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Generalized inverses in Z[x]/(vx + x?)
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#School of Mathematics and Physics, Bengbu University, Bengbu, 233030, P. R. China

Abstract. In this paper, we give a *ring Z[x]/(vx + x2), where v € Z and » is defined as (a; + a,x)* =
ay — va — a,x, where a,,a, € Z. Mainly, some classical generalized inverses are considered in this ring, such
as regular inverses, group inverses, Moore-Penrose inverses and so on. Furthermore, it’s proven that this
ring is isomorphic to a special second-order matrix ring.

1. Introduction

Throughout this article, Z is the ring of integers, Z, is the semi-ring of non-negative integers and R is a
ring with identity 1. Let = be an involution on R, that is the involution * satisfies (x*)* = x, (xy)* = y*x" and
(x+y) =x"+y forall x,y € R. We call R a *-ring if there exists an involution on R. Let R be a *-ring. An
element a € R is said to be Hermitian if a* = g, the set of all Hermitian elements of R is denoted by RF* [1].
An element ¢ € R satisfies e? = ¢, then ¢ is called an idempotent element, the set of all idempotent elements
of R is denoted by E(R). If e € E(R) N R, then e is a projection, the set of all projections of R is denoted by

RP™I. TIf each element e € E(R) satisfies ea = ae for any a € R, then R is called an Abel ring.
Recalling the following equations:

(1) axa = a, (2) xax = x, (3) (ax)* = ax, (4) (xa)* = xa,
(5) ax = xa, (6) a* = ax, for some k > 1, (7) xa*> = a, (8) ax? = x.

An element a € R is regular if there exists x € R satisfying Eq.(1). In this case, x is called the regular inverse
(inner inverse or 1-inverse) of 4, and is denoted by a')) (or a”), the set of all regular inverses of a is denoted
by a{1}, the set of all regular elements of R is denoted by R™. We use the symbol U(R) to denote the set of
all invertible elements of R. Clearly, U(R) € R™.

The Drazin inverse of a € R [2] is the element x € R which satisfies Eq.(2), (5), (6). The element x above
is unique if it exists and is denoted by aP. The least such k is called the index of 4, and denoted by ind(a).
In particular, when ind(a) = 1, the Drazin inverse of 4 is called the group inverse of 2 and is denoted by a*.
The set of all Drazin (resp. group) invertible elements of R is denoted by RP (resp. R¥).
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For any element a in a *-ring R is Moore-Penrose invertible, if there is an element x which is the unique
solution to Eq.(1), (2), (3), (4). Such solution x is called the Moore-Penrose inverse of a and is denoted by
a’, the set of all Moore-Penrose invertible elements of R is denoted by R' [3]. An element a € R is EP if
a € R* N R" and a* = a', the set of all EP elements of R is denoted by RE [1]. An element a € REP is SEP if
a* = a', the set of all SEP elements of R is denoted by Rt [4]. An element a in a *-ring R is core invertible,
if there exists x € R satisfying Eq.(1), (2), (3), (7), (8), the set of all core invertible elements of R is denoted by
R® [5].

In [6], Cao et al. studied the generalized inverses in the quotient ring Z[x]/(x +x?). Let R be a ring which
is free as a Z-module, a Z., -basis of R is a basis B = {b;};¢; such that b;b; = Zkelcf.‘jbk, where ci.‘]. €Z.. AZ,-ring
is a ring with a fixed Z,-basis and with identity 1 which is a non-negative linear combination of the basis
elements [7]. Z,-ring has important significance in the study of representation theory in Hopf Algebras.
In fact, this quotient ring Z[x]/(x + x?) is one important example of Z.,-rings. In this paper, we continue to
study the problems of generalized inverses in quotient rings. In the following sections, the quotient ring
Z[x]/(vx + x?) is considered, where v € Z. Specifically, in section 2, we define (a1 + axx)* = a1 — va, — axx ,
where a1,a, € Z, hence, this quotient ring is a *-ring. And then in Z[x]/(vx + x?), some classical generalized
inverses are considered in this ring, such as regular inverses, group inverses, Moore-Penrose inverses and
so on. At the end of the paper, we construct a special second-order matrix ring, and find that Z[x]/(vx + x?)
is isomorphic to this ring. Similarly, we get Z[x]/(x?) is isomorphic to another special second-order matrix
ring.

2. Generalized inverses in Z[x]/(vx + x?)

Firstly, We define * as (a1 + a2x)* = a1 — vay — axx, where a1, 4, € Z in the quotient ring Z[x]/(f(x)), where
f(x) = vx + x?, v € Z. In what follows, it is proven that the quotient ring is a *-ring.

Proposition 2.1. The quotient ring Z[x]/(vx + x?)isa +-ring with + is defined as (a1 + axx)* = ay — va, — ax, where
v,a1,0r € Z.

Proof. Leta = aj +axx, b = by + box € Z[x]/(vx + x?), where a;, b;,v € Z,i = 1,2. Then, by the definition of *,
(a1 + axx)* = a1 — vay — ayx, it follows that

@) = (a1 +a2%)") = (11 —vap —axx)" =ay —vay + vay + ax = a.
Moreover, by a computation, we have

(a+b)

(a1 + b1) + (a2 + b2)x)" = (a1 + b1) — v(az + b2) — (a2 + bo)x
= (a1 —vap —axx)+ (by —vb, —byx) =a* + b".
At last, by x% = —vx, it is not difficult to check that
(ab)*

(a1 + ax) (b1 + box)) = (a1by + a1box + axbrx + abyx?)
= (a1b1 + a1box + ab1x — vaybrx)*
= ((mb1) + (a1by + azby — vasby)x)"
= mby — v(a1by + aby — vayby) — (a1by + aby — vasby)x
= (a1 —vap — axx)(by — vby — byx)
= (by — vby — byx)(ay — vay — ax)
= ba.
Hence, it is proven that the quotient ring Z[x]/(vx + x2) is a +-ring, where v € Z. [

In the following, some classical generalized inverses in this quotient ring are considered, we firstly start
with the Hermitian elements.

Proposition 2.2. (Z[x]/(vx + x?))" = Z, where v € Z.
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Proof. Leta = a; + axx € (Z[x]/(vx + x*))1", where a1,a5,0 € Z. As a* = a, then we have a* = (4 + axx)* =
a1 — vay — axx = a; + arx. It follows that

a —ody = aq
—fap =4z,

m =k
and thus { ! 0 for any k € Z . 1t gives that (Z[x]/(vx + x?))H" = Z, where v € Z. O

ﬂz - Y
Next, the idempotent elements in *-ring Z[x]/(vx + x?) will be considered.

{0,1}, v# 1
Proposition 2.3. E(Z[x]/(vx + x?))={{0,1,-x,1+x,}, v=1
{0,1,x,1 —x}, v=-1.

Proof. Leta = a; + ayx € E(Z[x]/(vx + x?)), where a1,a2,v € Z. Then, by a* = a, we have a*> = (a1 + ax)> =

2=
a3 + 2a1a2x + a3x* = a2 + 2a14X — vax = a1 + axx, which implies that {2611;2“1 o =
(1) When a; =0, it gives —vaz = a,.
If a, =0, we havea = 0.
If a, # 0, we have —va, = 1. Asay,v € Z, it implies thatv = 1,4, = =1 or v = -1, a, = 1. Thus, in this
case, whenv =1, we geta = —x. Whenv = -1, we geta = x.
(2) When ay # 0, it gives thata; = 1 and a, = vaZ.
Ifa, =0, wegeta=1.
Ifa, # 0, we getva, = 1. Asay, v € Z, it implies that v = a, = 1 or v = a, = —1. Thus, in this case, when
v=1,wehavea=1+x. Whenv = -1, wehavea=1—x.
{0,1}, v# 1
Hence, we can obtain E(Z[x]/(vx + x?))=2{0,1,-x,1+x,}, v=1 0O
{0,1,x,1-x}, v=-1.

From the definition of projections, we know that (Z[x]/(vx+x2))P"l = (Z[x]/(vx+x?)H NE(Z[x]/ (vx+x?)),
where v € Z. Immediately, we have the following corollary.
Corollary 2.4. (Z[x]/(vx + x2))P"°I = {0, 1}, where v € Z.

From the above results, all Hermitian elements, idempotent elements, projections are found in Z[x]/(vx+
x2). In what follows, we consider other generalized inverses in Z[x]/(vx + x?).

0,-1,1}, v#0,+1,+2
0,-1,1,—x,x,-1—-x,1+x,-1-2x,1+2x}, v=1
v

{
{
oyyreg )10, =1L =22, 1 —x, =1+ x,1-2x,-1+2x, v=-1
Lemma 2.5. (Z[x]/(vx + x7)) 0,— 1+kx1+kx} =0 where k € Z.
{0, — -1-x,1+x}, v=2
{0,-1,1,-1+x,1-x}, v=-2,

Proof. Leta = ay + axx € (Z[x]/(vx + xz))’eg, where a1,a, € Z. Then there exists b = by + byx € Z[x]/(vx + x?),
where by, by € Z, such that

aba = a*b = (a1 + axx)*(by + bpx) = (uf + 2a1a5x + a%xz)(bl + byx)
= (a‘i‘ + 2maxx — va%x)(bl + byx) = (a% + (2a1a; — va%)x)(bl + byx)
= a%bl + aszx + 2a1a,b1x — va%blx + 2aqa3byx% — va%bzxZ
= a%bl + a%bzx + 2a1a,b1x — va%blx — 2ua1asbyx + vzagbzx
= a%bl + (ﬂ%bz + 25!1&2b1 - Uﬂ%bl - 20a1ﬂ2b2 + Uzﬂl%bz)x
=a1 +ax = a.



Q. Lu et al. / Filomat 38:30 (2024), 10587-10594 10590

a1(1 —aby) =0

Immed1ate1y, we can obtain {Wz (0ayby — 2a1by — axby) = @y

This implies that{ %bz + 2a1a2b1 —oa b1 2va1a,b; + v?a b2 =

Case I: When a; = 0, then we have vay(vaby — axby) = a;.

(1) If a; = 0, then it implies that 2 = 0 and 0{1} = Z[x]/(vx + x2).

(2) If ay # 0, then it gives va,(vb, — b1) = 1. So we can obtain va, = vb, — by =1 or va, = vb, — by = —1.

(i) When va, = vb, — by = 1, it follows thatv =a, = lorv =a, = —1.

Ifv=a,=1,thenb,—b =1, wegeta=x,b=k+ (1+k)x, wherek € Z and x{1} = {k+ (1 + k)x|k € Z}.

If v = a, = -1, then it gives —b, — b; = 1, we can obtaina = —x and b = k — (1 + k)x, where k € Z and
—x{1} = {k— (1 + k)xlk € Z}.

(i) When va; = vb, —b; = -1, we cansee thatv =1,a, = -lorv=-1,a, = 1.

Ifv =1,a, = -1, thenb,~b; = -1, wegeta = —x, b = k+(k—1)x, wherek € Zand —x({1} = {k+(k—-1)xlk € Z}.

Ifv =-1,a0 =1,then-b,—b; = -1, we geta = x,b = k+(1-k)x, wherek € Z and x{1} = {k+(1-k)x|k € Z}.
CaseIl: Whena; #0,then1 =a1b;. Soa; =b; =1ora; =b; = —

(1) If a = bl = 1, then Uﬂ2(vﬂzb2 - sz - ﬂz) = —bz —aj. We can get bz(vﬂz - 1)2 = az(vaz - 1)

(i) Whenva, —1=0,thenv=a,=1orv=a, = -1.

Ifv=a=1,thena=1+x,b=1+kx, whereke Z,1+ x{1} = {1 + kxk € Z}.

Ifv=a,=-1,thena=1—-x,b=1+kx, whereke Z,1 - x{1} = {1 + kxlk € Z}.

(i) When va, — 1 # 0, then by(va, — 1) = as.

Ifv=0,then -b, =a,. Hence,a =1+kx,b=1—-kx, wherek € Z,1 + kx{1} = {1 — kx|k € Z}.

If v # 0, then (vby — 1)(va, — 1) = 1. So vb, = va, = 2 or vb, = va, = 0.

Whenvby, =va, =2, thenv=1,bp =a, =2orv=-1,bp =a, = 2orv=2,by=a,=1orv =-2,
bh=a,=-1.1Hfv=1,b,=a,=2,thena=1+2x,b=1+2x,1+2x{1} ={1+2x}. Ifv=-1,b, =a, = -2,
thena=1-2x,b=1-2x,1-2x{1}={1-2x}. fv=2,bp =a, =1,thena=1+x,b=1+x,1+x{1} = {1 +x}.
Ifo=-2,bp=a,=-1,thena=1-x,b=1-x,1-x{1} = {1 —x}.

When vb, = va, = 0, according to the assumption v # 0, we can get b, = a, = 0, then it implies thata =1,
b=1,1{1} = 1.

(2) If a1 = by = —1, then vay(vay b,y + 2by + a3) = —by — a,. We can get by(vay + 1)2 = —ay(vay +1).

(i) Whenva; +1=0,thenv=1,ap =-1lorv=-1,a, = 1.

Ifv=1,a0 =-1,thena=-1-x,b=-1+kx, wherek e Z, -1 — x{1} = {-1 + kx|k € Z}.

Ifv=-1,ap=1,thena=-1+x,b=-1+kx, wherek € Z, -1+ x{1} = {-1 + kxlk € Z}.

(i) When va; + 1 # 0, then by(vay + 1) = —a,.

If v =0, then b, = —a,. Hence,a = =1 +kx, b = =1 — kx, where k € Z, -1 + kx{1} = {-1 — kx|k € Z}.

If v # 0, then (vby + 1)(vay + 1) = 1. So vb, = va, = =2 or vb, = va, = 0.

When vby = va, = -2, thenv=1,bp =a, = 2orv=-1,bp=a, =20rv=2,bp =a, = -1orv = -2,
bh=a,=1.1fv=1,bp =a, = -2,thena=-1-2x,b=-1-2x,-1-2x{1} = {-1-2x}. fv =—=1,bp = a, = 2,
thena=-1+2x,b=-1+2x, -1 +2x{1} ={-1+2x}. fv=2,b) =ap = -1, thena=-1-x,b=-1-x,
“1-x{1} ={-1-x}. fo=-2,bb=a,=1,thena=-1+x,b=-1+x, -1+ x{1} = {-1 + x}.

When vb, = va, = 0, according to the assumption v # 0, we can get b, = a, = 0, thena = -1, b = -1,
-1{1} = -1.

To sum up, we can get

{0,-1,1}, v+#0,+1,£2

{0,-1,1,—x,x,-1—-x,1+x,-1-2x,1+2x}, v=1
oyyreg J10, =1, L, =2, 2,1 —x, =1+ x,1-2x,-1+2x, v=-1
(Z[x]/(ox +x7)) {0, — 1+kx 1+kx}, v=0 =
{0, - “1-x1+x}, v=2
{0, — -1+x1-x}, v=-2

We have found all regular elements in Z[x]/(vx + x?). Obviously, U(Z[x]/(vx + x2)), (Z[x]/(vx + x?))*,
(Z[x]/(x + x)t, (Z[x]/(vx + x2))EP, (Z[x]/(vx + x2))5EP are all subsets of (Z[x]/(vx + x%))*. It is natural to
consider the following theorem.
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1,1}, v#0,+1,%£2
1,1,-1-2x,1+2x}, v=1
1,1,1-2x,-1+2x}, v=-1
1+kx,1+kx}, v=0 wherek € Z.
1,1,-1-x,1+x}, v=2
1,1,-1+x,1-x}, v=-2,

7

{-
{-
Theorem 2.6. U(Z[x]/(vx + x?))= E
{-
{-

7

Proof. 1t is easy to know that U(Z[x]/(vx + x?)) C (Z[x]/(vx + x*))", where v € Z. And it is clear that 0 is
not invertible, 1-! = 1 and (-1)~! = —1.

(1) When v # 0, +1, +2, then U(Z[x]/(vx + x?)) = {-1,1}.

(2) Whenov =1, U(Z[x]/(vx + x*)) = {-1,1,1 +2x,-1 = 2x},and (1 +2x) "' = 1 +2x, (-1 —2x)"! = -1 - 2x
by [6, Corollary 3.5].

(3) When v = —1, we find that (1 —2x)™! = 1 - 2x, (-1 + 2x)"! = =1 + 2x. Now, we need to prove
—x,x,1 —x,—1 + x are not invertible. For any a = a; + a,x € Z[x]/(vx + x?), where a1,a, € Z. Then we have
x(a1 + axx) = a1x + ax? = (4 + ax)x # 1 and (=1 + x)(a1 + axx) = —a; — arX + a1 x + axx*> = —a; + a1x # 1. Hence,
x,—1 + x are not invertible. Similarly, we can prove —x, 1 — x are not invertible. Therefore, when v = -1, we
can obtain U(Z[x]/(vx + x?)) = {-1,1,1 - 2x, -1 + 2x}.

(4) When v = 0, we can get (1+kx)™! = 1—kx, (-1+kx)™* = —1—kx. Hence, in this case, U(Z[x]/(vx+x?)) =
{—1 + kx,1 + kx}, where k € Z.

(5) When v = 2, we obtain (1 +x)™' =1+ x, (=1 —x)"! = =1 — x. Hence, in this case, U(Z[x]/(vx + x?)) =
{(-1,1,-1—x,1+ x}.

(6) When v = —2, we find that (~1+x)! = —=1+x, (1-x)~! = 1—x. Hence, in this case, U(Z[x]/(vx +x?)) =
-1,1,-1+x1-x. O

In the following, two classical generalized inverses (group inverse and Moore-Penrose inverse), will be
considered in the *-ring Z[x]/(vx + x?). It should be noted here that the *-ring Z[x]/(vx + x?) is commutative,
then it is not difficult to see that (Z[x]/(vx + x?))* = (Z[x]/(vx + x?))"®. However, for the convenience of the
discussion concerning on EP elements, we will provide the following theorem.

Theorem 2.7. The following hold:
{0,-1,1}, v#0,£1,£2
0,-1,1,—x,x,-1—x,1+x,-1—-2x,1+2x},
-1,1,-x,x,1—x,-1+x,1—2x,—1+ 2x},
0, 1+kx1+kx} v=0

0,- —1-x1+x}, v=2

0 11—1+x1 x}, v=-2,

0,-1,1}, v#0,£1,£2
0,-1,1,-1—2x,1 +2x},
0,-1,1,1-2x, -1 + 2x},
0,-1

0,-1,1

0,-1,1

=1

v
v=-1 where k € Z.

(1) (ZIx]/ (ox + x*))*=

7

=1

v
v=-1 where k € Z.

2\\t —
(2)(Z[X]/(UX+X)) +kx 1+kx} Z)_O
JL-1-x1+x}, v=2
1, -1+x1-x}, v=-2,

7

7

{
{0,
{
{
{
{
{
{
{
{
{

7

Proof. (1)Itis clear that Z[x]/(vx +x?) is commutative, so (Z[x]/(vx + x2))* = (Z[x]/(vx +x?))", where v € Z.
Next, we will provide all group inverses of every group invertible element It is easy to check 0% = 0. Also,
we have that for any a € U(Z[x]/(vx + x?)) C (Z[x]/(vx + x?))* and a* = a7L.

(i) When v # 0, +1, +2, then (Z[x]/(vx + x?))* = {0, -1, 1}.

(ii) When v = 1, from [6, Proposition 3.6], we can get (Z[x]/(vx + xz))# {0,-1,1,—x,x,-1—-x,1+x,1+
2x,—1 — 2x}. Moreover, for every group invertible element, we have x* = x, (—x)* = —x, Q+x)f=1+x,
(-1-x)=-1-x (1+2x)=1+2xand (-1 —2x)* = -1 - 2x.

(iii) When v = -1, by the proof of Theorem 2.6, we know that 1 — 2x and —1 + 2x are invertible, and it
gives that (1 — 2x)* = (1 -2x)™' = 1-2x, (-1 +2x)* = (-1 +2x)™! = -1 + 2x. We only need to consider
(=x)*,x*,(1 — x)* and (-1 + x)*.
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First, from Lemma 2.5, x* has the form k + (1 — k)x, where k € Z. Then (k + (1 — k)x)x(k + (1 — k)x) =
(kx + x* — kx?)(k + (1 — k)x) = x(k + (1 — k)x) = x. Hence, k = 0, x* = x. Similarly, we can get (—x)* = —x.

Next, by Lemma 2.5, (-1 + x)* has the form —1 + kx, where k € Z. Then (-1 + kx)(-1 + x)(-1 + kx) =
(1-x)(-1+kx) = =1+ kx+x—kx> = =1 +x. Hence, k = 1, (-1 + x)* = =1 + x. Similarly, we can get
(1 = x)* =1 = x. Therefore, (Z[x]/(vx + x*))* ={0,-1,1,-x,x,1 —x, =1 +x,1 —2x, =1 + 2x}.

(iv) Whenv =0, by the proof of Theorem 2.6, we know that 1+kx and —1 + kx are invertible, where k € Z,
so (1+kx)* = (1+kx)™! = 1—kx, (-1+kx)* = (=1+kx)™' = —=1—kx. Hence, (Z[x]/(vx+x%))* = {0, =1 +kx, 1 +kx}.

(v) When v = 2, by Theorem 2.6, we have 1+x and —1—x are invertible, therefore (1+x)* = (1+x)™! = 1+x,
(-1 -x)* = (=1 =x)7' = =1 — x. Hence, (Z[x]/(vx + x?))* = {0,-1,1,-1 —x,1 + x}.

(vi) When v = -2, by Theorem 2.6, we get that —1 + x and 1 — x are invertible, so we get (-1 + x)* =
(-1+x)'=-1+x,(1-x=1-x""=1-x. Hence, (Z[x]/(vx +x*))* ={0,-1,1,-1 +x,1 — x}.

(2) Itis easy to check 0f = 0. Also, we know that for any a € U(Z[x]/(vx + x?)) C (Z[x]/(vx + x?))t
(Z[x]/(wx + x*))"® and a* = a~!, where v € Z.

(i) Whenov # 0, 1, £2, then (Z[x]/(vx + x*)t =1{0,-1,1}.

(ii) When v = 1, from [6, Proposition 3.6], we can get (Z[x]/(vx + x*))' = {0,-1,1,1 + 2x,—1 — 2x}.
1420 =1+2x, (-1 -2x)" = -1 -2x.

(iii) When v = —1, it is easy to see {0, —1,1,1 — 2x, -1 + 2x} C (Z[x]/(vx + x?))!. In fact, Z[x]/(vx + x?) is
commutative and —x, x, 1 — x, —1 + x are group invertible, we only need to consider equation (3), however,

N

() =x=1-x#x=2x%
(1-2?)=1-x)"=x#1-x=(1-x>

Therefore, (Z[x]/(vx + x*))' ={0,-1,1,1 — 2x, =1 + 2x}.

(iv) When v = 0, by the proof of Theorem 2.6, we know that 1+kx and —1+kx are invertible, wherek € Z,
so(1+kx)t =1 +kx) ' =1-kx, (-1 +kx)" = (=1 +kx)™! = -1 —kx. (Z[x]/(vx + x*))" = {0, -1 + kx, 1 + kx}.

(v) When v = 2, by Theorem 2.6, we get that 1+ x and —1 — x are invertible, therefore (1 +x)" = (1+x)7! =
1+x,(-1-0)t=(-1-x)"1=-1-x (Z[x]/(ox +x*)' ={0,-1,1,-1 — x,1 + x}.

(vi) When v = -2, by Theorem 2.6, we know that —1 + x and 1 — x are invertible, so we get (-1 + x)" =
Fl+x0) ' ==-1+x,(1-0)'=0-20)"1=1-x. Z[x]/(ox+x*)) ={0,-1,1,-1+x,1-x}. O

Theorem 2.8. The following hold:
{0,-1,1}, v+#0,%1,£2
{0,-1,1,-1-2x,1+2x}, v=1
(1) (Z[x]/(vx + x2))EP = }8' } iklx 12ka}1 +02f}’0 0= hereke z
{0,-1,1,-1-x,1+x}, v=2
{0,-1,1,-1+x,1-x}, v=-2,
{0,-1,1}, v#0
{0,-1+kx,1+kx}, v=

7

(2) (Z[x]/(vx + x%))°EP = { ’ where keZ.

Proof. (1) From Theorem 2.7, we only have to check the elements whose group inverse is equal to its
Moore-Penrose inverse.

(2) (i) When v # 0, +1, +2, (Z[x]/(vx + x?))EP = {0, -1,1}.

(ii) When v = 1, from [6, Proposition 3.7], we can get (Z[x]/(vx + x*))°EP = {0,-1,1}.

(iii) When v = -1, in fact, (1-2x)" = 1-2x # —1+2x = (1-2x)", (-1+2x)" = =1 +2x # 1 -2x = (-1 +2x)".
Hence, (Z[x]/(vx + x%))EP = {0,-1,1}.

(iv) When v = 0, we can get (-1 + kx)" = =1 —kx = (-1 + kx)*, (1 + kx)' = 1 —kx = (1 + kx)*. Hence,
(Z[x]/(vx + x2))°EP = {0, =1 + kx, 1 + kx}, where k € Z.

(V) Whenv =2, itiseasy tosee (-1 —x)f = -1-x#1+x=(-1-x)", (1+x0) =1+x# -1-x=(1+x)".
Hence, (Z[x]/(vx + x*))°F = {0, -1, 1}.

(vi) Whenv = -2, in fact, (-1+x)" = -1+x# 1-x=(-1+x)",(1-x)' = 1-x# -1 +x = (1-x)*. Hence,
(Z[x]/(vx + x*))SEP = {0,-1,1}. O
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It is clear that Z[x]/(vx + x?) is commutative, where v € Z, so (Z[x]/(vx + xz))® = (Z[x]/(vx + x?))EP.
Immediately, we can give the following corollary.

0,-1,1}, v#0,%1,£2
0,-1,1,-1—2x,1 + 2x},
0,-1,1,1 —2x,-1 + 2x},
0,-1+kx,1+kx}, v=0
0,-1,1,-1-x,1+x}, v=2
0,-1,1,-1+x,1-x}, v=-2,

1

0=
v=-1 wherek € Z.

{
{
Corollary 2.9. (Z[x]/(vx + x2))®= }
{
{

3. Isomorphism of Z[x]/(vx + x?)

In this section, by constructing the second-order matrix ring, we find that Z[x]/(vx + x?) is isomorphic

a b

to the special second-order matrix ring, where v € Z. Let Tév)(Z) = 0 a4 )|a,b € Z}. For any A =

ay ap (0 Db ©) . . e ©)
( 0 a ), B = ( 0 b ) € T, (Z), we define addition and multiplication of T;"(Z) as
a + b1 ap + bz

0 ﬂ1+b1

A+B=( 0 111171

) and AB = ( mby  mby + axby — vazby )

It is not difficult to check that T;U)(Z) is a ring.

. O (7Y ic 7 o pi v ic dofi a b\ [a-vb b
Proposition 3.1. T, (Z) is a »— ring, where » is defined as( 0 a ) —( 0 a—ob |

b by
0 b

we | 41— 0a2 —az *_ ayp ay | _
(A)_( 0 al—vaz)_(o al)_A'

Moreover, we can see that

Proof. Assume that A = ( R ),B = (

0 a ) € Tév) (Z), then by a computation, we can obtain
1

. _ a; + bl ap + bz ' [+ bl - Z)(ﬂz + bz) —(lilz + bg)
(A+B) N ( 0 ﬂ1+b1 ) _( 0 ﬂ1+b1—U(ﬂ2+b2)
_ ap — odyp —dy : b1 - sz —bz ’ s .
- ( 0 al—va2)+( 0 bl—sz)_A +B.

Further, by computations, we can obtain

. 111b1 a1b2 + a2b1 - U(lzbz ’
(AB) - ( 0 ﬂlbl )
_ a1b1 - U(ﬂlbz + ﬂzbl - Z)azbz) —(Cllbz + tlzbl - Uazbz)
- 0 amby — ?J({Illbz +ayby — U{Ilzbz)
_ b1 - Z)bz —bz ay — odp —y
- 0 by —vb, 0 a1 — 0dp

= B'A".
Hence, T;v)(Z) isax—ring. O

Definition 3.2. Let Ry and R, be two involution rings. We say Ry and R, are involution-isomorphic, if there exists
a ring isomorphism f such that f(a*) = (f(a))*.
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Theorem 3.3. Z[x]/(vx + x?) and Tév)(Z) are involution-isomorphic.

Proof. We define the map f: Z[x]/(vx + x?) — Tg’) (Z) as this form:

ft+mx| B ®2
1+a 0 a )

It is clear that f is bijective. Then for any a = a1 + ayx and b = by + box € Z[x]/(vx + x?), a;, b; € Z, it is easy to
find that f(a1 + axx + b1 + box) = f(a1 + axx) + f(b1 + bax). Moreover, we can check that

f(a1 + axx)(b1 + brx))

f(albl + (Lllbz + azbl)x + azbzxz)
f(a1by + (a1by + azby — vaybo)x)

ﬂlbl a1b2 + ﬂzb1 - Uﬂzbz
0 albl

_ (5] bi by
- 0 a1 0 bl
f(a1 + azx)f(bl + ng).

Further, it can be found that f((a1 + a2x)*) = (f(a1 + a2x))*. Hence, Z[x]/(vx + x?) and Tg’) (Z) are involution-
isomorphic. [

Especially, when v = 0, the following result can be concluded.

Corollary 3.4. Z[x]/(x?) and Téo)(Z) are involution-isomorphic.
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