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Commutators of some maximal functions with Lipschitz functions on
mixed Morrey spaces

Heng Yang?, Jiang Zhou*"

“College of Mathematics and System Sciences, Xinjiang University, Urumqi 830017, China

Abstract. Let 0 < o < 1, M, be the fractional maximal function, M! be the sharp maximal function and b be
the locally integrable function. Denote by [b, M,] and [b, M?*] be the commutators of the fractional maximal
function M, and the sharp maximal function M*. In this paper, we give some necessary and sufficient
conditions for the boundedness of the commutators [b, M,] and [b, M*] on mixed Morrey spaces when the

function b is the Lipschitz function, by which some new characterizations of the non-negative Lipschitz
function are obtained.

1. Introduction and main results

Let T be the classical singular integral operator and b be the locally integrable function, the commutator
[b, T]is defined by

[b, T1f (x) = bT f(x) = T(bf)(x).

In 1976, Coifman, Rochberg and Weiss[2] obtained that the commutator [b, T] is bounded on L*(IR") for
1 < p < oo if and only if b € BMO(RR"). The bounded mean oscillation space BMO(IR") was introduced by
John and Nirenberg [9], which is defined as the set of all locally integrable functions f on IR” such that

oy = sup i [ 1) - fold < o
FialJo

where the supremum is taken over all cubes in R" and fj := |lQ| fQ f(x)dx. In 1978, Janson[7] gave some

characterizations of the Lipschitz space Aﬁ (IR") via the commutator [b, T] and showed that [b, T] is bounded

from L? (R") to L7(R") if and only if b € /\ﬁ (R")(0 <p < 1), wherel < p < % and 1 - % = g (see also

Paluszyniski[12]). Then, the theory of commutators have been studied intensively by many authors (see,

for instance, [4, 13-15, 17, 19]), which plays an important role in harmonic analysis and partial differential
equations.
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As usual, Q = Q(x,r) € R" is a cube with a centre x and a radius r, whose sides are parallel to the
coordinate axes. Let |Q| be the Lebesgue measure of Q and xo be the characteristic function of Q. The letters
p,q,7,... denote n-tuples of the numbers in [0, c0](n > 1),7 = (p1,--.,Pu), 4= (q1,---,qn), 7= (r1, ..., 7x). By
definition, for example, the inequality 0 < < oo means that 0 < p; < oo for each i and 7/ < § means that
pi < g; for each i. Furthermore, for 7= (p1,...,p,) and r € R, let

1_ l l E)_(ﬂ &) (. ,
ﬁ (pl’“./pn)’ r r’“" r 4 P (P1I'~-/pn)/

where P = r% is the conjugate exponent of p;. We always denote by C a positive constant which is
independent of the main parameters, but it may vary from line to line. The symbol f < g means that f < Cg.
If f Sgand g < f, we then write f = g.

Let 0 < a < n, for a locally integrable function f, the fractional maximal function M, is given by

MW =sup i [ i,
Q>x |Q| " JQ
where the supremum is taken over all cubes Q € R” containing x.
When a = 0, M is the classical Hardy-Littlewood maximal function M, and M, is the classical fractional
maximal function when 0 < a < n.
The sharp maximal function M* was introduced by Fefferman and Stein [5], which is defined as

1
MFf(x) = sup — f 1f(y) = foldy,
Qax |Q| Q
where the supremum is taken over all cubes Q C R” containing x.
The maximal commutator of the fractional maximal function M, with the locally integrable function b
is given by

1
Map(f)(x) = SQI;E Q-

where the supremum is taken over all cubes Q C R" containing x.
The nonlinear commutators of the fractional maximal function M, and sharp maximal function M* with
the locally integrable function b are defined as

[b, Ma] (f)(x) = b(x)Ma(f)(x) — Ma(bf)(x)

fQ Ib(x) - B W)ldy,

and

[b, MFI(f)(x) = bx)M*(f)(x) — MA(bf)(x).

When a = 0, we simply write by [b, M] = [b, My] and M}, = My;,. We also remark that the commutators
M, and [b, M, ] essentially differ from each other. For instance, maximal commutator M, is positive and
sublinear, but nonlinear commutators [b, M,] and [b, M¥] are neither positive nor sublinear. The mapping
properties of commutators of maximal functions have been studied intensively, we refer the readers to see
[6, 16, 18, 22] and therein references.

For a fixed cube Q and 0 < & < #, the fractional maximal function with respect to Q of a function f is
given by

1
Ma/ = o d 12
A= swp i |y

where the supremum is taken over all cubes Qp with Qy € Q and Qy > x. Moreover, we denote by Mg = My o
when a = 0.
We also need to recall the definitions of Lipschitz spaces and mixed Morrey spaces.
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Definition 1.1. Let 0 < B < 1, we say a function b belongs to the Lipschitz space Ag(R") if there exists a constant C
such that for all x,y € R",

|b(x) = b(y)| < Clx - ylP.
The smallest such constant C is called the Aﬁ norm of the function b and is denoted by ||b|| "

Definition 1.2. [10] Let § = (q1,...,qu) € (0, 00]" and p € (0, co] satisfy

= 1 n
Ly

The mixed Morrey space M;i (R") is defined as the set of all f € L° (IR") satisfying the following norm ||-|| ¢ is finite:
q

Ifll ¢ = sup {I(Ql'l’_l(z?‘1 %) ”fXQ“Lq‘ : Qs a cube in lR”} ,
q

where LY (R™) denotes the set of measureable functions on R" and

3 qan

Iflls = fIR.--[fIR(fIR|f(x1,...,xn)|‘71 dx1)3f dequ - du,

If we take g1 = g2 = - - = g, = g, then the mixed Morrey space M;i (IR") is the Morrey space M’;(]R”). If we take
5= 7 Lin qu, the mixed Morrey space MZ, (R") is the mixed-norm Lebesgue space LT(IR").

The main results we obtained can be stated as follows.

Theorem 1.3. Let 0 < < 1,0 < a <n, 0 < a+p <nandb be alocally integrable function. If 1 < §,§ < oo,
l<pr< %, 5< Z;’zl ql/, <Y _}j, 1= % - a7+ﬁ and g = §, then the following statements are equivalent:
(1)beAg(R")and b > 0.
(2) [b, M,] is bounded from Mg, (R") to MZ(R").

(3) There exists a constant C > 0 such that
1 16 =Mo®)xallpmmn
sup — -
Q Q| Ixollvywe)

<C (1.1)

(4) There exists a constant C > 0 such that

1
sup 0 f |b(x) — Mg(b)(x)ldx < C. (1.2)
Q"+ Je
Ifwetakeqi =gy =--- =gy, =qgand s; =s, =--- =5, =5, we can get the following corollary.

Corollary 1.4. Let0 < f<1,0<a <n, 0 < a+p < nandb be alocally integrable function. If 1 < g <p < oo,
l<s<r<oo,i= 71—] ~ 2P ond % = 2, then the following statements are equivalent:

(1) beAg(R") and b > 0.

(2) [b, M,] is bounded from M’; (R™) to M (R™).

(3) There exists a constant C > 0 such that

b _M b T n
pL”( oM xollpre <C

Q QI xollvywe B
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(4) There exists a constant C > 0 such that
1
QI

If we take % = % Z';:l ql/ and % = % Z';:l slj, then the following corollary holds.

sup

fQ [b(x) — Mo(b)(x)ldx < C.

Corollary 1.5. Let 0 < <1,0<a <n,0<a+p <nandbbea locally integrable function. If 1 < § < §< oo and
Y {11_] -X 51_] = & + B, then the following statements are equivalent:
(1)be Ag(R") and b > 0.
(2) [b, M,,] is bounded from L7 (R") to L* (R").
(3) There exists a constant C > 0 such that
1 NI = Ma®)xallswry

sup —
Q Q| IxQllzre

(4) There exists a constant C > 0 such that
1
QI

Theorem 1.6. Let 0 < B <1,0<a <n, 0 <a+p <nandb bealocally integrable function. If 1 < §,5 < oo,

sup

le(x) - Mo(b)(x)ldx < C.

l<pr<oo f< Yia ql/, P<Yi Slj, 1= % - aTJrﬁ and g = £, then the following statements are equivalent:
(1) b € Ag(R").
(2) My p is bounded from M}; (R") to ML(R").

(3) There exists a constant C > 0 such that

1 I =Dbo)xallpewn

sup — 1.3
Qp orF lxallvmn (13
(4) There exists a constant C > 0 such that
1
sup 0 f |b(x) — boldx < C. (1.4)
QI Ja
Ifwetakeqy =g =+ =g, =qgand s; =s, =--- =5, =5, then the following result holds.
Corollary 1.7. Let0 < < 1,0 < a <n,0 < a+p < nand b be a locally integrable function. If 1 < g <p < oo,
l<s<r<oo,i= % - # and % = %, then the following statements are equivalent:

(1) b € Ag(RY).
(2) M p is bounded from MZ (R") to M (IR™).
(3) There exists a constant C > 0 such that

1 b - b " (IR"
sup_||( o)xollpmre <C

o 10F  Ixollrmn

(4) There exists a constant C > 0 such that

sup

1
. fQ Ib(x) — boldx < C.
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If we take % =1 Z';:l ql/ andi=1 Z';:l slj, we have the following result.
Corollary 1.8. Let0 <f<1,0<a <n,0 < a+p <nandb bealocally integrable function. If 1 < § < § < co and
Yo ql—] -X % = & + B, then the following statements are equivalent:

(1) b e Ag(R").

(2) My is bounded from L7 (R") to L¥ (R").

(3) There exists a constant C > 0 such that

sup 1 “(b_bQ)XQ”LS‘(]Rn)<
Q |Q|% ||XQ||Ls‘(1Rn)

(4) There exists a constant C > 0 such that

1
QI+
n 1

Theorem 1.9. Let 0 < B < 1 and b be a locally integrable function. If 1 < §,5 < 00, 1 < p,r < oo, % <Y o

sup

f Ib(x) — boldx < C.
Q

t< Z}Ll sl/_, 1= % - é and g = g, then the following statements are equivalent:
(1)be Ag(R") and b > 0.
(2) [b, M*] is bounded from MZ, (R") to ML(IR").

(3) There exists a constant C > 0 such that

1 e —2M*bxo)xollpme

Sgp |Q7 IXollare N (19
(4) There exists a constant C > 0 such that
sup - f Ib(x) — 2MF (bxo)(x)ldx < C. (1.6)
Qrt Jo
Ifwetakeq1 =g =--- =g, =qgands; =s, =--- =5, = 5, then we have the following result.
Corollary 1.10. Let 0 < p < 1and b be a locally integrable function. If1 <q<p <oo,1<s<r<oo, 1 =~ g

and g = 2, then the following statements are equivalent:
(1)be Ag(R") and b > 0.
(2) [b, M*] is bounded from M (R") to M (R").
(3) There exists a constant C > 0 such that

b—2MF0b o
PLll( (bxo))xollp <c

0 |Q|§ X ol pere B

(4) There exists a constant C > 0 such that

1
QP+

If we take % =X ql and } = 1 Y%, I, we have the following conclusion.
) ]

sup

f Ib(x) — 2MF (bxo)(x)ldx < C.
Q



11036

H. Yang, |. Zhou / Filomat 38:31 (2024), 11031-11043
Corollary 1.11. Let 0 < B <1,0<a <n,0 < a+p <nand b be a locally integrable function. If 1 < § <5< oo

and Y.iq ql] -Xia % = B, then the following statements are equivalent:

(1) b € Ag (R").
(2) [b, M*] is bounded from L7 (R") to L* (R").

(3) There exists a constant C > 0 such that
11 = 2M*(bx))xollsrn <c
”XQ”LS‘(IRn) B

sup —;
Q QI
(4) There exists a constant C > 0 such that
1
f |b(x) — boldx < C.
Q

IQ[+#

sup

2. Preliminaries
To prove our main results, we present some necessary definitions and lemmas in this section.
We first need to introduce the predual spaces of mixed Morrey spaces following the idea of Zorko

[23](see also Nogayama [11]).
Definition 2.1. Let 1 < p < oo and g < 27:1 ql/ A measurable function A is said to be a (p, §)-block if there exists a

cube Q that supports A such that
Shib
. Define the function space ?{; (R") as the set of all f € LP (R")

lAllz < IQIE(

Definition 2.2. Let 1 < p < oo and % < 21’7:1 ql—/

for which f is realized as the sum f = Z;’ZO AjA; with some A = {Aj}ien, € ¢ (No) and a sequence {Aj}ien, of
(p’,q7)—blocks. The norm || fIIW;;» for f e 7{; (R") is defined as

1fllygr = infliAlla
q

where A = {A}}jen, runs over all admissible expressions

F=Y NAj A ien, € €, A; is a (9, §)-block for all j € N
j=0
Thus, we have the following Lemma, which was introduced by Nogayama [11]
Lemma23. Let 1 <p <ocoand § <}i, qu Then
moll_1_apgq_%
; Ty nandp_r.

1 1
“XQ”M; =1Ql7,  lxally =1Q1".
4
Lemma24. [10]Let0<a<n,1<g,§<ocoand1<p,r < co, Ife <Y qu, 1<y
Then, for f € MZ, (R™),

M, S .
It is well-known that the Lipschitz space Ag (R") coincides with some Morrey-Companato spaces (see,

for example, [8]) and can be characterized by mean oscillation as the following lemma.
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Lemma 2.5. [3] Let 0 < B < 1and 1 < q < co. The space Ag, (R") is defined as the set of all locally integrable
functions f such that

1flla,, = (|Q| f [£x) - fQ|qu); <.

Then, forall 0 < B < 1and 1 < g < 00, Ag (R") = Ag (R") with equivalent norms.
Lemma 2.6. [21] Let 0 < a < n, Q be a cube in R" and f be the locally integrable function. Then, for any x € Q,

Ma(fxQ)(x) = Ma,o(f)(%)-
Lemma 2.7. [1] For any fixed cube Q, let E = {x € Q : b(x) < bg} and F = {x € Q : b(x) > bg}. Then

le(x) —boldx = fplb(x) — boldx.

3. Proofs of main results
Proof of Theorem 1.3. (1) = (2): Assume b € Aﬁ(]R”) and b > 0. For all locally integral function f, we have
|[b, MaJ(f) ()] = Ib(x)Ma(f )(x) = Ma(bf)(x)]

< sup i |Q|1 i f 16) = bILF W)y

< Clbl, sup f FWldy
Q;x

< Cllbll;, M a+5(f)(x :

By Lemma 2.4, we conclude that [b, M,] is bounded from Mg. (R™) to M:_, (R™).

(2) = (3): We divide the proof into two cases based on the scope of a.
Case 1. Assume 0 < a < n. For any fixed cube Q,

1 110 =Ma®)xollmymn

|QT I ollatrr
1 16 = 1017 Ma,o(B)xall mrare)
ok lxoll v
1 110QI7 Ma,o(b) = Mo(b)xallprn
ok Ixollpemn
=I1+1I

By the definition of M, g, we get, for any x € Q,

Mao(xo)(®) = 1Ql". 3.1)

Using Lemma 2.6, for any x € Q, we have

Ma(xQ)(®) = Ma,o(x@)(®) = 1Ql",  Ma(bxo)(x) = Ma,o(b)(x)-
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Thus,

b(x) = 1QI™" Ma,o(b)(x) = 1QI™ " (b(x)IQI" — Ma,o(b)(x))
= QI (b(x)Ma(x0)(x) = Ma(bx0)(x))
= QI [b, Ma](x Q) ().
a+p

Since [b, M,] is bounded from MZ, (R™) to Mg,(]R”), then by Lemma 2.3 and noting that % = % - ==, we
obtain

1 116 =1QI7 Moo (W) xallperry

ok IXallatre
1 b, Ma](xo)lae e

a+p

T Iallvgwe
||XQ||M’1(1Rn)
< CL{H—ﬁ 7
101 Ixallmew
<C
Similar to (3.1), by Lemma 2.5 and noting that

Mo(x)(x) = xo(x), forall x € Q,
we have, for any x € Q,

M(xQ)(x) = xo(x),  M(bxg)(x) = Mg(b)(x). (3.2)
Then, by (3.1) and (3.2), we can see that

QI Ma,o(b)(x) = Mo(b)()|
< 1QI% [Ma(bx)(x) — Ib(x)|Ma(xo) ()|
+1QI7 [Ib(0)IMa(x0) (%) = Ma(x@) ()M(bxo) ()|
= QI [Ma(lblx o) (x) = [b(0)IMa(xQ) ()|
+ Q17" Ma(x@)(x) | b(0)IM(x0) (x) = M(bxo)(x)|
= QI |[1bl, Mal(x0) ()| + |[1bl, M1(x0) (%) -
Since [b, M, ] is bounded from M;, (R") to MZ(R") and we conclude that b € Ag (R") implies [b] € Ag (R").
By the definitions of [b, M,] and M,, we obtain, for any x € Q,

1 Melx 0] < sup e [ 1609~ bty

1

= [ oty
Q= Jo
< Ibll o Ma+p(Xx0) (%)

= lbll,1Q 7 xo():

Similarly, for any x € Q, we have

< ”b”/\ﬁ(R”) sup
Q'sx

|16l MI(xQ)@)| < NIl 117 xo(x),
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and hence,
a g
1QI7% M 0(b)(x) = Mo(B)(x)| < ClIbll3, Q1" xo ().
Then, by Lemma 2.6, we get

1 QI Ma,o(b) = Mo(b)xall v
- 10|" Ixollatrn

8
1 QI Ixallaewn
101 Ixallaemwn

<C
Thus, we have

1 It = Mo®)xollaemn
10l Ixollatrn

—_ 7

which leads to (1.1) since Q is arbitrary and the constant C is independent of Q.
Case 2. Assume a = 0. For any fixed cube Q and any x € Q, by (3.2), we have

b(x) = Mo(b)(x) = b(x)M(xo)(x) = M(bxo)(x) = [b, M](x@)(x).

Assume that [b, M] is bounded from MZ, (R™) to M;(]R”) and %

1 I =Mo®)xollmwy 1 Mo, MI(xo)llmyw
|Q|§ I ollatrr - |Q|§ xollvywe

1 ||XQ||Mf1(Rn)

<c— 1

101+ Ixallvre
<C,

which implies (1.1) holds.

have
1
QI+ fQ [b(x) — Mo(b)()| dx
1
) C|Q|1+E 16 = Ma@)xallmgamrnlixallye e

1
Ql“é |Q|%/ I~ MQ(b))XQ”M;(IRn)

1 I = Mo®)xollvrr

<C
I

QI QI
1 I = Ma®)xollvyrr
B @7 Ixollvywe
<C

where the constant C is independent of Q. This deduces (1.2).

11039

- g, then by Lemma 2.3, we deduce that

(3) = (4): Assume (1.1) holds, then for any fixed cube Q, by Hoélder’s inequality and Lemma 2.3, we
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(4) = (1): Toproveb e Aﬁ (R"), by Lemma 2.5, it suffices to show that there exists a constant C > 0 such
that for any fixed cube Q,

P fQ Ib(x) — boldx < C.

For any fixed cube Q, let E = {x €Q:bx) < bQ} and F = {x €Q:b(x) > bQ}. Since for any x € E, we have
b(x) < bg < Mg(b)(x), then

|b(x) — bl < [b(x) — Mg(b)(x)!. (3.3)

By Lemma 2.7 and (3.3), we have

1
|Q|1+E le(x) —bpldx =

- bQIdx

le f 6 ~ Ma(B) )

f Ib(x) — Mo(®)(x)ldx
=10
<C.

Thus we deduce thatb € A,; (IR™). Next, we will show b > 0, it suffices to prove b~ = 0, where b~ = — min{b, 0}.
Letb* =|b| - b~, then b = b" — b™. For any fixed cube Q and x € Q, we obtain

0 < b*(x) < ()| < M),
then we can get
0 <b™(x) < Mg(b)(x) = b™(x) + b~ (x) = Mg(b)(x) — b(x).

Combining with the above estimates and (1.2) deduces that

1 . 1
T fQ b (x)dxsl—Ql fQ [Mo(0)(x) - b(x)|

s|Q|f( L fQ |b<x>—MQ<b><x>|dx)

QI

]
<cQl".

Thus, Lebesgue’s differentiation theorem implies that b~ = 0.
The proof of Theorem 1.3 is completed. O

Proof of Theorem 1.6. (1) = (2): Assume b € A[;(]R”). For any fixed cube Q C R”, it is easy to see

Masl)) = up e |Q|1 ' f 1b) - b F(Idy

< CHb“Aﬁ(]R”)Ma+ﬁf(x)'

By Lemma 2.4, we obtain that M, is bounded from Mg, (R") to MZ(R").
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(2) = (3): For any fixed cube Q ¢ R" and any x € Q, we get
1
b9~ bol < o5 | 1660 - by
1Ql Jo

1 1

=T i~z b - b d
o 1o fQI () = b()lxo(y)dy

< 1QI™" Map(xo) ().

a+p

Since M, is bounded from Mg, (R™) to M;(]R”), then by Lemma 2.3 and noting that % = % — —-,we have

1 110 =bo)xallmwn 1 IMap(xolivere

a+p

— <
oF  Ixallvmn o1 el

B C ||XQ||M;(]R::)
1015 Ixallveme

<C

which implies (1.3) holds since the cube Q C IR" is arbitrary.

(3) = (4): Assume (1.3) holds, we will prove (1.4). For any fixed cube Q, by Holder’s inequality and
Lemma 2.3, we can see

1 C
- < - "R ‘R
IQl“leb(X) ledx_IQl“%”(b bo)xallmyw )||XQ||7,£7(]R)
e (b = bo)xallmrr
ToF Irallvewe
<C

(4) = (1): It follows from Lemma 2.5 directly, thus we omit the details.
This finishes the proof of Theorem 1.6. O

Proof of Theorem 1.9. (1) = (2): Assume b € Ag (R") and b > 0. For any locally integral function f, we have
the following estimate given in [20],

[, MF1F()| < Cllbll, Ms(F)().

Then, by Lemma 2.4, we obtain that [b, M*] is bounded from MZ, (R") to ML(R").

(2) = (3): Assume [b, M*] is bounded from Mg, (R") to MZ(IR"), we will prove (1.5). For any fixed cube
Q and any x € Q, we have (see [1] for details),

1
Mi(xo)() = 3,
which implies that

b(x) — 2M*(bx)(x) = 2 (b(x)M*(x0)(x) — M (bx ) (x))
= 2[b, MF](x0)(x)-
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i

n’

Since [b, M*] is bounded from M’;i (R™) to MSC (R"), then by Lemma 2.3 and noting that % = we obtain

1
p

1 litb - ZMﬁ(bXQ))XQ”M;(]R")

|Q|§ Ixallmeawe
1 b, Mﬂ](XQ)”M;;(]R”)
o lxellvwn
1 ||XQ||M;(]R::)

< C—ﬁ _—
101+ Ixallvre
<C,
where the constant C is independent of Q. This deduces (1.5).

(3) = (4): Assume (1.5) holds, we will prove (1.6). For any fixed cube Q, combining Holder’s inequality
with Lemma 2.3 deduces that

! |b(x) — 2M* (bx o) (x)| dx
QI+ Jo
1 16 = 2MF (bx ) xallmywry
ek Ixollmrwre
1 N6 —2MFbxo)xollpme
el Ixollatrn
<G,

which implies (1.6) holds since the constant C is independent of Q.
(4) = (1): We first prove b € Ag (R"). For any fixed cube Q, the following estimate was given in [1]:

1 _ 2 oMt
] fQ Ib) - boldx < fQ |b(x) — 2M*(bxg)(x)| dx.

It follows from (1.6) that

1 2
QA fQ |b(x) — boldx < R fQ |b(x) — 2MF (bxo)(x)| dx < C,

which leads to b € Ag (R") by Lemma 2.5.
Now, let us show b > 0. It suffices to prove b~ = 0, where b~ = —min{b, 0} and let b* = |b| — b~. For any
fixed cube Q and any x € Q, we have (see [1] for details),

Ibol < 2M*(bx)(x),
which implies that

2MH(bx)(x) — b(x) 2 [bol — b(x) = Ibgl = b* (x) + b~ (x).
By (1.6), we have

1 + 1 _ g
lbgl — @ Qb (x)dx + 0] Qb (x)dx < C|Q|", (3.4)

where the constant C is independent of Q.
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Let the side length of Q tends to 0 (then |Q] — 0) with x € Q. Lebesgue’s differentiation theorem implies
that the limit of the left-hand side of (3.4) equals to

b(x)| = b*(x) + b~ (x) = 2b™(x) = 2Jb~ (%))

Moreover, the right-hand side of (3.4) tends to 0. Thus, we conclude that b~ = 0.
The proof of Theorem 1.9 is completed. O
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