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Higher order quasi complex Helton class of Hilbert spaces operators

Asma Al Rwaily?

®Department of Mathematics, College of Science, Qassim University,
Buraydah, Saudi Arabia

Abstract. In this paper, we introduce a new class of operators related to a conjugation operator on a Hilbert
space, we which called the class of n-quasi complex Helton class of operators with order m. We discuss the
most interesting results concerning these classes of operators obtained form the idea of extant results for a
number of classes of operators, amongst them Helton class of order m and quasi-Helton class of order m,
n-quasi (m, C)-symmetric operators for some conjugation C of H.

1. Introduction and Preliminaries

Throughout this paper, H stands for an infinite dimension complex Hilbert space. By B(H) we denote
the Banach algebra of all bounded linear operators on H. Let A € B(H), and define

. _ym—k[ T8\ psk 4k
fulA)= ) (D) (k)A AL M
0<k<m

An obvious consequence of (1) is that

B (A) = A'Bu(A)A = Bu(A). 2)
A Hilbert space operator A € B(H) is said to be an m-isometry if A satisfies the following operator equation

Y (—1>m‘k(’,’f)A*kAk =0, ©

0<ksm
and it is said to be an n-quasi-m-isometry if

Am‘Bm(A)An — Am( Z (_1)m—k(m)A*kAk)An — 0, (4)

k
0<ksm

for some integers m,n > 1. A detailed study on these classes of Hilbert spaces operators has been done in
[3-5,7,23,28,29] and other references. In [18], ].W. Helton introduced m-symmetric operators for the study
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of Jordan operators. An operator A € B(H) is said to be n-symmetric or equivalently, an n-symmetry for
some positive integer n if and only if A satisfies

(A=Y (—1)”—k(Z)A*’<A"-k = 0. )
0<k<n

Then ap1(A) = A*a,(A) — a,(A)A holds. Using this, if A is n-symmetric, then A is (n + k)-symmetric for
each integer k > 1 (see [33, Proposition 28]). The sum and product of n-symmetric operators was studied in
[17] and [33].

Recall from [15] that a conjugation on H is a map C : H — H which is antilinear, involutive (C* = Iy).
Moreover C satisfies the following properties

(Cx|Cy)y=(y|x) forallx,yeH,

CAC € B(H) for every A € B(H),

(CAC)r — CA’C forallr €N,

(cac) =cac

See [6] for properties of conjugation operators.

As extensions of the concepts of m-isometric operators on Hilbert spaces, some authors has introduced and
study in different papers the following classes of operators.

(1) (m, C)-isometric operator that is an operator A € B(H) satisfies

Z (_1)1{(1:)A*ml<CAka — 0’ (6)

0<k<m
for some m € IN and some conjugation C ( [8-10, 27]).

(2) n-quasi-(m, C)-isometric operator that is an operator A € B(Y) satisfies

A*"( y (—1)k(’Z)A*m-kCAm-kc)A” 0, @)

0<k<m
for some conjugation C and some n € N and m € IN ([22, 26, 27, 32]).

Let A and B be in B(H). In [19], the authors studied the operator ©(A, B) : B(H) — B(H) defined by
O(A, B)(X) = AX — XB. Then

(K .
O(A, B)¥(I) = -1 kf( .)Akaf. 8
(A, B)(D) o;jgk( I, 8)

In [19], the authors introduced the class of Helton operators as follows: an operator A € B(H) is said to be
in the mth Helton class of B and write A € HEL,,(B) if ©(B, A)"(I) = 0. (See [20, 21]).

Recently, the author in [1] has introduced the class n-quasi-Helton class of order m as follows. An B € B(H)
for which there exists an operator A and there are some integers n and m such that

A"O(B; AY"(DA" = A*”( Y (_1)1‘(’7)31’Am—j)An ~0,

0<j<m



A. Al Rwaily / Filomat 38:31 (2024), 10819-10834 10821

they say that A belongs to n-quasi- Helton class of B with order m. This is symbolized by: A € [nQ N
HEL,, (B) Our aim in this paper is to consider a generalization of the concepts of Helton class of order m
and quasi-Helton class of order m to the concepts of complex Helton class of order m and quasi- complex
Helton class of order m. We discuss the most interesting results concerning these classes of operators
obtained form the idea of extant results for a number of classes of operators, amongst them Helton class
of order m, quasi-Helton class of order m, n-quasi (m, C)-symmetric operators (for some conjugation C of
H ([2]). We invite the reader to refer to the references [11-14, 16, 24, 30, 32] for more details about other
interesting classes of operators in this context.

2. Main results

In this section, we present the most important definitions for the classes of operators which we will
study and moreover the most important properties

Definition 2.1. Let A, B € B(H), we say that A belongs complex Helton class of B with order m if there exists a
conjugation C such that

Y (—1)f(”7)BfCAmfc -0 )
0<j<m J

or some positive integer m.
f p 3

For B € B(H), we denote by W&‘Lm(B, C) the set of complex Helton class of B of order m related to a
conjugation operator C on H.

Remark 2.2. We make the following observations
(1) A € HEL,(B,C) & CAC € HEL,(B).
(2) If CA = AC then A € HEL,,(B,C) & A € HEL,(B).

For A, B € B(H) and a conjugation C on H, we set
®(B;A,0)"(D) = Y. (—1)1(".1)BfCA’"fc. (10)
0<j<m J
Lemma 2.3. Let A and B be in B(H), C be conjugation and k be a positive integer, then
®(B; A, C)*1(I) = BO(B; A, C)(I) — D(B; A, C)k(l)(CAc). (11)

Proof. We use an induction argument to show the statement. For k = 1 we have

®(B,A, C) (I) = B2 - 2BCAC + CAC

and

B®(B, A, C)(I) - ©(A, B, C)(I)(CAC)
B(B — CAC) - (B - CAC)CAC

= B?-2B(CAC) + CA%C.

— Hence equation (11) is true for k = 1. Assume that equation (11) is true for k. Then we prove that equation
(11) holds for k + 1.
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In fact, by equation (11) we obtain

®(4,8,¢) ()

®(4,B, c)(cp(A, B, )+ (1))

k+1 k+1
B(@(A, B,C) (1)) - (CD(A, B,C) (I))(CAC).
O
Remark 2.4. The inclusion HEL (B, C) € HELy41(B, C) follows from equation (11).

Remark 2.5. In [20, Corollary 4.4] it was observed that if A € HEL,,(B) then A—u € HEL,(B—p) forall u € C.
In the following proposition we extend this result to HEL,, (B, C).

Proposition 2.6. Let A,B € B(H) and C be a conjugation operator on H. If A € HEL,(B,C) then A - €
HEL,(B—u,C) forall uecC.

Proof. According to the statement (1) of Remark 2.2 and [20, Corollary 4.4] we have the following implica-
tions.

A e HEL,(B,C) CAC € HEL,,(B)
CAC—pue HEL(B—-p)
C(A-H)C e HELW(B - p)

A-T e HEL(B -, 0).

el

O

Definition 2.7. For a positive integers n,m and A,B € B(H), we say that A belongs to n-quasi complex Helton
class of B with order m if there exists a conjugation C such that

A*”(D(B,'A, C)in(I)An — A*Vl( Z (_1)](17)B]CAYH_]C)AH — 0
0<j<m
We denote this by A € [nQ N HEL,(B, C)].
Remark 2.8. If A € HEL,(B,C) then A € [nQ N HE L, (B, C)].

Remark 2.9. The following example shows that there exist two operators A and B and a conjugation C such that
AemnQNHEL,B,C)] but A ¢ HEL,(B,C) for some integers n and m. Thus, the set HEL,,(B, C) is a proper
subset of [nQ N HEL,(B,C)] i.e,.

[HEL,(B,C)] & [nQNHEL,B,C)].

0 0O 01
Example 2.10. Let H = C® and A and B the operators A= 1 0 0 ] and B = [ 00
0 0

S O -

1 00

] . Define the

conjugation operator C(u, v, w) = (w, v, u) that is C =

_ o O

01
1 0 ] A computation shows that
00

B2 — 2BCAC + CA%C # 0, A*Z(BZ — 2BCAC + CA2C)A2 =0.

Which implies thatA € [2Q N HEL(B, C)] but A ¢ [HELa(B, C)].
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Remark 2.11. Let A, B € B(H) and C be a conjugation on H.
(1) Note that

Am( Z (_1)k(7;’<1)BkCAm—kC)An

0<k<m

_ c(CAc)*"( y (—1)k(TZ)<CBC)kC(CAC)m_kC)(CAC)nC.

0<k<m

It is clear that A € [nQ N HEL,,(B, C)] if and only if CAC € A € [nQ N HEL,(CBC, C)].
(2)IfCA = AC, then A € [nQNHEL,, (B, C)] if and only if A € [nQ N HEL,,(B)].

Proposition 2.12. Let A and B be in B(H) and C be a conjugation on H. Then the following statements holds.
(1) A € [nQNHEL,(B,C)]if and only if U*AU € [nQ N WSLm(U*BU, U*CU)],for each unitary operator U.
(2 IfA € [nQNHEL(B,C)] then AA € [nQNHEL,,(AB,C)], forall A € C

B IfA; e mQNHEL,(B;,C)] fori =1,2, then Ay ® Ay € [nQNHEL,,(B1 & B,, Co O)].

Proof. (1) We observe that if C is a conjugation operator,then U*CU is also a conjugation operator. Moreover,
a direct calculation gives

urAU) ( Y f( ) uBU) (u*cu)(u*Au)'"*j(u*cu))(u*Au)"

0<k<m

_ *A"”( Y J( )BJCAm JC)A"u"

0<k<m

Therefore
AemQNHIL,B,C)] < UAU e [nQ@NHEL,(UBU), UCU].

(2) Similarly, the statement (2) follows from the identity

(147) ©(AB; A4, C)"(D(AA)" = X AP"A™D(B; A, C)"(DA”

®)
(A1 @ A2) " (B ® By A1 @ Az, Ca C)" (A1 © Ay
= A}"®(By; A1, O)"(DA] ® Ay"®(By; Az, C)" (DA}
= 0.
O

Lemma 2.13. Let A and B be in B(H) and C be a conjugation on H such that A € [nQ N HEL,,(B, C)] for some
integers n,m > 1. If R(A") is dense, then A € HEL,,(B, C)].

Proof. As A € [nQNHEL,(B,C)], we have

A*"( Y (- 1)1(])BJCA’” fc) — 0

0<j<m
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and therefore

<A*”( Y (—1)f(’;‘)BfCAm—fc)A”w |w)=0

0<j<m

= (Y (—1)j(7)BjCAm‘fC)A”w|A”a)> =0

0<j<m

= Y (—1)1(7;‘)BfCAmfc =0on R(A" = H.

0<j<m

Therefore A € HEL,(B,C)]. O

Proposition 2.14. Let A € [nQ N HEL, (B, C)]. If ker(A*) = ker(A*?) then A € [Q N HEL,(B, C)].

Proof. According to the assumption ker(A*) = ker(A?) we deduce that ker(A*) = ker(A*) for all positive
integer p and may write

A € [nQNHEL,(B,C)] A"D(B, A, C)"()A" = 0

A'D(B; A, C)"()A" = 0 (since ker(A") = ker(A™))
AMO(B; A, C)"™DA =0

A*®(B; A,C)y™()A = 0 (since ker(A*) = ker(A™))
A'D(B; A, C)"(DA = 0

Ael@NHEL,B,CO)].

Lrreny

O

Remark 2.15. The inclusion [nQ N HEL,,(B)] € [nQ N HEL,,+1(B)] does not holds in general with conjugation
C as shown in the following example.

Proposition 2.16. Let A € [nQ N HEL,,(B, C)] for some positive integers n, m and conjugation C. If [A*,B] =
[A,CAC] =0, then A € [nQ N HEL,1(B, C)].

Proof. Since A € [nQ N HEL,,(B, C)] for some conjugation C we have A"®(B; A, C)"([)A" = 0. Moreover
according to Lemma 2.3

OB : A, C)"™(I) = BO(B; A, C)"(I) - D(B; A, C)’"(I)(CAC)
and the conditions [A*, B] = [A, CAC] = 0 it follows that

A"D(B; A, C)" (DA = A*”(B(D(B;A,C)’"(I)—(ID(B;A,C)’”(I)(CAC))A”

BA™®(B; A, C)"(A" - A"®(B; A, C)"(DA"(CAC)
= 0.

Hence, A"'®(B; A, C)"™ (A" = 0 and therefore, A € [nQ N HEL,+1(B,C)]. O

Lemma 2.17. If A € [nQ N HELy (B, C)] such that [A, CAC] = [A.B*] = 0. Then

A*nq)(Bm+2/ Am+2, C)Z(I)An
= BA"®B™!, A", C)A(I)A"(CAC) — B> A ®(B™, A™, C)*() A" (CA>C).
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Proof. Since A € [nQ N HELy(B, C)] it follows that
A*"(B2 _2BCAC + CA2C)A” -0

and therefore
AMB2AM = A*”(ZBCAC - CAZC)A”

AMCA2CA" = A*”(ZBCAC - B2)A”.
Now for m = 1,we get
ATD(B3, A3, C*(DA" = A*”(B6 —2B3CA3C + CA6C)A”
= A"B°A" - 2A"B’CA’C + A" CA°CA"
- B4A*”(2BCAC - CA2C)A" _2BCAC
+A*”(2BCAC - BZ)A"CA‘lc
= 2BA"®(B?, A%, C)*(I)A"CAC — B2A™®(B, A, C)*(I)A"(CAC).

Assume that
A*nq)(Bm+2,Am+2, C)Z(I)An
= BA"®B"™!, A", CY(I)A"(CAC) — B2A™®(B™, A™, C)*(I)A"(CA>C)
holds for m. We want to show that

A*nq)(Bm+3/ Am+3/ C)Z(I)An

= BA"®(B"™?, A", C)*(I)A"(CAC) — B2 A" ®(B"*!, A", C)*() A" (CA>C).
Indeed,

A*nq)(Bm+3/ Am+3, C)Z(I)An
— A*n(B2m+6 _ ZBm+3CAm+3C + CA2m+6)An
— A*HB2m+6An _ 2A*nB1n+3CAm+3CAn + A*HCA2m+6CAn
— B2m+4 A*nB2An _ZA*an+3CAm+3CAn + A*HCAZCAH CA2m+4C

—_——— N— e

= B2m+4A*”(ZBCAC -~ CA2C)A” —2AMBMT3CAMSCAN
+A*”(2BCAC - BZ)A"CA2m+4C
- A*n(232m+5CAC _ B2m+4CA2c)An _ 2A*an+3CAm+3CAn

+A*n(2BCA2m+5C _ BZCA2m+4c)An
= BA™®(B"™?, A2, C)*(I)A"CAC — B>®(B"*1, A™1 C)*(I) A"(CA%C).
O

10825

Proposition 2.18. If A € [nQ N HELy(B, C)] such that [A, CAC] = [A, B*] = 0. Then A% € [nQ N HEL,(B?, C)].
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Proof. Since A € [nQ N HELy(B, C)] it follows that
A*”(BZ _2BCAC + CAZC)A” —0

and therefore
AMB2A" = A*”(ZBCAC - CAZC) n

ACA2CA" = A*”(ZBCAC - BZ)A".

On the other hand

A"D(B?, A2, O)X (A"
- A*”(B4 _ 2B2CAC + CA4C)A”
= A"B'A" - 2A"B’CA’CA" + A" CA*CA"
= B?A"B?A" - 2A""B2CA?CA" + A"CA?CA"(CA*C)
= BZA*"(ZBCAC - CAZC)A" —2A"B2CA2CA" + A*”(ZBCAC - BZ)A“CAZC
= A*"(233CAC — B?CA?C — 2B*CA®C + 2BCA%C - BZCAZC)A"
- BA"”(ZBZ — BCAC — 2BCAC + CA%C — BCAC)A"CAC

= 2BA™®(B; A, C)*(I)A"CAC
0.

Thus shows that A% € [nQ N HEL,(B?,C)]. O

10826

Lemma 2.19. Let A € [nQNHE Ly (B, C)] for some positive integer n and conjugation C. If[A*,B] = [A,CAC] =0

then A% € [nQ N HEL,,(B?, C)].

Proof. According to A € [nQ N HEL,(B,C)], we get A" ®(B; A, C)*(I)A" = 0 and therefore,
B'i(A*nq)(B; A, C)2(1)An)(CAm—qC) =0 forq =0,1,---,m.

From the assumption that [A*, B] = [A, CAC] = 0 and Proposition 2.16 we obtain
A"BI®(B; A,C)"(I)CA"ICA" =0 foranyq=0,1,2,--- ,m.

Hence
Ay (—1)q(’Z)qu>(B; A, CY"(I)CA™IC)AY" = 0

0<g<m

which means that

A*Z"( y (’;’)Bq( y (—1)1(’;7)BJCA"l-fc)CAm-qC)AZ” ~ 0

0<g<m 0<j<m

*21n _ i[my(m +] m—(g+7 n _
AZ( Y oY 1)J(q)(],)B‘7 icazm- f>c)A2 0

0<g<m 0<j<m

or
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that is

A*Z"( Y ) (—1)j(q71_1j)(7)BqCA2m‘”C)A2” —0.

0<q<2m 0<j<q

According to the identity
sl -
= I AN 1D, if q=2r

we get

A*Zn( Z (_l)q(T:)BZqCAZm—ZqC)AZn =0

0<q<m

which implies that A% € [nQ N HEL,,(B?,C)]. O

Theorem 2.20. Let A € [nQ N HEL, (B, C)] for some positive integers n and m > 2. If [A*,B] = [A,CAC] =
0then A1 € [nQ N HEL,,(BI, C)] for positive integer q.

Proof. First case: assume that A € [nQ N HELy(B, C)]. We prove by induction that A7 € [nQNHE L, (B, C)]
for g = 2, by using Proposition 2.18 we can deduce that A% € [nQ N HI L»(B?,C)].

Second case: assume that A7 € [nQ N HELy(B7,C)] for g and we need to prove that A7 € [nQ N
HEL(BT!,C)]. In view of Lemma 2.17 we get

A*n(D(Bqul;Aqul, C)z(I)An
AT (ZBCD(Bq ; AT,C)*(DA — B>d(BT1; AT7Y, C)Z(I)CAZC)A"
2BA™®(BT; A1, C)*(I) A" A — BPA™®(BT1; AT, C)*()A"CA%C

=0 =0

Therefore, A7 € [nQ N HE Ly (B!, C)] and consequently, A7 € [nQ N HELy(B7,C)]. Now assume that
A e [n@nNHEL,B,C)]. We have that A7 € [nQ N HEL,,(B7,C)] and the result is true for k = 2. Assume
that A7 € [nQ N HEL,,(B7,C)]. By taking into account Proposition 2.16, we have [nQ N HEL,,(B,C)] C
[MQNHEL,1(B,C)] and we get A7 € [nQNHEL,(BT,C)]. O

The following theorem shows that the n-quasi complex Helton class of an operators is closed in norm.
Theorem 2.21. If B € B(H) and C be a conjugation on H, then [nQ N HEL,,(B, C)] is closed in norm.
Proof. Suppose that (Ax)x is a sequence of [nQ N HEL,,(B, C)] such that
lim [lAx — All = 0.
Since for every positive integer k, Ay is in [nQ N HEL,,(B, C)], we have

A'D(B, Ay, C)A! = 0.
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From which it follow that

A7 DB, Ay, )ALl = A" D(B, Ay, C)AL — A'D(B, A, C)A|

= IIA*” Z( 1)1( )BJCA’” fc AP — A"” Z( 1)]( )BJCA"' JC)A”II

0<j<m 0<j<m

< mr( ¥ eo(fpeariop - ax( ¥, cof"fpearican
0<j<m 0<j<m

+ Ay Z( 1)]( )BfCAm ic)ar - (Z( 1)1( )B]CA'” ic)an|
0<j<m 0<j<m

< 1AM Z( 1)1( )BJ(CA"’ Icar - CA'"—J'CA”)H

0<j<m

+ ||(Z( 1)1( ) *”BJ'CA"”J'C—A*”BfCA"”fC)A”H

0<j<m

N

1Ay =AY (—1)j(7;.1)Bf(CAZ’jCA,’j — CA™ICA")|

0<j<m

+ JA™I Z( 1)]( )Bf (cayicay — camican)|

0<j<m

+ Z( 1)’( )A*”B]CA’” IC— A™BICA™IC)A"|.

0<j<m

Since A,*(”(I)(B,Ak, C)AZ = 0 we get by taking k — oo that A"®(B,A,C)A" = 0 and therefore,A € [nQ N
HEL,B,O)]. O

Theorem 2.22. IfA; € [nQN 7-(8£m(B,-, Ci)lfori=1,2, then
( %1 X ) [nQﬂWéﬁLm(( 0 B, ),( %1 gz ))] if and only if
AY'®(By, Ay, C1)"(DF, + AY'G AL =0
Fy®(By, Ay, Cr)"(DA? = 0 ,
F;®(B1, Ay, C1)"(I)F + F'G,, A% = 0
for some operator W € B(H), where F,, = Z AWA " and

0<i<n-1

m ) m—j-1 . j -1
Gy = Z(—1)i(7) {B;( Z ATWAYTT) BiWB] ')Ay f}.

j=0 i=0 1:0
Proof.
Al W B1 4%
( o A )e[nQﬁWSLm(( o B, ))]
if and only if
A1 W " Z(—l)]m Bi W J C1 0 A1 " C1 0 A1 W n_o
0 A , Bllo a/lo 4 o )|\l o 4]~
0<j<m
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By observing that
P j p=1-j
( AW )p ALY AWAL
= 0<j<p-1
0 A . A
and ) i
p i wRP-1-i
(81 w) B, ). BWB,
= Oﬁjﬁp—l 7
0 B 0 B
it follows that
AW { I kAT wY(c o\ Aa w\7(c o
0 A - ] 0 B 0 G 0 A 0 G
0<j<m
} A w Y
0 A
A ATWAR Y j  piwgil
_ 1 05;4 17 il B} Yo<icj-1 BiWB, C 0
=l o Ar Y, ol , 0 G
2 0<j<m 0 Bé
AN awaAr Y Away
O<i<m—j-1-i G 0 0<izn—1
0 G
0 A 0 Al
A 0
[ Z AQWB;_l_i A;” {
0<izn-1
| BlCATTC B Y AwATTT ) N Biwe
2:(_1y(,) 0<is<m—j-1 0<izj-1
0<j<m J . .
0 B,G A Gy
A ZogsmAQWAZ_l_i]
0 An
A 0
- [Z ATWBEH A
0<i<n-1
O(By; Ar, C1)" (1) 27;o<—1>f('7)[3{[ Y AéWA;"‘f‘l"']+{ Y, Biws[™"
O<ism—j-1 0<izj-1
0 D(By; Az, C2)"™(I)
0 ATD(By; Ay, Cr)"(DF, + AT'G Al ]

F,®(By; Ay, CI" (DAY F,®(By; Ay, C1)"(DF, + F,GuAj

m=j
Ay

i

m=j
4,

10829

}
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Theorem 2.23. Let A € [nQ N HEL,,(B,C)] where C = C; & Cy : R(A") P ker(A™") — R(A") EP ker(A™") be a
conjugation operator If [A, B*] = 0 then A, B* have upper triangular representations

[ A1 A ._[ Bl B Ty o
A—( 0 As) B —( 0 B .onH = R(A") @ ker(A™).

where Ay € HEL,(B1,Cy), AL =0 and [A;,C1B]C1] = 0.

Proof. According to the decomposition H = R(A”) (D ker(A}") and AB* = B*A we get that A and B has the
upper triangular representations
[ A A ._|( B B
(7 %) =T R)

[A, B"] = 0 = [A4, Bj] = 0 On the other hand
Aem@QNHEL,B,C)]=0

A Ay \" (m\( B, o N[{c o0\ A A\N7[c o
= (S aVlmetm A (s ) &S )

0 4 0<j<m
Ay oA\
0 A
= 0
(m . -
A Z(—l)l(.)(ancml)m iclay x
- 0<j<m J =0
v z

for some operators X, Y and Z. Therefore

(A)™ (A)"=0

Z (—1)j(7)(31)jC1(A1)m_jC1

0<j<m

or equivalently
Y (—1)1(’77)B{C1A§”‘fc1 = 0.
0<j<m J

This means that A; € [nQ N HEL,,(B1, C1)] which completed the proof. O

Theorem 2.24. Let Ay € [nQ N HEL,, (B, C)] for k = 1,2, and
C=C18Cy: RAY) D ker(A") — R(AY) P ker(A;") is a conjugation operator. If

[A1,Az] = [By, B2] = [A1, B]] = [A2, B;] = 0.

Then A1A, € [nQN 7'{8.£ml+m2—1(B1B2, Cl)]
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Proof. From the assumptions we have the following upper triangular representations

_ A Ae * BZl BZZ _
Ak—( 0 A B, = 0 B;ﬁ k=1,2

with the decomposition H = R(A}) b ker(A"),k =1,2.. Since Ay € [nQ N HEL,,, (B1,C1)] and [Aq, B]] = 0,
it follows by Theorem 2.23 that Ay, € [HEL,, (B11,C1)]. Similarly, since A; € [nQ N HEL,,,(B,C1)] and
[A1,B]] = 0, it follows by Theorem 2.23 that Ay; € [HEL,(Bxn,C1)] . According to the statement (1)
of Remark 2.2 we have C1A11C; € [HELy, (Bui] and C1A»Cy € [HEL,,(Bxn)] and by the assumption
[A1,Az] = Owe have [C1A1Cq,C1A2C1] = 0. Now, taking into account [11, Theorem 3.1] we deduce that
C1A11A»Cq € [7‘{8£m1+m2_1(811B21)] or equivalently A11Ay € [7’{8£m1+m2_1(Bl1B21, C1)] thatis

®(B11Ba1; A11421, Cr)™ ™7 (I) = 0.

A simple computation shows that

1 i(my+my—1 i my+my—1-j n
(A1A2) Z (_1)]( e )(BlBZ)]Cl(AlAZ) Hm=17(Cy) [ (Ar1Ag)
0<j<my+my—1 J
AmAL 4 ®(B11Bo1; A11421, C11Con)™ ™" H(I)  Q ALAL Y
0 Amam 0 W 0 0
= 0.

Therefore, A1A; € [nQ N HEL,yy, +my,—1(B1B2, C1)] and the proof is complete. [J

Lemma 2.25. Let A, B € B(H) and if C is conjugation on H. The following statements are true.
(1) Ae[nQNHEL,(B,C) if and only if Aotimesl € [nQNHEL,,(B®I,C® C)].
(2)A € [nQNHEL,(B,O)] ifand only if I® A € [nQNHEL,(I(X) B,C® C)].

Proof. According to [10, Lemma 4.5] it follows that C ® C is a conjugation operator on H®H. A direct
calculation shows that

AN"DPBRILARLCRO)"(I®DNARI)"

A ID)™ (A®I)"

Z (—1)1’(’”)(3 ®DI(C®C)A® D" I(C®C)

0<j<m J

A™ A"®I

Y (—1>f(”7)(B>fC(A)’"fc
0<j<m J

A"®(B; A, C)"(DA" ® I.

Theorem 2.26. Let Ay € [nQ N HEL,, (B, C)] fork = 1,2, and
C=C18Cy: RAY) P ker(A") — R(AY) €D ker(A;") is a conjugation operator.

If[Ak, BZ] =0Vk=1,2then A1 ® A, € [n@QN 7’{8.£m1+m2_1(B1 ® By, C1 ® C1)].
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PTOOf LetT1 =A1®1, Th=I1®Aand S; =B, ®I, S, = I ® B,. Since
A1®A; = (A1 DI ®A)and B1 ® B, = (B1 ® I)(I ® By).

[Ai®II®A)] =[B1®II®B]=[A1®IB|®I]=[I1®A, I®B;] =0.

Then it follows from an application of Lemma 2.25 and Theorem 2.24 that A1 ® A, € [nQNHE Ly, +m,-1(B1®
B,,Ci®Cy)]. O

Definition 2.27. Let A, B € B(H) and C is conjugation on H. We say that A belongs to quasi strict Helton class of
B with order m and conjugation C if A, B and C satisfy

A"D(B, A, C)"(DA" = 0

A"D(B, A, C)"Y(A" £ 0

thatis A € [nQNHEL,(B,CO) but A ¢ [nQNHEL,,-1(B, O)].
Below we present an example that fulfills the above definition.

Example 2.28. Let H = C? and A and B the operators A = ( _11 (1) ) B= ( 0 -1 ) Let C be a conjugation

01
1 0/
Then, a straightforward calculation shows that

C(u,v) = (3,7) that is ; C =

A'D(B, A, C)P(DA = 0
ADB,A,CPDA£0

Hence, A € [QNHEL3(B,C)] and A ¢ [Q N HELy(B,C)]. Therefore, A belongs to quasi strict Helton class of B
with order 3 and conjugation C.

Theorem 2.29. Let A,B € B(H) and C be a conjugation operator on H. Assume that A belongs to quasi strict
Helton class of B with order m and conjugation C. If [A*, B] = [A, CAC] = 0 then the family of linear operators

{Arm@(B,A,CY(DA", j=0,1,2,..m -1
is linearly independent.
Proof. According to Lemma 2.3 we have forall j > 1,
®(B,A,C) = BO(B, A, C)~1(I) — d(B, A, C)~1(I)(CACQ).
We my write

A"D(B, A, C)"(DA" = A*”(BCD(B,A,C)’H(I)—(D(B,A,C)m’l(l)(CAC)))A”

BA"'®(B, A, C)" H(I)A" — A"®(B, A, C)"1(I)A"(CAC).
Lety;eCforj=1,---,m—1such that

Y yATRB,A,C(DA" = 0. (12)

0<j<m-1
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Multiplying the equation (12) on the left by B and from right by CAC to gather with the condition [A*, B] =
[A CAC] =0 we get

Y. y/A"BO(B, A, CY(DA" =0 (13)
0<j<m~-1
and
Z A" ®(B, A, C)I(I)A"(CAC) = 0. (14)
0<j<m-1

Subtracting two equations (13) and (14), we obtain

Z YA (B&(B, AC)/(I) - (B, A, C)/(I)CAC) A" = Z 7 A"OB, A, C)HDA" = 0. (15)

0<j<m-1 0<j<m—1

The same procedure applied to equation ( 15) gives

Y, yAT0B,A,0FDA" = 0

0<j<m-1

By continuing this process we obtain

Z /A" DB, A, C)*"(DA" = 0 forallr € N.

0<j<m-1

From Proposition 2.16, it is well known that if A € [nQ N HEL,,(B, C)] then A € [nQ N HEL,(B, C)] for all
p = m and this means that the following implications hold.

Forr=m-1, 2 yiATOB, A, C)YHDA" = 0 = ypA"D(B, A, C)" H()A" = 0.
0<j<m-1
So, yo = 0 by the fact that A" ®(B, A, C)""1()A" # 0.
Forr=m-2, 2 Vi ATO(B, A, CY"HDA" =0 = y1 A" D(B, A, C)" H()A" = 0.
0<j<m-1
So, y1 =0.
Respiting this process for r = m —3,...,r = 1 and r = 0 we can found thatall y; =0 for j=2,...,m - 1.
Hence,

Y yATDB, A CYDA" =0 = yo=y1 = .. = Y1 =0,

0<j<m-1

O
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