f£(s)=sins— ) a;sin(n;s).

=1
F'(s)=f'(s)+O(s™"), and f'(s) = coss— i a;n; cos(n;s).
=1
It follows from x, s; € ((k — 1/2)m, (k + 1/2)7) that
Sk ~ Xk ~ kmas k — oo.
Let wy = sp — x, we get
%1_{2 wy=0 ie, wx=o0(l), k— oo.

By (7), we obtain

sin(st)

Ps(t) = - +0(57), Isl = co. (14)

Theorem 3.6. Let q € C[0,1], suppose aj >0 (j = 1,2,--- ,m) and Zaj < 1. Then as k — oo, the asymptotic
j=1
formulas of eigenvalues Ay and eigenfunctions uy of problem (1)-(3) have the forms

i t
sk =2+ O(Y),  wlt) = —% +0(k?). (15)
k
Proof. Substituting si = x + wy into F(s) = sins — ajsin(n;s) + O(s™1) =0, as k — oo, we get
=1

sin xy —

]

ajsin(nxi) + wx [ cos x — Z anjcos(nixg) |+ O@y) = OK™).
=1 j=1
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m
Since x; is the root of f(s) = 0, i.e. sinx; — Z a;sin(n;xx) = 0, we have
=1

[cos Xk — Z ajnjcos(n;x) + O(wy) [wy = O(k™), k — co.

=1

Then it is obtained from Remark 3.3 that wy = O(k™!). Similarly, substituting s, = x; + @y into (14), we get

_osin(xt) | sin((xx + wp)t)  sin(xkt)
T Xk B X + Wy - X,

+O(k™?)

+O(k™2)

__sin(xd) X sin(xt)O(w?) + xpawit cos(axt) — sin(xxb)wyi . 06

2
Xk X

_ _ sin(d) _ xetcos(ud) = sin(xid) Sm(:kt) O(wd) + O(k™?)

2
Xk X

- _ M + O(k‘z), k — oo.
Xk

O

As k — oo, we normalize u(t) as

f 24t = f (smz(x"t) ok )]dt
1

- ; 41}( s1n(2xk)]+O( %

=?(1 +0(k™),
k

1
—— = —=V2x;: + O(1).
o Xk 1)

Therefore, as k — oo, the normalized eigenfunctions have asymptotic formulas

o) = (- \/_xk +0 1))[ Sln(fkt)

O(k‘z)] = V2 sin(xt) + O(k™).

In order to obtain more exact asymptotic formulas of eigenvalues and eigenfunctions, we assume
thatg € C'[0,1], then as |s| — oo, the following formulas hold:

t t
f (1) cos(2st)dT = O(s71), f (1) sin(2st)dt = O(s7").
0 0

Let Q(t) = % fot q(t)dr, it is obvious that Q(t) is bounded. Substituting (14) into (5), we obtain

¢ .
pAt) = L sm(st) + - ! f sin(st — s7)g(7) [—M + O(S_Z)] dr, |s| — oo.
0 s
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Since

¢
- slz f sin(st) sin(st — sT)g(t)dt
0

. t
= —%St) sin(2st)q(7)dt
0

t
+ Q) zg s(s1) - COZS;;S ) | cos(2st)q(t)dr,

as |s| = oo, we have

. t .
—Slgs(,ft) 0 sin(2ST)q(T)dT| - 'Slé‘s(ft)IO(s-l) = 0™,
t
—Cos(it) f cos(2s7)g(t)d| = O(s™3),
2s 0

t
% f sin(st — s7)q(1)O(s~%)dt = O(s™2).
0
So we get

Q(t) ESS(St) + O(S_3), s| = oo. (16)

s(t) = —% sin(st) +

Then by (11), we obtain

Q1) coss — Z a;Q(n;) cos(n;s)

F(s) =sins— Y . ajsin(s) - jzls +0(s72), |s| — oo. (17)
=1
Define
Q@) coss — Z a;Q(n;) cos(n;s)
=1
W(all'“ /am;rlll..' /nm;s) = r]"

coss — Y a;jn;cos(1n;s)

[uy

.

For convenience, we abbreviate W(ay, -, am; 11, , 1m; 8) to W(aj, 17j,8) in the following assertions.

Theorem 3.7. Ifg € C'[0,1], a; >0(j=1,2,--- ,m) and Z aj < 1. Thenas k — oo, the asymptotic formulas of
j=1
eigenvalues and eigenfunctions of problem (1)-(3) have forms

Sk = X + W(Oé]', nj, xk)x,:1 + O(k_2), (18)

() = _%fkt) Q) - tW(a,nj, xk))cosif"t) + 0. (19)
k
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Proof. Substituting sy = xx + wy into (17), as k — oo, we get

sin(x; + wy) — ; ajsin((xe + we)n;) — Q(l)iji(i];: 20
Z a;Q(n;) cos((xk + wi)n;)
+ 2 = O(k™).

X + Wy
The four parts on the left side of the above formula will be discussed below. As k — oo, we have
sin(xy + wy) = sin x; + wg cos xy + O(a)i),

m

- Z ajsin(xgn; + win;) = Z ajsin(xgn;) — Z ajwgn;j cos(xkn;) + O(wi),

=1 j=1 j=1
_ Q) cos(xx + @) _ Q1) cosx . Q(1) sin x¢ w + 0(@?),
Xy + Wy Xk Xk
Z a;Q(n;) cos(n;(xx + wx)) Z a;Q(n)) Z a;n;iQ(nj)wk sin(x1;)
j=1 = ) -= ‘
Xk + Wy B Xk cos(xkr]] ) Xk ’ O(wk)‘

Then we can obtain that

Q(1) cos xy — Z a;Q(1) cos(xkn;)

j=1

sin xy — ; ajsin(xn;) — o
COS Xi — Z ajnjcos(xxn;) + (Q(1) sinxp — wy Z a;n;iQ(n;)) sin(xkn]-))x,;l W

j=1 j=1
+O0(w}) = O(k™), k — oo.

+

m
Since sin xy — Z a;sin(xn;) = 0, the above formula can be written as
j=1

Q@) cos xy — Z a;Q(n;) cos(xkn;)

=1

m
[cos Xk — Z ajmn;cos(xxn;) + O(k™)

X
=1 k

or

Q1) cos x; — Z a;Q(n) cos(xxn;)
+O0(k™)

Wi =

j=1

m

Xk [cosxk Zoc]n] cos(x¢1;)
j=1

_ Wiaj,nj,xi)

+O(k™?), k — co.
Xk

wg = +O(k™?), k — oo,

10564
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Substituting s = xx + wy into (16), we get

sin(xt) . Q(t) cozs(xkt) 3 tcos(xkt)wk + O, k — .
Xk Yk M

Finally, it follows by wy = W(aj, nj, x)x; ' + O(k™?) that

u(t) = -

sin(xt) cos(xkt)

u(t) = B +(Q(t) = tW(aj, j, x))——5— + O(k™), k — co.

k
|

Next, we give the normalized eigenfunctions as follows. By (19), as k — oo, we conclude

2 - sini(zxkt) ~ 2(Q(i‘) — tW(aj, nj, ;CI;)) sin(xxt) cos(xt) +(QU) — W 15,30 cos (th)
k k k

2 —%fk” Q) - tW(a;, mj x k»cos(""t) Ok + O(k™)
k

_ sin®(xyt) . tW(aj, nj, x¢) sin(2xt) .\ W2(arj, 1j, i)t cos?(xit) _ Q(h) sin(xit)

X X X X
2 2 DEW(arj, n:, i) cos?(xt
L Q (t)ccis () —zQ() (a; 17,4 k) COs”(xkt) + 00
x x
k k
in2 tW(a;, ni, xi) sin(2xt i
_sin (Zxkt) . (aj,n; I;) (2xt) Q) sur;(Zxkf) + O,
Xk Xy Xk
which implies that

1
ai:f ui(t)dt
0
1 (! 1! 1 (!
:—2f Sinz(xkt)dt——sf Q(t)sin(Zxkt)dt+—3f tW(aj,nj,xk)sin(Zxkt)dt+O(k‘4)
xk 0 xk 0 xk 0
IR .
- xi( 3 = 7 Sin@x) + Ok ))

1

1
“ 5 (1 - 3 sin(x) + O(k‘z)), k — co.

Further, we calculate that

l = \/Exk !
O \/1 ~ oL sin(2x) + O(k2)

et
1+ &~  sin(2xi) + Ok~ 2)
- \/_xk( + —sm(2xk)+O(k )), k — oo,

Thus we have

olt) = ~ Vi (1+417ksin<2xk>+0<k-2>)( D+ (@ - wta 1) =5+ 06
k
0.25 sin(2xy) sin(xyt) — (Q(t) — tW(aj, 1j, xx)) cos(xkt)

Xk

2 sin(xt) + V2

+O(k™2), k — co.

10565



Y. Gan et al. / Filomat 38:30 (2024), 10555-10566 10566

Conflict of Interest Statement

The authors declare that the paper has no conflict of interest.

References

(1
(2]
3]

[4]
(5]

(6]
[7]
(8]

[9]
[10]

[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]

[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

A. Alsaedi, S. K. Ntouyas, R. P. Agarwal, B. Ahmad, A nonlocal multi-point multi-term fractional boundary value problem with
Riemann-Liouwville type integral boundary conditions involving two indices, Adv. Differ. Equ. 2013(369), (2013).

B. Ahmad, S. K. Ntouyas, On perturbed fractional differential inclusions with nonlocal multi-point Erdélyi-Kober fractional integral
boundary conditions, Mediterr. ]. Math. 14(27) (2017), 1-15.

B. Ahmad, S. K. Ntouyas, A. Alsaedi, W. Shammakh, R. P. Agarwal, Existence theory for fractional differential equations with
non-separated type nonlocal multi-point and multi-strip boundary conditions, Adv. Differ. Equ. 2018(89) (2018), 1-20.

D. R. Anderson, R. Ma, Second-order n-point eigenvalue problems on time scales, Adv. Differ. Equ. 2006(2006), 1-17.

R. P. Agarwal, I. Kiguradze, On multi-point boundary value problems for linear ordinary differential equations with singularities, . Math.
Anal. Appl. 297(1)(2004), 131-151.

C. Bennewitz, M. Brown, R. Weikard, Spectral and Scattering Theory for Ordinary Differential Equations Vol. I: Sturm-Liouville
Equations Springer, Switzerland, 2020.

R. Ciupaila, Z. Jesevitiate, M. Sapagovas, On the eigenvalue problem for one-dimensional differential operator with nonlocal intergral
condition, Nonlinear Anal-Model. 9(2)(2004), 109-116.

W. A. Day, Extensions of a property of the heat equation to linear thermoelasticity and order theories, Quart. Appl. Math. 40(1982),
319-330.

J. Gao, D. Sun, M. Zhang, Structure of eigenvalues of multi-point boundary value problems, Adv. Differ. Equ. 2010(2010), 1-24.

C. P. Gupta, S. K. Ntouyas, P. Ch. Tsamatos, On an m-point boundary-value problem for second-order ordinary differential equations,
Nonlinear Anal-Theor. 23(11)(1994), 1427-1436.

A. V. Gulin, N. L. Ionkin, V. A. Morozova, Stability of a nonlocal two-dimensional finite-difference problem, Differ. Equ. 37(7) (2001),
960-978.

N. Gordeziani, On some non-local problems of the theory of elasticity, Bull. Ticmi. 4(2000), 43—46.

Y. Gan, Z. Zheng, K. Li, Asymptotic estimations of eigenvalues and eigenfunctions for nonlocal boundary value problems with
eigenparameter-dependent boundary conditions, Iran. J. Sci. 47(2023), 863-870.

M. Houas, Z. Dahmani, On existence of solutions for fractional differential equations with nonlocal multi-point boundary conditions,
Lobachevskii J. Math. 37(2016), 120-127.

N. I Ionkin, The solution of a certain boundary value problem of the theory of heat conduction with a nonclassical boundary condition,
Differ. Equ. 13(2)(1977), 294-304.

V. A. Ilyin, E. I. Moiseev, Nonlocal boundary value problem of the first kind for a Sturm-Liouville operator in its differential and finite
difference aspects, Differ. Equ. 23(7)(1987), 803-810.

L. Kong, Q. Kong, M. K. Kwong, J. S. W. Wong, Linear Sturm-Liouville problems with multi-point boundary conditions, Math. Nachr.
286(11-12)(2013), 1167-1179.

A. Lomtatidze, On a nonlocal boundary value problem value problem for second order linear ordinary differential equations, J. Math. Anal.
Appl. 193(3) (1995), 889-908.

B. M. Levitan, I. S. Sargsjan, Sturm-Liouville and Dirac operators, Kluwer, Dordrecht, 1991.

B. Liu, J. Yu, Solvability of multi-point boundary value problems at resonance. I, Indian J. Pure Ap. Mat. 33(4)(2002), 475-494.

E. Meng, Z. Du, Solvability of a second-order multi-point boundary value problem at resonance, Appl. Math. Comput. 208(1)(2009),
23-30.

R. Ma, Nodal solutions for a second-order m-point boundary value problem, Czech. Math. J. 56(4)(2006), 1243-1263.

R. Ma, D. O’'Regan, Nodal solutions for second-order m-point boundary value problems with nonlinearities across several eigenvalues,
Nonlinear Anal-Theor. 64(7)(2006), 1562-1577.

A. M. Nakhushev, Equations of Mathematical Biology, Vysshaya Shkola, Moscow, 1995.

S. Petiulyte, A. Stikonas, Sturm-Liouville problem for stationary differential operator with nonlocal two-point boundary conditions,
Nonlinear Anal-Model. 11(1)(2006), 47-78.

S. Petiulyte, O. Stikoniene, A. Stikonas, Sturm-Liouville problem for stationary differential operator with nonlocal integral boundary
condition, Math. Model. Anal. 10(4)(2005), 377-392.

B. P. Rynne, Spectral properties and nodal solutions for second-order, m-point, boundary value problems, Nonlinear Anal-Theor.
67(12)(2007), 3318-3327.

B. P. Rynne, Second-order, three-point boundary value problems with jumping non-linearities, Nonlinear Anal-Theor. 68(11)(2008),
3294-3306.

M. P. Sapagovas, The eigenvalues of some problems with a nonlocal condition, Differ. Equ. 38(7)(2002), 1020-1026.

M. Sapagovas, R. Ciegis, On some boundary problems with nonlocal conditions, Differ. Equ. 23(7)(1987), 1268-1274.

A. Stikonas, The Sturm-Liouville problem with a nonlocal boundary condition, Lith. Math. J. 47(3) (2007), 336-351.

A. Stikonas, O. Stikoniené, Characteristic functions for Sturm-Liouville problems with nonlocal boundary conditions, Math. Model. Anal.
14(2) (2009), 229-246.

E. Sen, A. Stikonas, Asymptotic distribution of eigenvalues and eigenfunctions of a nonlocal boundary value problen, Math. Model. Anal.
26(2)(2021), 253-266.

K. Schuegerl, Bioreaction Engineering. Reactions Involving Microorganisms and Cells, volume 1. John Wiley and Sons, 1987.



