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The regularity criteria for the 3D magnetohydrodynamics equations

Bo Xu?, Jiang Zhou®”

?College of Mathematics and System Sciences, Xinjiang University, China

Abstract. In this paper, we establish several regularity criteria for weak solutions of the 3D magnetohydro-

dynamics equations. Compared to previous results, we extend these criteria to Lorentz spaces, Lebesgue
sum spaces, and anisotropic Lebesgue spaces.

1. Introduction

The 3D magnetohydrodynamics (MHD) equations take the form

i+ w-Viu—Au+Vp=(b-V)p,

b+ w-Vb—Ab=(b-Vu, (1)
V-u=V-b=0,

u(x, 0) = up(x), b(x,0) = by(x),

where (x,t) € R® X RY, u(x, t) = (u1(x, 1), ua(x, t), us(x, t)), b(x, t) = (b1(x, 1), ba(x, t), b3(x, 1)) and p represent the
fluid velocity, the magnetic field and the scalar pressure, respectively. The MHD equations are fundamen-
tal tools for investigating the behavior of conducting fluids under the influence of magnetic fields. These
equations seamlessly integrate principles from fluid dynamics and electromagnetic theory, thereby offering
a comprehensive mathematical framework to understand physical phenomena in plasmas, liquid metals,
and other conductive fluids. The MHD equations are pivotal in diverse fields such as astrophysics, nuclear
fusion reactor design, geophysics, and materials processing. Their applications extend to elucidating the in-
teractions between the solar wind and the Earth’s magnetosphere, addressing control issues in magnetically
confined nuclear fusion, and exploring magnetohydrodynamic effects in high-temperature superconduc-
tors. Through these applications, the MHD equations not only advance theoretical understanding but also
drive technological innovations and practical solutions in various scientific and engineering domains.

For any given initial values (uo, by) € H(R3), s > 3, Sermange and Temam [1] established the local
well-posedness of the system (1). However, the global existence of strong solutions, or equivalently, the
smoothness of global weak solutions, remains an open problem. It is well known that if (1, b) is a solution
of the system (1), then for any A > 0, the scaled solution (u,(x, t), ba(x, t)) = (Au(Ax, A%t), Ab(Ax, A%t)) is also
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a solution of the system (1). This type of Serrin condition under the perspective of scale invariance is very
important, meaning that for any A > 0, we have [|uallps 7122y = 11llso 1.0 roy if and only if % +3 =1 He
and Xin [2], as well as Zhou [3], obtained regularity conditions for the velocity field u and its gradient field
Vu. They proved that the solution (i, b) is regular if

uelfO,T;LYR%) with §+§§1, 3<a< oo,
or
8 a3 2.3 3
VZ/IEL(O,T,’L (IR)) with ’E+;S2, E<0[S00.

This indirectly indicates that in the study of the regularity theory of the 3D MHD equations, the fluid
velocity plays a more crucial role than the magnetic field. It has been found that the reduction in the
velocity component is more interesting than the reduction in the magnetic field component.

An interesting question is whether regularity requires all velocity components. Since the third com-
ponent can be computed from the divergence-free condition, two components of the velocity field should
suffice. Previous studies have shown that even one component of the velocity field is sufficient. Jia and
Zhou [4] proved this. More precisely, they obtained that if

us, b e LF(0, T; L*(R%) with % + 2 < 2 + % 13—0 <a<oo,
then the weak solution is regular. They further refined this result by imposing certain scale-invariant
conditions on by, and b3, see [5]. Additionally, Han and Xiong [6] extended the results of [4] to Lorentz
spaces by utilizing the symmetric structure of the MHD equations.

When b = 0, the system (1) reduces to the classical 3D incompressible Navier-Stokes equations. The
classical Prodi-Serrin condition [7] states that if

ueLP(0,T;L%(R%)  with /% + 2 =1, 3<a<o, )

then the weak solution u is regular on (0, T]. The Prodi-Serrin condition (2) was later extended to the
gradient field Vu by Da Veiga [8], specifically

2 3 3
B . 3 i Z 4D = =
vu e LF(0,T;L(R))  with ﬁ+a_2 and > <asco. 3)
This corresponds to the regularity criteria for the MHD system. Over the past few decades, there have been
many refinements to conditions (2) and (3). Penel and Pokorny [9] were the first to establish a regularity
criterion for the 3D Navier-Stokes equations based solely on one directional derivative of the velocity field.
They showed that if

dsu € LP (O T; L% (R3)) with 2 + 3 = 3 and 2<a<o 4)

7 7 ﬁ o 2 - - 7

then the solution u is smooth. Clearly, compared to (3), there is a discrepancy in (4). Kukavica and Ziane
[10] optimized this condition. Recently, Miller [11] extended the regularity criterion (2) to Lebesgue sum
spaces. More specifically, if u = ¢ + ¢, such that

¢ € LF(O, T;LY(R®)), ¢ € L*0,T;L™(R%),

with % + % =1 and $ > 3, then the weak solution u is regular on [0, T]. Additionally, Ragusa and Wu
[12] extended the regularity criterion (4) to anisotropic Lebesgue spaces. For more regularity criteria, see
[13]-[21] and the references therein.

Inspired by the aforementioned studies, the goal of this paper is to establish regularity criteria for the 3D
MHD equations (1) in Lorentz spaces, Lebesgue sum spaces and anisotropic Lebesgue spaces. The study
of the 3D MHD equations not only contributes to a deeper understanding of theoretical physics but also
actively promotes innovative developments in practical engineering technologies.
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Theorem 1.1. Let (u,b) be a local strong solution to the 3D MHD equations (1) with initial data (1, by) € H*(R?),
§>3,andV-uy=V-by=0.If

us, by € LF1(0, T; L (R®)), by, € LF2(0, T; L*>*(R?)), (5)
where % + ﬁ% <3+ ﬁ, ar > Y, and 0% + ﬁ% <1, ay > 3, then (u, b) remains smooth on [0, T].

Theorem 1.2. Let (u,b) be a local strong solution to the 3D MHD equations (1) with initial data (1o, by) € H*(R3),
§>3,and V-uy=V-by=0. Ifuz = 1 + @1 and b = ¢y + @, such that

¢1, ¢2 € LFO, T; LY(R%), @1, @2 € L3(0, T; L*(R?)), 6)

where 2 + % <3+ Lands> Y, then (u,b) remains smooth on [0, T1.

Theorem 1.3. Let (u,b) be a local strong solution to the 3D MHD equations (1) with initial data (1o, by) € H*(R3),
§23,and V- -ug=V-by=0.If
o

T T
f dr+ f
0 erlg 0

2 1 1 1
< = = =<
where“+lﬂl+ql+r1 <1,

p
dt < oo, )

)
L2

||93M||L§2 ||93b||L§§

L‘IZ

1
L 2

X2

+L2+1+L <1,and2 < py,q1,71,p2, 92,72 < 00, then (u, b) remains smooth on [0, T].

Remark 1.4. Notice that, on the one hand, for 1 < p < g < +o0, we have
LP(R%) = [PP(R%) — [P(R%) — LP™(R®).

On the other hand, Theorem 1.1 by relaxing the conditions on by, and bs to be scaling invariant. Therefore, Theorem
1.1 can be viewed as a further improvement of [5, 6, 22].

Remark 1.5. Notice that for 1 < p < q < +oo, we have the embedding
L (R%) — LP(R®) + L™(R®).

This relationship indicates that functions in the Lorentz space L7 (R%) can be represented as sums of functions from
LP(IR®) and L™ (IR®). Therefore, Theorem 1.2 extends the results obtained by Jia and Zhou [4] to the context of Lebesgue
sum spaces, providing a broader framework for understanding the reqularity of solutions.

Remark 1.6. On one hand, when b = 0, the system (1) reduces to the Navier-Stokes equations. In this case, Theorem
1.3 aligns with the findings of Ragusa and Wu [12]. On the other hand, Theorem 1.3 broadens the scope of the
results presented by Ni and Zhou [23], extending them to anisotropic Lebesgue spaces. This extension provides a
more comprehensive framework for analyzing the reqularity of solutions in various function spaces.

The rest of this paper is organized as follows. Section 2 reviews some preliminaries. Section 3 is devoted

to the proof of Theorem 1.1. Section 4 demonstrates the proof of Theorem 1.2. Finally, the proof of Theorem
1.3 is provided in Section 5.

2. Preliminaries

In this section, we introduce several important function spaces and lemmas that will be utilized through-
out our analysis. First, we review the definition of Lorentz spaces [24].
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Definition 2.1. For 0 < p < oo and 0 < g < oo, the Lorentz spaces LP(IR3) consist of all measurable functions f
such that

NGO %]3 , ifg<oo,

sup £ f*(t), ifq = oo,

t>0

”f”Lw(]R»‘) =

is finite. Here, f*(t) denotes the non-increasing rearrangement of f.

Next, we recall the definition of the Lebesgue sum spaces [11], which are critical in the operations
between multiple function spaces.

Definition 2.2. Let X and Y be Banach function spaces, and let V be a vector space such that X,Y C V. Then, we
have
X+Y={g+h:geXheY}].

Furthermore, X + Y is a Banach function space with the norm
Ifllx+y = inf (lgllx + [Iklly)-
g+h=f

Additionally, we review the definition of anisotropic Lebesgue spaces as introduced in [25].

Definition 2.3. Let f be a measurable function defined on R® = Ry, X Ry, X Ry,. If

P L
[k r3

B [
f[f (f [f(x1, x2, x3)[F* dx1)y dxz] dxz| <oo,
R R R

then we say that f € L' LI2LYY, and its norm is defined as

1
i3 73

3 2
= |f (1, x2, x3)IP* doxy ! dxa| dx3
2 L3 R{JR \JR

HannLg

P:
Ly

After introducing the definitions of Lorentz spaces, Lebesgue sum spaces and anisotropic Lebesgue
spaces, we proceed to review several critical lemmas that will play essential roles in our subsequent
analysis and proofs. These lemmas provide fundamental tools for our theoretical results and facilitate the
establishment of important inequalities in different function spaces.

We begin by recalling Holder inequality and Gagliardo-Nirenberg inequality in Lorentz spaces, as
introduced in [26].

Lemma 2.4. Let 1 < p,q,p1,p2,91,G2 < 0. For any functions f € LP""(R%) and g € LP*2(R®), the following
inequality holds
Ifgllragrsy < Cllflpim o) llgllLr r3),

11,1 11,1
wherep =0t andq =t
Lemma 2.5. Let f € LPA(R®) with 1 < p,q,p1,491,P2, G2 < 0. Then, the Gagliardo-Nirenberg inequality for Lorentz
spaces is given by
s < AN AN 52

where C is a positive constant, and the exponents satisfy

10,126 1_0.,126" yc0)
P P 4 @ @
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Following this, we give a crucial proposition concerning norm estimation in Lorentz spaces, which will
be instrumental in our analysis.

Proposition 2.6. Let 3 < p < co. There exists a constant C > 0 such that for every f € C§(IR%), we have

1 1 1 1-3
||fHL%,2 < Cllov I 02 A1 95 AL AL -

Proof: According to Lemma 2.5 and multiplicative Sobolev inequality, it follows that

1Al 2. < < AL AL,
= cnfnL;”’nfu;

1 1 1 1-3

< CllL AL AL I0s AILIANL

Finally, we present an important lemma in anisotropic Lebesgue spaces, which plays a critical role in
the proof of Theorem 1.3, as detailed in [27, 28].

Lemma 2.7. Let py,p2,p3 € [2,00) and pll + plz + plS - % > 0. Then, there exists a constant C > 0 such that for any
f € L* N C*, the following inequality holds

HHIIfII .
L=

L 1 1Lyl L
S PAE A A I

22
-2
Ly,

3. The proof of Theorem 1.1

The proof of Theorem 1.1: Multiplying (1);_, by —Au, —Ab respectively, integrating over R®, and
summing up, one obtains

> dt(IIVMIILz +IVBIIZ) + lAull, + IAbIE,

2 3 2 3 3
1
Z_ZZZf akua”J&k”de"'E 2 § 2 f diuiokujdyuj dx
i=1 j=1 k=1 i1 j= =
3 2 1 2
— Z f aku3a3ujakuj dx+ = E f 83Ll3&kuj8ku]- dx
; IR3 2 3
j=1 k=1 j=1 k=1

83u383u]83u]dx—f(b-V)b-Audx—f(b-V)u-Abdx

_1
2 R3 R3
+ 8k8ku8bb dx + f 8kuz9k8bb dx
i=1 ]:1 =1 i=1 j=1 k=1 R?
1 3 3 1 3 3 3
E Z Z f aka Uu; akb b dx — E Z Z Z f aiu,-akakbjbj dx
=1 j=1 k=1 i=1 j=1 k=1 VI

a%

Ith||Vu|2dx+Cf |bIIVb||Auldx + C f bl Vul|Ab| dx

I
o]
—~
o
=

I
—_



B. Xu, |. Zhou / Filomat 38:31 (2024), 11045-11060 11050

Using Holder inequality and multiplicative Sobolev inequality, it follows that
1 3
I < IVl IVull IVl
1 1
< ClIVrull2IVull LIVeVall Al . ©)
For I, using Lemma 2.4, Proposition 2.6 and Young inequality, one gets
L < C||b3||L“1'°°”vzj”Llez,z”Au”Lz
ay—
+ Cllblle2~[IVOI| 2izllAulle
< ClIbs |l wIIVbII K IIN?II”1 IIAulle

+C|Ibh||mz°°I|VbII “ZIIAbII Al

20(1 2«2
<3 (||Au||iz + IABI, ) + C(Ibsllt + 1Bl 2 IVEIE,. (10)
Similarly, we see that
1 ) = = )
< 5 (1Al + IABIE,) + CAbsIZE + 4l IVl (11)

Substituting (9)-(11) into (8), yields

1d

3
2 2 2
5 g7 IVl + IV0I) + S0l + 18bIE,)

2(\1 2ap

< C(IbsIITE S + Rl ) AV, + [IVBIR,)

1 1
+ ClIViull2IVull VeVl | Aull - (12)

Using Gronwall inequality and Holder inequality, we get

1 3 (7
sup (IVulf, + IVBE) + 3 f (Aul, + IABIP,)dt

2 0<t<T

2ap

< IVugll7, + 11VbolI7, +Cf (IIb3IIZé[i + 1Bl 2, <) AV UIIT, + IVBIIF,)dt

T 1 1
+Cf ”th“LZ”V””Lzz”th““LZHA”HLszt
0

T 8ap 2ay
< IVuollf, +IVboll7, + C (II%IIZZ?TQO + Ilbhllfig,l)(IIVullfz +[IVBIIT,)dt

+ C sup ||Vyullp f IVull2, dT f IV Vull?, dT f l|Aull?, dT

te[0,T]

T 8ap 20y
<C f Wbl 2+ 1ol 22 ) AV, + IVBIR,)d
0

+C(sup IVhull2, f IVVjull?, dt f llAul2, dt (13)

0<t<T
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Multiplying (1),_, by —Au, —Ab respectively, integrating over R® and summing up, we obtain
d 2 2 2 2
g (IVatllie + 1IVrbl) + VRVl + VAV

=f(u-V)u-Ahudx— (b-V)b-Ahudx+f(u-V)b-Ahbdx—f(b-V)u-Ahbdx
R3

3 2 2 2
Z f U i0; u,o'?kaku,dx + Z Z f U; i0; u39k8ku3dx + Z Z f u383uj8k8kujdx
=1 k=1 VI

2
k=1 i=1 k=1

3
bla,ba uidx —
f]RS jOkOKUj ;

2 2
1

=1 j=

) ).
k=1 i=1 k=1 i=1 j=1 k=1
2 2 2
f uiaib38k&kb3dx—222f bﬁ,-uj&k&kb]-dx
R® i=1 j=1 k=1 VR

[ 1D 10

P 1 1
T

1l
—_
o~

Il

bi(?iug,akakbg;dx - i i
k=1

1 =1

[u3|[Vul|VVu| dx + Cf [us||ViblIVV,bl dx + Cf byl IVibIIV Vi, ul dx
R3 R3

f b383uj8k8kb]~dx
R

@

<C

:;%

bl Viu|[VV bl dx + Cf |b3|| Vbl VVLu| dx + Cf |b3||Vu||[VV,,b| dx
R3

R3 3

By Lemma 2.4, Proposition 2.6 and Young inequality, we deduce that
J1 < Clluslzov|[Vaull 2AZIIVVWIILZ

+1
<C||”3||L‘*1°°”V”” "1||Au|| IIVVhMII“1

2aq 2(aq =3, 2
c 2 -2
< ZIVValR. + sl 219l Al

q;

For ], we have

J2 < Clluslleer=lIViDIl 2 ,IIVVibll2
Ldl*

1 2aq 2(a] 3) 2

< ZIVVIBIE, + Clluslls < IVl IAbI ™

q;

Similarly, it can be deduced that

Js+ 4
2ay 2(ap-3) 2(ap-3)

g(IIVthII 2 +IVV3BIE,) + Cllbull 2 (IVull 327 + VBl 52 )

X (IIAMII"2 T+ IIAbII"2 ),

3 2 2
f b; 0; b38k8ku3dx + Z Z Z f uia,-bjakakb]»dx
R3

11051

(14)

(15)

(16)

(17)
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and

Js+J6
< ClIbslle IVl ﬂZHVth“LZ + CHbSHL“l'wHvullLZle,ZHVVhb”Lz
(Yl*

<C||b3”L“l"°||Vb” “1|IAb|| IIVVthI‘”IIVthIIL2

+C||b3||L"1°°||V”|| ‘”IIAuII”IIVthII IVVibllp2

) ) 2(\-12 2(evq 23) 2(aq 23)
—(IIVVhMII > +IVVDIIL) + Clibsll s~ (IVull ' +1IVBI L")

X (IIAuII"1 T IIAbII"1 ).

Combining (14)-(18) and using Gronwall inequality, it yields

T
sup (Vi + Vb1 ) + f VAV, + IV, VBIE,)dt
0

0<t<T
2aq 2(a1-3) 2(ay-3)
= ap-2 2 2
< Cf (Ilu3||fi1m +Ibsll ) UVl +1IVBIL)
T 2ay 2(ap—3) 2(ap—3)

X (IIAMII"1 Tt IIAbII"1 Hdi+C IIthI“Z_2 (IVull 5> + IVl 5> )(IIAMII“Z'2 + IIAbII“Z'Z)dt-

L2,

Substituting (19) into (13), we obtain

1 3 (T
sup (IVulf, + IVBIE. ) + 7 f (AU, + IABIE,)dt
0

2 0<t<T
T 8aq 20y
3a1-10 ap-3 2 2
(Ilbsllﬂé,m + 1l 2,V ullz, + [IVOII,)dE

a;-3

2aq

a1=2
+C f (IIusllfi{i+I|b3||“i{m)(IIVMII +||Vl7||fz)0“—‘]1

1
4 t35
f (8wl + Al ae|
Zaz zi:i
" C[ ||bh||gzzio(||w||§z 4 ||Vb||§2>dt]
0
T 1,1
X [ f (Al + ||Ab||iz>dt]
0
1 T
<3 f (IAulZ, + [ABIE,)dt
0
T Sal 8111 Zaz
Ul + 6317 + o= IVl + IVBIR,) di.
0

Applying Gronwall inequality and condition (5), it follows that

T
sup (IIVMIIfz + IIVbIIfz) +f (lAullZ, + 1AbIE,) dt
0

0<t<T

Lo L La

_8ag 8aq 2ay
< Cexp [Cf (lugll o + NIbsll o™ + IIbull;2) | < oo
0

11052

(18)

(19)

(20)
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This implies that
u,b € L0, T; H'(R%) N L*(0, T; H*(R?)),

i.e., the solution (1, b) is smooth on [0, T].

4. The proof of Theorem 1.2

The proof of Theorem 1.2: Multiplying (1);_, by —Au, —Ab respectively, integrating over R3, and
summing up, one gets
1d
2dt
= (u~V)u-Audx—f(b-V)b~Abdx
]R3

R3

(IVullZ, + IVBIE,) + l1Aull?, + 1ABIE,

+f(u-V)b-Abdx—f(b-V)u-Abdx
R3 R3

<C [ [VyullVul*dx + Cf bl Vbl Au| dx + Cf |bl[Vul|Ab| dx
R3 R3 R3

= i Ki. (21)
i=1

By using Holder inequality, Gagliardo-Nirenberg inequality and multiplicative Sobolev inequality, we have
Ky < ClIVyullpalVul s V| e
1 3
< CIVall2 IVl 1Vl

1 1
< ClIVuull IV ull LIV Vil |2l Aul | . (22)

From Holder inequality and Young inequality, it follows that

K; < f3 |¢2||Vb||Au|dx+f |@2||VD||Au| dx
R R3
< CllgallralIVOIl, 2 [|Aullz + Cligalle=[[VOl[2 [l Aull2
< Cligalli=lIVal, 5 IABIE Aully> + Cllgall[IVllz2 | Al 2

1 20 2Aa=3)
< E(IIAuIIiz + A7) + Cllgall7z2 IVl 572 + Clipal7IVBIZ,. (23)
Similar to the analysis of K,, we obtain
L aulR, + 12k 5Vl 2 IVul? 24
Ko < 2= (I1AulE, +IABIE) + Cllgalli VUl + CllpalolVul?.. (24)

Substituting (22)-(24) into (21), gives

1d 7
Sar (”VMHiz + ||Vb||i2) + §(||Au||%2 + ”Ab”iZ)

1 1 2a
< CIVull IVl IV Vil llAullz, + Cligall® (IVully, + IVBIE,)
+ Cllg2l (IVull?, + IVBIE,). (25)
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By Gronwall inequality, we obtain

1 7 (T
= sup (||Vu||iz+||Vb||iz + = f (||Au||iz+||Ab||§z>dt

0<t<T

< C sup |[Vpullr2 f ||Vth||2 dt f ||Au||2 dt

0<t<T

+Cf IICPzIILf(IIVMII +I|Vblliz)df+Cf II(PzIIfm(IIWIIiz+|IVb||fz)dt

SC(sup IVhull2, f IVVjull?, dt f llAul2, dt

0<t<T

T 2a
+ Cf 2l (IVali?, + IVBIE,) dt + Cf llpaliF (IVull?, +1IVBIIE) dt.
0 0
Multiplying (1),_, by —Ayu, —A,b respectively, integrating over R® and summing up, one gets

(||th|| +IV3bIE,) + IV Vull?, + IV4 VI,

N —
Q-|Q_,

(u-Vyu-Ayudx — (b-V)b- Ayudx
R3 R3
+f(u-V)b~Ahbdx—f(b-V)u~Ahb]dx
R3 R3
<C f |5Vl [V Vi dx + C f 1BIIV bl [V V| dx
R3 R3

Cf IbIIthIIVVthdx+Cf |bIVullVV,b| dx
IR3 RR3

4
=: ZL,

i=1

11054

(26)

(27)

By the Holder inequality, Gagliardo-Nirenberg inequality and Young inequality, we can deduce that

L1 SCf |¢1||VuIIVth|dx+Cf lp1[VullVVu| dx
R3 R3
< CllpallalVull, 20, IVVitllpz + llallz= IVl IV Viullp2)
a=3 a+2 1
< C(II(PlIILaIIVuIILé* IVVyull 3 IIAMII“ + ll@allL=IVull2 [V Viulr2)

gIIVthII +CII<P1IILXI|WII IIAull“+C||<P1I|7iw||Vulliz

Similar to the estimate of L;, we obtain
L2 + L3 + L4

1 r—3) 2(a=3) 2
< Z(IIVVWH%Z +(IVV,bII7 )+C||<Pz||fa2(||th|| I IIVthI o7 (IIAuII“ 22+ IADIS?)
+ Cll@2llF (IVaulZ, + IVADIF, + IVullZ,).

(28)

(29)
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Combining (27)-(29), gives

d
—(IIVWIIZZ +1IV3bIZ.) + IV Vull?, +[IV4 VB,

2(a-3) 2(a-3) 3

< CUIpallE2 + allE ) IVuI, 57+ IVBILE )(AUIS? + 1ABIIE?
+ Clllpal + llpal ) Vull, + IVBIE,)
< ClIprllee + liallia) =2 (IVullz + IVBIlL2) 5= (I Aullz + 1Al 2) 72
+ Cllgal + 2l )V ullZ, + IVBIE).
Substituting (30) into (26), it yields that

1 7 (T
sup (IVulE, + IVbIE. ) + & f (1Al + 1ADIE,) dt
0

2 0<t<T

T
f (il + palle) = (IVull2 + 1VBlz2) == (IAullz + [Ab]2) 7 dt f l1Aull, df

+Cf (g1l + 2 Z)UVHIZ, + [IVEIE,) dt f llAull, dt
0

T 2a
+Cf 2l (IVall, + IIVbIIiz)dHCf 2o (IVulZ, + 1IVEIIT) dt
0 0

a=3

T " r 4a 2)
SC[f (Iprlle + llall) ™5 (IVull2 +||Vb“L2)2dt f llAulf, dt
0

T
+Cf (g1l + 2 Z)UVHIZ, + [IVEIE,) dt f llAull, dt
0

11055

(30)

1 T T 2a T
+ §f (lAullZ, + IAbIEZ,) dt + Cf ll2ll; (IVull, + IVBIE,) dt + Cf g2l (IVullZ, + IVBIIF,) d
0 0

3a 10

T
SC[ f (Ugrllie + liallee) a‘%(uwuy+||Vb||Lz>2dt f (1Aul?, +1IADIE,) dt
0

T %
+| f (IprIE. + gl VMR, + IVBIE) |+ C f pall IVl + IVBIZ,) dt
0

T
+Cf llpallf (IVullF, + IVBIIF,)
0

T T 3a-10
< Cf (Iprllee + lighallee) = (IVull?, + IIVbIIfz)dt[f (IVull?, + IIVbIIiz)dt]
0 0

3 T
+ §f (lAullZ, + IAbIE,) dt
0

T s s T %
+ Cf (Il + 2l ) AV ullF, + ||Vb||%2)dt[f (IVull?, + IIVbIIfz)dt]
0 0

T 2 T
+ Cf g2l (IVall?, + IVBIE,) dt + Cf g2l (IVullf, + 1IVBIZ,) dt
0 0

3
‘8[ (lAull?, +1ABIZ,) dt

8 8
+ Cf (||<7J1||§2 4 |Iq5z|I£2 Tl + llpall 7 )AIVullF, + IVBIE,) dt.
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Furthermore, we can obtain

T
sup (IVulE, + [IVBIE. ) + f (AU, + IABIE,) dt
0

0<t<T
< Cf (||<¢>1||La 4 ||<¢>z||£" Tt llpille + lpall,)(IVulZ, + IVBI2,) dt.

Utilizing Gronwall inequality and condition (6), it follows that

T
sup (IIVuIIiz + IIVbllfz) +f (lAull, + 1AbIEZ,) dt
0

0<t<T
" O + 1l + o} %
<Cexp|C [ UpnIE™ +1gal ™ + lhpally. + lipall) | < o
0

This implies that
u,b € L0, T; H'(R%) N L*(0, T; H*(R?)),

i.e., the solution (1, b) is smooth on [0, T].

5. The proof of Theorem 1.3

The proof of Theorem 1.3: Take the L? inner product of (1),_, with u, b respectively, integrating over
R?, and summing them up, one obtains

T
l[ull?, + 11BII7, + Zfo (VullZ, + IVBIE)dt < lluollZ, + lIboll7.- (81)
Multiplying (1),_, by —Au, —Ab respectively, integrating over R* and summing up, we have

201t(IIVMII 2 +IVBIIF,) + 1Aull?, + [|AIF,

=f(u-V)u'Audx— (b‘V)b-Audx+f (u-Vb- Abdx—f (b-V)u - Abdx
R3 R3 RR3

i iz f Oubidb;dyudx
i=1 1 k=1

3

f Ixuidiujdxujdx +

Mw M

)
i=1 ] i=1 ]:
3 3 3 3
Z Z f 8ku (9 b; akb dx + Z Z f 8kbi8,-u]-&kb]-dx
i=1 j=1 k=1 i=1 j=1 k=1 R?
[VulPdx + C f [Vul|Vb*dx
R3 R3
=: M; + M,. (32)

By Holder inequality, multiplicative Sobolev inequality and Young inequality, it can be deduced that
My <CIIVulf,
<C(IVulI% IV, Vil IVIsull?, )
= CIIVullZ IV, Vall2 IV dsull,
< IVaVulf + CIVulE Vsl

1
SZ”th”Hiz + ClIVUIlZ, (IVOsull, + IVull,). (33)
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For M. Similar to M;, we have
M; <C||Vull:[IVbIEZ,
1 1 1 2 1
<CIVullL IV, Vull IV Isull IVl IVA VB V5L,

1 1 1 2
SZIIVNMII%Z + EIIVthIIiz + CIIVuIILZIIVbIIizIIV33MIIEZIIV¢935||22
(34)

1 1
<7 IVVulE, + SIVAVBIE, + CIVBIR(IVdaul, + IV3abIE, + IVulf,).

Combining (33) with (34), gives
d
a(llvwllfz +IVBI.) + llAully, + ABII7,
(35)

<C(IVAsull, + IVAbIZ, + IVull) IVl + VB, ).
Multiplying (1);_ by —d3093u, —930;b respectively, integrating over R? and summing up, one has

5 dt(nasun +195b1%,) + IVsul, + IV sbI2,
= f (u . V)M . 3383udx - (b . V)b . &3(931/1(?13( + f (u . V)b . 83(93bdx - f (b . V)M . (9383bdx
R3

3 3 3 3 3
1

Ef83u8u]83u]dx+§E Ef8u83u]83u]dx+g Efz?g,b(?bag,u]dx

]:

i=1 j=1 11]:

23‘4 ]i‘f dibjdsbjdsu;dx — i i LS d3u;d;bjd3bidx + % Zf diuidsbjosbidx

Mw

I
—_

i=1 j=
+ Z i f 83bi8iuj83bjdx % i i jl;s 8ibi83uj83bjdx

i=1 j=1 i=1 j=1

SCf |83u||Vu||83u|dx+Cf |(93b||Vb||(93u|dx+f |03b]| V|| d3b|dx
RR? RR? RR?

3
=: Z Ni(t).
i=1

By Holder inequality, Lemma 2.7 and Young inequality, we deduce that

(o8]

(36)

2q1
-2
L

2rq
Ll

No) <CIvuls | 10say | || i3su =
1 Lx; L% Ll”l

I—(L+l4ly

- )
<Vl 10 | | 1919 102 sdsu oy,
sl
+5)

V] ‘71 ’1

1+1
ll9514ll 1 IVozull;; ™ v ll93u I|

n
Ly L;ls

<ClIVul|p2

= 2(P1 'ﬁ +'1)

2
2reart ) 1o ||2(p1+q1+ )
3U

r
1
L,(3

1 7
SEHV&Su” +ClIVul| o 1l"llasully’l

1
L

2
I+ A+
U vl (37)

oJ3u
(WH 3 ”LZ} 0

1
SEIIV&suIIiZ + Ce + [195ull7,)

1
L
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Applying Holder inequality, Lemma 2.7 and Young inequality, N, can be estimated as

Na(t) < bl 10uay | | stz | s 2
Mg Ml L Ll e
1 (L4l rl)
< CUIVBlIzz ([lidsullza | | 119195blI73 I3233b|| I3333b|| ||<93b|| Bt
L "
2 Ly,
A gD
< ClIVBllez | |fl19sullzo || A 1IVIsbII 19301l
Ly Lg
2 2-2E+A+ b
1 z(ﬁ+‘11 ) e (:11 ﬁillﬂi])
lev%bll + Vol , l9sullyzn || |I33b||
L, L;l3
2
1 ) EEEETTI
< ZIIVsbl, + ClIVBIIE, + C|[l1d3ull;» 193Dl
4 allgn || n
2 Ly,
1 ) T
ZIIVt?sbII + Cle + [l95bIl72) ”H@sullgg ) + VDIl |- (38)
Ly L%
For N3. Similar to Ny, it is easy to get
1 ) EpEs e
Na() < ZIIVIsbll, + Cle + 03Bl |[| 19301z || +[IVuli, | (39)
L e
2 L,C3

Combining (36)-(39), it yields that

d
FTiG l193ullf, + 1193b1[7,) + [IVzull}, + IVIsbIIF,

2
*(Plhll '1 17(%+%+%) 5 )
C(HH”‘%””L’? L ‘”‘93b”ﬁ’2 +IVal, + VB,
X1 Lg L 2 12
) 3
2 2
X (e + [19zull?, + ll93blI7,)
2
1—(ﬁ il i1 H%Jr%JrE)
HH”()EBUHLH [ ||(93b||LP2 N
< ( 2 L;]3 Lz L;Z3 “V ||2 ”Vb”2)
+ [|Vu +
) L2 12
1+ In(e + I95ull?, + 1193bII7,)

X (e + 1951, + 1195612,)(1 + In(e + 1831l + 1183bI%)).

Furthermore, we have

d
g1+ InCe+ 93ull?, + 193b17.)] + IVAsull?, + IVsblZ,

2 2
I P B
=prrar ) =gz +azt7y)

‘||<93b||y”2

HHnaauuLg

T

L|n
2 1Ly,
< C( - 2 2
1+ In(e + [95ull%, + 193612,
X [1+In(e + [195ull?, + [193b][2,)]-

L2

Ly 2 2
: + [IVullr, +1IVoll7,

(40)



B. Xu, |. Zhou / Filomat 38:31 (2024), 11045-11060 11059

From Gronwall inequality, it can be deduced that

T
sup [1 + In(e + [|95ull?, + [|93bII7,)] +f (IVOsull?, +IVIsbl17,) dt
0<t<T 0
2
]7(%+%+%)
+

L 1
*3
1+ In(e + 3ull, + [195bI2,)

HHH%MHLZ}

J10:tt

91 92
L*‘Z L 2

X

SCexp( + IVl + VB, | (41)

Substituting (41) into (35), and combining with condition (7), we conclude that

T
sup (|[Vull?, +I|Vblliz)+f (lAullZ, + IAbE,) dt
0

0<t<T

T
<Cexp [c fo (IVO5ul, + [IVsbIP, + [Vuul2,)dt| < oo,

This indicates that
u,b e L*(0, T; H'(R®)) N L*(0, T; H*(R?)),

which means the solution (u, b) is regular on [0, T].
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