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The Chen type of conoid surfaces family in Minkowski 3-space I3
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Abstract. In this paper, the classification of the conoid surfaces family in Minkowski 3-space 1L? is

conducted under the condition Alr; = A;r;, | = I, II, III, where A; € R and A/ denotes the Laplace operator
with respect to the fundamental forms I, II, and III.

1. Introduction

Euclidean submanifolds of finite type were introduced by Chen [6]. An Euclidean submanifold is said
to be of Chen finite type if its coordinate functions are a finite sum of eigenfunctions of its Laplacian. Chen
posed the problem of classifying the finite type surfaces in the 3-dimensional Euclidean space [E3. Further,
the notion of finite type can be extended to any smooth functions on a submanifold of a Euclidean space or
a pseudo-Euclidean space.

Meng and Liu [18] considered factorable surfaces along two lightlike directions and spacelike-lightlike
directions in Minkowski 3-space and they also gave some classifcation theorems. Beneki et al. [5] indicated
the Minkowski 3-space versions of helicoidal surfaces.

For an 2-dimensional submanifold of a Euclidean space E3, the mean curvature vector H satisfies
Beltrami’s formula:

Ar = -2H. (1)
Formula (1) implies that the immersion is minimal if and only if it is harmonic. The family of submanifolds
of finite type is huge, which contains many important families of submanifolds. Finite type submanifolds
are the natural extension of minimal submanifolds. In [8], Chen has provided some open problems and
conjectures on submanifolds of finite type.

A well known result due to Takahashi [28] states that minimal surfaces and spheres are the only surfaces
in IE3 satisfying the condition Ar = Ar, A € R. In [7], studied the submanifolds of Euclidean spaces satisfying

AH = AH. In [13], authors studied birotational hypersurface and the second Laplace-Beltrami operator in
the four dimensional Euclidean space.

Here in this kind of research, many results can be found in [1, 4, 9-17, 20, 27].
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In this work, some fundamental notions of Minkowski 3-space IL? are introduced in Section 2. In Section
3, the family of minimal conoid surfaces is presented. The family of conoid surfaces satisfying Ar; = A;r;
(as well as Allr; = Ajr; and Allr; = A;r; ) in IL? is determined in Section 4 (and respectively, in Section 5 and
Section 6). Finally, in the last section, a conclusion is provided.

2. Preliminaries

Let I? be a 3-dimensional Minkowski space with the scalar product of index 1 given by gys = ds* =
dx* + dy? — dz?, where (x, y, z) is a rectangular coordinate system of IL°.

A vector V of IL? is said to be timelike if gy:(V, V) < 0, spacelike if g1:(V, V) > 0 or V = 0 and lightlike or
nullif gy3(V, V) = 0and V # 0. A surface in IL? is spacelike, timelike or lightlike if the tangent plane at any
point is spacelike, timelike or lightlike, respectively.

The Lorentz scalar product of the vectors V and W is defined by gy:(V, W) = vywy + vaw, — v3ws, where
V= (01,02, U3), W= (wl,?,()z, ZU3) e L3

We denote a surfaces M? in L by

r(,0) = (r1(,0), r2(u,), r3(1,0)),

The inmersion (M?,7) is said to be of finite Chen-type k if the position vector r admits the following
spectral decomposition

r=r1y+ i,

1~

i=1
where ry is a fixed vector and 7; are IL.3-valued eigenfunctions of the Laplacian of (M2, 7) [6]:
Ari= A, Ai € R,i = 1,2,...,](.

If A; are different, then M? is said to be of k-type. In particular, if one of A;, (i = 1,2, ..., k) is zero, then the
immersion is said to be of null k-type.
The Laplace-Beltrami operator of a smooth function

¢ M* > R, (u,0) - @u,0)

with respect to the first fundamental form of the surface M? is the operator A, determined by [19]:

Ap = ——— |3 | == |- 5 | —=|| ®)

The second differential parameter of Beltrami of a function ¢ : M®> — R, (1, v) — ¢(u,v) with respect to
the second fundamental form of M? is the operator A which is defined by [19]:

- u o Lv_ u
m, _ 1 9 | Noy — Mo +i ¢o — Mo ) 3)

N -] |74 SN -] %7 (N - e

where LN — M? # 0 since the surface has no parabolic points.

If the third fundamental form III is non-degenerate, then the Laplacian Al with respect to III can be
defined formally on the pseudo-Riemannian manifold (M?, III).

The second Beltrami differential operator with respect to the third fundamental form III is defined by
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where e = det(eij) and ¢/ denote the components of the inverse tensor of eij.
If ¥ = (r1, 72, 73) is a function of class C? then we set

AIHT’ — (Alllrl’ AHITQ, AIIIrg).

The mean curvature and the Gauss curvature are

EN + GL - 2FM LN - M?
= e T Ko = g (N, N)———,
kG- ¢ NN Fe R

where E, G, F are the coefficients of the first fundamental form, L, M, N are the coefficients of the second
fundamental form.

In this paper, we classify conoid surfaces family in Minkowski 3-space IL? satisfying some algebraic
equations in terms of the coordinate functions and the Laplacian operators with respect to the first, the
second and the third fundamental form of the surface.

3. Minimal conoid surfaces family in L
In this section we define and study conoid surfaces family in IL3.
Definition 3.1. A surface M? in IL3 is a conoid surfaces family (CSF) if it can be parameterized by [11]:
r(u, v) = (h(v), f(u)coshg(v), f(u)sinhg(v)), (5)
where f = f(u), g = g(v) and h = h(v) denote the differentiable functions.
The coefficients of the first fundamental form of M? are given by
gn=E=f? gn=G=h"-f49"% gu=gn=F=0. 6)

Let N denotes a unit normal vector field and put gy3(N,N) = ¢ = £1, so that ¢ = —1 or ¢ = 1 according
to M? is endowed with a Lorentzian or Riemannian metric, respectively.
The unit normal vector is given by

N = 5 I sinhig), K coshi@)

where Q = gp:(N, N)(f?¢"* — W'?) and

: [ 1, M?isspacelike f2g”> —h'? > 0,
gu(N,N)=¢ &= { ~1, M?is timelike f2g”> — b2 < 0.

The constant ¢ is called the sign of M?. The coefficients of the second fundamental form are given by
_f/g/hl N _ f(g/hll _h/g”)
V2 2

Now, by using the natural frame {N,, N} of M? defined by

L=0 M= 7)

1
N, = —(N,, N3, N3) (8)
Qz
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and
1 1 2 3
N, = E(NU, N2, N3, 9)
where
N. = —gf'h?, N?>=—ffWg?sinh(g), N> =—ffhg?cosh(g),

N}J — fh/(g/h// _ h/gu)/
N% — fZg/(glh/l _ hlg//) Slnh(g) + h/g/(g/ZfZ _ h/Z) COSh(g),
NS = fzg'(g’h" — N1’ g"”) cosh(g) + h’g’(g'Zf2 -1 sinh(g),

the components e;j; i,j = 1,2 of the third fundamental form in (local) coordinates are determined by

72 12h/2
e;r = g]L3(Nu/Nu)=_g gz ,
7 Ih/( /hl/ — hl I/)
612 = gl3(Nll/NU) = fg f ng g 7
_ 2( W — K //)2+ /Zh/ZQ
e = g3(Ny,Nyp) = ¢ ng J .
The expression of H is
_ W —Wa
il 'y ) (10)

203
Then, M? is a minimal surface if and only if
glhl/ _ h/g/l — 0‘ (11)

Case 1. Assume g’ = 0, then g(v) = a € R. In such case, (11) is satisfied for any function h.
Case 2. Assume I’ = 0, then h(v) = f € R. In such case, (11) is satisfied for any function g.
Case 3. Assume g'h’ # 0. Equation (11) writes as

-
9

A direct integration implies that there exist y, 0 € R such that
h(v) = yg(v) + 6.

Therefore, we have the following:

Theorem 3.2. Let M? be a conoid surfaces family in IL?. Let its mean curvature equal zero, then this surface will be
one of the following:

i) 9(v) = a € Rand h is any arbitrary function,

ii) h(v) = B € Rand g is any arbitrary function,

iif) h(v) = yg(v) + 6,7, 6 € R.
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4. Conoid surfaces family satisfying Ar; = A;r;
In this section, we explore the classification of the conoid surfaces family satisfying the relation
Ari = Ajr, (12)
where A; € R, i=1,2,3and
(r1(u,0), r2(u, ), 13(u,0)) = (h(v), f(u)coshg(v), f(u)sinhg(v)).

If we use (2), the Laplacian A of M? is given by

e ? e P e o0 € 0
A Fﬁ_éﬁJrszQ(f Qu-—2f Q)£+2_Q2QU%1 (13)
where Q,, = ‘?9% and Q, = ‘;—%.
By (5), (12) and (13), we get the following system of differential equations:
y 8 & sy q
2Hg’
\/% f (14)
2HK sinh
% = Ayf coshy, (15)
2HHK cosh
% = Asfsinhg. (16)

Therefore, the problem of classifying the conoid surfaces family M?, satisfying (12) and (5) is reduced to
the integration of this system of ordinary differential equations.

Next we study this system concerning the values of the constants A1, A5, A3.

Casel. LetA; =0.

Then, the equation (14) gives rise to H = 0, which means that the surface is minimal. We get also, by the
equations (15) and (16), A, = 0 = A3.

Case 2. LetA; #0.

a) If A, = 0 and A3 = 0 equations (15) and (16) imply that ’ = 0.

Thus (10) implies H = 0. Considering it into (14) yields a contradiction.

b) If A; = 0 and A3 # 0, we have g = 0. From (10) we have H = 0 a contradiction.

o) If A, # 0 and A3 = 0. Then, from (16) we have H = 0 a contradiction.

d) If A, # 0 and A3 # 0. From (15) and (16) we derive

Ay + (A2 — A3)sinh? g = 0. (17)

We have two cases:

d.1) If A, = A3. (17) yields a contradiction due to A, # 0.

d.2) If A, # A3. This implies g’ = 0 which contradicts with H # 0.
Hence, we present the following.

Theorem 4.1. Let r : M? — 1.3 be an isometric immersion given by (5). Then, Ar; = Ajri, A€ R, 1=1,2,3ifand
only if M? has zero mean curvature.
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5. Conoid surfaces family satisfying Allr; = A;r;
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Let r be a conoid surfaces family with non-degenerate second fundamental form in IL? satisfying the

condition

Dy =Air; A ER, i=1,2,3,

and

Allr = (Ary, Ay, Allrs).
The Gaussian curvature K is given by

g,zhzz
Q-

Since the surface has non-degenerate second fundamental form everywhere, we have

K¢ =

f'gh #0, YuveQcCR.
The Laplacian operator A" of M? can be expressed by

A"——l(N) d N ¢ J?

M du Mo “oudv’
Using (5) and (20), we get

0
Allr = (— (%)u f- Mz N_£) cosh g(v) + 2L sinh g(0)
—5 (§), £ = 2 f")sinhg(o) + cosh g9(v)

Since M? satisfies (18), equation (21) gives rise to the following differential equations

0=Mh,

2 ! o
f;wg sinh g(0) = —As f cosh g(v),

(ol oo

(57 B am -

From (23) and (24), we find
2f'g’
M

! o

cosh g(v) = —Asf sinh g(v).

= —f cosh g(v) sinh g(v)(A, — A3).

(18)

(19)

(20)

(21)

(22)
(23)

(24)

(25)

1) Let Ay = A3, from (25), we get f'g’ = 0. So regardless of (19), it gives rise to a contradiction to the

property of being non-degenerate.

2) Let Ay # A3, from (25), we have

(169" — I sinh?(2g(v)) (A2 — A3)?) = 16k

(26)

The partial derivative of (26) with respect to u yields f’f = 0. This leads to a contradiction due to (19).

Therefore, we give the following.

IL3 be an isometric immersion given by (5). There are no conoid surfaces family in L3
without parabolic points, satisfying the condition Allr,=Ar;; AjeR, i=1,2,3.
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6. Conoid surfaces family satisfying Allly; = A;r;

10925

In this section, we consider conoid surfaces family in IL*> with non vanishing Gauss curvature. We
introduce the finite Chen type conoid surfaces family with respect to the third fundamental form of the

surface.

Let 7 be a conoid surfaces family with non vanishing Gauss curvature in L? satisfying the condition

Ay = Airi; AieR, i=1,2,3.

The Laplacian operator A"l of M? can be expressed as

= e ) 2 el )2

-l ol T B
. L ‘9—22+ 2fg’ (h_) P ]
\VQ 92 wAQ\g) dudv

Using (5) and (28), we get

Pl(u/v)
Ay = Ri(u, v) cosh g(v) + R (1, v) sinh g(v) ,
Ri(u,v) sinh g(v) + Ra(u, v) cosh g(v)
where
_ 1 ///_2///_//’/1’__89"
P1(1’l/v) = g,2h, (h h f g9 gh (g/) ) - h/g/SQ’
h, ' 7 /7 /. r 1 71,771,
Ri(u,0) = —#KQ—) @2 = f2g” + gl g — g ')
W ’” W "2
- alv(5) -+ (5))]
I ( 9 g g
_ f W ' 7”2 ’ 2 13
Ro(u,0) = 7\ 7 [2(1+39") - 2297

Since M? satisfies (27), equation (29) gives rise to the following differential equations
P1(u,v) = Mk,

Ri(u,v) cosh g(v) + Ra(u, v) sinh g(v) = Ay f cosh g(v),
Ri(u,v) sinh g(v) + Ra(u, v) cosh g(v) = A3 f sinh g(v).
From (31) and (32), we have
Ri(u,v) = (A cosh? g—As sinh? 9f,
Ro(u,v) = (A3 — A2) f sinh g cosh g.
Next we study this system concerning the values of the constants A1, A5, A3.

Case 1. Let Ay =0, from (30), we obtain g” = 0, namely g'(v) = @, @ € R - {0}.

(27)

(28)

(29)

(30)

(31)
(32)

(33)

(34)
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Hence, we can rewrite R, (1, v) as

fhll

0(2]/1’3

Ro(u,v) = — W21+ 3a) -2 f2a3] . (35)

a) If A, # 0 and A3 = 0. From (34) and (35), we have

"

0(2]’1'3

[h'z(l +3a) - 2f20z3] = Ay sinh g cosh g.

Taking the derivative with respect to u, one gets h”” = 0. From (35), we have R,(u,v) = 0 gives, A, =0 a
contradiction.
b) If A, = 0and A3 # 0. With respect to (34) and (35), we can obtain:

h/l
a2h/3

[h'z(l + 3a) - 2f2053] = —Azsinh gcoshy.

Taking the derivative with respect to u, one gets h”” = 0. From (35), we have Ry(1,v) = 0 gives, A3 =0 a
contradiction.

o If A, =0and A3 = 0. From (33) and (34), we have " = 0. Then, the equation (10) gives rise to H = 0,
which means that the surface is minimal.

d) If A, # 0and A3 # 0. From (33), we have

hl/
ash’4

[Zh’2 —a? f2 - ah'zh"] =—(A, cosh? g—As sinh? ). (36)

Taking the partial derivative of (36) with respect to u gives ff'h” = 0.
We discuss by cases:

d.1) Case ff" = 0. In this case, det(g;;) = 0, a contradiction.

d.2) Casel’”” = 0. Then (31) implies A, = 0, a contradiction.

Case 2. Let Ay # 0. We discuss by cases:
2.1) Case g”" = 0. In the particular case $1(u, v) = 0, we obtain the following contradiction A; = 0.
2.2) Case g” # 0. Taking the partial derivative of (30) with respect to u gives ff’ = 0. Then, det(g;})) = 0, a
contradiction.

Then, we have the following.

Theorem 6.1. Let r : M? — 1.2 be an isometric immersion given by (5). Then, Alr; = Ajr;, where A; € R, i =
1,2,3, if and only if M2 has zero mean curvature.

7. Conclusion

In this paper, we conduct a comprehensive classification of the family of conoid surfaces within
Minkowski 3-space IL3. This classification is based on the condition A'r; = Ay, ] = I, II, III, where
A; € R and A indicates the Laplace operator with respect to the fundamental forms I, II, and III. Initially,
we introduce and discuss key notions and properties related to IL>. Following this, we present the family
of minimal conoid surfaces. Finally, we determine and analyze the conoid surfaces family that satisfies
the conditions for each of the fundamental forms, providing a thorough understanding of their geometric
properties within the Minkowski 3-space framework.



E. Giiler, B. Senoussi / Filomat 38:31 (2024), 10919-10927 10927

References

(1]
[2]
(3]

[4]
(5]

[6]
[7]
[8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]
[26]

[27]
[28]

L. Alias, A. Ferrandez, and P. Lucas, Surfaces in the 3-dimensional Lorentz-Minkowski space satisfying Ax = Ax + B, Pacific |.
Math. 156 (1992), 201-208.

H. Al-Zoubi, B. Senoussi, M. Al-Sabbagh, and M. Ozdemir, The Chen type of Hasimoto surfaces in the Euclidean 3-space, AIMS
Mathematics. 8 (2023), 16062-16072.

M. Bekkar and B. Senoussi, Factorable surfaces in the three-dimensional Euclidean and Lorentzian spaces satisfying Ar; = A;r;,
J. Geom. 103 (2012), 17-29.

M. Bekkar and B. Senoussi, Translation surfaces in the 3-dimensional space satisfying Allr; = y;r;, J. Geom. 103 (2012), 367-374.
C.C. Beneki, G. Kaimakamis, and B.J. Papantoniou, Helicoidal surfaces in three-dimensional Minkowski space. J. Math. Anal.
Appl. 275 (2002), 586-614.

B.-Y. Chen, Total mean curvature and submanifolds of finite type. World Scientific, Singapore, 1984.

B.-Y. Chen, Submanifolds of Euclidean spaces satisfying AH = AH, Tamkang J. Math 25 (1994), 71-81.

B.-Y. Chen, Some open problems and conjectures on submanifolds of finite type. Soochow J. Math. 17, (1991),169-188.

B.-Y. Chen, E. Giiler, Y. Yayli, and H. H. Hacisalihoglu, Differential geometry of 1-type submanifolds and submanifolds with
1-type gauss map. Int. Electron. J. Geom. 16 (2023), 4-47.

E. Giiler and O. Kisi, Conoid surfaces family in three-dimensional Euclidean space, 5 International Conference on Applied
Engineering and Natural Sciences. (2023), 139-146.

E. Giiler and O. Kisi, Conoid surfaces family in Minkowski 3-Space, 5 International Conference on Applied Engineering and
Natural Sciences. (2023), 147-154.

E. Giiler and M. Yildiz, Right conoid hypersurfaces in four-space, Facta Univ., Math. Inform. 38 (2023), 817 -828.

E. Giiler, Y. Yayli, and H. H. Hacisalihoglu, Birotational hypersurface and the second Laplace-Beltrami operator in the four
dimensional Euclidean space [E*, Turkish J. Math. 46(6) (2022), 2167-2177.

E. Giiler, H. H. Hacisalihoglu, and Y. H. Kim, The Gauss map and the third Laplace-Beltrami operator of the rotational
hypersurface in 4-space, Symmetry 10 (2018), no 9, 398.

E. Giiler, M. Magid, and Y. Yayli, Laplace-Beltrami operator of a helicoidal hypersurface in four-space, J. Geom. Symmetry Phys.
41 (2016), 77-95.

E. Giiler, Y. Yayli, and H. H. Hacisalihoglu, Bi-rotational hypersurface satisfying A'x = Ax in 4-space. Honam Math. J. 44 (2022),
219-230.

Y. Li, E. Giiler, and M. Toda, Family of right conoid hypersurfaces with light-like axis in Minkowski four-space. AIMS Mathematics,
9 (2024), 18732-18745.

H. Meng and H. Liu, Factorable surfaces in 3-Minkowski space. Bull. Korean Math. Soc. 46 (2009), 155-169.

B. O’Neill, Semi-Riemannian geometry with applications to relativity, Academic Press, Waltham (1983).

B. Senoussi and M. Bekkar, Translation Surfaces of finite type in H3 and Sol3, Analele Universitdtii Oradea Fasc. Matematica,
Tom XXVI (2019), 17-29.

B. Senoussi and M. Bekkar, Helicoidal surfaces with A/* = Ar in 3-dimensional Euclidean space, Stud. Univ. Babes-Bolyai Math.
60 (2015), No. 3, 437-448.

B. Senoussi and M. Bekkar, Helicoidal surfaces in the three-dimensional Lorentz-Minkowski space satisfying Ay = Ar, Kyushu.
J. Math. 67 (2013), 327-338.

B. Senoussi, Helicoidal surfaces of finite type in the 3-dimensional Heisenberg group, Journal of Interdisciplinary Mathematics. 25
(2022), 1143-1152.

B. Senoussi and M. Bekkar, Translation surfaces of the third fundamental form in Lorentz-Minkowski space, Iranian Journal of
Mathematical Sciences and Informatics. 17 (2022), 165-176.

B. Senoussi and H. Al-Zoubi, Translation surfaces of finite type in Sols, Comment. Math. Univ. Carolin. 61 (2020), 237-256.

B. Senoussi and M. Bekkar, Helicoidal sutfaces in the 3-dimensional Lorentz - Minkowski space IE3 satisfying Alllr = Ar, Tsukuba J.
Math. 37 (2013), 339-353.

S. Stamatakis, H. Al-Zoubi, Surfaces of revolution satisfying A'x = Ax, ]. Geom. Graph. 14 (2010), 181-186.

T. Takahashi, Minimal immersions of Riemannian manifolds, J. Math. Soc. Japan. 18 (1966), 380-385.



