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Abstract. In this paper, we introduce the notion of higher coderivations on coalgebras as an important
generalization of coderivations, and show that there exists a one to one correspondence between the set of
all higher coderivations {D,} with Dy = idc and the set of all sequences of coderivations {f,} with f; = 0.

. . . . . C M
Then we characterize the higher coderivations on the formal triangular matrix coalgebra I' = 0 D ),

and it is shown that the higher coderivations on I' could be described by the higher coderivations on C and
D, generalized higher coderivations on M, and two other related families of maps.

1. Introduction

Let A be an k-algebra. A linear map d : A — A is called a derivation on A if d satisfies the Leibniz
rule d(ab) = d(a)b + ad(b) for all 4,b € A. Derivation is a very important tool in algebra. It originates from
analytical theory. In the mid-20th century, derivations began to be applied to algebras and introduced into
algebraic systems to study the structure and properties of algebraic systems. In 1955, Singer and Wermer [20]
applied derivations to normed algebras. In 1957, Posner [18] studied derivations on prime rings. Since
then, the theory of derivation has been made great development, and many kinds of derivations such as
Lie derivations, Jordan derivations and so on, have been introduced and developed [8, 9]. Derivations
are useful to construct deformation formulas [2], homotopy Lie algebras [22] and they have applications
in differential Galois theory [11]. Algebras with derivations are studied from an operadic point of view
in [10]. In particularly, derivations of polynomial rings and their kernels have been the objects of great
interest for a long time because of their connections with several conjunctures and popular problems in
Commutative Algebra and Algebraic Geometry, such as the Jacobian conjecture and the Zariski cancellation
problem [1, 4, 12].

There are many interesting generalizations of derivations, one of them being higher derivations. Hasse
and Schmidt [5] considered a sequence D = {D,}," , of k-linear map on an algebra A satisfying the following
conditions: Dy = idy and Dy(ab) = Y ; tj=n Dj(a)Dj(b) for all a,b € A and any n > 0. Such a sequence
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D = (D}, is called a higher derivation of A, and is also known as a Hasse-Schmidt derivation of A. A
basic example of higher derivations is the sequence of divided power differential operators {%}:’:0, where
d is a derivation of an algebra A over a field of characteristic zero. A higher derivation D = {D,}" , on A
is said to be locally finite (resp., iterative) if D satisfies for any a € A, there exists an integer n > 0 such

that D,,(a) = 0 for any integer m > n (resp., for any integers i,j > 0, D; o D; = (’J;])D,-Jr]-). If D = (D},
is a higher k-derivation on A, then D; is an k-derivation on A. The concept of higher derivations was
originally introduced in order to remove some of the anomalies in the calculus of derivations on fields
of characteristic p # 0. Nevertheless, higher derivations have important applications in characteristic
zero situations. Heerema [6] showed a review of the theory of higher derivations on fields which form a
background for the study of the uses of higher derivations in automorphism theory of complete local rings.
Mirzavaziri [13] and Saymeh [19] proved that each higher derivation on an algebra A is a combination
of compositions of derivations, hence, characterize all higher derivations in terms of derivations on A.
Triangular matrix rings represent a very important construction and tool in classical ring theory and non-
commutative algebra. Higher derivations on triangular algebras are considered in [26]. Higher derivations
are useful in the theory of automorphisms of complete local rings. In fact, higher derivations can be applied
to Galois theory of fields, to universal higher derivations and to separability criteria [27].

Higher derivations can be interpreted as coalgebra measurings. For each 1 < N < oo, we define a
coalgebra CN = EBL\]:kan with structure maps A and ¢ given by A(x,,) = Y1 X; ® X,—; and &(x,) = ,0. Then
a higher derivation {D,} ; on A defines a measuring CN® A - Aby x,-a = D,() forall1 <n <N
and a € A [21, P.139-140]. We call a higher derivation {D,,}fq\]:0 inner if the associated measuring is inner,
i.e. implemented by an invertible x € Homy(CN, A) such that ¢ -a = ¥, x(c1)ax™!(cz) for all ¢ € CV and
a € A, note that we can assume x(xp) = ¥ '(xg) = 1. Writing «(x,;) = a, and k" 1(x,) = b,, we have that the
higher derivation is inner if and only if D,(a) = }Y.i_, a;ab,_; for all n and a € A, where {an}ff:0 and {bn}fq\’:O are
sequences in A such thatag = by = 1 and Y./ aiby—i = 60 = Xi—g bidy—i. This is equivalent with that given by
Nowicki [17]. See [16, 26] for more results about higher derivations.

As a dual concept of derivation, in 1981, Doi [3] introduced the notion of coderivation in the study of
cohomology of coalgebra, which paved the way for further research on coderivation. In 2012, Nakajima [15]
introduced the concept of generalized coderivations and inner coderivations, and in 2015, as a generaliza-
tion, Nakajima [7] introduced the concept of triple coderivations. In 2016, the first author with coauthors
in [25] introduced cohomological invariants derived from the coalgebraic structure of Hopf algebras and
to use them to study (mostly) infinite dimensional Hopf algebras. formal triangular matrix coalgebra also
represent a very important construction and tool in coalgebra theory. In 2021, the coderivation on formal
triangular matrix coalgebra was described in [24].

Motivated by these ideas and as a continuation of the work in [24], in this paper, we firstly introduce
the notion of higher coderivations on coalgebras as an essential generalization of coderivations. Then we
show that there exists a one to one correspondence between the set of all higher coderivations {D,} with
Dy = idc and the set of all sequences {f,} with f; = 0. Finally we characterize the higher coderivations on
C M
0 D)

This paper is organized as follows. In section 1, we will recall the definitions and results on formal trian-
gular matrix coalgebra and coderivations. In section 2, we will introduce the notion of higher coderivations
{D,} on coalgebra C, and give some examples of higher coderivations. We also prove that {D,} with Dy = idc
could be determined by a sequence of coderivations {f,}. Thus we establish the one to one correspondence
between the set of all higher coderivations {D,} with Dy = idc and the set of all sequences of coderivations
{fu} with fo = 0. In section 3, we characterize the higher coderivations on formal triangular matrix coalge-

bral = ( ¢ M ), where C and D are both coalgebras and M is a C-D-bicomodule. It is shown that the

the formal triangular matrix coalgebra I' =

0 D
higher coderivations on I' could be described by the higher coderivations on C and D, generalized higher
coderivations on M, and two other related families of maps.
Throughout this paper, let k be a fixed field. Unless otherwise specified, all vector space, tensor product
and homomorphisms are all over k. We put ® shorthand for ®. For a coalgebra C, the structure maps of
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C are denoted by A = Ac : C > C®& Cand e = ec : C — k, and for ¢ € C, we use Sweedler’s notation
A(c) = Y. ¢c1 ® cp. For convenience, we usually omit the summation and write A(c) = c1 ® c;. We refer to the

(©)
books of Sweedler [21] and Montgomery [14] for more details on coalgebras and comodules.

2. Preliminaries

In this section, we will recall the definitions of coderivations on coalgebras and formal triangular matrix
coalgebras.

Let A be a k-algebra, and (C, A, ) be a coalgebra. The space Homy(C, A) ia an associative algebra with
respect to the convolution product * defined by (f = g)(c) = Y, f(c1)g(c2), and the identity element is
ne : ¢ = €(c)1a. In particularly, when A = k the algebra structure (Hom(C, k), *, €) is the same as the dual
algebra C* of C.

Recall from [15], a coderivation of a coalgebra (C, A, ¢) is a linear map 0 : C — C satisfying

AS=(5®1+1®)A.

Let (C, A, €) be a k-coalgebra, recall that M is a left C-comodule via left comodule structure map p’ M-
C ® M means that the following conditions hold:

(id® pp' = (A®id)p!, (e®id)pu = id.
If M and N are two left C-comodules, a k-linear map f : M — N is called a left C-comodule map if
(id® flpm = pnf-

Similarly, one can define a right C-comodule M via right comodule structure map p": M - M ® C.

Let C and D be coalgebras, and recall that a C-D-bicomodule M means that M is a left C-comodule and
a right D-comodule via left and right comodule structure maps p' : M - C® M and p" : M —» M ® D
respectively, such that the following diagram commutes:

pr

M M®D
Lp’ lp1®1
1®p"
COM——Ce®MoD

Thus the relations of p/, p” and A are as follows:

Ael)p' =1ep)p, 1oy =@ el)p, 1ep)p = o).

Similar to the Sweedler notation, if M is a C-D-bicomodule, for all m € M, for convenience, we usually
omit the summation and write

Pl(m) = Mc_1> @ M0, pr(m) = mo) ® m(y).

Let C and D be coalgebras, M be a C-D-bicomodule, and

C M c m
F:(O D):{(O d)|VceC,deD,meM},

then, recall from [23], I makes a coalgebra with the following comultiplication and counit:

(o 0)=(5 5)e(G o) 25 4)=(5 a)efs &)
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_ Me_1> 0 0 M<o> 0 mo) 0 0
)‘( 0 0)®(0 0 )*(0 0 J®{0 my )

) = ec(c) + ep(d),

0
5[

C
“l o

forallce C,d € D,m € M. We call T a formal triangular matrix coalgebra.

C M
0 D
linear maps €1, €, : T — k as follows:

81(8 r;):ec(c), 62(8 T;)pr(d).

Lemma 2.1. [24] LetT = ) be a formal triangular matrix coalgebra. For all c € C,d € D,m € M, define

Then we have

(id®el)A(8 ’2):(8 8) (1.1)
(id®£2)A((C) ’Z):(g ’Z;) 1.2)
(£1®id)A((C) ’g)z(g ’g) (1.3)
(ez®id)A(g ’2):(8 2) (1.4)

First of all, we need to recall the following result on the coderivation on I

C

Proposition 2.2. [24] Let T = ( 0 AISI ) be a formal triangular matrix coalgebra, and 6 a coderivation on I'. For

all ( (C) T; ) e T, denote

sl e ™= o(c,m,d) y(c,m,d)
0 d )~ 0 Y(c,m,d)

Then there exist coderivations 6c on C and 6p on D, and linear maps
EM—->Ct:M->D, fM->M,
satisfying
(1) @(c,m,d) = 0c(c) + E(m), y(c,m,d) = f(m), P(c,m,d) = op(d) + t(m).
(2) & is aleft C-comodule map, and 7t is a right D-comodule map.

(3) plof=(Sc®idy+ide® f)opl, prof=(idy®dp+feidp)op.

3. Higher Coderivations

In this section, we will introduce the concept of higher coderivations on coalgebras, and give some
recurrence relations on higher coderivations.
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Definition 3.1. Let C be a coalgebra and {D,, : C — C | n € N} a family of linear maps with Dy = idc, then
D= {D”}n=o is called a higher coderivation on C if

AD, = )" (D;® D). @.1)
i=0
Note that in the above relation, AD; = (idc ® D1 + D1 ® id¢)A, that is, D1 is a coderivations on C.

We denote by HCD(C) the set of all higher coderivations on the coalgebra (C, A, €). Let us define an
operation on HCD(C) as follows. Forany D = {d,,}:;o, D = {d;}::o € HCD(C), the product D+D" = {d,,*d;}
is defined by

dyed, 2 Y diod,
i+j=n

for all non-negative integer n. In particular, d; » d| = d; + d. Notice that HCD(C) forms a monoid with
respect to *.

Example 3.2. Let 0 : C — C be a coderivation, then D = {%}w_o is a higher coderivation. This kind of higher

coderivation is called an ordinary higher coderivation.
Indeed we have the following commutative diagram:

5"

cecC 196+081 cecC 190+081 o 106+681 cecC

From the above diagram, we have

=(1®5+0®1)"A= 2( )(51 ® 5" A = Zm( l)'(61®6”’)A

i=0

Therefore

nfz'

—i)!

— 6”_ i n—i 61
ADH—An!—iO ( Ty ¢ e A= Z(

—)A.

Thus D is a higher coderivation.

Proposition 3.3. Let D = {D,, : C — C} be a family of linear maps. Then D is higher coderivation on C if and
only if {D;,}> is a higher derivation on C* where C* is the linear dual of C, and D;, : C* — C* is given by

Dy(f) = fDu,
forall feC.
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Proof. Forall f,g e C*,

Dy (f*g) = (f *9)Dn = (f ® 9)AD,.

and

Y Di()*D;_(9) = Y .(fDi)* (gDu-1)
i=0 i=0
= (fDi®gani)A

i=0

= |

= (f ® g)(Di ® Dn—i)A
0

= (f®g) ) (Di®D, A,
i=0

i

as claimed. [J

We will show that not all higher coderivations arise from coderivations in the above way.

11198

Lemma 3.4. Let C be a coalgebra and o € C* be any fixed element, &y = idc and for n > 1, we define 6, : C — C as

follow: for any c € C,

6n(0) = a™(c1)c2 — & Her)eaar(es) = @ (er)(@(ea)es — ca(cs)).

Then 6 = {6,}), is a higher coderivation on C, where a® = ec.
Proof. Indeed, we show it by induction on n. Forall ¢ € C,

Ad1(c) = a(cr)er ® c3 — €1 ® coa(c3)
= a(cl)cz ®Cc3 — C10((C2) ®Cc3 + C10((C2) ®c3—01® CzO((C3)
= 01(c1) ® 2 + €1 ® 6(c2),

that is, Ad; = (51 ® id)A + (id ® &1)A.

Obviously 6,(c) = a(c1)0,-1(c2) for all n > 0. Now assume that the sequence {6;(}]’:;3 satisfies

k

ASy = Z(éi ® 5_i)A.
i=0

For 6,, we have

A6, (c) = alc1)Ad,-1(c2)

n—1
- Z a(c1)(i(c2) ® Sp-1-i(c3))
=0

n—1
= Z 0i+1(C1) ® Op—iis1)(c2) + a(c1)c2 ® Op—1(c3)
im1

= Z 0i(c1) ® Oy-i(c2) + a(c1)ea ® Op-1(c3)
i

= Z 0i(c1) ® 0u-i(c2) + (61(c1) ® Ou-1(c2) + €1 ® a(c2)0n-1(c3))

i=2
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0i(€1) ® On-i(c2) + (61(c1) ® 6y-1(c2) + €1 ® O4(c2))

o

= 0
N

6i(c1) ® On-i(c2)

1

s
o

(6i ® On-)A(c)-

=

o

The proof is completed. O

Lemma 3.5. Let C be a coalgebra, D = {D,} ; be a higher coderivation on C. For any m > 1, we define a new family
of mappings 6 = (0.}, from C to C by

5n={ 0, ifmin,

D,, ifn=rm.

Then 6 = {04}, is a higher coderivation on C.

0

n

Proof. (1)If m { n, forall0 < i < n, either 6; = 0 or 5,—; = 0, hence 6;®5,_; = 0. Obviously Ad, = Y. (6;®d,-i) =
i=0

0.

(2) If m | n and n = rm, then
AS, = AD, = ) (D;® Dy,
i=0
and forall 0 <i < n,either 5, =0,0,_; =0o0r 6; # 0,0,—; # 0. Hence

n

Y (0:®06,) = ) (Oim @ Si) = ) (Di®Dy).
i=0

i=0 i=0
The proof is completed. O
Lemma 3.6. Let C bea coalgebraand D = {D,}}_ be a sequence of linear mappings of C. If there exist two sequences
{an}y”, and {Bul;, of elements in C* satisfying the conditions: ag = fo = € = 1c- and

n

n
Z Qifn-i = Opp€ = Zﬁzﬂn—i
i=0

i=0

such that

n

Dul(@) = ), aj(er)eafu-(ca),

j=0

for all ¢ € C and each non-negative integer n, where 6, is the Kronecker sign. Then D = {D,}.  is a higher
coderivation of C. This kind of higher coderivation is called an inner higher coderivation.

Proof. By the definition of D, from [17] we could see that D" is a higher derivation on C*, where

n

Dy(f)(c) = Y ailer) flea)fn-i(ca),

i=0
forall f € C*,c € C. Therefore by Proposition 3.3, D is a higher coderivationon C. [

Lemma 3.7. Let C be a coalgebra and 6 = {6,};", a higher coderivation on C. Then ec6, = 0 for all positive integer
n.
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Proof. We prove it by an induction on n. First of all, since 6; is a coderivation on C, by [24, Lemma 2.1],
€c(51 =0.
Now we assume that ¢c6 = 0 for all k < n. Then forallc € C,

£cOu() = ec(On(ch)ec(dn(c)2)
= Y ec(ilen)ec(Eni(c2)
i=0
= 2ec(c1)ec(0n(c2))
= 2€C6n(c)/
where the third identity holds by the inductive hypothesis. Thus ¢c6, = 0. O

For the relation between higher coderivation and coderivation, we have the following result.

Proposition 3.8. Let D = {D,} be a higher coderivation on C with Dy = idc. Then there exists a sequence {f,} of
coderivations on C such that for each nonnegative integer n,

n
(n+1)Dyyq = Z Dk frs1-
k=0

Proof. We give the proof by using induction on n. For n = 0, we have Dy = idc and Dy fi = f1. Thusif fi = Dy,
then f; is a coderivation on C.
Now suppose that f; is defined and is a coderivation for all k < n. Putting

n-1
fn+1 = (Tl + 1)Dn+1 - Z Dn—kfk+1r
k=0

Now we will show that the well-defined mapping f; is a coderivation on C.
Since {D,} is a higher coderivation on C, we have that

n-1

Afpa = (1 +1)ADyir = Y ADy it
k=0
n+1 n-1 n—k
=(1+1) ) (De®Dua A=) Y (D1® Dy i DAfisr.
k=0 k=0 1=0

Since fi, -, fu are coderivations, we have that

[y
=
=

n+1

=

Afprt = (1+1) ) (De®Dpaa A= Y Y (D@ Dy i 1)(idc @ finr + firn @ idc)A
k=0 k=0 1=0
n+1 n-1 n—k
=n+1) Z(Dk ® Dyy1-0)A — (D1 ® Dy—k-i fer1 + Difsr ® Dypi-)A.
k=0 k=0 1=0
n—-1n-k
In the summation ), )., we have 0 < k+ ! < n and k # n. Thus if we put r = k + [, then we can write it as
k=0 =0
n
theform ), ), . Putting!=r -k, we indeed have
=0 k+I=rk#n
n+1

Afprt = (1+1) ) (D ® Dyt A
k=0
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n
- Z Z (Dr—k ® anrfk+1 + Dr—kfk+1 ® Dn—r)A

r=0 0<k+I<nk#n

n+1 n-1 r
= (” + 1) Z(Dk ® Dn+1—k)A - (Dr—k ® Dn—rfk+1 + Dr—kfk+1 ® Dn—r)A
k=0 r=0 k=0
n—1
- Z(ank ® frs1 + Dyi fir1 ® idc)A.
k=0

By our assumption

n
(n+1)ADy1 = ) ADy fean.

k=0
Therefore
n+l n n-k
(n+1) Z(Dk ® Dyy1-1)A = (D1 ® Dy—k-)Afr
k=0 k=0 1=0
n n-k
= (D1 ® Dyy—-1)(idc ® fir1 + fra1 ® idc)A
k=0 1=0
n n-k
= (D1 ® Dy—g-i fis1 + Difie1 ® Dpg)A.
k=0 1=0
n n—k nor
By a similar argument, we can write ), ), as the form }; }.. Putting I = r — k, we have
k=0 1=0 r=0 k
n+1
(n+ 1>Z<Dk ® Dyi1 1A = Z Z(D —+® Dyt fist + Durfoer ® D)
r=0 k=0
-1
Z Z(Dr k ®Dn rfk+1 + Dr kfk+1 ® Dn r)A
r=0 k=0
n
+ ) Dyt ® fre1 + Dy fra1 ®idc)A
k=0
n-1 r
Z Z(Dr k ®Dn rfk+1 + Dr kfk+l ®Dn r)A
=0 k=0
n—1
+ ) (Dnk ® fra1 + Dyi fre1 ® idc)A + (idc ® fre1 + fra1 @ idc)A
k=0
Thus

Afn+1 = (idC ®fk+1 + fk+1 ® idC)A/
that is, f,+1 is a coderivation. The proof is completed. [

Theorem 3.9. Let (D}, be a higher coderivation on an coalgebra C with Do = idc. Then there is a sequence {f,}
of coderivations on C such that

D=}, Z(Hr}+ S
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i
where the inner summation is taken over all positive integers r; with Y, r; = n.
j=1

Proof. We first show that if D,, is of the above form, then it satisfies the recursive relation of Proposition 3.8.
Since the solution of the recursive relation is unique, this proves the theorem. Simplifying the notation, we

put
i 1
T H ot
1 7 7

Note thatifry +---+ 7, =n+ 1, then
(n+ 1)“71 i = Ay

Moreover a,,1 = nlj Therefore

n+l

(4 DD =Y 1 Y 0+ Dannfio fi|+ fin

=2\ iy r=ntl

n+1 n+2-i

Z aVz,'",Vx‘fVi o 'sz fVl + fn+1

i=2 =1 Z;:27j=n+1—r1

n |n-ri+l

Z Z Z arZ/'“/"if"i o 'frz fh + fn+1

= i= T
rn=1| i=2 Z/.:Zr,_n ri+1

n n
= Z Dn—r1+1fr1 + fn+l = Z Dn—kfk+1'
r=1 k=0

The proof is completed. [

Theorem 3.10. Let C be a coalgebra, ® the set of all higher coderivations D = (D}, on C with Dy = idc and W
be the set of all sequences {f,} of coderivations on C with fy = 0. Then there is a one to one correspondence between ®
and \W.

Proof. Let {f,} € W. Define D,, : C = C by Dy = idc and

D=y Z(]L+ |

i=1 E’ r=n =1

We show that {D,} € ®. By Theorem 3.9, {D,} satisfies the recursive relation

n
(n +1)AD,1q = Z AD,y_ fsn-
k=0

To show that {D,} is a higher coderivation, we use induction on n. For n = 0, we have Dy = idc. Let us
assume that

k
ADy = Z(Di ® Dy-i)A
i=0
for k < n. Thus we have

n
(n+1)ADp41 = Z AD,, i fis1
k=0
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=
=

n—

(D1 ® Dy—i—D)A fres1

>

||
o
= o~
Il
o

B

(D ® Dk )(I ® frs1 + fir1 ® DA

-
= |

o
= —
| I}
> O

(D; ® Dy frs1 + Dy fie1 ® Dyg1)A,

k=0 1=0
and
n+1 n+1
(1+1) ) (Dx®Dyur-)A = ) (k+n+1-K)Dx @ Dyur-p)A
k=0 k=0
n+1 n+1
= ) (Dx®Dy1)A+ ) (D3 ® (1 +1~HDy1)A.
k=0 k=0
n+1 n+1
LetS= Y (kDy®Dyy1)Aand T = Y, (Dy® (n+ 1 —k)D,41-1)A, then
k=0 k=0
n+1
(n+1) Z(Dk ®Dya1)A=S+T.
k=0
For S, we have
n+1
§= ) (Dy®Dy-p)A
k=0
n+1
=) (1+1 =KDy ® DA
k=0

=Y (1 +1=KDy1 ¢ ® DYA
k=0
n n—k
= ((Z Dy_1-kfis1) ® Dp)A
0

k

~ T
[==}

|
=

= (Du-i-kfir1 ® Dp)A

=

=
=

(=}
(=}

= (D1 fes1 ® Dy—i—k)A.
1=

=

=
[=}
[=}

For T, we have

n+1

T=Y (D¢®(n+1 =KDy A
k=0

=Y (Di@(n+1-k)Dy-pA
k=0
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n n—k
= Z(Dk ® (2 Dy—-1f1:1))A
k=0 =0

n n-k
= (Dx ® D1 fis1)A
=0 =0
n n-k
= (D1 ® Dy fre1)A.
k=0 =0
Therefore
n+1
(14 1)ADys1 = S+ T = (1+1) ) (D ® Dyer-)d,
k=0

n+l

thatis, AD,+1 = Y, (Dx ® Dyy1-1)A. Thus {D,} € ©.
k=0
Conversely, suppose that {D,,} € ®. Define f, : C = Cby fy = 0and

n-2
fn =nD, — Z Dn—k—lfk+1‘
k=0

Then Proposition 3.8 ensures us that {f,} € V.
Now define ¢ : ¥ — @ by ¢({f,}) = {Dy}, where

Dn:Z Z (H Tj+ )ﬂx fVl ’

Clearly ¢ is a one to one correspondence. The proof is completed. [

4. Higher coderivations on formal triangualr matrix coalgebras

In this section, we will describe the higher coderivations on formal triangualr matrix coalgebras.

C M
0 D
I. Then forallce C,de D,m e M,

D ( c m )_( () + En(m) fa(m)
"o d | 0 &, (d) + T,,(m)

Proposition 4.1. LetT = ( ) be a formal triangular matrix coalgebra and {D,},’ ; a higher coderivation on

where 6, :C - C,0;,:D—>D, & :M—C1,: M— D, f, : M — M are all linear maps satisfying
(1) {0n}y(resp., {0,},) is a higher coderivation on C(resp., D);
n—1 n-1

(2) A&, = Z (61 ® CSn—i)Pl/ AT, = Z (Tn—i ® 5:)Pr,

i=0 i=0
(3) Set fo = idp, then

p'fe =) 5® fudp, 3.1)
i=0

P fa = Z(fn—i ®0)p". (3.2)
i=0
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Proof. We prove this theorem by induction on #n. First of all, by Proposition 3.5, the conclusion holds when
n=1.
Now assume that the conclusion holds for D;, i =1,2,--- ,n—1. For all c € C, define

D c 0) [ 6uc) vul(o)
"o 0]~ 0  Bulo) )’
where 6, : C = C,f,:C = D,y, : C > M are maps. Then on one hand,

c 0)_ f 0u©) yulo)
son(§ g )=a( " 0

_[ 601 O ou(c)2 0 Vn(€)<-1> 0 0 yu(c)<o>
A5 8o B ) S )eln )

0 yu(©)o 0 0 0 0 0
+(0 0 )®( Vn(C)(l))+(0 ,Bn(c)l)®(0 ﬁn(c)z)'

co ©

On the other hand,

:( a 0 ®( Onlc2) Vn(CZ) )+( On(c1) Vn(cl) )®( ¢ 0 )
0

0 0 Bulc) 0 Bulcr) 0 0
V[ 6ic) 0 [ Suiler) O
+i:1( 0 o)®( 0 0)'

Since {D,} is a higher coderivation, we have

51(01 ® Bu()2 = ) (6@ 5,-)A(C),

i=0
Yn(€)<-1> ® Yn(C)<0> = €1 ® Vu(c2),
Yn(©)0) ® Yn(c)ay =0,
Br(c)1 ® pu(c)2 = 0.

Therefore g, = 0,y, =0, and {0,} is a higher coderivation on C. Moreover

c 0} [ 064c) O
D”(o 0)‘( 0 0)'

00y (0 0
D”(o d)=(0 6;(51))’

for all d € D, where {6},} is a higher coderivation on D.

For all m € M, define
b ( 0 m )_( Ealm)  fulm) )
n O O - 7

Similarly we could obtain

0 T (1)
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where &, : M — C, f, : M — M, 1, : M — D are linear maps. Then on one hand,

0 m\_ [ &u(m) fu(m)
AD"( 0 0 )_A( 0 T,,(m))

:( én((;n)l 8 )®( én((T)Yl)z 8 )+( fn(m())<—1> 8 )®(

0 fu(m) 0 0 0 0 0
+(0 0(0))®(0 fn(m)a))+(0 Tn(m)1)®( Tn(m)z)‘

On the other hand,

Mme1> O 0 meos Mme1> 0 0 meo>
("5 §Jerd o "5 )" S )el o ")
-1

_ ( 0i(me_15) 0O )®( En-ilm<os) fn—i(m<0>) )
- 0 0 0 Tp—i(M<0>)

0 0 0 Tp(Mcg5) 0 0 0 0

+( me1> 0 )®( En(meos) fn(m<0>) )+( On(me_1>) O )®( 0 meos

For the second term,

"o 0 Mo (00
Z(J:Dl(o 0 |®DPril 0 my,
.

= &ilm)  filmo) | o ( 0 0 )
0 Ti(M ) 0 & _.(mw)
0
0

m) 0 0 Enlmgy)  fu(m)) 0 0
0 )®(o 5;(m(1)))+( 0 Tn(n’l(o)))@)(o m(l))'

—

—_

4

Hence we get

n—-1 n—-1
A&, = { 5 ® 5n_i] P, Aty = [Z T ®6g] o,
i=0 i=0
n—1
ol fy = {Z 5 ® fn_,-] o'+ (6, ®id)p,
i=0

11206
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n-1

o f= (Z fuei ® 5;] o+ (d® 5.

i=0
Set fo = idy, and we could finish the proof. [J

Definition 4.2. Let C and D be coalgebras, M be a C-D-bicomodule via p' and p" respectively, {5, : C — C} and
{0, : D — D} be higher coderivations. The family of linear maps {f, : M — My} is called a generalized higher
coderivation with respect to ({0,},{0,}) if the relations (3.1) and (3.2) hold.

Lemma 4.3. Let {D,};" , be defined in Proposition 4.1. Then for all m € M,

En(m) + Z ep(Ti(Mm<o>))0n-i(Mm<-15) = 0, (3.3)
=1

Tu(m) + Z ec(&i(m)))o;,_(ma)) = 0. (3.4)
i=1

Proof. We only prove the identity (3.3), and (3.4) could be proved similarly. For all m € M, on one hand,
. 0 m _ 0 f n(m)
aoenn,(§ 1 )=(8 50 )
On the other hand,

(z‘d@ez)Z(Di@Dn_i)A( o )

i=0

+(id®52)ZDi( m<0‘1> 8 )®Dn_,-( 8 ’”60> )
i=0

n-1
Lemma 4'4( E”gn) {’;Ezi )+;€D(Tn—i(m4)>))( 6i(m6_1>) 8 )
Therefore .,
Eu(m) + Y ep(Tuilmo-))8i(m 1) = 0,
i=0
or

En(m) + Z ep(Ti(tegs))Opn-i(Mm<_15) = 0.
i=1

The proof is completed. [

C
0 D
Then the following assertions are equivalent:

(1) {Du}2., given by
D ( c m )_( On(c)  fu(m) )
"\o0 d | 0 o, (d)

is a higher coderivation on I', where {6,,} (resp. {6},}) is a higher coderivation on C (resp. D), and {f, : M — M}
is a generalized higher coderivation with respect to ({04}, {67,}).

Proposition 4.4. LetT = ( ) be a formal triangular matrix coalgebra, and {D,, : T — T’} | a family of maps.
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(2) {Dy};, is a higher coderivation on T with €1D,, = 0 for all positive integer n.
(3) {Dn};, is a higher coderivation on T with &,D, = 0 for all positive integer n.

Proof. (1) = (2). Clearly for alln € N, D, is linear. Forallce C,d e D,m € M,
AD"( c m ) _ A( Ou(c)  fulm) )

0 d 0 &(d)
— 671(6) 0 61’1(C) 0 fn(m)<— > 0 0 fn(m)< >
(7 S Jel 75 G (M )es M)

0 0 0 \. (0 0o \ (0 0
0 0 fulm)qy 0 6,(dn 0 6,(d):
v [ i) 0 On-i(c2) 0\ N[ Silme1s) O 0 fuilmes)
‘,( 0 0)®( 0 0)*2( 0 0)®(0 0" )
)

0
S (0 fi(m 0 0 ~(0 0 0 0
L (0 0 )®(o 8/ (mq) )*;(0 5/(dh) )®(o 5;1_1.(112))

1

That is, {D,} is a higher coderivation. It is easy to check that e;D,, = 0.
(2) = (1). Assume that {D,} be a higher coderivation on I, then by Proposition 4.1,

D ( c m )_( On(c) + Eu(m) fu(m)
Lo d |~ 0 oL (d) + T,(m) |’

with 0y, 67, &4, fu, Tn satisfying the conditions (1)-(3) of Proposition 4.1.
Since ¢1D,, = 0(n > 0), we have

ec(én(m)) = 0.
The relation (3.4) implies
T,(m) = 0.
Again by relation (3.3), we have
En(m) = 0.

c m ) _[ oulc) fulm)
Dn(o d)_( 0 6;,(d))‘

In a similar way, one could also acquire the equivalence between (1) and (3). The proof is completed. [

Therefore

Conflict of interest

The authors declare there is no conflicts of interest.

References

[1] J.Bell,J.J. Zhang, Zariski cancellation problem for noncommutative algebras, Selecta Mathematica (New Series), 23 (2017), 1709-1737.

[2] V.E.Coll, M. Gerstenhaber, A. Giaquinto, An explicit deformation formula with noncommuting derivations, in Ring Theory 1989 (Ramat
Gan and Jerusalem, 1988/1989), Israel Math. Conf. Proc., 1, Weizmann, Jerusalem, (1989), 396-403.

[3] Y. Doi, Homological coalgebra, Journal of the Mathematical Society of Japan, 33 (1981) 31-50.

[4] G. Freudenburg, Algebraic theory of locally nilpotent derivations, Encyclopaedia of Mathematical Sciences, 136. Invariant Theory
and Algebraic Transformation Groups, VIL Springer-Verlag, Berlin, 2006. xii+261 pp.



(5]

[6]
[7]
(8]
[9]
[10]
[11]

[12]

[13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]
[26]

[27]

D. G. Wang et al. / Filomat 38:32 (2024), 11193-11209 11209

H. Hasse, F. K. Schmidt, Noch eien Begriidung der theorie der hoheren Differential quotienten in einem algebraischen Funtionenkorper
einer Unbestimmeten, J. Reine. Angew. Mathematik, 177 (1937), 215-237.

N. Heerema, Higher derivations and automorphisms of complete local rings, Bull. Amer. Math. Society, 76 (1970), 1212-1225.

H. Komatsu, A. Nakajima, On triple coderivations of corings, Int. Electron. J. Algebra, 17 (2015), 139-153.

H. Komatsu, A. Nakajima, Generalized derivations of associative algebras, Quaestiones Mathematicae, 26 (2003), 213-235.

G. FE. Leger, E. M. Luks, Generalized derivations of Lie algebras, ]. Algebra, 228 (2000), 165-203.

J. L. Loday, On the operad of associative algebras with derivation, Georgian Mathematical Journal, 17 (2010), 347-372.

A. R. Magid, Lectures on differential Galois theory, University lecture series, Vol.7. American Mathematical Society, Providence, RI,
1994.

L. Makar-Limanov, Locally nilpotent derivations, a new ring invariant and applications, preprint, 2008, available at
http://www.math.wayne.edu/ Iml/ImInotes.pdf.

M. Mirzavaziri, Characterization of higher derivations on algebras, Comm. Algebra, 38 (2010), 981-987.

S. Montgomery, Hopf Algebras and their Actions on Rings, CBMS Regional Conference Series in Mathematics, Vol.82, AMS,
Providence, RI, 1993.

A. Nakajima, On generalized coderivations, Int. Electron. J. Algebra, 12 (2012), 37-52.

A. Nakajima, On generalized higher derivations, Turkish J. Mathematics, 24 (2000), 295-311.

A. Nowicki, Inner derivations of higher orders, Tsukuba Journal of Mathematics, 8(1984), 219-225.

E. Posner, Derivations in prime rings, Proc. Amer. Math. Society, 8 (1957), 1093-1100.

S. A. Saymeh, On Hasse-Schmidt higher derivations, Osaka Journal of Mathematics, 23 (1986), 503-508.

L. M. Singer, J. Wermer, Derivations on commutative normed algebras, Mathematische Annalen, 129 (1955), 260-264.

M. E. Sweedler, Hopf algebras, Benjamin, New York, 1969.

T. Voronov, Higher derived brackets and homotopy algebras, ]. Pure Appl. Algebra, 202 (2005), 133-153.

D. G. Wang, Morita-Takeuchi contexts acting on graded coalgebras, Algebra Colloquium, 7 (2000), 73-82.

J.C. Xu, M. T. Liu, D. G. Wang, D. W. Lu, Coderivations on Formal Triangular Matrix Coalgebras, Journal of Qufu Normal University,
50(2024), 47-52.

D. G. Wang, J. J. Zhang, G. B. Zhuang, Primitive Cohomology of Hopf algebras, J. Algebra, 464 (2016), 36-96.

F. Wei, Z. K. Xiao, Higher derivations of triangular algebras and its generalizations, Linear Algebra and its Applications, 435 (2011),
1034-1054.

M. Weisfeld, Purely inseparable extensions and higher derivations, Trans. Amer. Math. Society, 116 (1965), 435-449.



