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Halpern type convergence theorems on a geodesic space with curvature
bounded above by a general real number

Yasunori Kimura?, Shuta Sudo®*

*Department of Information Science, Toho University, Miyama, Funabashi, Chiba 274-8510, Japan

Abstract. In this paper, we prove convergence theorems with the Halpern type iterative scheme in the
setting of geodesic spaces with curvature bounded above by general real numbers. To obtain the results,
we consider another type of convex combination than the canonical one.

1. Introduction

To generate an approximation sequence converging to a fixed point of a mapping, a lot of researchers have
introduced many effective iterative schemes. For instance, the Picard type and the Mann type iterative
schemes guarantee to generate a weak convergent sequence approximating to some fixed point. On the
other hand, Halpern’s iterative sequence converges strongly to the closest fixed point to the anchor point.
Besides that, there are approximation methods using a sequence of subsets and projections onto them.
Fixed point approximation methods above were proposed on Hilbert spaces, and were generalised to those
on Banach spaces. For more details about related works, refer to [4, 15, 16] for instance. Recently, they
are introduced on a metric space having some convex structures, namely, a geodesic space. Mann’s one is
investigated by [3, 7] for instance; Halpern’s one is also studied by [8-10, 13] for instance.

In a CAT(x) space, its curvature k determines the properties of the space. For this reason, many proofs
of propositions are based on its curvature. However, according to a function with curvature as a parameter
which is proposed by Kajimura and the first author [5], we become able to investigate CAT(x) spaces
without separating cases.

In this paper, we deal with the Halpern type iterative scheme in the setting of geodesic spaces with
curvature bounded above by general real numbers. To prove a convergence theorem, we use another notion
of convex combination than the canonical one proposed by the first author and Sasaki [8, 9]. Using another
convex combination called k-convex combination, we first prove a convergence theorem for a strongly
quasinonexpansive mapping. After that, we get a convergence theorem with the usual convex combination
as a direct consequence of one with x-convex combination. At the end of this paper, we consider the
coefficient condition adapted to Halpern type iterative sequences.
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2. Preliminaries

Let (X,d) be a metric space and let D € ]0, ]. X is called a uniquely D-geodesic space if there exists a
unique geodesic for each x, y € X with d(x,y) < D. That is, there is a unique isometric mapping yy, from
[0,d(x, )] into X such that y,,(0) = x and y,,(d(x, y)) = y. In a uniquely D-geodesic space X, for x,y € X
with d(x,y) < D and t € [0, 1], there is a unique point z such that

d(x,z) = (1 = t)d(x, y) and d(y, z) = td(x, y).

We denote such a point z by tx @ (1 — t)y, and call it convex combination for x and y.
We define D, € ]0, 0] as follows: D, = x if k < 0; D, = 7t/ v/x if ¥ > 0. To define a CAT(x) space, we
use a function ¢, from [0, D,./2[ into [0, o[ defined by

% (1 - cos ( Wa)) (x > 0);

1 ) R (_K)n—1a2n 1 )
= — + —_— _
e(@) = 5 Li™ (2n)! 2"

1 (cosh( —Ka) - 1) (x <0)

(x =0);

fora € [0, D,/2[. Then, we know

sin ( ﬁa)
T (K > O),
ce(a) = qa (k = 0);
smh( —Ku)
N (x <0)

and
cos ( \/Ea) (x > 0);
cl(a) =41 (x =0);
cosh ( \/—_Ka) (x <0)
fora € [0, D,/2[. It hold from the definition of ¢, that ¢,(0) = ¢/.(0) = 0 and ¢//(0) = 1 for each x € R. Further,
xe(a) + ¢ (a) =1

for alla € [0, D,./2[. For more details about the function ¢, see [5].
For a metric space (X, d), we define a function ¢, from X? into R by

Pu(x, y) = c(d(x, y))
for x, y € X, and we define an adjuster (-); from [0, 1] onto [0, 1] by

cr(tD)
(GREREA()
t (=0)

(I €10, Dl);

for t € [0,1]. We know the following properties about ¢,:

o O(x,y) >0foreveryx,y€X;
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o ¢(x,y) = 0if and only if x = y, where d(x, y) < 2D,;

o (X, ) = du(y, x) for every x, y € X.

Now, we can define a CAT(x) space. The canonical definition of a CAT(x) space uses a notion of model
spaces and their comparison triangle. However, we can define a CAT(«x) space as follows: Let ¥ € R and X
a uniquely D,-geodesic space. We call X a CAT(x) space if

Pr(tx ® (1 = 1y, z) < (1) Pic(x, 2) + (1 = 1) Pi(y, 2)
- O txe (1 =1y) — (1= 1) Pu(y, tx ® (1 - t)y)
for every x,y,z € X with d(y,z) + d(z,x) + | < 2D, and t € [0, 1], where | = d(x, y). For more details about

this definition, see [11]. Moreover, X is said to be admissible if d(u, v) < D,./2 for any u,v € X.
Let « € R. We define a function t, from [0, D,./2[ into [0, oo by

tan( \/xa) ‘

, —\/% (x > 0);

b@ = = ((Z)) = la (k= 0)
) tanh( vV—xa)

—\/__K (x <0)

for every a € [0, D,/2[. We know t, is continuous, increasing and #,(0) = 0. Since ¢/ (a)* + xcl.(a)* = 1 for
a € [0, D/2][, the following hold:

Sy te(a)? s 1
(@) = \} 1 + xt(a)? and ¢ (a) = V 1+ «te(a)?

Let X be an admissible CAT(x) space for x € R. For a real valued function f on X, we denote the set of
all minimisers of f by Argmin,, f(u), and defined by

Argmin f(u) = {u e X ‘ fw) = inf f(x)}.

ueX

For x,y € X and t € [0, 1], a function
toe(x, ) + (1 = HPe(y,): X = R

has a unique minimiser. We define x-convex combination as
{txé (1- t)y} = Argmin (t(;f)K(x, u) + (1 - )i (y, u)).
ueX
Moreover, we know

txé(l -ty

R Y A CLC %) N WO W (1—t>c;<d<x,y»)
T Aoy S \T—t+ el y)) A y) < \E+ A - ey

for x,y € X with x # yand t € [0,1]. If x = y, then thKB(l —t)y = x = y. For more details about x-convex
combination, see [8, 9, 11] for instance.



Y. Kimura, S. Sudo / Filomat 38:31 (2024), 11111-11126 11114
Theorem 2.1 (Kimura-Sudo [11]). Let X be an admissible CAT(x) space for x € R. Then,

bu(tx® (1 -y, 2)

o 2) + (1= Dy, 2) — ton(x, e (1 - Hy) — (1 - Py, txd (1 - Hy)
a VE+ A =2+ 2t1 - el (d(x, y))

and

(e ® (1= Dy, 2) < 1i(x,2) + (1 = Dipe(y,2)
forevery x,y,z € Xand t € [0,1].

Let X be a metric space and T a mapping from X into itself. Fix T stands for the set of all fixed points of T.
Further, T is said to be quasinonexpansive if Fix T is nonempty and d(p, Tx) < d(p, x) for every p € Fix T and
x € X. Moreover, on a CAT(x) space X, we say T is strongly quasinonexpansive if it is quasinonexpansive,
and for a sequence {x,} of X, it holds that lim,_,. d(x,, Tx,) = 0 whenever there exists a fixed point p € Fix T
such that sup,  d(p, Tx,) < D,/2 and that

lim (d(?’/ xn) - d(p/ Txn)) =0.

Let X be an admissible CAT(«) space for x € R and C a subset of X. We say C is convexif tx®(1—-t)y € C
for every x,y € Cand t € [0,1]. A fixed point set of a quasinonexpansive mapping on admissible CAT(x)
spaces is closed and convex.

Let C be a nonempty closed convex subset of an admissible complete CAT(«x) space X. Then, for x € X,
there exists a unique point p, € C such that

d(x/ PX) = ;I;g d(x/ }/)

We call such a mapping Pc defined by Pcx = p, a metric projection onto C. Notice that metric projections
are quasinonexpansive with the fixed point set Fix Pc = C.
Let X be a metric space and {x,,} a bounded sequence of X. We call z € X an asymptotic centre of {x,} if

z € Argmin (lim sup d(u, xn)) = Argmin (lim sup ¢ (u, xn)) .

ueX n—oo ueX n—0o0

Let {x,} be a sequence of X and xy € X. We say {x,} A-converges to a A-limit x if x¢ is a unique asymptotic
centre of any subsequence {x,,} of {x,}. A sequence {x,} of an admissible CAT(x) space X for ¥ € R is said
to be x-bounded if

s D,
Jl(lg}[(: hr:;s::p d(x, x,) < -

We know the following lemmas about A-convergence:

Lemma 2.2 (Bac¢ak [1], Espinola—-Fernandez-Leén [2], Kirk-Panyanak [12]). Let X be a complete CAT (k) space
for x € R and {x,} a k-bounded sequence of X. Then, {x,} has a unique asymptotic centre and it has a A-convergent
subsequence.

Lemma 2.3 (Bac¢édk [1], He-Fang—Lopez-Li [3]). Let (X,d) be an admissible complete CAT(x) space for x € R.
Then,

d(xg, z) < liminfd(x,, z)

for all z € X whenever a k-bounded sequence {x,} A-converges to xy € X.

Let X be an admissible CAT(x) space for x € R and T a mapping on X. We say T is A-demiclosed if
X € X is a fixed point of T whenever lim,,,« d(x,, Tx,) = 0 for some x-bounded sequence {x,} of X which
A-converges to xg.
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3. Lemmas to prove convergence theorems

In this section, we obtain some lemmas to prove a convergence theorem.

Lemma 3.1. Let X be an admissible CAT(x) space for k € IR. Then,

tpi(x,2) + (1 = Oy, 2) 21 = HPu(x, )
M M(1 + M)

be(tx®(1 - 1)y, 2) <

forevery x,y,z € X and t € [0, 1], where

M= \J2 4 (1= 17 + 261 - el (d(x, ).

Proof. When x = y or x = 0, we easily obtain the desired inequality. We assume that x # y and « # 0. From
Theorem 2.1,

(j),((txé 1-1ty,2)

_ 19u(x,2) + (1= Dby, 2) — tux, d (1 - y) — (1 - Doy, txd (1 — By)
< o .

We prove the following identity:

2t(1 — )Py (x, y)'

the(x, tx® (1 — Hy) + (1 — Doy, txd (1 — )y) = Y

Let! =d(x,y) # 0 and

L (__tad)
T\ T v 1)

We remark that fx & (1 -ty = ox® (1 — 0)y. Then, we obtain

< (ol) = ¢ (t—l (tc—(l))) _ (1=t + e (1))
K x| tx 1—-—t+ tcg(l) (1 —t+ tc’/{/(l))Z + Ktzc;\,(l)z

~ 1—t+tc’(l)
V= £+ D) + Pl (1)

_ 1—t+tc/(l)
VA =2+ 241 =ty (1) + 2 (1) + t2xccl (1)

B 1—t+tc/(l) _IT—t+tc/(])
VE+ (A= D2+2t(1 - Del() M

Similarly, we get

t+ (1 - ()

(-0 = ——

Thus,

e, tx @ (1= 1)) + (1 = Dby, tx® (1 = )
= = (1= 4 = o)D) - (1 = e (o)
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1 . P+1-t2+2t1-Hc’D\ 1- M_1- M?
Tl M ) K ®(1+ M)
1-£2— (1= =201 =t)c/() 21 -1 =cl(D) 21 = Hi(x, )

k(1 + M) - k(1 + M) a 1+M
Hence, we obtain the desired result. [
Using this result, we get the following:

Lemma 3.2. Let X be an admissible CAT(x) space for k € R. Let x,y,z € X, and a € 10,1[. Set

1-«a

M= \/az + (1 -a) +2a(1 —a)c{(d(x, y) and p =1 - —-

#0.

Then,

qbk(axé 1-a)y,2)
(M +1 - a)((1+ M, 2) ~ 201 - @)l )
R e RS e < )

Proof. From the previous theorem, we get

a¢x(x/ Z) 20((1 - a)¢1<(x, y)

dlax® (1 - a)y,2) < (1 - P)pu(y,2) +

M MI1+M)
Then,
oy (x z) 2a(1 —a)p(x,y) i (1) (aqbK(x, z) _ 2a(1 — @)y (x, y))
M(1 + M) B M M + M)
( )(a(j),((x, z) B 20(1 — a)py(x, y))
M-(1-a) M M(1 + M)
agy(x, z) 2a(1 — a)pi(x, y)
:ﬁ( M-(-a) (1+M><M—<1—a)))
aM+1-a)p.(x,z) 2a(1 —a)M+1-a)p(x,y)
:ﬁ( M2—(1-a) A+ MM —(1-ap) )
3 a(M+1 - a)p«(x, z) 201 = a)(M +1 = a)Pi(x, y)
=F (a2 +2a(1 — a)cl(d(x, ) (1 +M)(@2 + 2a(1 — a)c)(d(x, y))))
M+1-0)¢ex2) 201 -a)M+1-a)p,(x,y)
=F (a +2(1 — a)ci (d(x, y)) T+ M)(a +2(1 — a)c(d(x, y))))

IT+MM+1-a)p(x,z) =21 —a)(M+1—-a)p.(x,y)
( 1+ M)(a+2(1 —a)cl(dx,v)) )

It completes the proof. [
Moreover, we get the following lemmas:

Lemma 3.3. Let x € R and {I,} a bounded real sequence of [0, D, /2[. Let {a,} be a real sequence of 10, 1[ such that
limy—e0 vy = 0 and Y, 1 oy = o0. Define a real sequence {B,,} of 10, 1[ by

1-a,
Vaz + (1 = ay)? + 2a,(1 — ay)cl (1
ay + ( an)? + 2a,( an)cy (1)

Bn=1-

for each n € IN. Further, assume one of the following:
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(@) sup,cnln < Di/2;
(b) Loy ap = oo
Then, hmn—wo ﬁ}’l = 0and Z;ozl ﬁn = 0.

Proof. Since {I,}isbounded, there exists L > Osuch thatc/(l,) < Lforanyn € IN. We first show lim,_, 8, = 0.
From the definition of {,},
1-a,

0<py<1- .
Va2 + (1 - a,)? + 2a,(1 — a,)L

Since a, — 0, we have B, — 0 as n — co. We next show },;"; B, = co. Since lim,_ a, = 0, there exists
np € IN such that 1 — a, > 1/2 for any n > ny. Note that

> +(1-a,)?<2and a,(1-a,) <1

for any n € IN. Let

M, = 0(% + (1 - afn)z + za”(l - Oln)C;g(ln)

for each n € IN. We remark that M,, < 4/2(1 + L) for all n € IN. Then, for n > ny, we obtain
- l-a, M,-(1-a,) M -(1-a,)
Pu= M, M, T MM, +1-ay)
ok + 20, (1 = )y (1) a2 + ¢ (L)ay
MMy +1=an) = \PA+D) (V20 + L) +1)

From (a) or (b), we get Y.,y fn = c0. [

Lemma 3.4. Let k¥ € R, {I,} a bounded real sequence of [0, D,./2[ and | € [0,D,/2|. Let {a,} be a real sequence of
10, 1[ which converges to 0. Let

M, = /a2 + (1 — an)? + 2a,(1 — a)cl (1)

and

(M + 1 —a,)(1+ My)e () = 2(1 — a)eie(ln))
" 1+ My)(an +2(1 — ay)ci (1)

for each n € IN. Then, limsup, _, . t, < 0 whenever liminf, . I, > L.

Proof. Note that M,, — 1 as n — oo since a, — 0 and {I,} is bounded. We can take a subsequence {t,,} of {t,}
such that

limt,, = limsupt,.
t—00 n—oo
Moreover, there exists a subsequence {ln,./_} of {I,,} which converges to Iy = liminf;_,. l,,. Henceforth, we

denote n;, by j simply. We remark that

lo = lim [; = liminf[,, > liminfl, > [.

j—oo —00 n—oo
Since aj — 0 as j — oo, we have

P ML= MyedD) 201 - aj)e(]))
P = (1 + My)(a; + 21 — a))cy (1)
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A —de() | ed) —ad)
e Ay e )

Whenever c/(ly) # 0, we obtain the desired result. In what follows, we assume that « > 0 and Iy = D,/2.
Then,

, 1 al)—alj)  1T-c/(D-1+cl())
imsupt, = lim ————— =1 —
N = (R S )
"y —c” 1 ’”
Cim E GO 1 @O
joo KCye (l]) K j—oo KCy (l])

It completes the proof. [J

4. Halpern type convergence theorems

In this section, we prove convergence theorems to a fixed point a mapping. To obtain the results, we use
the following lemma:

Lemma 4.1 (Kimura-Saejung [6], Saejung—Yotkaew [14]). Let {s,,} be a real sequence of [0, oo[ and {t,} a real
sequence. Let {B,} be a real sequence of 10, 1] such that ¥, B = co. Suppose that

Sp1 < (1 - ﬁn)sn + ﬁntn
forall n € IN and that limsup,_, _ t,, < 0 for every subsequence {s,,} of {s,} satisfying that

lim sup (54, — Sp,41) < 0.

1—00
Then, lim,, s S, = 0.
We first obtain the following convergence theorems with the Halpern type iterative scheme:

Theorem 4.2. Let X be an admissible complete CAT(x) space for x € R and T a strongly quasinonexpansive and
A-demiclosed mapping on X. Let {a,} be a real sequence of 10,1[ such that limy_,e o, = 0 and that Y"1 o = 0.
For an anchor point u € X and an initial point x1 € X, generate a sequence {x,} of X as follows:

Xppl = anué(l —ay)Txy,
for each n € IN. Further, assume one of the following:
(a) sup,nd(u, Tx,) < Dy /2;
(b) L5y = co.
Then, {x,} converges to a fixed point P Tu, where Prix1 is a metric projection onto Fix T.

Proof. Set p = Prixru. Since T is quasinonexpansive, for each n € IN,

PP, Xns1) < andie(p,u) + (1 = an)pr(p, Txn)
< an(;bk(p/ u)+(1- an)(,bvc(p/ Xn) < max{¢x(pr u), (PK(P/ X))

Therefore, for all n € IN,

d(p, Tx,) < d(p, x,) < max{d(p,u),d(p,x1)} < %,
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which implies that {x,} is x-bounded and sup,, . d(p, Tx,) < D,/2. Further, for any n € IN,
d(u, Txy) < d(u, p) + d(p, Txy) < max{2d(u, p), d(u, p) + d(p, x1)} < Dy

and thus {d(u, Tx,)} is bounded. Fixn € N. Let! = d(u,p), I, = d(u, Tx,),

1-a,

M, = Ja?2 + (1 —ay)? + 20,1 — ay)cl(ly) and B, =1 — T

Further, set

o= (M +1 = a,)((1 + My)Pi(p, 1) = 2(1 — an)pic(1, Txp))
" 1+ My)(an +2(1 = ay)cy (d(u, Txy,)))

My + 1= a) (@ + My)e (D) = 2(1 = ap)ei(ln))

- (1 + M) (an +2(1 — an)ci(In))

and s, = ¢« (p, x,). From Lemma 3.2,
Sn+1 = Pr(p, Xns1) = Qic(p, anué(l — ) Txy) < (1 = Bu)Pic(p, Txy) + Butn
< (1= Bu)Pu(p, xn) + Butn = (1= Bu)su + Putn-

Since one of (a) and (b) holds, from Lemma 3.3, we have

lim B, = OandZﬁn = oo.
n=1

Let {s,,,} be a subsequence of {s,} such that

limsup (sy, — Sp;+1) < 0,

1—00

and we show limsup,_, _ t,, < 0. Then, we get

0 = lim sup (s, — Sy;+1) = limsup (@x (0, x) = Pulp, x0,41))

1—00 1—00

= lim sup (cPK(P, %) = Gulp, anu (1 - ani)Txni))

—

> lim sup (@x(p, %n,) — i du(p, 1) = (1 = ) Prc(p, Tn,))

i—00

= lim sup (@x(p, %) — Pr(p, Tx)) 2 lim inf (@ulp, %) = Pup, Tx)) 2 0

and thus lim;_,« ((j),((p, Xn,) — Ox(p, Txnl.)) = 0. We notice that c;l is uniformly continuous on a compact
interval [0, c(sup,,o d(p, x1))] and that

lim |e.(d(p, x,,)) = ex(d(p, Txu))| = 0.
Therefore,

lim(d(p, x,,) = d(p, Txn)) = lim |c! (exld(p, ) = ¢ (exld(p, T )))| = 0.
Since T is strongly quasinonexpansive, we have

lim d(Tx;,, x,,) = 0.
i—00
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Take a subsequence {w;} of {x,,} such that

lim d(u, wj) = liminfd(u, x;,)

j
and that it A-converges to some w € X. Since T is A-demiclosed, we get w € Fix T. Further, since
d(u, xp,) < d(u, Txy,) + d(Txp,, Xp,) < d(u, x,) + 2d(Txy,, X1,),
we have

liminfl,, = liminfd(u, Tx,,) = iminfd(u, x,,).

1—00

Hence, from Lemma 2.3,

liminfl,, = liminfd(u, x,,) = lim d(u, w;) > d(u, w) > d(u,p) = L.
1—00 ]—)OO

1—00
From Lemma 3.4, we have

limsupt,, <0.

i—00
Consequently, from Lemma 4.1, we obtain lim,, . s, = 0. It means that {x,,} converges to Pgixrt. [
Theorem 4.3. Let X, T, {a,} and {x,,} be the same as the previous theorem, and assume one of the following:
(A) sup, .y d(u, y) < Dy/2;
(B) d(u, Prixtu) < Dy /4 and d(u, PrycTu) + d(x1, Prixttt) < Di/2;
(©) Lilia; = oo
Then, {x,} converges to a fixed point PgixTu, where PrixT is a metric projection onto Fix T.

Proof. It is sufficient to prove sup, . d(#, Tx,) < D,./2 when (A) or (B) hold. If (A) holds, then we easily get
the desired inequality. Assume (B) holds. We know

d(Prixtut, Tx,) < max{d(u, Prix 1), d(x1, Prix 1)}
for all n € N. Then,

sup d(u, Tx,) < sup(d(u, Prixt1) + d(Txy, PrixTlt))
nelN nelN

< d(u, Prixtu) + max{d(u, Prix 1), d(x1, Prixrit)}

D,
= max{2d(u, PrixTu), d(u, PrixT1t) + d(x1Ppix 711)} < -
It completes the proof. O

In Theorem 4.2, to get convergence of the sequence, we need to use x-convex combination. To obtain a
convergence theorem with the usual convex combination as a direct consequence of Theorem 4.2, we need
the following lemmas:

Lemma 4.4 (Kimura-Sudo [11]). Let X be an admissible CAT(x) space for k € R. Then,

tx@(1-ty = (m)w (m)y

forevery x,y € X and t € [0, 1], where | = d(x, y).
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Lemma 4.5. Let k € R. Let {a,} be a real sequence of 10, 1[ which converges to 0 and let {I,} be a bounded real
sequence of [0, D, /2[. Let

(an);i

- (an)}; +(1- an);i

On

for each n € IN. Then, there exist positive real numbers r1 and ry, and ng € IN such that
ra, <o, <oy
forall n € N with n > ny.

Proof. We first show that there exist a real number r, and 1y € IN such that 0, < ra, for all n € IN with
n > np. Fix n € N arbitrarily. If [, = 0, then

(an)g

Op = —————— = Q.
(an)o + (1 - 0‘")0
Suppose I, # 0. Then,
(), cil@nly)

O A=) chlandy) + (- an)hy)’

We notice that

Tl,
ce(tly) —

for any x € R and 7 € ]0,1[. Therefore,

!

’ ’ anly  L=—an)ly 1
cr(anly) + (1 — ap)ly) > > + > =3
and hence
< 2¢; (anly) 2, - c;(anln).
I, auly,

Since {l,,} is bounded and lim,,_,., &,, = 0, we have

4 nln
fim S=Gln) _

n—eo  ®,l,

Therefore, setting , = 4, we obtain the desired evaluation. We next show that there exists a real number
r1 such that ra, < 0, for all n € N. Let [y = sup, s If [y = 0, then setting r; = 1, we obtain the desired
result. Fix n € N arbitrarily. Suppose [, # 0. If k¥ > 0, then

(vn)y g (@ ci(anln) o Wncilln) _ an

Tl (- T2 20 20l 2

On

On the other hand, if x <0, then

() ’
_ _ Ly _ > an)? _ stanln) > C’ann )
(a”)ln + (1 - an)l” " CK(lVl) CK(ZH)

On
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Since

ci(lo)
a

c.(a) < I

foralla € [0,]y], we have

O(nln > anlo

ciln) ~ cillo)’

Set r1 = min{1/2,1p/c,.(lp)}. Then, for any ¥ € R, we have 0, > ra, whenever I, # 0. Note that this
inequality holds even if [, = 0. Consequently, we obtain the desired result. [J

oy 2

Using lemmas above, we obtain the following result:

Corollary 4.6. Let X be an admissible complete CAT(x) space for x € R and T a strongly quasinonexpansive and
A-demiclosed mapping on X. Let {a,} be a real sequence of 10,1[ such that lim,_,e o, = 0 and that Y"1 o = 0.
For an anchor point u € X and an initial point x; € X, generate a sequence {x,} of X as follows:

Xp41 = A ® (1 — o) Txy
for each n € IN. Further, assume one of the following:
(a) sup,nd(u, Tx,) < Di/2;
(b) Loy ap = oo

Then, {x,} converges to a fixed point PrixTu, where PrixT is a metric projection onto Fix T.

5. An improvement of coefficient condition

In Theorem 4.3, we need to assume one of the following conditions:
(A) sup,cx d(u,y) < D/2;
(B) d(u, Prixtu) < Dy/4 and d(u, Prixtut) + d(x1, Prixrtt) < Di/2;
©) Liliap =0

When « < 0, the condition (B) always holds in the situation of Theorem 4.3. However, the condition (A) is
too strong to assume for each « € R, and the condition (C) is barely proper for actual calculation when x > 0.
In what follows, we consider an improvement of the coefficient condition for a Halpern type convergence
theorem. Focusing on the proofs of Lemma 3.3 and Theorem 4.2, we obtain the following theorem:

Theorem 5.1. Let X be an admissible complete CAT(x) space for x € R and T a strongly quasinonexpansive and
A-demiclosed mapping on X. Let {¢,} be a real sequence of 10, 1[ such that lim, . ¢, = 0 and that Y., €, = co. For
an anchor point u € X and an initial point x; € X, generate a sequence {x,} of X as follows:

ya € ]0, Ci!(d(uz, Txn))]

ay € |:\/€n +Y2 =V, \/Z] c10,1[;

K
Xp41 = A ® (1 — ay)Txy,

7

for each n € IN. Then, {x,} converges to a fixed point Pri 1, where Prix is a metric projection onto Fix T.
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Proof. For € €]0,1[ and y > 0, we know

0< Je+y2—y<e<l

Indeed,

Ne+ryi-y > \/);—yzo

and

2
(,/e-kyz—y) =e+2y7 =2y Je+)2<e+2P -2y y2=e<1.

Therefore, the sequence {x,} is well-defined and lim,,_,, &, = 0. Moreover, we obtain

afl +2y0, 2 &y +27/721 —2Vu~JEn + 72 +2yn(,/en +92 —yn) =&,

and hence

(o8]

Z(aft +c(d(u, Tx,))a,) > Z((xﬁ +2ya,) > Z £, = co.
n=1 n=1

n=1

In what follows, we prove convergence of the sequence {x,}. Although we use the same fashions as
Lemma 3.3 and Theorem 4.2, we give the proof for the sake of completeness. Set p = Prixru. Since T is
quasinonexpansive, for each n € IN,

(PK(P/ Xpa1) < Ofn(PK(P/ u)+(1- Oén)(PK(Pr Txy,)
< an(;bK(P/ u)+(1- Oén)(PK(P, Xn) < maX{(PK(Pr u), (PK(P/ Xn)}

Therefore, for all n € IN,
p, Tn) < d(p, %) < maxtd(p, ), d(p, )} < =,
which implies that {x,} is k-bounded. Further, for any n € IN,
d(u, Tx,) < d(u,p) +d(p, Tx,) < max{2d(u, p),d(u,p) + d(p, x1)}

and thus {d(u, Tx,)} is bounded. Fixn € N. Let! = d(u,p), I, = d(u, Tx,),

My = o + (1= )2 + 2,1 - a)ef(l) and = 1= 22
n

Further, set

_ (M +1 = a)(1 + My)Pie(p, u) — 2(1 — an)Pie(u, Txy))
" (1 + M) (an + 2(1 = an)ei! (d(u, Txy)))

_ My +1 = a)((1 + My)e(l) = 2(1 = ay)e(ln))

- (1 + M) (an +2(1 = an)ci(In))

and s, = ¢,(p, x,). From Lemma 3.2,

Sue1 = G(p, Xus1) = Ge(p, @ (1= a,)Tx) < (1= B, Tx) + Puts
< (1 =Bu)Pi(p, xn) + Butn = (1= Bu)su + Putn-
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We next show that )" B, = . Since {I,} is bounded, there exists L > 0 such that ¢//(l,) < L. Note that
M, < v2(1 + L) for all n € IN. Moreover, there exists ng € N such that 1 —a, > 1/2 for all n € N with n > ng
since lim,, ;o @, = 0. Therefore, we have
b= a2 + 2a,(1 — ) (1) a2+l (L)ay
n — =
MMy +1 - ay) V20 + D) (V20 + 1) +1)

and hence )" B, = oo. Let {s,,} be a subsequence of {s,} such that

limsup (sy, — Sp+1) <0,

1—00
and we show limsup, , _ t,, < 0. Then, we get

0> lim sup (Sp; — Sny+1) = lim sup (qbk(p, X)) — Oi(p, x,,i+1))

1—00 1—00

= limsup (cpK(p, Xn) — Ox(p, an,ut Eilca 1- a”,.)Tx”,.))

1—00

> Tim sup (@w(p, X) = @ be(p, 1) = (1 = @ )bi(p, Tx,)

= lim sup (¢x(p, %) ~ Pu(p, Tx)) = Him inf (¢u(p, 1) = Pulp, Tx)) 2 0

and thus lim;_,e (¢K(p, Xn;) — Ox(p, Txnl)) = 0. We notice that ¢! is uniformly continuous on a compact
interval [0, c.(sup, o 4(p, x1))] and that

lim ey (d(p, %)) = cu(d(p, To)] = 0.
Therefore,

Hm(d(p, x,) = d(p, Txs,)) = 0.
Since T is strongly quasinonexpansive, we have

lim d(Tx,,, x,,;) = 0.

1—00

Take a subsequence {w;} of {x,,} such that

lim d(u, w;) = liminfd(u, x,,)
]—)OO 1—00

and that it A-converges to some w € X. Since T is A-demiclosed, we get w € Fix T. Further, since
A(u, xp,) < d(u, Txy,) + A(Txy,, x4,) < d(u, x,) + 2d(Txy,, X1,),
we have

liminfl,, = liminfd(u, Tx,,) = iminfd(u, x,,).

1—00 1—00

Hence, from Lemma 2.3,

liminfl,, = liminfd(u, x,,) = lim d(u, w;) > d(u, w) > d(u,p) = L.
1—00 ]—)00

1—00
From Lemma 3.4, we have

limsupt,, <0.

1—00

Consequently, from Lemma 4.1, we obtain lim,,,« s, = 0. It means that {x,,} converges to Pgixru. O
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According to Theorem 5.1, the generated sequence {x,} converges to the closest fixed point to u even
if Yooy a3 < o0 and sup,cy d(u, y) = Di/2. Furthermore, we know the following facts: In the iteration of

Theorem 5.1, we can take {a,} as {+/e,} for each x € R. We further suppose that c//(d(u, Tx,)) > 1 — ¢, for
n € N. Then, we can take y, as

|l e Tx))
n 2 7 2 .

It implies that 1 — 2y, < ¢, and thus ¢, — 2y,&, < 2. Then, we know

. 2 _ 2 , 2 _ (. 2
Ent Vi < En+2VnEn+ V= (En+Vn)

and therefore /e, + y% — Yn < &, It means that

ene[\/£n+y%—yn, \/5]

It implies that we can set a, = ¢, for n € N whenever
cl(d(u, Txy)) > 1 —¢,.

If x < 0, we can always take {a,} as {e,}. Indeed, when k < 0, we get
cl(@u, Txy)) =1>1-¢,

for any n € IN. Consequently, Theorem 5.1 is a result with an improvement of the coefficient condition.

6. Conclusion

In this paper, we introduced an iteration method with an improvement of the coefficient condition. In
previous research, we should consider proofs which are dependent on curvature parameters. However,
using Lemma 3.1, we can prove Halpern type convergence theorems without separating cases with x and in
a manner of Banach spaces. They imply that some techniques in this paper can be applied to other issues in
geodesic spaces with general curvatures. They also may let us study geodesic spaces such as flat, spherical
and hyperbolical surfaces in the same ways.
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