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Well-posedness and stability for a class of solutions of semi-linear
diffusion equations with rough coefficients
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Abstract. In this work, we study the existence, uniqueness and polynomial stability of the pseudo almost
periodic mild solutions of semi-linear diffusion equations with rough coefficients in certain interpolation
spaces. First, we rewrite the equations as abstract parabolic equations. Then, we use the polynomial
stability of the semigroups of the corresponding linear equations to prove the boundedness of the solution
operator for the linear equations in appropriate interpolation spaces. We show that this operator preserves
the pseudo almost periodic property of input functions. We will use the fixed point argument to obtain
the existence and polynomial stability of the pseudo almost periodic mild solutions for the semi-linear

equations. The abstract results will be applied to the semi-linear diffusion equations with rough coefficients
to obtain our desired results.

1. Introduction and Preliminaries

1.1. Introduction

The study of mild solutions of difference and differential equations has been the center of studies of
many mathematicians. Especially, topics related to the existence, uniqueness and asymptotic behaviours of
periodic, almost periodic, pseudo almost periodic mild solutions and their generalizations. These solutions
and their properties have significant applications in many areas such as physics, mathematical biology,
control theory, and others (see for examples [6, 11, 25]). Historically, the notion of pseudo almost periodic
functions was introduced initially by Zhang (see [23, 24]). Then, intensive studies of this concept of solution
and its generalizations to differential and difference equations have been made during recent years (see
for examples [7, 13, 26] and the references therein). All of these works consider the parabolic evolution
equations where the corresponding semigroups are exponential stable.

In the present paper, we will investigate the existence, uniqueness and polynomial stability of pseudo
almost periodic mild solutions to the semi-linear diffusion equations with rough coefficients

w'(t) — bAu(t) = g(t,u), (t,x) € RxRY, 1)
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where b : RY — C is a measurable function satisfying b € L°(R?) and Re b > 6 > 0 for some 6 > 0,
g(t, u) = [u(®)"u(t) + F(t) for some fixed m € N and F is a given bounded function on R.

We know that the operator —A defined on LP(R?) by Au := —bAu generates a bounded analytic semigroup
(also called ultracontractive semigroup) T(t) := e~ on LF(IRY) for all 1 < p < oo (for more details see [2,
Section 7.3.2]) such that

(T(HHx) = f Kt,x,y)f(y)dy, t >0andaex, y e RY,
R4

where K(t, x, y) is the heat kernel. The semi-linear equation (1) can be rewritten as

W' () + Au(t) = g(t,u), (t,x) € Rx R 2)
The corresponding linear equation is

u'(t) + Au(t) = F(t), (t,x) € RxR". 3)

In general, we consider these problems on the interpolation spaces to a large class of semi-linear evolution
equations of the form

W' () + Au(t) = BG)(t), t € R, (4)

where —A is the generator of a Cy-semigroup (¢7*4);>p on some interpolation spaces and B plays the role
of a “connection” operator between the various spaces involved. Note that, we have B = Id in the case of
equation (1).

One of the important features in our strategy is Assumption 2.1 on the polynomial estimates of the
operator eB (¢ > 0). Equations of type (4) associated with ¢4 and B satisfying these estimates occur in
many situations such as the equations of fluid dynamic equations and various diffusion equations with
rough coefficients (see [14-16]).

The novelty and difficultly in our study appear from the fact that we allow the zero number to belong
to the spectrum o(A). This leads to the problem that the semigroup (e7)s is no longer exponential stable.
However, the polynomial estimates of e B (t > 0) are still sufficiently good to allow us to handle the
corresponding linear equation

W' () + Au(t) = Bf(t), t € R, )

where f is a pseudo almost periodic (PAP-) function (see Definition 1.2 for the notion of PAP-functions).
Using the polynomial estimates in Assumption 2.1 of e*4B (t > 0), we can construct the suitable interpo-
lation spaces and then apply the interpolation theorem to obtain the boundedness of the solution operator
on the spaces of PAP-functions. Namely, we will prove that if f is a PAP-function, then the corresponding
mild solution u(f) of (5) is also a PAP-function (see Theorem 2.8). Then, we use fixed point arguments
to extend this result to the semi-linear equation (4) under an assumption that the Nemytskii operator G
is a locally Lipschitz continuous operator that maps PAP-functions into PAP-functions (see Assumption
3.1). Consequently, we obtain the existence and uniqueness of the pseudo almost periodic mild solution
in the PAP-space to (4) (see Theorem 3.2). Moreover, the interpolation spaces also allow us to prove the
polynomial stability of such pseudo almost periodic mild solutions under Assumption 3.3 of the operators
¢4, B and Nemytskii operator G (see Theorem 3.4). Finally, we apply our abstract results to the semi-linear
diffusion equations with rough coefficients (see Theorem 4.2).

This paper is organized as follows: Section 2 contains the setting of linear parabolic equations in inter-
polation spaces and the results of the existence and uniqueness of pseudo almost periodic mild solutions to
these equations; in Section 3 we investigate the semi-linear equations: the existence, the uniqueness and the
stability of pseudo almost periodic mild solutions. Lastly, Section 4 give the application of abstract results
to heat equations with rough coefficients (1).
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Notations.

o We denote the norm on Banach space X by || - [[x and the supremum norm on the Banach space BC(R, X)
by [ - leo,x-

e Let Y be an interpolation space we use the notation BC(RR, Y) for the space of all time weak-continuous
functions f € L*(R, Y).

1.2. Preliminaries
We recall the notions of almost periodic (AP-), pseudo almost periodic (PAP-) functions as follows:

Definition 1.1. (AP-function) For a Banach space X, a continuous function f : R — X is called (Bohr) almost
periodic if for each € > O there exists () > O such that every interval of length I(e) contains a number T with the
property that

If(t+T)— f(D)llx < € foreach t € R.

The number T above is called an e-translation number of f. We denote the set of all almost periodic functions
f:R—- Xby AP(R, X).

Note that (AP(IR, X), || [l,x) is a Banach space, where || - || x is the supremum norm (see [10, Theorem 3.36]).
The properties of the almost periodic functions can be found in [1, 17, 19].

Definition 1.2. (PAP-function) A continuous function f : R — X is called pseudo almost periodic if it can be
decomposed as f = g+ ¢ where g € AP(R, X) and ¢ is a bounded continuous function with vanishing mean value i.e

1 (f
Lll_{zloiIL”Qb(t)def—Q

We denote the set of all functions with vanishing mean value by PAPy(IR, X) and the set of all the pseudo almost
periodic (PAP-) functions by PAP(R, X).

Note that (PAP(R, X), | - llo,x) is @ Banach space, where || - || x is the supremum norm (see [10, Theorem
5.9]).

We notice that the notion of pseudo almost periodic function is a generalisation of the almost periodic
and asymptotically almost periodic (AAP-) functions (see the definition of AAP- functions in [10, Section
3.3]). Moreover, we have also the extension of this notion to the weighted pseudo almost periodic and
weighted pseudo almost automorphic functions (see for examples [5, 8, 13] and the references therein). We
refer the reader to the books [9] for more details about PAP-functions and PAP-spaces.

We recall the notion of Lorentz spaces as follows (see for example [22]): for 1 <p < coand 1 < g < oo,
we define the Lorentz space on Q C R? as

LP(Q) = {u € Lip(Q) : llullyq < °°}f

where
1/q

lullp.q = (f"" (S[J (fx € Q:fu)] > s})l/”)q @) forl<g<co
0 s

and
ltllp oo = sup sp(fx € Q < Ju()] > s)'.
s>0
We denote by LV := L called weak-L? space.
Using real interpolation functor (-, -)g 4, we have

(L7 (Q), LP(Q)),4 = LP1(QY), where 1 <py <p <p; < o0

and 0 < 6 < 1 such that
1 1-6 0
Z = +— (1<g< o)
p Po P1

We recall the following general interpolation theorem (see [4, Theorem 3.11.2]):
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Theorem 1.3. (General interpolation theorem) Let (Xo, X1) and (Yo, Y1) be interpolation couples of quasinormed
spaces. Let T be defined on Xo + X; such that T : Xo — Yoaswell as T : X; — Y7 are sublinear with quasi-norm M
and My, respectively. Then for any 0 € (0, 1) and q € [1, oo] it holds that

T: (X0, X1)e3 = (Yo, Y1)oq

is sublinear with quasi-norm M bounded by
M < My MY,

For the convenience we refer the reader to the books [4, 18, 21] which provide the detailed description of
the theory for interpolation spaces and the differential operators.

2. The linear parabolic equations

2.1. The setting of equations on interpolation spaces

Let X, Y7 and Y, be Banach spaces, (Y1, Y>) be a couple of Banach spaces and Y := (Y1, Y2)g,« be a real
interpolation space for some 0 < § < 1. We now consider the inhomogeneous linear evolution equation of
the form

w'(t) + Au(t) = Bf(t), t € R, (6)

where the unknown u(t) € Y, the operator —A is a generator of a Co-semigroup ¢4 on Y7 and Y, f is a
function from R to X and B is the ”connection” operator between X and Y such that e "B € £(X,Y;) for
i=1,2andt > 0.

Since e~ is Co-semigroup on Y7 and Y5, we have that e7** is also Cyp-semigroup on Y = (Y1, Y2)g,. This
is because that the real interpolation functor (-, -)g,. (0 < 0 < 1) satisfies the dense condition, i.e, Y1 N Y; is
dense in Y (for more detail see [12, Proposition 3.8 (c)] and [21, Subsection 1.6.2]).

Many practical problems can be written in the form (6). For examples, the linear form of the diffusion
equations with rough coefficients, where B = Id, i.e., the identity operator (see Section 4), the linear
equations of fluid dynamic flows, where B = IPdiv (see [14]) and the control theory, where B is the input
operator of the system (see [3, 20] and the references therein).

We assume that e~ B satisfies the following polynomial estimates:

—tA

Assumption 2.1. Assume that Y; has a Banach pre-dual Z; for i = 1,2 (that means Y; = Z;) such that Zy 0 Zy is

dense in Z;. Let —A be the generator of a Co-semigroup e4 on Y1 and Y,. Furthermore, suppose that there exist
constants a1, s € Rwith 0 < ap <1 < a7 and L > 0 such that

le*Bo|,, <Lelpolly, £ >0,

(7)

le*Bol|,,, < LIl , £ >0,
where the operator B is given in the linear equation (6).

Remark 2.2. (i) The condition that Z1 N Z, is dense in Z; (i = 1,2) guarantees the dual and pre-dual equalities
(see Definition 2.3).

(ii) From Assumption 2.1 we can see that the spectrum o(A) contains 0 and the semigroup e™*4 is polynomially

stable. This is a new point comparing with the previous works (see for example [7]) on PAP-functions. In
particular, the semigroups considered in the previous works are both exponentially stable. An example of the
equation associated with the semigroup e~*A validating Assumption 2.1 with B = 1d (the identity operator) can
be found in Section 4 of this paper as well as many other examples of the fluid dynamic equations with B = Pdiv
(see for example [14-16]).



L. T. Sac, P. T. Xuan / Filomat 38:31 (2024), 10893-10911 10897

Definition 2.3. Since (Z1,Z2)o, is a predual space of Y = (Y1, Y2)o,c0, we say that B’ and e

of B and e~ respectively if for each ) € (Z1,Z2)0a, f € X and g € Y we have
(Bf, ) ={f,B'Y),
<e—tAg, ¢> — <!], e_tA,I]D> ,

where <., .) is the scalar product between the dual spaces.

are the dual operators

We recall the definition of mild solutions of the equation (6) on the whole time-line axis (see [15, equation

™)

Definition 2.4. Suppose that the function (—co,t] 3 T <e‘(t‘T)AB f(T),z,b> € C is integrable for each 1 €
(Z1,Z5)0,1. A continuous function u : R — Y is called a mild solution to (6) if u satisfies the integral equation

t
u(t) = f e "DABf(1)dr,t € R, (8)

00

in the weak sense, i.e., for each € (Z1,Z3)p,1 we have that

(u(t), )y = I t (e =9Bf (1), p)dr,t e R )

We notice that if —A generates a bounded analytic semigroup (¢7*4);5o on Y, then the mild solution given
by (8) is also a classical solution (see [1, Proposition 3.1.16]).

2.2. The existence and uniqueness of pseudo almost periodic mild solutions to linear equations
We state and prove the basic estimate in the following lemma:

Lemma 2.5. Suppose that Assumption 2.1 holds. Let B’ and e~**" be the dual operators of B and e~*A respectively, X’

be the dual space of X. For all \ € (Z1,Z2)p,1, the following assertion holds: the function t — ‘ B’e‘tA'l,D“X, belongs
to L1(0; 00) and

[l

for a positive constant L which does not depend on 1. Here, the spaces X, Z1 and Z; are given in Definition 2.1.

By, dt < Ll 22, .

Proof. Since Assumption 2.1, we have the following inequalites on the dual spaces

Ble_tA/lP”X’ < Lt_m”l’[)”y; , >0,

. (11)
| B ¢||X, <L |[Wlly, , >0,
where Y] and Y7, are the dual spaces of Y7 and Y; respectively.
For ¢ € Z;, j = 1,2 we denote by
vy(t) := | B’e‘tA/gb”X, ) (12)

Using inequalities 11 and the fact that the canonical embedding Z; — Y’ is an isometry, we get
vy(t) < CtY|[Yliz forp € Z;, j=1,2.
Therefore vy, € L/%°(0, 00) and

”vll’”L”"f'w(O,oo) < C]||1P||2/ for ll) (S Zj, ] =1,2. (13)
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These inequalities lead us to define the sublinear operator

T:Zy + Zy - LY%(0, 00) + LY*%(0, 00)
P = oy,

where vy, is defined by (12).
The inequalities (13) also yield that the operators

T:Zy — LY**(0,00) and T : Z — L/**(0, )
are sublinear. Applying Theorem 1.3, we obtain that the operator

T (Z1, Za)on — (LV*2(0, ), LV2(0, ) = L}(0, c0)

is also sublinear. It follows that

f | BlgifA’lP”X/ dt < iHlP”(Zlfzz)ﬁ,ll
0
where L > 0 is a constant. [

As a consequence of Lemma 2.5, we establish in the following lemma the existence and uniqueness of the
mild solution of the linear equation (6).

Lemma 2.6. Suppose that Assumption 2.1 holds. Let f € BC(R,X), ¢ € (Z1,2Z3)p1 and 6 € (0; 1) such that
1=(1-0)a1 + Oay. Then the equation (6) admits a unigque mild solution u satisfying

lu ®lly < Lilfllox, t € R, (14)
for the constant L as in (10).

Proof. In this proof and the rest of this paper, we use the weak (or weak”) version of vector-valued integrals
in the sense of the Pettis integral. By assumption (Z1,Z>);,; = (Y1, Y2)g,0. We denote by (., .) the dual pair
between (Y1, Y2),0 and (Z1,Z2)g,1. Then for each i € (Z1,Z;)g,1 we have the following estimates

; t
<f e—(t—T)ABf(T)dT, ¢> < f |<e_(t—T)ABf(T), 1,[)>|dT
= ft ’(f(T),B'e_(t_T)Algl}»dT
f?o | (t-1)A H
< If @)l [|Be 04y, d
PSS , X
< IIfIIm,XI IBe 0y, de
< l”f”DO,X”I;[)”(Zl,ZZ)O,l'

The last inequality holds due to Lemma 10 and the transformation 7 = t — 7. [
Lemma 2.6 implies that the solution operator S : BC(IR, X) — BC(RR, Y) defined by
t
S(F)(t) == f e 4B f(s)ds,t € R (15)
is a bounded operator and ||S|| < L for the constant L appearing in inequality (14).
Lemma 2.7. Suppose that Assumption 2.1 holds. The following assertions hold
i) If f € AP(R, X), then 5(f) € AP(R,Y).
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ii) If f € PAA)(R, X), then S(f) € PAAo(R, Y).

Proof. i) Since f is almost periodic, we obtain that for all ¢ > 0 there exists a real number I(¢) > 0 such that
foreverya € R, we can find T € [a,a + [(¢)] such that

lft+T)- fWllx <&, teR.

Then, we have

ISCA(E +T) = S(HDlly

lLfﬁe*“ﬂABU(r+T>—fuﬂdr
—00 Y

"foo e_TAB[f(t -1+7T)- f(t-1)]dt
0

LIFC+T) = f()llox

eL.

Y

IAIA

Therefore, the function S(f)(t) := f_t e "DABf(7)dt belongs to AP(R, Y).
if) To prove this assertion we develop the method in [7, Theorem 3.4] by replacing the condition for the

semigroup e~ from the exponential stability to the polynomial stability.
We need to show that

1 L t -
. —(s—17 AB
rh—r>£10 2L ]:L f ‘ flode

This corresponds to prove that

1 L
lim—f sup
=0 2L J_p i<

for all l/) € (erZZ)B,l such that ”1!1” = ||L)[J||(lezz)a1 <1.
Indeed, for each V) € (Z1, Z5)o, with [[{]| := [[llz,,2,),, <1 we have

dt = 0. (16)
Y

f t (e “4Bf(r),y)dr|dt =0, (17)

00

L

t
— | sup f e "IABf (1), ¢)dr
2L J it ,m< )

1 L —L
f (e =9Bf (1), p)dr

= — sup
2L J_p <t [J-e0

dt

1 L
dt+—f sup
2L J_p i1

Recall that we proved inequality (10) in Lemma 2.5 that

[

for all Y € (Z1,Z3)g 1. By changing variable 7 := t — 7 we get

[

This shows that for each ¢ > 0, there exists Ly(¢) € R depends only on ¢ satisfying that for all L > Ly(¢), we

have
IN

ft <e_(t_T)ABf(T), yb>d1: m (18)

L

By, dr < LIz, 22, .

B'E_(t_T)AIIPHX/ dt < illllf”(zl,Zz)s,l- (20)

B’e_(t_T)A/‘/’“X' dt<e ||¢”(21,Zz)9,1
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for all i € (Z1,Z2)g,. Hence, for all L > Ly(¢) we have

L
sup [ eyl dr < sup eyl <
[lpll<1 J—o0 [lpll<1
Therefore, we establish that
1 [t L on
— su e TYUABf (), ¥) dt|dt
2L L||¢||§1f < fO.9)
< e"PDABF(T), ¢)| drdt
2L L||¢||<1f f0.9) |
1 f_L (t-1)A >‘d d
= — fT) B'e™"OM ) drdt
2L L||w||<1
L
< fsupf IfOlx|[Be 24y, drdt
lI<1
< “f““ [ sup [ ety avar
L||1PH<1
||f ”ooX
< 4 y =& 00 X- 21
< 5 ILédt el flleo,x (21)
On the other hand, there exists a sequence ()neN in (Z1, Z2)g,1 such that ||| == [allz, 20, < 1and
t t
lim f <e‘(t‘T)ABf(T),lpn>dT = sup f <€_(t_T)ABf(T),1P>dT
e ldoL llpli<1 |/ -L
We have
t t
[l si@unar < [ isi|pe g, de
-L -L
t
< fllox f [Bre =0, |, de
L
t
< fllox f [Bret-04'y,||
< o xLlYalliz,, z2),, (due to (20))
< Lllflleox-

Since L|| f|lw,x is integrable on [—L, L], by using the dominated convergence theorem we have

f: <e‘(t_T)ABf(T), gl)> dt

L ¢
:f sup f <e_([_T)ABf(T), ¢>d7
—L|lpli<1 [V-L

Therefore, using inequalities (10) and (22) we have the following estimates

ft <e‘(t_T)ABf(T), ¢>d7 dt

sup
llyli<1

is integrable on [-L, L] and

L|
lim f <e_(t_T)ABf(T), 1,l)n> dt
L

—00
n -L

(22)

1
sup
2L J_p <1
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1 L t (t—0)A
_ s 1 ,—(t=T)A’
- J%ZLLf(f(T),Be ) dr
1 (" a
. - 7 —(t-7
< Jli?oszLf (F0), Bre =00y, )| deat
< nlgni f f L@l [0, |, et
: gggoi f f (- )l 1B
2L
= lim - f f £t = E)llx |
2L L—¢&
= E?oz_f f IFG)lIx [|B'e™Y |y, dsd& (where s := t — &)
2L
lim f [ vrone ], asie
1 -
= lim o fo 1B, f s

N TR L
T fo [Be |, de f IF5)lxds
”%”f I1f(s)lIxds (due to (10))

< f 1F)lxds.

The property f € PAA)(R, X) leads to

dt (due to (22))

Ble~A I/Jn”X dédt (where & := t — 1)

B'e ||, dtds

N
5
|

N
5
|

<l'

tim 2 [l s =0

1 L
3 | Vol <e

dt <Le,

Hence, there exists L; € R such that

for all L > L;. Therefore, we have that
1 (* t
—(t-1)A
su e Bf(r),¢)dt
2L J, ||¢\\§1 IL< f@.4)

forall L > L.
By combining (18), (21) and (23), we get

ft <e*(t*T)ABf(T), 1,D> dt

for all L > max{Ly, L1} and all ¢ € (Z1,Z,)g,1 such that [[|| < 1. Hence

1 -
sup dt < e(||flloox + L),

2L J_p i1

1 ot
= ~(t-0)A
L), I e Bf(t)dr

(o8]

dt < e(llflloox + L)
Y

Therefore,

tim L f ISt =

10901

(23)
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Using Lemma 2.7 we establish the existence and uniqueness of PAP-mild solution to the linear equation
(6) in the following theorem:

Theorem 2.8. Suppose that Assumption 2.1 holds. We have that if f € PAP(R,X), then S(f) € PAP(R,Y).
This means that the linear equation (6) has a unique pseudo almost periodic mild solution it € PAP(R,Y) for each
inhomogeneous part f € PAP(R, X). Moreover, 1i satisfies

la®lly < Liiflleox, t € R, (24)
for the constant L as in (10).

Proof. Since f € PAP(R, X), we put f = g + ¢, where g € AP(R, X) and ¢ € PAA(R, X). We have

¢
f e""IAB f(1)dt

(o)

t t
f e""V4Bg(r)dT + f e""DAB(n)dT

(o8] —00

5(9)(®) + S(P)(®).

Using Lemma 2.7 we have that S(g) € AP(R, Y) and S(¢) € PAA)(R,Y). Therefore, S(f) € PAP(R, Y) and
Equation (6) has a unique PAP-mild solution # such that (24) by Lemma 2.6. [

S()(®)

3. Solutions to semi-linear equations

3.1. The existence and uniqueness

In this section we consider the semi-linear evolution equations
u' (f) +Au(t) =BG (u)(f),t e R, (25)

where the nonlinear part (also called the Nemytskii operator) G maps from BC(R, Y) into BC(RR, X) and A,
X, Y are the operator and the interpolation spaces similarly as defined in the linear equations (6).

A function u € C(R,Y) is said to be a mild solution to (25) if it satisfies the integral equation (see [15,
equation (17)]):

u(t) = f_ e =D4BG (1) (1) dr. (26)

o0

To establish the existence and uniqueness of the PAP-mild solution for the semi-linear equation (25), we
need the following assumptions on the Nemytskii operator G:

Assumption 3.1. We assume that the operator G : BC(R,Y) — BC (IR, X) maps pseudo almost periodic functions
to pseudo almost periodic functions and there is a positive constant C such that the following estimate holds

IG(u) = G(V)llo,x < Clltt =Vl y
foru,v e B(0,p) ={w e BC(R,Y) : |[wllw,y < p}-

The following theorem shows the existence and uniqueness of the PAP-mild solution to equation (25) in a
small ball of the Banach space PAP(IR, Y).

Theorem 3.2. Suppose that e~*AB satisfies the polynomial estimates as in Assumption 2.1 and Assumption 3.1 holds
for Nemytskii operator G with C and ||G(0)||w,x being small enough. Then there exists a unique pseudo almost periodic
mild solution fi € PAP(R,Y) to the semi-linear equation (25).
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Proof. We denote by BP4P(0, p) := {v € PAP(R, Y) | |[vll,y < p} the ball centered at 0 with radius p > 0 in the

space PAP(R,Y).
For each v € BPP(0, p) we consider the linear equation

u'(t) + Au(t) = BG(v)(t) (27)

Using Theorem 2.8, the above equation has a unique PAP-mild solution defined by

t
u(t) = f e =DABG(v)(1)d7, t € R, (28)

(o)

and we can define the solution operator (see (15)) as

S(G@))(#) := u(t). (29)
Then, we define the mapping @ by

v+— S(G(v)).

Next, we prove that ® maps BP(0, p) into itself and is a contraction mapping on B(0, p). Indeed, we have

t
D(0)(t) = S(G))(t) = f e"=DABG(v)(7)dr.

Since G(v) belongs to PAP(R, X) for u € PAP(R, Y), from Theorem 2.8 it follows that S(G(u)) € PAP(R,Y).

Therefore, ® maps PAP(R, Y) into itself. Moreover, applying Lemma 2.6 and using Assumption 3.1 we can

estimate that

IG@)lleo,x = LIG(0) + G(v) = G(0)llos,x
(IG(O)lleo,x + Cllvlleo,y)
(IGO)llw,x + Cp) < p,

I1P()lleo,y

= = =

<
<
<

for C and [|G(0)||«,x small enough. Therefore, ® maps from B*4P(0, p) into itself.

We now show that @ is a contraction mapping. Indeed, let # and v belong to the ball B(0, p). Applying

again Lemma 2.6 and Assumption 3.1 we can estimate that
[0() ~ ©@)ly < LIGEH) - GOl

< LCllu =l
for all u, v € BP4P(0, p). Hence, @ is a contraction mapping for the small enough constant C.

Then, the contraction principle yields the existence of a unique fixed point # € B*4?(0, p) of ®. By
definition of ® we have that i is PAP-mild solution of the semi-linear equation (26).

In order to prove the uniqueness, we assume that u,v € PAP(R, Y) are two PAP-mild solutions to (26)
such that [[u|l,y < p and ||v]lo,y < p. Then, using Lemma 2.6 and Assumption 3.1 we have

15 (G (1) = G (0)lleo,y
LIG (1) = G (0)lleo,y
LCllu = vll,y -

llu = Vlleo, v

N N

Since LC < 1 for C small enough, we have the uniqueness of PAP-mild solution # in the ball B*4P(0, p). O
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3.2. Stability of the solutions

In this section, we extend the results of polynomial stability of the mild solutions of the fluid dynamic
equations obtained in [16] to the semi-linear equation (25) on the abstract interpolation spaces. In particular,
we need some further abstract assumptions on the operator ¢ 4B and the Nemytskii operator G as in
Assumption 3.3 below to establish the stability of the PAP-mild solution obtained in the previous section.

Assumption 3.3. We assume that:

i) There exist positive numbers 0 < 1 < 1 < By and Banach spaces T, Q1,Qy, K1, Ky such that K; is a pre-dual
space of Q;, K1 N K is dense in K; fori=1,2, eMisg Co-semigroup on Qq and Q, and we have the following
polynomial estimates

By lg, <M y]
By, <M y]

, >0,
! (30)

T,t>O,

for some constant M > 0 independent of t and 1.
it) Putting Q := (Q1,Q2)g,co, where 0 < 0 <1 satisfied (1 — é)ﬁl + éﬁz = 1, there exist positive constants
0 <y <1land Cy > 0such that

e 9]l < Cat7Iglly, ¢ > 0. (31)
iii) For the radius p as in Assumption 3.1 there exists Cp > 0 such that the Nemytskii operator G satisfies
[1G(v1) = G(0)lloo, 7 < Callvr = V20,0,

forall v1, v, € B(0, p) N BC(R, Q) = {v € BC(R,Y) N BC(R, Q) : [[vlleo,y < p}.

Now we extend [16, Theorem 2.5] to state and prove the polynomial stability of the PAP-mild solution
obtained in Theorem 3.2 in the following theorem:

Theorem 3.4. Assume that e™*AB satisfies polynomial estimates as in Assumption 2.1, G satisfies Assumption 3.1
and e7*4, B, G satisfy Assumption 3.3 with C, being small enough. Let i € PAP(R, Y) be the pseudo almost periodic
mild solution of (26) obtained in Theorem 3.2. Then, il is polynomial stable in the sense that: for any bounded mild
solution u € BC(IR, Y) of the semi-linear equation (26), if |||,y and ||1(0) — 6(0)||y are sufficiently small, then

llu(t) — 2(t)llg < Dt forall t > 0, (32)
where D is a positive constant independent of u and .

Proof. Fort > 0 we can rewrite u(t) and #(t) as follows:

u(t) = e u(0) + f e"DABG(u)(1)dr,
0

a(t) = e 0(0) + f e"DABG(0)(1)dr,
0

where o

0
u(0) = I e BG(u)(t)dt and 11(0) = f e BG(i1)(7)d.

o0 —00

By putting v = u — il we obtain that v satisfies the integral equation

t
o(t) = e (u(0) — 1(0)) + f e~ DAB(G(u) (1) — G(f)(1))d. (33)

0
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We set M := {v € BC(R+,Y) : supt” [[v(f)llg < o} endowed with the norm
teR

l9llv == lollpegr,, vy + sup ¥ llo(®)llg-
teR,

Putting 1(0) := 1o and 7(0) := flp we now prove that if ||fi]|,y (hence ||il]|pc(r,,v)) and [[uo — flo|ly are small
enough, then equation (33) has a unique solution on a small ball of M. Indeed, for v € M, we consider the
mapping

¢
D)(t) == e ug — 1) + f e 1B (G(v + 1)(1) — G(0)(T)) d.
0

Setting B(0,p) := {v € M : |[t]ly < p} we prove that for sufficiently small |[il]|e,v, |lflo — olly and C,, the
map @ acts from B(0, p) to itself and is a contraction mapping. Clearly, ®(v) € BC(R,,Y) for v € BC(Rs, Y).
Moreover

t
PO = e (uy— o) + f e DAB(G(v + 0)(1) — G(1)(7)) dt
0

t
e (g — ) + 1 f e B(G(u(t — 7) + 1(t — 7)) — G(i(t — 7)) dt
0

t
e (g — o) + tyf F(t)dt,
0

where
F(7) := e ™B(G(v(t — 1) + 0(t — 7)) — Gi(t - 7))).

By inequality (31) in Assumption 3.3 ii) we have

e 0 = a0l = £ fle* (0 — 0}, < Crlluo = ol -

By Assumption 3.3 i), we have (K, K2),g L= (Q1,Q2)5,00 = Q- We denote by (., .) the dual pair between Q
and (Kl,Kz)’Q_ X The for each ¢ € (Kq,Kz)54 we have

‘<ft1—“(’c)d’c,z,b>
0

Since inequalities in (30) in Assumption 3.3 i), we have the following inequalities on the dual spaces

Therefore, by the same way as in the proof of Lemma 7, we can establish that

(oe]
[
Since ||fl]|e,y is small enough and [|[v|loy < p we can consider ||[|loy < p small enough such that

lv + fllleo,y < p. By using the Lipschitz property of G in Assumption 3.3 iii) the first integral in (35) can be
estimated as

< fo KE(r), )| de
t/2 '
< , d , dt.
< fo (), )| + f/ e, (35)

Be Myl <Mt |y, , t>0,
I <17 ol o

B’e_tAlll’“T/ < Mt P ”17[’”(2'2 , >0,

B’efTA,IP“T' dt <N ||¢||(K1,Kz)0,1 '

t/2 t/2 ,
fo |(F(x), py|dr < fo IG((t - 7) + it — 7)) = G(@a(t = D)l ||[B'e™ ||, d
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t/2
< f Callott = Dl |
0

A *
< (5) Celilw fo |

B’E_TA’IPHT, dt

Be Myl dt

< N2ZE7Cllolh [[9l], ), 37
By (36) and the fact that the canonical embedding K; — Q! (i = 1,2) is an isometry we have that
Be™y| , < Mt Py ,
el < st o ”

for 7 > 0. By applying Theorem 1.3 with noting that (1 — 0)B1 + 0, = 1 and (T", T")5, = T’ we obtain that

for some constant C’ > 0.
Now the second integral in (35) can be estimated as follows:

By, < Mo [yl

B’e_TA/'#HTr < Ct MWl o), "

¢ t
f (Fo,p)|de < | G -1+t - 1) - Gagt - )l |[B'e ™ g, de
t/2 t/2
¢
< Collolly f (t=0)7 [Be™ Y|, dr
t/2
t
< C'Clpl (f t—1 yTld’[)
2 10llm t/Z( ) ”1/)”(1<1,1<2)0~,1
5 [t
’ = —_ 7YY
< CCCZ [l9]lm ; ft/z(t 7) dT“Il)“(Kl,KZ)Q,l
/2'}/ »
< T )/t 7Co |l ||11L'||(K1,K2)9,1 ’ 0
By combining inequalities (37) and (40), we obtain that
t (64 .
f e B(G(u(t — 1) + 4t — 1)) — G(a(t — T)))dt|| < (1 — + N) 2"V Co |[vllp (41)
0 Q

for all £ > 0.
Combining now (34) and (41) we obtain that

1D@)Ily < Cillug = flolly + D' Ca |[vllm

for D’ = (f_:—y + N) 2V > 0. Therefore if |[ug — |y, |lillw,y and C; are small enough, the mapping ® acts the
ball B(0, p) into itself.
Similarly as above, we have the following estimate

|D(v1) — @(v2)|lpg < 2D'Ca |lv1 — 2lln -
Therefore, @ is a contraction mapping for sufficiently small [|up — #lolly, [|éilley and C,. As the fixed point

of @, the function v = u — 7 belongs to M. Inequality (32) hence follows, and we obtain the stability of the
small solution #i. The proof is completed. [
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4. Heat equations with rough coefficients

In this section we will apply the abstract results obtained in the previous sections to the semi-linear
diffusion equations with rough coefficients. Consider a measurable function b : R? — C satisfying b €
L*(RY) and such that Re b > 6 > 0 for some 6 > 0. Consider the semi-linear diffusion equations with rough
coefficients

W' () — bAu(t) = g(t,u), (t,x) € RxR?, (42)

where d > 2, g(t, u) = [u(t)|" u(t) + F(t) for some fixed constant m € IN,m > 2 and a given bounded (on R)
function F.

We know that the operator —A defined on LP(IR?) by Au := —bAu generates a bounded analytic semigroup
(also called ultracontractive semigroup) T(t) := ¢4 on LP(IRY) for all 1 < p < oo (for more details see [2,
Section 7.3.2]) such that

(THHx) = f K, x,y)f(y)dy, t>0andaex, ye RY,
R?

where K(t, x, y) is the heat kernel which verifies the following Gaussian estimate (see [2, Section 7.4]):

alx-y?

IK(t,x, y)| < M W, x,yeRY, (43)

ant
for some constants M, a,b > 0. The semi-linear equation (42) can be rewritten as

W' () + Au(t) = g(t,u), (t,x) € Rx R (44)
The corresponding linear equation is

w'(f) + Au(t) = E(t), (t,x) € RxR". (45)

The Gaussian estimate (43) of the heat kernel K(t, x, y) allows us to verify the L? — L7 smoothing properties
of the ultracontractive semigroup e as follows:

1

e~ xllgrey < C# 26l ey where 1< p < g < +co. (46)

—tA

We establish the LP" — L7"-smoothing estimates of e7* in the following lemma.

Lemma4.1. Let1 <g<ocoand1 <r < +4oo. Then, for 1 < p < q < +oo the following inequality holds

—tA _%(l_l)
lle™ xl|parray < Ct 2% 2 ||X]|pr (o) (47)

A

1_1-0 0 1_1—9+Q
P mnop 9 @ 9

For example we can choose

6 =

1 pp+q  p+g _qp+q)
5 1= 2 s P2EE S, 42 = o

We have that
(LPH(RY), LP2(RY), = LP"(RY) and (L7 (RY), L% (R7)),, = L.

Therefore, by using inequality (46) and applying Theorem 1.3 we obtain that

df1

d(1_1 1-0 _d(1_1 o 41
ey < (CHE0D) (80D ety = CFEO Dl e

Our proof is completed. O
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As a consequence of Inequality (47) we have that e4B, where B = Id (the identity operator) satisfies
Assumption 2.1 and the dual operators B’ = Id and ¢**’ verify Assumption 3.3. Indeed, we choose the
interpolation spaces X, Y7 and Y, as follows:

d(m 1)

X :— 2m ’W(Rd) = Ld(m 1 2m (]Rd) = L 5(— K

= L5 (RY,

where m, d are choosen such that

4mm_1 >d>3and5>m > %
We choose 6 = 1/2, then
d(m 1)
(Y1,Y2)1 0 = ®(RY) =

The preduals Z; and Z; of Y7 and Y5 are given by
74 = L%/l(md) and Z, = L%J(Rd)

respectively.
Using the inequality (47), we have that

_ _5
le~ A lly, < LEHllx,

_ _3
le™*9lly, < L3 llx.
5 3

satisfies the estimates in Assumption 2.1 witha; =, a2 = yand 0 =

Hence, ¢ 4B = ¢4

Now we have

NI=

w2 2 2m-1-))
dm—1) dm=1) dm-1) dm-1)
Therefore, for all u, v € B(0, p) = {v € BC(R,Y) : [[vllw,y < p} and t € R by using weak Holder inequality we
obtain that

m—1
ey ut) = @I o)] < Yl = ol

j=0
< MR g gollul®) = o)y + M@ g llu(®) = vE)lly
m-2
Y OV M@ g () = 0(O)lly
j=1
< Iv(t)IIM y GJH(®) = o®lly + IIM(t)II’meln llu(t) = v(®)lly
m-=2

+2||u(t)||d(,,, OO 1)) = o®lly

= Z @Iy ™ lhutt) = o(e)lly
j=0
< mp" lu(®) — o®)ly,

where || - “d(m D oor [l doy o are denoted the norms on L S *(R?) and LZ('" = “(RY) respectlvely Hence
2m=1-) "

g(t,u) = Iu(t)lm Yu(t) + F(t) satisfies the Lipschitz condition in Assumption 3.1 with C = mp™!. The

boundeness of [|g(, 0)||,x holds due to the boundedness of F.

(

Now, fix any number r > - Since 1 <5< m, we can choose real numbers g; and g, such that

1< <L< <L
h=y73~% dir—1) -2’
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and there exists 6 € (0; 1) such that % = 1,;—19 + qu' Therefore, we can determine the spaces Q1, Q», Ky, Kz, Q

and T in Assumption 3.3 i) as follows:
T := L#5~(RY) = L7172 (R,
Q= L TV(RY), K = LM(RY),
Q := LETV(RY), Ky = L (RY),
Q = (Q1,Q2)g,00 = L' (RY).
Using the inequality (47), we have that

ey ]lo, < Me gl

le 4y, < Me gl

where ; (j = 1,2) are chosen as
_d(1l dir-1)-2r
Pi=3 qj dr '

Therefore, we have that 0 < f < 1 < 1 and 1 = (1 — 6)8; + 6p..
We choose y = —L= — % > 0 and by using again the inequality (47) we have
eyl < CE7 Il

Therefore, e "B = ¢4 and e~ satisfy the estimates in Assumption 3.3 i) and ii) respectively.
Lastly, we have
d+21’_1+ 2j +2(m—1—j)
dr r dm-1) d(m —1)
Therefore, for all u, v € B(0,p) N BC(R, Q) = {v € BC(R,Y) N BC(R, Q) : [|vll,y < p} by using weak Holder
inequality we obtain that

m—1
[l uc) — @I o), < Z [[l(t) = oIt |,

j=0
< [l o Nl = o@lo + M@y wllutt) = o0l
m-2
3 M@ s OO w8 = 0Bl
j:l 2j 7 2(m-1-j)”
< Mo g eollu®) = o®)llg + M@ lg wlle(t) = 02l
m-2
. L
) Ol OIS (e = ol
=1 7/ 7 /®
m—1
4 L
= ) IOy i) - (bl
j=0

< mp" () - o(®)llo-

Hence, g(t, u) = |u(t)" 'u(t) + F(t) satisfies the Lipschitz condition for G in Assumption 3.3 iii) with C; =
m pmfl .
Applying the abstract results obtained in Theorem 2.8, Theorem 3.2 and Theorem 3.4 in the previous
sections, we obtain the existence, uniqueness and stability for the pseudo almost periodic mild solution of
equations (44) and (45) in the following theorem:
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d(m-1) d(m-1)

Theorem 4.2. Let X = L™zn *°(R%), Y = L™= *°(R?) (whered > 2,m > 2, m € N) and F € PAP(R, Y), then the
following assertions hold.

(i) The linear equation (45) has a unigue pseudo almost periodic mild solution u € PAP(R,Y) such that

llu)lly < LIIF]

ox, >0

where L is a positive constant.

(@) If |Flloo,x and p > 0 are small enough, then the semi-linear equation (44) has a unique pseudo almost periodic

(iif) The above solution il is polynomial stable in the sense that for any other solution u € BC(R, Y) of (44), if |||

mild solution 4 in the small ball BPAP(0, p) of the Banach space PAP(R, Y).

o0,Y
and |[u(0) — 21(0)||y are small enough, then we have

[lu(t) — ﬁ(t)HUW(Rd) < ti‘i/ t>0,
2

where r > @.

Remark 4.3. Our abstract results can be also applied to the fluid dynamic equations as in [14, 16].
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