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Abstract. The number of digits in base ten system of a positive integer n, is denoted by l(n). A digital
semigroup is a subsemigroup D of (N\{0}, ·) such that if d ∈ D, then {x ∈ N\{0} | l(x) = l(d)} ⊆ D.
Let A ⊆ N\{0}. Denote by L(A) = {l(a) | a ∈ A}. We will say that a numerical semigroup S is a digital
numerical semigroup if there is a digital semigroup D such that S = L(D) ∪ {0}. In this work we show that
D = {S | S is a digital numerical semigroup} is a Frobenius variety, D(Frob=F) = {S ∈ D | F(S) = F} is a
covariety and D(mult = m) = {S ∈ D | m(S) = m} is a Frobenius pseudo-variety. As a consequence we
present some algorithms to compute D(Frob=F), D(mult = m) and D(gen = 1) = {S ∈ D | g(S) = 1}.

If X ⊆ N\{0}, we denote by D[X] the smallest element of D containing X. If S = D[X], then we will
say that X is a D-system of generators of S. We will prove that if S ∈ D , then S admits a unique minimal
D-system of generators, denoted by Dmsg(S). The cardinality of Dmsg(S) is called the D-rank of S. We
solve the Frobenius problem to elements of D with D-rank equal to 1.Moreover, we present an algorithmic
procedure to calculate all the elements of D with fixed D-rank.

1. Introduction

Let Z be the set of integers and N = {z ∈ Z | z ≥ 0}. A submonoid of (N,+) is a subset of N which is
closed under addition and contains the element 0. A numerical semigroup is a submonoid S of (N,+) such
that N\S = {x ∈N | x < S} has finitely many elements.

If S is a numerical semigroup, then m(S) = min(S\{0}), F(S) = max{z ∈ Z | z < S} and g(S) = ♯(N\S)
(where ♯X denotes the cardinality of a set X) are three important invariants of S, called the multiplicity, the
Frobenius number and the genus of S, respectively.

Given A a nonempty subset of N, we denote by ⟨A⟩ the submonoid of (N,+) generated by A. That is,
⟨A⟩ = {λ1a1 + · · · + λnan | n ∈N\{0}, {a1, . . . , an} ⊆ A and {λ1, . . . , λn} ⊆N}. In [14, Lema 2.1]) it is shown that
⟨A⟩ is a numerical semigroup if and only if gcd(A) = 1.

If M is a submonoid of (N,+) and M = ⟨A⟩, then we say that A is a system of generators of M. Moreover,
if M , ⟨B⟩ for all B ⊊ A, then we will say that A is a minimal system of generators of M. In [14, Corollary 2.8]
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it is shown that every submonoid of (N,+) has a unique minimal system of generators, which in addition
it is finite. We denote by msg(M) the minimal system of generators of M. The cardinality of msg(M) is
called the embedding dimension of M and will be denoted by e(M). In [14, Proposition 2.10] it is shown that
e(S) ≤ m(S).

Let n be a positive integer. The number of digits in base ten system of n is denoted by l(n). For instance,
l(2335) = 4.

A digital semigroup is a subsemigroup D of (N\{0}, ·) such that if d ∈ D, then {x ∈N\{0} | l(x) = l(d)} ⊆ D.
Let A ⊆ N\{0}. Denote by L(A) = {l(a) | a ∈ A}. In [13, Proposition 2] it is shown that if D is a digital

semigroup, then L(D) ∪ {0} is a numerical semigroup.
This fact, leads to give the following definition. We will say that a numerical semigroup S is a digital

numerical semigroup if there is a digital semigroup D such that S = L(D) ∪ {0}.
In [13, Theorema 4] the following characterization of a digital numerical semigroup is shown. A

numerical semigroup S is digital if and only if a + b − 1 ∈ S for all {a, b} ⊆ S\{0}. We denote by D = {S |
S is a digital numerical semigroup}.

The Frobenius problem (see [7] for a nice state of art on this problem) focuses on finding explicit formulas
to calculate the Frobenius number and the genus of a numerical semigroup from its minimal system of
generators. The problem was solved in [15] for numerical semigroups with embedding dimension two.
Nowadays, the problem is still open in the case of numerical semigroups with embedding dimension
greater than or equal to three. Furthemore, in this case the problem of computing the Frobenius number of
a general numerical semigroup becomes NP-hard (see [8]).

The contents of this paper are organized as follows. In Section 2, we will see that if X ⊆ N\{0}, then
there exists the smallest element of D containing X. This semigroup will be denoted by D[X]. If S = D[X],
then we will say that X is a D-system of generators of S. We will prove that if S ∈ D , then S admits a unique
minimal D-system of generators, denoted by Dmsg(S). The cardinality of Dmsg(S) is called the D-rank of
S and it will be denoted by Drank (S).We finish Section 2, solving the Frobenius problem to elements of D
with D-rank equal to 1.

In Section 3, we prove that D(Frob=F) = {S ∈ D | F(S) = F} is a covariety. This fact enables us, by using
the results of [6], to present an algorithm which computes the set D(Frob=F).

In Section 4, we prove that D is a Frobenius variety. This fact allow us, by applying the results of [11]
and [13] to present an algorithm for obtaining the set D(gen=1) = {S ∈ D | g(S) = 1}.

In Section 5, we show that D(mult = m) = {S ∈ D | m(S) = m} is a Frobenius pseudo-variety. This fact
allows, by using the results of [10], to present an algorithm to calculates the set D(mult = m).

Finally, in Section 6, we describe an algorithm procedure to build the elements of D with a fixed D-rank.
Throughout this paper, some examples are given to illustrate the results. The computation of these

examples are performed by using the GAP (see [5]) package numericalsgps ([3]). As well as we have
implemented some gap functions. For instance we have implemented the function IsDigital which
allows us to know if a numerical semigroup is a digital numerical semigroup. Also, by using the function
DF, it is possible to calculate all the digital numerical semigroups with given Frobenius number.

2. D-system of generators

Let D = {S | S is a digital numerical semigroup}. From [13, Lemma 11], we can deduce the below result.

Lemma 2.1. Whit the above notation, if {S,T} ⊆ D , then S ∩ T ∈ D .

It is known that if S is a numerical semigroup, then N\S is finite. As an immediate consequence of this
fact, we have the following result.

Lemma 2.2. If S is a numerical semigroup, then {T | T is a numerical semigroup and S ⊆ T} is a finite set.

Lemma 2.3. Let X be a nonempty subset of N\{0} and D(X) = {S ∈ D | X ⊆ S}. Then D(X) is a nonempty and
finite set.
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Proof. It is clear that {0,min(X),→} ∈ D , where the symbol→means that every integer greater than min(X)
belongs to the set; and X ⊆ {0,min(X),→}. Thus D(X) , ∅.

If x ∈ X,S ∈ D and X ⊆ S, then ⟨x, 2x−1⟩ ⊆ S.Therefore, D(X) ⊆ {S | S is a numerical semigroup and ⟨x, 2x−
1⟩ ⊆ S}}. By applying Lemma 2.2, we deduce that D(X) is finite.

If X is a nonempty set of N\{0}, then we denote by D[X] the intersection of all the elements of D(X). By
applying Lemma 2.1 and 2.3, we obtain the following result.

Proposition 2.4. If X is a nonempty subset of N\{0}, then D[X] is the smallest element of D(X).

If S = D[X], then we say that X is a D-system of generators of S. Besides, if S , D[Y] for all Y ⊊ X, then X is
a minimal D-system of generators of S. From [13, Proposition 22], we obtain the following proposition.

Proposition 2.5. Every digital numerical semigroup admits a unique minimal D-system of generators.

Let S ∈ D . Then the minimal D-system of generators of S will be denoted by Dmsg(S). The cardinality of
Dmsg(S) is called the D-rank of S and we denote it by Drank (S).

By combining Proposition 24 with Corollary 25 from [13] we obtain the following.

Proposition 2.6. Let S ∈ D such that S ,N and x ∈ S. The following conditions are equivalent.

1) x ∈ Dmsg(S).
2) S\{x} ∈ D .
3) x ∈ msg(S) and x + 1 ∈ (N\S) ∪msg(S).

Let A1,A2, · · · ,An be nonempty subsets of Z.We denote by A1 + A2 + · · · + An = {a1 + a2 + · · · + an | ai ∈

Ai, 1 ≤ i ≤ n}.
A characterization of the elements of D in terms of their minimal system of generators can be deduced

from [13, Proposition 28].

Proposition 2.7. Let S be a numerical semigroup. Then S ∈ D if and only if msg(S) +msg(S) + {−1} ⊆ S.

In the following example we will illustrate as the Propositions 2.7 and 2.6 can be used to compute the
minimal D-system of generators of an element of D .

Example 2.8. Let S = ⟨4, 7, 10, 13⟩. From Proposition 2.7, easily follows that S ∈ D , S\{4} ∈ D , S\{7} < D ,
S\{10} < D and S\{13} < D . Therefore, by using Proposition 2.6, we conclude that Dmsg(S) = {4}.

We can use the GAP order, IsDigitalwhich has been implemented by us, to obtain the previous results:

gap> IsDigital([4,7,10,13]);

true

gap> IsDigital([7,8,10,11,12,13]);

true

gap> IsDigital([4,10,11,13]);

false

gap> IsDigital([4,7,13,17]);

false

gap> IsDigital([4,7,10]);

false

By using Proposition 2.6, it is not hard to prove the following characterization of digital numerical
semigroups with rank equal to one.

Proposition 2.9. Let S ∈ D . Then the following hold:

1) S\{m(S)} ∈ D .
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2) 1 ≤ Drank (S) ≤ e(S).
3) Drank (S) = 1 if and only if Dmsg(S) = {m(S)}.

The next proposition can be deduced from [13, Theorem 31].

Proposition 2.10. Let X = {x1, · · · , xp} ⊆N\{0}. Then

D[X] = {λ1x1 + · · · + λpxp − r | {λ1, · · · , λp, r} ⊆N and r < λ1 + · · · + λp}.

Let S be a numerical semigroup and n ∈ S\{0}. The Apéry set of n in S (named so in honour of [1]) is defined
as Ap(S,n) = {s ∈ S | s − n < S}.

The following result is deduced from [14, Lemma 2.4].

Lemma 2.11. If S is a numerical semigroup and n ∈ S\{0}, then Ap(S,n) is a set with cardinality n. Moreover,
Ap(S,n) = {0 = w(0),w(1), . . . ,w(n − 1)}, where w(i) is the least element of S congruent with i modulo n, for all
i ∈ {0, . . . ,n − 1}.

In [14, Proposition 2.12] appears the following result, which allows us to know the Frobenius number and
the genus of a numerical semigroup from the Apéry set.

Lemma 2.12. Let S be a numerical semigroup and let n ∈ S\{0}. Then

1) F(S) = (maxAp(S,n)) − n,

2) g(S) =
1
n

 ∑
w∈Ap(S,n)

w

 − n − 1
2
.

Recall that the embedding dimension of a numerical semigroup does not exceed the multiplicity of the
numerical semigroup. We say that a numerical semigroup S has maximal embedding dimension if e(S) = m(S).

The solution of Frobenius problem for digital numerical semigroup with D-rank equal to one is shown
in the following proposition.

Proposition 2.13. Let m ∈N\{0, 1}, then the following conditions hold:

1) D[{m}] = {am − r | {a, r} ⊆N and r < a} ∪ {0}.
2) Ap (D[{m}],m) = {0, 2m − 1, 3m − 2, · · · ,m ·m − (m − 1)}.
3) F (D[{m}]) = (m − 1)2.

4) g (D[{m}]) =
m(m − 1)

2
.

5) D[{m}] is a numerical semigroup having maximal embedding dimension.

Proof. 1) It is an immediate consequence from Proposition 2.10.
2) It is enough to observe that for every i ∈ {1, · · · ,m − 1} it is verified that (i + 1)m − i ∈ S and

(i + 1)m − i −m = im − i < S.
3) and 4) are an immediate consequence from 2) and Lemma 2.12.
5) The reader can check that {m, 2m−1, 3m−2, · · · ,m ·m− (m−1)} = msg(D[{m}]). Therefore, e (D[{m}]) =

m = m (D[{m}]) and so D[{m}] is a numerical semigroup with maximal embedding dimension.

The content of the previous proposition is illustrated in the next example.

Example 2.14. By Proposition 2.13, we know that Ap (D[{5}], 5) = {0, 9, 13, 17, 21}, F (D[{5}]) = (5− 1)2 = 16 and

g (D[{5}]) =
5 · 4

2
= 10. Moreover, we also know that D[{5}] = ⟨5, 9, 13, 17, 21⟩ is a numerical semigroup having

maximal embedding dimension.
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3. Digital numerical semigroups with given Frobenius number

Throughout this section, F denotes a positive integer. Our main goal here will be to show an algorithm
to compute the set D(Frob=F) = {S ∈ D | F(S) = F}. In order to show this algorithm we need to recall some
notation and results. The following definition appears in [6].

A covariety is a nonempty family C of numerical semigroups that fulfills the following conditions:

1) There exists the minimum of C ,with respect to set inclusion.
2) If {S,T} ⊆ C , then S ∩ T ∈ C .
3) If S ∈ C and S , min(C ), then S\{m(S)} ∈ C .

The next result is straightforward to prove.

Lemma 3.1. Let S and T be numerical semigroups and x ∈ S. Then the following conditions hold:

1. S ∩ T is a numerical semigroup and F(S ∩ T) = max{F(S),F(T)}.
2. S\{x} is a numerical semigroup if and only if x ∈ msg(S).
3. m(S) = min

(
msg(S)

)
.

By applying Lemmas 2.1 and 3.1; and Proposition 2.9, we obtain the following result.

Proposition 3.2. With the above notation, D(Frob=F) is a covariety and ∆(F) = {0,F + 1,→} is its minimum.

A graph G is a pair (V,E) where V is a nonempty set and E is a subset of {(u, v) ∈ V × V | u , v}. The
elements of V and E are called vertices and edges, respectively.

A path (of length n) connecting the vertices x and y of G, is a sequence of different edges of the form
(v0, v1), (v1, v2), . . . , (vn−1, vn) such that v0 = x and vn = y.

A graph G is a tree if there exists a vertex r (known as the root of G) such that for any other vertex x
of G there exists a unique path connecting x and r. If (u, v) is an edge of the tree G, we say that u is a child of v.

Define the graph G(D(Frob=F)) in the following way:

• the set of vertices of G(D(Frob=F)) is D(Frob=F),

• (S,T) ∈ D(Frob=F) ×D(Frob=F) is an edge of G(D(Frob=F)) if and only if T = S\{m(S)}.

As a consequence of Propositions 3.2 and [6, Proposition 2.6], we have the following result.

Proposition 3.3. Under the standing notation, G(D(Frob=F)) is a tree with root ∆(F).

Note that a tree can be built recurrently starting from the root and connecting, through an edge, the
vertices already built with their children. Hence, it is very interesting to characterize the children of an
arbitrary vertex of the tree G(D(Frob=F)). For this reason, next we are going to introduce some necessary
concepts and results for the development of the work.

Following the terminology introduced in [12], an integer z is a pseudo-Frobenius number of S if z < S and
z + s ∈ S for all s ∈ S\{0}.We denote by PF(S) the set of pseudo-Frobenius numbers of S. The cardinality of
PF(S) is an important invariant of S (see [4] and [2]) called the type of S, denoted by t(S).

Given a numerical semigroup S, denote by SG(S) = {x ∈ PF(S) | 2x ∈ S}. The elements of SG(S) will be
called the special gaps of S. The following result is Proposition 4.33 from [14].

Lemma 3.4. Let S be a numerical semigroup and x ∈ N\S. Then x ∈ SG(S) if and only if S ∪ {x} is a numerical
semigroup.

As a consequence of Proposition 3.2 and [6, Proposition 2.9], we have a characterization of the children of
S ∈ D(Frob=F).

Proposition 3.5. If S ∈ D(Frob=F), then the set formed by the children of S in the tree G(D(Frob=F)) is {S ∪ {x} |
x ∈ SG(S), x < m(S) and S ∪ {x} ∈ D(Frob=F)}.
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Lemma 3.6. Let S ∈ D(Frob=F), x ∈ SG(S) and A = {a ∈ msg(S) | a < F}. Then S ∪ {x} ∈ D(Frob=F) if and only
if x , F and {x − 1} + (A ∪ {x}) ⊆ S.

Proof. Necessity. If S ∪ {x} ∈ D(Frob=F), then F < S ∪ {x} and so x , F. As x ∈ (S ∪ {x})\{0}, then x + x − 1 ∈ S.
If a ∈ A, then a ∈ (S ∪ {x})\{0}. Thus a + x − 1 ∈ S.

Sufficiency. We will prove that if {a, b} ⊆ (S ∪ {x})\{0}, then a + b − 1 ∈ S ∪ {x}.We distinguish four cases:

1) If a > F, then a + b − 1 > F and so a + b − 1 ∈ S ∪ {x}.
2) If a = b = x, then a + b − 1 = x + x − 1 ∈ S ⊆ S ∪ {x}.
3) If a = x and b , x, then by 1) we can suppose that b < F. Thus there exists α ∈ A and s ∈ S such that

b = α + s. Consequently, a + b − 1 = x + α − 1 + s ∈ S ⊆ S ∪ {x}.
4) If a , x and b , x, then a + b − 1 ∈ S ∪ {x}.

As a consequence from Proposition 3.5 and Lemma 3.6, we can enounce the next result.

Proposition 3.7. If S ∈ D(Frob=F), then the set formed by the children of S in the tree G(D(Frob=F)) is {S ∪ {x} |
x ∈ SG(S), x , F, x < m(S) and {x − 1} + ({a ∈ msg(S) | a < F} ∪ {x}) ⊆ S}.

Remark 3.8. 1. In [6, Remark 3.5] it is shown that if S is a numerical semigroup and we know Ap(S,n) for some
n ∈ S\{0}, then we can easily compute SG(S).

2. In [6, Remark 3.8] it is shown that if S is a numerical semigroup and we know Ap(S,n) for some n ∈ S\{0}, it
is trivial to compute Ap(S ∪ {x},n) for all x ∈ SG(S).

3. Obviously, if S is a numerical semigroup with Frobenius number F, then {a ∈ msg(S) | a < F} = {w ∈
Ap(S,F + 1) | w < F and w − w′ < Ap(S,F + 1) for all w′ ∈ Ap(S,F + 1)\{0,w}}.

We already have all the necessary tools to present the announced algorithm.

Algorithm 3.9.

Input: A positive integer F.
Output: D(Frob=F).

(1) D(Frob=F) = {∆(F)}, B = {∆(F)} and Ap(∆(F),F + 1) = {0,F + 2, · · · , 2F + 1}.
(2) For every S ∈ B computeθ(S) = {x ∈ SG(S) | x < m(S), x , F and {x−1}+({a ∈ msg(S) | a < F}∪{x}) ⊆ S}.
(3) If

⋃
S∈B

θ(S) = ∅, then return D(Frob=F).

(4) C =
⋃
S∈B

{S ∪ {x} | x ∈ θ(S)}.

(5) D(Frob=F) = D(Frob=F) ∪ C and B = C.
(6) Compute Ap(S,F + 1) for every S ∈ B and go to Step (2).

In the next example, we show how the previous algorithm works.

Example 3.10. We are going to compute D(Frob=9), by using Algorithm 3.9.

• D(Frob=9) = {∆(9)}, B = {∆(9)} and Ap(∆(9), 10) = {0, 11, 12, 13, 14, 15,
16, 17, 18, 19}.

• θ(∆(9)) = {6, 7, 8} and C = {∆(9) ∪ {6},∆(9) ∪ {7},∆(9) ∪ {8}}.

• D(Frob=9) = {∆(9),∆(9)∪{6},∆(9)∪{7},∆(9)∪{8}},B = {∆(9)∪{6},∆(9)∪{7},∆(9)∪{8}},Ap(∆(9)∪{6}, 10) =
{0, 6, 11, 12, 13, 14, 15, 17,
18, 19},Ap(∆(9)∪{7}, 10) = {0, 7, 11, 12, 13, 14, 15, 16, 18, 19} and Ap(∆(9)∪{8}, 10) = {0, 8, 11, 12, 13, 14, 15, 16, 17, 19}.

• θ(∆(9)∪{6}) = ∅, θ(∆(9)∪{7}) = {6}, θ(∆(9)∪{8}) = {6, 7} and C = {∆(9)∪{6, 7},∆(9)∪{6, 8},∆(9)∪{7, 8}}.
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• D(Frob=9) = {∆(9),∆(9) ∪ {6},∆(9) ∪ {7},∆(9) ∪ {8},∆(9) ∪ {6, 7},∆(9) ∪ {6, 8},∆(9) ∪ {7, 8}}, B = {∆(9) ∪
{6, 7},∆(9)∪{6, 8},∆(9)∪{7, 8}},Ap(∆(9)∪{6, 7}, 10) = {0, 6, 7, 11, 12, 13, 14, 15, 18, 19},Ap(∆(9)∪{6, 8}, 10)
= {0, 6, 8, 11, 12, 13, 14, 15, 17, 19} and Ap(∆(9) ∪ {7, 8}, 10) = {0, 7, 8, 11, 12,
13, 14, 15, 16, 19}.

• θ(∆(9)∪{6, 7}) = ∅, θ(∆(9)∪{6, 8}) = ∅, θ(∆(9)∪{7, 8}) = {6, 4} and and C = {∆(9)∪{6, 7, 8},∆(9)∪{4, 7, 8}}.

• D(Frob=9) = {∆(9),∆(9)∪{6},∆(9)∪{7},∆(9)∪{8},∆(9)∪{6, 7},∆(9)∪{6, 8},∆(9)∪{7, 8},∆(9)∪{6, 7, 8},∆(9)∪
{4, 7, 8}}, B = {∆(9) ∪ {6, 7, 8},∆(9) ∪ {4, 7, 8}}, Ap(∆(9) ∪ {6, 7, 8}, 10) = {0, 6, 7, 8, 11, 12, 13, 14, 15, 19},
Ap(∆(9) ∪ {4, 7, 8}, 10) = {0, 4, 7, 8, 11, 12, 13, 15, 16, 19}.

• θ(∆(9) ∪ {6, 7, 8}) = ∅ and θ(∆(9) ∪ {4, 7, 8}) = ∅.

• The Algorithm 3.9 returns D(Frob=9) = {∆(9),∆(9)∪{6},∆(9)∪{7},∆(9)∪{8},∆(9)∪{6, 7},∆(9)∪{6, 8},∆(9)∪
{7, 8},∆(9) ∪ {6, 7, 8},∆(9) ∪ {4, 7, 8}}.

These computations can be obtained by the order DF, which we have implemented in GAP.

gap> DF(9);

[ [ 10 .. 19 ], [ 6, 10, 11, 13, 14, 15 ],

[ 7, 10, 11, 12, 13, 15, 16 ], [ 8, 10, 11, 12, 13, 14, 15, 17 ],

[ 6, 7, 10, 11, 15 ], [ 6, 8, 10, 11, 13, 15 ],

[ 7, 8, 10, 11, 12, 13 ], [ 4, 7, 10, 13 ], [ 6, 7, 8, 10, 11 ] ]

4. Digital numerical semigroups with given genus

Throughout this section, 1will denote a positive integer and we denote by D(gen=1) = {S ∈ D | g(S) = 1}.
Our next aim is to show an algorithm which computes D(gen=1). For this reason, we need to recall some
concepts and results.

A Frobenius variety (see [11]) is a nonempty family V of numerical semigroups fulfilling the following
conditions:

1) If {S,T} ⊆ V , then S ∩ T ∈ V .
2) If S ∈ V and S ,N, then S ∪ {F(S)} ∈ V .

The following result is [13, Proposition 12].

Proposition 4.1. With the above notation, the set D is a Frobenius variety.

In a similar way to the construction of the graph G(D(Frob=F)) made in Section 3, next we define the
graph G(D) :

• D is its set of vertices.

• (S,T) ∈ D ×D is an edge if and only if T = S ∪ {F(S)}.

The following result is [13, Theorem 13].

Proposition 4.2. The graph G(D) is a tree with rootN.Moreover, the set formed by the children of S ∈ D in the tree
G(D) is {S\{x} | x ∈ msg(S), x > F(S) and S\{x} ∈ D}.

The following result is Corollary 15 from [13].

Proposition 4.3. Let S ∈ D ,S ,N and x ∈ msg(S) such that x > F(S).Then S\{x} ∈ D if and only if x+1 ∈ msg(S).

As an immediate consequence of Propositions 4.2 and 4.3 we have the next result.
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Corollary 4.4. Let S ∈ D such that S ,N. Then the set formed by the children of S in the tree G(D) is {S\{x} | x ∈
msg(S), x > F(S) and x + 1 ∈ msg(S)}.

Let G be a tree rooted and let v one of its vertices. We define the depth of v, denoted by d(v), as the length
of the unique path connecting v with the root.

If k ∈N, we denote by N(G, k) = {x ∈ V | d(v) = k}. The height of G is h(G) = max{k ∈N | N(G, k) , ∅}.
The following result has an immediate proof.

Lemma 4.5. If n ∈N, then the following conditions hold:

1. N(G(D),n) = {S ∈ D | g(S) = n}.
2. N(G(D),n + 1) = {S | S is a child of an element of N(G(D),n) in the

tree G(D)}.

We realize the following.

Remark 4.6. Let us observe that:

• ⟨2, 3⟩ is the unique child of N in the tree G(D).

• D(gen=1) , ∅ because {0, 1 + 1,→} ∈ D(gen=1).

The previous results allow us to present the announced algorithm at the beginning of this section.

Algorithm 4.7.

Input: A positive integer 1.
Output: D(gen=1).

(1) A = {⟨2, 3⟩}, i = 1.
(2) If i = 1, return A.
(3) For all S ∈ A, compute α(S) = {x ∈ msg(S) | x > F(S) and x + 1 ∈ msg(S)}.

(4) A =
⋃
S∈A

{S\{x} | x ∈ α(S)}, i = i + 1 and go Step (2).

Observe that in Algorithm 4.7, if we know msg(S) and x ∈ msg(S) such that x > F(S),we have to calculate
msg(S\{x}). To help this computation, we can use the next result that appears in [9, Corollary 18].

Lemma 4.8. Let S be a numerical semigroup and x ∈ msg(S) such that x > F(S) and x , m(S). Then

msg(S\{x}) =


msg(S)\{x} if x +m(S) − y ∈ S for some

y ∈ msg(S)\{x,m(S)},(
msg(S)\{x}

)
∪ {x +m(S)} otherwise.

We illustrate this algorithm with an example.

Example 4.9. We are going to compute D(gen=5) by using Algorithm 4.7.

• A = {⟨2, 3⟩}, i = 1.

• α(⟨2, 3⟩) = {2}.

• A = {⟨3, 4, 5⟩}, i = 2.

• α(⟨3, 4, 5⟩) = {3, 4}.

• A = {⟨4, 5, 6, 7⟩, ⟨3, 5, 7⟩}, i = 3.
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• α(⟨4, 5, 6, 7⟩) = {4, 5, 6} and α(⟨3, 5, 7⟩) = ∅.

• A = {⟨5, 6, 7, 8, 9⟩, ⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩}, i = 4.

• α(⟨5, 6, 7, 8, 9⟩) = {5, 6, 7, 8}, α(⟨4, 6, 7, 9⟩) = {6} and α(⟨4, 5, 7⟩) = ∅.

• A = {⟨6, 7, 8, 9, 10, 11⟩, ⟨5, 7, 8, 9, 11⟩, ⟨5, 6, 8, 9⟩, ⟨5, 6, 7, 9⟩, ⟨4, 7, 9, 10⟩},
i = 5.

• The Algorithm 4.7 returns

D(gen=5) = {⟨6, 7, 8, 9, 10, 11⟩, ⟨5, 7, 8, 9, 11⟩, ⟨5, 6, 8, 9⟩, ⟨5, 6, 7, 9⟩, ⟨4, 7, 9, 10⟩}.

Next, we presente the GAP code which we are implemented. It is important to emphasize that our
GAP code does not require to make calls to other libraries or GAP packages. This makes our method more
versatile and suitable to be implemented in other programming languages.

alpha:= function(S)

local C,i,s,F;

s:=NumericalSemigroup(S);

F:=FrobeniusNumber(s);

C:=[];

for i in [1..Length(S)-1] do

if S[i]>F and \in(S[i]+1,S)=true then

Add(C,S[i]);

fi;

i:=i+1;

od;

return C;

end;;

Dg:= function(g)

local i,A,C,j,al,sj,y,sr,msg;

i:=1;

A:=[[2,3]];

while i<=g-1 do C:=[];

for j in [1..Length(A)] do

al:=alpha(A[j]);

sj:=NumericalSemigroup(A[j]);

for y in [1..Length(al)] do

sr:=RemoveMinimalGeneratorFromNumericalSemigroup(al[y],sj);

msg:=MinimalGenerators(sr);

Add(C,msg);

od;

od;

A:=C;

i:=i+1;

od;

return A;

end;;

By using the previous code, the computations of Example 4.9 can be made by using the following GAP
order:
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gap> Dg(5);

[ [ 6 .. 11 ], [ 5, 7, 8, 9, 11 ], [ 5, 6, 8, 9 ], [ 5, 6, 7, 9 ],

[ 4, 7, 9, 10 ] ]

5. Digital numerical semigroups with fixed multiplicity

Along this section m denotes an integer greater than or equal to 2.We denote by D(mult=m) = {S ∈ D |
m(S) = m}. Our main goal will be to show an algorithm to compute D(mult=m). For this reason, we need
to introduce some concepts and results.

A Frobenius pseudo-variety (see [10]) is a nonempty family P of numerical semigroups verifying the
following conditions:

1) P has a maximum.
2) If {S,T} ⊆P , then S ∩ T ∈P .
3) If S ∈P and S , max(P), then S ∪ {F(S)} ∈P .

It is easy to prove from the above definitions the following proposition.

Proposition 5.1. With the above notation, D(mult=m) is a Frobenius pseudo-variety and ∆(m − 1) = {0,m,→} is
its maximum.

In a similar way to the construction of the graphs G(D(Frob=F)) and G(D) presented in Section 3 and
Section 1, respectively, next we define the graph G(D(mult=m)) :

• D(mult=m) is its set of vertices.

• (S,T) ∈ D(mult=m) ×D(mult=m) is an edge if and only if T = S ∪ {F(S)}.

The following result can be deduced from [10, Theorem 3].

Proposition 5.2. The graph G(D(mult=m)) is a tree rooted in ∆(m− 1).Moreover, the set formed by the children of
S ∈ D(mult=m) in the tree G(D(mult=m)) is {S\{x} | x ∈ msg(S), x > F(S) and S\{x} ∈ D(mult=m)}.

As a consequence from Propositions 4.3 and 5.2, we have the following result.

Corollary 5.3. Let S ∈ D(mult=m). Then the set formed by the children of S in the tree G(D(mult=m)) is {S\{x} |
x ∈ msg(S), x > F(S), x , m and x + 1 ∈ msg(S)}.

Next we can present the algorithm stated at the beginning of this section.

Algorithm 5.4.

Input: An integer greater than or equal to 2.
Output: D(mult=m).

(1) A = {∆(m − 1)} and B = {∆(m − 1)}.
(2) For every S ∈ B compute β(S) = {x ∈ msg(S) | x > F(S), x + 1 ∈ msg(S) and x , m}.

(3) If
⋃
S∈B

β(B) = ∅, then return A.

(4) C =
⋃
S∈B

{S\{x} | x ∈ β(B)}.

(5) A = A ∪ C, B = C and go Step (2).

We illustrate this algorithm with an example.
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Example 5.5. We are going to compute D(mult=4) by using Algorithm 5.4.

• A = {⟨4, 5, 6, 7⟩} and B = {⟨4, 5, 6, 7⟩}.

• β(⟨4, 5, 6, 7⟩) = {5, 6}.

• C = {⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩}.

• A = {⟨4, 5, 6, 7⟩, ⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩} and B = {⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩}.

• β(⟨4, 6, 7, 9⟩) = {6} and β(⟨4, 5, 7⟩) = ∅.

• C = {⟨4, 7, 9, 10⟩}.

• A = {⟨4, 5, 6, 7⟩, ⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩, ⟨4, 7, 9, 10⟩} and B = {⟨4, 7, 9, 10⟩}.

• β(⟨4, 7, 9, 10⟩) = {9}.

• C = {⟨4, 7, 10, 13⟩}.

• A = {⟨4, 5, 6, 7⟩, ⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩, ⟨4, 7, 9, 10⟩, ⟨4, 7, 10, 13⟩} and B = {⟨4, 7, 10, 13⟩}.

• β(⟨4, 7, 10, 13⟩) = ∅.

• The Algorithm returns

D(mult=4) = {⟨4, 5, 6, 7⟩, ⟨4, 6, 7, 9⟩, ⟨4, 5, 7⟩, ⟨4, 7, 9, 10⟩, ⟨4, 7, 10, 13⟩}.

The tree D(mult=4) is shown below.

⟨4, 5, 6, 7⟩cc88

⟨4, 6, 7, 9⟩OO ⟨4, 5, 7⟩

⟨4, 7, 9, 10⟩OO

⟨4, 7, 10, 13⟩

Also observe that D[{4}] = ⟨4, 7, 10, 13⟩.
By using Proposition 2.13 is not hard to prove the following proposition.

Proposition 5.6. With the above notaticon, we have:

1. D[{m}] is the minimum of D(mult=m).

2. {g(S) | S ∈ D(mult=m)} = {m − 1,m, · · · , m(m−1)
2 }.

3. G(D(mult=m)) is a tree with height equal to (m−1)(m−2)
2 .
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6. Digital numerical semigroups with given D-rank

In this section, p will denote an integer greater than or equal to 2. Our main goal will be to present an
algorithmic procedure to obtain all the digital numerical semigroups with D-rank equal to p.

Proposition 6.1. Let X = {x1, · · · , xp} be a nonempty subset of N\{0, 1} and T = ⟨x1, x1 − 1, · · · , xp, xp − 1⟩. Then
D[X] = (X + T) ∪ {0}.

Proof. • If a ∈ X+T, then there exists i ∈ {1, · · · , p} such that a ∈ {xi}+T.Therefore, there is {λ1, µ1, · · · , λp, µp} ⊆

N such that a = xi + λ1x1 + µ1(x1 − 1)+ · · ·+ λpxp + µp(xp − 1) = (λ1 + µ1)x1 + · · ·+ (λi + µi + 1)xi + · · ·+
(λp + µp)xp − (µ1 + · · · + µp). By applying Proposition 2.10 we assert that a ∈ D[X].

• If a ∈ D[X]\{0}, then by Proposition 2.10, we know that there is {λ1, · · · , λp, µ} ⊆ N such that a =
λ1x1 + · · · + λpxp − µ being µ < λ1 + · · · + λp.

Let {(α1, β1), · · · , (αp, βp)} ⊆ N2 such that αi + βi = λi for all i ∈ {1, · · · , p} and β1 + · · · + βp = µ. Then
a = α1x1 + · · ·+αpxp + β1x1 + · · ·+ βpxp − (β1 + · · ·+ βp).As µ < λ1 + · · ·+λp, then we deduce that there is
i ∈ {1, · · · , p} such thatαi , 0.Then a = xi+α1x1+β1(x1−1)+· · ·+(αi−1)xi+βi(xi−1)+· · ·+αpxp+βp(xp−1) ∈
{xi} + T. Therefore, a ∈ X + T.

From Proposition 4.1 and [11, Lemma 16], we deduce the following upshot.

Lemma 6.2. Let X ⊆ N\{0, 1} and S = D[X]. Then X is a mininimal D-system of generators of S if and only if
x < D[X\{x}] for all x ∈ X.

Notice that if 2 ∈ X, then D[X] = ⟨2, 3⟩.

Proposition 6.3. Let x1, x2, · · · , xp be integers such that 3 ≤ x1 < x2 < · · · < xp and X = {x1, x2, · · · , xp}. Then X
is a minimal D-system of generators of D[X] if and only if xi+1 < {x1, x2, · · · , xi} + ⟨x1, x1 − 1, · · · , xi, xi − 1⟩ for all
i ∈ {1, · · · , p − 1}.

Proof. By Lemma 6.2, we know that X is the minimal D-system of generators of D[X] if and only if
xi+1 < D[X\{xi+1}] for all i ∈ {1, · · · , p − 1}.

By applying now, Proposition 6.1, we easily deduce that xi+1 < D[X\{xi+1}] if and only if xi+1 <
{x1, · · · , xi} + ⟨x1, x1 − 1, · · · , xi, xi − 1⟩.

In Example 6.5, we will see that the previous result can be viewed as a procedure to construct a digital
numerical semigroup with D-rank equal to p.

The following proposition can be deduced from [13, Corollary 25].

Proposition 6.4. Let S be a digital numerical semigroup. Then Dmsg(S) = {x ∈ msg(S) | x+1 ∈ (N\S)∪msg(S)}.

In the next example, by using Proposition 6.3 we are going to build a digital numerical semigroup with
D-rank equal to 3 and by applying Proposition 6.4, we will calculate its mininimal D-system of generators.

Example 6.5. Let x1 = 5 and x2 < {5}+⟨4, 5⟩. For instance, x2 = 7.Take now x3 < {5, 7}+⟨4, 5, 6, 7⟩. Let x3 = 8.Then
by applying Proposition 6.3, we have S = ({5, 7, 8}+ ⟨4, 5, 6, 7, 8⟩)∪{0} = ({5, 7, 8}+ ⟨4, 5, 6, 7⟩)∪{0} = ⟨5, 7, 8, 9, 11⟩
is a digital numerical semigroup with Drank (S) = 3. Note that by Proposition 6.4, we have Dmsg(S) = {5, 7, 8}.
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