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Existence of solutions for a class of nonlinear integral equations on
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Abstract. In this paper we investigate a class of nonlinear integral equations for existence of global classical

solutions. We give conditions under which the considered equations have at least one, at least two and at

least three solutions. To prove our main results we propose a new approach based upon recent theoretical
results.

1. Introduction

In this paper, we investigate the following class of nonlinear integral equations on arbitrary time scales
t
x(t) = a(t) - fC(t,s)(x(s) + H(s, x(s)))As, tel,
to

(1.1)
where

(A1) Tis a time scale with forward jump operator and delta differentiation operator ¢ and A, respectively,
toeT,supT = oo, = [ty, 00)1,a € Cra(I), 0 < a(fp) < B for some nonnegative constant B, C € Cy(I X 1),
H e Cy(IxR),

[H(s, )l < a1(s) + a2(s)lylF, s€l, yeR,
a1,a2 € Cry(I),0<ay,ap <Bonl,p>0.

In [1], the equation (1.1) is investigated when H(t,0) = 0, t € I, and there is a constant k > 0 such that
IH(t, y(t)) — H(t, z() < kly(t) —z()], tel, yzeM,

(1.2)
where M is the Banach space of all bounded functions on I. Note that there are cases when the function H

satisfies (A1) and does not satisfy (1.2). For instance, the function H(¢, y(t)) = (y(t))%, t €I, y € M, satisfies
(A1) but does not satisfy (1.2). Thus, the results in this paper can be considered as new and complimentary
results to the results in [1].
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In this paper, under the conditions (A1) we will investigate the equation (1.1) for existence of at least one
solution, at least two nonnegative and at least three nonnegative solutions. For this aim, firstly it is given
a new integral representation of the solutions inspired by the papers [3], [7], [11] and reference therein.
Then they are constructed two operators so that any fixed point of their sum is a solution to the considered
problem.

The paper is organized as follows. In the next section, we give some auxiliary results. In Section 3 we
prove existence of at least one classical solution for the equation (1.1). In Section 4, we prove existence of
at least two nonnegative classical solutions. In Section 5, we prove existence of at least three nonnegative
classical solutions. In Section 6, we give an example to illustrate our main results.

Throughout this work we assume a working knowledge of time scales calculus and the notation of time
scales calculus.

2. Preliminary Results

Below, assume that X is a real Banach space. Now, we recall the definition for a completely continuous
operator in a Banach space.

Definition 2.1. Let K : M C X — X be a map. We say that K is compact if K(M) is contained in a compact subset of
X. Kis called a completely continuous map if it is continuous and it maps any bounded set into a relatively compact
set.

The concept for k-set contraction is related to that of the Kuratowski measure of noncompactness which we
recall for completeness.

Definition 2.2. Let Qy be the class of all bounded sets of X. The Kuratowski measure of noncompactness o : Qx —
[0, 00) is defined by

a(Y) = inf 5>0:Y=UYj and diam(Y;) <6, jell,...,m}},
j=1

where diam(Y ;) = sup{llx — yllx : x, y € Y} is the diameter of Y}, j € {1,...,m}.

Let a be a measure of noncompactness and A, B C X. Then some of the main properties of the measure of
noncompactness are the following.
1. Ais bounded if and only if a(A) < oo.

a(A) = oz(Z), where A is the closure of A.

If A is compact, then a(A) = 0. Conversely, if a(A) = 0 and A is complete, then A is compact.
a(A U B) = max{a(A), a(B)}.

a is continuous with respect to the Hausdorff distance of sets.

6. a(aA) = |ala(A) for any a € R.

G N

Measures of noncompactness are however useful in the study of infinite-dimensional Banach spaces.

Definition 2.3. A mapping K : X — X is said to be k-set contraction if there exists a constant k > 0 such that
a(K(Y)) < ka(Y)

for any bounded set Y C X.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction(see [6]).

Proposition 2.4. (Leray-Schauder nonlinear alternative [2]) Let C C E be a convex, closed subset in a Banach space
E,0 € U c Cwhere U is an open set. Let f: U — C be a continuous, compact map. Then
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(a) either f has a fixed point in U,
(b) or there exist x € dU, and A € (0,1) such that x = A f(x).

To prove our existence result we will use the following fixed point theorem. Its proof can be found in

[4].
Theorem 2.5. Let E be a Banach space, Y a closed, convex subset of E,0 € Y,
U={xeY : |lx| <R},
with R > 0. Consider two operators T and S, where
Tx=¢x, x € U,
for e >0and S : U — E be such that
() [-S:U - Y continuous, compact and
(i) xeU:x=AI-S)x, |xll=R}=0, forany A€ (O' %)
Then there exists x* € U such that
Tx" + Sx* = x".

Definition 2.6. Let X and Y be real Banach spaces. A map K : X — Y is called expansive if there exists a constant
h > 1 for which one has the following inequality

IKx = Kylly > hllx — yllx
forany x,y € X.
Now, we will recall the definition for a cone in a Banach space.

Definition 2.7. A closed, convex set P in X is said to be cone if

1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.

Denote #* = P\{0}. The next result is a fixed point theorem which we will use to prove existence of at least
two nonnegative global classical solutions of the IVP (1.1). For its proof, we refer the reader to [5], [8] and

[9].

Theorem 2.8. Let P be a cone of a Banach space E; Q a subset of P and Uy, Uy and Us three open bounded subsets
of P such that Uy C Uy C Uz and 0 € Uy. Assume that T : Q — P is an expansive mapping, S : Uz — Eisa

completely continuous map and S(Us) c (I - T)(Q). Suppose that (U, \U)NQ#0, (Us\ Uy) NQ # 0, and there
exists ug € P* such that the following conditions hold:

@) Sx# (I —T)(x— Aug), forall A > 0and x € IU; N (Q + Auyg),
(ii) there exists ¢ > 0 such that Sx # (I — T)(Ax), forall A>1+¢, xe€dUyand Ax € Q,
(iii) Sx # (I —T)(x — Aug), forall A > 0and x € Uz N (Q + Auy).
Then T + S has at least two non-zero fixed points x1,x2 € P such that
x1 €U, N Qand x, € (Uz \ Uy) NQ

or
x1 € (U \ Uy) N Qand x, € (Us \ Uy) N Q.
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The following result will be used to prove the existence of three nonnegative solutions of our problem. For
the proof, we use the same arguments used in [5] and [10].

Theorem 2.9. Let P be a cone of a Banach space E; Q2 a subset of P and Uy, Uy, and Us three open bounded subsets
of P such that U, c U, € Uz and 0 € Uy. Assume that T : Q — E is an expansive mapping, S : U3 — E is a

completely continuous one and S(Us) c (I - T)Q). Suppose that (U, \U)NQ %0, (Us \ Uy) NQ # 0, and there
exist wy € P* and € > 0 small enough such that the following conditions hold:

(i) Sx#(-T)(Ax), forall A>1+¢, x € Uy and Ax € Q,
(ii) Sx # (I - T)(x — Awyp), forall A = 0and x € IU, N (Q + Awy),
(iii) Sx # (I-T)(Ax), forall A>1+¢, x € JUz and Ax € Q.

Then T + S has at least three non trivial fixed points x1,x2,x3 € P such that
x1€Us NQandxy € (U, \ Up) N Qand x3 € (Uz \ Uz) N Q.
In X = C4(I) we introduce the norm

llull = sup|u(®)],

tel

provided it exists.

3. Existence of at Least One Solution

In this section, we will prove that the equation (1.1) has at least one solution. For u € X, define the
operator

t

Si(u)(t) = u(t)—a(t)+ fC(t,s)(u(s) + H(s,u(s)))As, tel.

to

Note that if u € X satisfies the equation
Si(u)(t)=0, tel,

then u is a solution to the equation (1.1).
Let

B1 = max{l,B, B}

and

t
f@) =1+la(t)| + flC(t,s)l(l +a1(s) + ax(s))As, tel.
to

Lemma 3.1. Suppose (A1). If u € X, ||lull < B, then

IS1)(®) < Bif(t), tel
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Proof. We have

A

t
1S1(w)(®)] < Iu(f)|+|a(t)|+fIC(t,S)I(Iu(S)I+a1(S)+ﬂz(S)IM(S)I’7)AS

IA

t
B+ |a(t)| + flC(t, S)|(B + a1(s) + ax(s)B?)As
to

A

< By [1 + la(t)| + fC(t, s)(1 + ay(s) + az(s))As]

fo
= Bif(t), tel
This completes the proof. O
In addition, we suppose
(A2) there exist a positive function g € C,4(I) and a constant A such that

t

f g()f(s)As < A

0
foranyt €l

In the last section, we will give an example for a function g and a constant A that satisfy (A2). For u € X,
define the operator

t

Sz(u)(t):fg(s)f(s)As, tel

fo

Lemma 3.2. Suppose (A1) and (A2). If u € X and ||u|| < B, then
IS2ull < AB.

Proof. We have

|S2(u)(B)]

| f 4(5)51 ()(5)As

t

f 9611 (1) (5)IAs

to

IA

t

B, f JE)FS)As

to

IA

IA

AB,, tel,

whereupon we get the desired result. This completes the proof. O
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Lemma 3.3. Suppose (A1) and (A2). If u € X satisfies the equation
So(u)t)=C, tel, (3.1)
for some constant C, then u is a solution to the equation (1.1).
Proof. We differentiate with respect to t the equation (3.1) and we find
g5 (w)(t) =0, tel,
whereupon
Si(w)t)=0, L
Hence, we conclude that u is a solution to the equation (1.1). This completes the proof. [J

Below, suppose
(A3) €€(0,1), A, Band B satisfy the inequalities ¢B;(1 + A) < 1and AB; < B.

In the last section, we will give an example for the constants ¢, A, B and B;. Our main result in this section
is as follows.

Theorem 3.4. Suppose (A1)-(A3). Then the equation (1.1) has at least one solution in X.

Proof. Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||. Let also,
Y =1{ueY:u(t) =0},
Y = Y be the closure of 17,
U = {ueY:|ul<B).

For u € U, define the operators

Tu(t) = eu(t),

Su(t) = u(t)—eu(t)+3eB—eSy(u)(t), tel
For u € U, we have

T = S)ull

lleu + &Sy (u) — 3eB||

< ellull + €llS2(m)ll + 3B

< 4eB+ ¢AB;.

Thus, S : U — X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose that there is a

u € U so that ||lu|| = B and
u=AI-Su

or
u = Ae(u— 3B+ Sy(un)), (3.2)
for some A € (0, %) Then, using that S,(1)(ty) < B and u(ty) > 0, we get

u(ty) = Ae(u(to) — 3B + Sa(u)(fg)) < Acu(ty),
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whereupon Ae > 1, which is a contradiction. Consequently
uel:u=AMI-S)u, |u|=B} =0

for any A; € (O, %) Then, from Theorem 2.5, it follows that the operator T + S has a fixed point u* € Y.
Therefore

w(t) = Tu'(t)+ Su'(t)

ew (t) +u*(t) — eu(t) — eSa(u™)(t) + 3¢B, tel,

whereupon
So(u)(t) =3B, tel

From here, 1" is a solution to the problem (1.1). From here and from Lemma 3.3, it follows that u is a solution
to the equation (1.1). This completes the proof. [

4. Existence of at Least Two Solutions

Let X be the space used in the previous section. Suppose

(A4) Letm > 0belarge enough and A, B, , L, Ry be positive constants that satisfy the following conditions
L
r<L <Ry, AB1<g.

Our main result in this section is as follows.

Theorem 4.1. Suppose that (A1), (A2) and (A4) hold. Then the equation (1.1) has at least two nonnegative solutions
in X.

Proof. Let

P={ueX:u>0 on I}

With £ we will denote the set of all equi-continuous families in P.Forve X, define the operators

(1 + me)o(t) — e£,

T =
10(t) 10
L
S;u(t) = —eSy(v)(t) — mev(t) — SE,
t € I. Note that any fixed point v € X of the operator T; + 53 is a solution to the equation (1.1). Define
Q = P

Uy = Pr={veP:|v|<r}
U = Pr={veP:|vll<L}

U = Pr,={veP: vl <R}
1. For v1,v, € Q), we have
IT101 — Tho2|l = (1 + me)llor — 02,

whereupon Ty : Q — X is an expansive operator with a constant & = 1 + me > 1.
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2. Forv e 51{1, we get

A

L
ISsell - < ellS2()ll + melioll + 75

IA

L
€(AB1 +mRq + E)

Therefore Sg,(?’Rl) is uniformly bounded. Since S3 : i’Rl — X is continuous, we have that S3(¢R1) is
equi-continuous. Consequently Sz : Pr, — X is a 0-set contraction.
3. Letv; € 7_)121. Set

1 L
Up =701+ ESz(vl) + 5_m

Note that Sy(v1) + % > 0onl. Wehave v, > 0 on I. Therefore v, € Q and

L
—emvy = —emvy — €Sy(v7) — SE - EE
or
(I-Ty)vy, = -—emv +££
1)U = 2 10
= S?,Ul.

Consequently 53(51{1) c (I-T)(Q).
4. Assume that for any vy € " there exist A > 0 and v € P, N (Q + Avg) or v € IPx, N (Q + Avy) such that

S3v = (I - T1)(U - /\"U()).

Then
L L
—eS,(v) — mev — em = —-me(v — Avg) + SE
or
L
—S5,(v) = Amvy + 5
Hence,
L L
S =||A + = > =.
I1S2(@)II ” moo + = > =

This is a contradiction.
5. Leteg = 5%1 Suppose that there exist a v; € 0P, and A1 > 1 + ¢; such that

S3v1 = (I = T1)(A171). (4.1)
Moreover,
L L
—&eSy(v1) — mevy — EE = —-Mmev; + SE,

or

L
Sz(U1) + g = (Al - 1)71’!7)1.
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From here,

L
2=
5>

Sa(or) + é” = (1 = Dymllonl] = (Ay = 1ymiL

and

2
—+1> A4,
5m+ > M

which is a contradiction.

Therefore all conditions of Theorem 2.8 hold. Hence, the problem (1.1) has at least two solutions u; and u;
so that

lluall = L < luzll < Ry
or
r<|lurll < L < luzll < Ry.

O

5. Existence of at Least Three Solutions
(A5) emr > %, where € € (O, 1) and the constants L, m and r are those which appear in (A4).

Our main results for existence of at least three solutions of the problem (1.1) is as follows.

Theorem 5.1. Under the hypotheses (A1), (A2), (A4) and (A5), the problem (1.1) has at least three nonnegative
solutions uy, up, uz € X.

Proof. 1. Assume that thereare A1 > 1+ ¢, u € JU; and Au € Q so that
S3(u) = (I - T1)(Au).
Then

L L
—eDy(u) — meu — EE = —-meAu + T0

or

So(u) = (A — Dymu — é

Hence,
L
OO
L
e E
> emlull - L
B 5
= emr-— L
- 5
L
> =
5

which is a contradiction. Thus, the condition (i) of Theorem 2.9 holds.
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2. Now, assume that there are A1 > 1 + €, u € Uz and Au € Q so that

S3(H) = (I — Tl)(/\lu).

As above,
L
IS2)ll > M‘_DMWWW%H
> emlul - =
B 5
L
= emR; — G
> emr— L
5
L
> _/
5

which is a contradiction. Hence, the condition (iii) of Theorem 2.9 holds.
3. Assume that for any 1y € P* there exist A1 > 0 and u € P N (Q + Ajup) such that

Sa(u) = (I = Tr)(u — A1up).

Then
—€S (u)—meu—eL = —me(u — AMu )+€L
2 10 TR0
or
L
—Sz(u) = Almuo + g
Hence,
L L
Soull = [|A + = > =.
(1S2ul| 1Muo 5 > 5

This is a contradiction. Form here, the condition (ii) of Theorem 2.9 holds.

Now, by Theorem 2.9, it follows that the problem (1.1) has at least three classical solutions 1, u, and u3
such that

MlE&U1ﬂQal’lduzE(U2\U1)0Qand1/l3E(Ug)\Uz)ﬁQ,

or
wmelhnQandu, € (U \ Uy) NQand uz € (Us) \ Up) N Q.

O

6. An Example

Below, we will illustrate our main results. Let

_ A(1+t0)
10 = arparemre <Y
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where the positive constant A will be determined below. Hence,

t

t
B AL+ to)f(s)
f g6)f(s)As = f (1 +s)(1+0(s))f(s) A

to

t
1
= A(1+1) f Arodro@) ™
to

)

Al + ty) (

1
A(1+t0)(1+t B

-

IA

A(l +t0)1 +h

= A, tel

We have that g satisfies (A2). Let

1
Ri=10, L=5 r=4 m=10" B=1, = e=7,
p=2.ThenB; =1,A = 55 and

1 1 1
ABy= 5 <B, eBi(l+A)= - (1+—) <1,

i.e., (A3) holds. Next,
2 L
r<L<Ry, ¢€>0, R1>(—+1)L, ABy < =.
5m 5

i.e., (A4) holds. Moreover,

1 2L
=-.100.4>2=2=,
emr 5

i.e., (A5) holds. Let

at) = 1,
Cts) = 1,
H(tt,y) = v, tsel, yekR

Therefore for the equation

ut)y=1+ f(u(s) + (u@s)®As, tel,

are fulfilled all conditions of Theorem 3.4, Theorem 4.1 and Theorem 5.1.

10973



S. G. Georgiev, Y. N. Raffoul / Filomat 38:31 (2024), 10963-10974 10974

References

(1]
[2]
[3]
[4]
[5]

[6]
[7]

(8]

[
[10]

[11]

M. Adivar, Y. N. Raffoul, Stability, periodicity and boundedness in functional dynamical systems on time scales, Springer, 2020.

R.P. Agarwal, M. Meehan, D. O'Regan, Fixed point theory and applications, Cambridge University Press, 141 (2001).

E. Arhrrabi, M. Elomari, S. Melliani, L.S. Chadli, Existence and finite-time stability results for a class of nonlinear Hilfer fuzzy fractional
differential equations with time-delays, Filomat, 38 (8), (2024), 2877-2887.

S. Georgiev, A. Kheloufi, K. Mebarki, Existence of classical solutions for a class impulsive Hamilton-Jacobi equations, Accepted in
Palestine Journal of Mathematics.

S. Djebali, K. Mebarki, Fixed point index for expansive perturbation of k-set contraction mappings, Top. Meth. Nonli. Anal., 54, No 2
(2019), 613-640.

P. Drabek, J. Milota, Methods in nonlinear analysis, applications to differential equations, Birkhauser, (2007).

S. M. A. Magbol, R. S. Jain, B.S. Reddy, Existence results of random impulsive integrodifferential inclusions with time-varying delays,
Journal of Function Spaces, 2024, art.n.5343757, (2024).

M. Mouhous, S. Georgiev, K. Mebarki, Existence of solutions for a class of first order boundary value problems, Archivum Mathematicum,
58 no. 3, (2022), 141-158.

K. Mebarki, S. Georgiev, S. Djebali, K. Zennir, Fixed point theorems with applications, CRC Press, (2023).

M. Mouhous, S. Georgiev, K. Mebarki, Existence of solutions for a class first order boundary value problems, Archivum Mathematicum
58 (2022), 141-158.

M. A. Ragusa, Linear growth coefficients in quasilinear equations, Nonlinear Differential Equations and Applications NoDA 13 (2007),
605-617).



