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Available at: http://www.pmf.ni.ac.rs/filomat

Approximation properties of a general sequence of
λ−Szász-Kantorovich-Schurer operators

Nadeem Raoa,∗, Uday Raj Prajapatib, Mohammad Shahzadc, Brijesh Kumar Sinhad,∗

aDepartment of Mathematics, University Center for Research and Development, Chandigarh University, Mohali-140413, Panjab, India
bDepartment of Mathematics, Faculty of Engineering and Technology, Veer Bahadur Singh Purvanchal University, Jounpur, U.P., India

cDepartment of Mathematics, University Institute of Science, Chandigarh University, Mohali, Punjab-140413, India
dSchool of Information Technology, Artificial Intelligence and Cyber Security, Rastriya Raksha University, Gandhinagar-302305, Gujrat, India

Abstract. In the present manuscript, we study the approximation properties of a new sequence of modified
Szász Kantorovich Schurer operators which depends on parameters λ ∈ [−1, 1] and ρ > 0. Further,
we prove a Korovkin-type approximation theorem to discuss uniform convergence of these sequences
of operators and obtain the order of approximation of these operators in terms of classical modulus of
continuity. Moreover, univariate and bivariate versions of these sequences of operators are introduced
in their respective blocks. Rate of convergence, order of approximation, local approximation, global
approximation in terms of weight function and A-statistical approximation result are investigated via first
and second-order modulus of smoothness, Lipschitz classes, Peetre’s K-functional in different spaces of
functions.

1. Introduction

Bernstein (1912) [1] introduced an important sequence of polynomials which are known as Bernstein
polynomials in order to demonstrate the proof of Weierstrass approximation theorem as:

Bm(1; u) =
m∑

j=0

1

(
j

m

)
qm, j(u), 0 ≤ j ≤ m, (1)

where 1 is a continuous function defined on [0, 1] and qm, j(u) =
( j

m
)
u j(1 − u)m− j. The sequences of operators

given in (1) are restricted in C[0, 1] only. To investigate the approximation properties on unbounded interval,
i.e., [0,∞), Szász (1950) [2] presented a new generalization of operator (1) as:

Sm(1; u) =
∞∑
j=0

1

(
j

m

)
Qm, j(u),u ∈ [0,∞), (2)
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where 1 ∈ C[0,∞) and Qm, j(u) = e−mu (mu) j

j!
. The operators given in (2) are restricted for the space of continu-

ous functions only. Many modifications are investigated for the operators (2) by the several mathematicians,
viz. Mohiuddine et al. ([3]-[5]), Mursaleen et al. ([6]-[8]), Braha et al. ([9]-[11]), Alotaibi et al. ([12, 13]),
Aslan et al. ([15]-[17]), Rao et al. ([18]-[23]), Ansari et al. [24]and Özger et al. [25]. In 2010, Ye et al. [27]
constructed a new Bézier bases with shape parameter λ by

c̃m,0(λ; u) = qm,0(u) −
λ

m + 1
qm+1,1(u),

and

c̃m, j(λ; u) = qm, j(u) + λ
(

m − 2 j + 1
m2 − 1

qm+1, j(u) −
m − 2 j − 1

m2 − 1
qm+1, j+1(u)

)
, (3)

where λ ∈ [−1, 1] and 1 ≤ j ≤ m−1. To achieve flexibility in approximation results, Cai et al. [28] introduced
a new generalization of Bernstein operators (1) as follows:

Bm,λ(1; u) =
m∑

j=0

c̃m, j(λ; u)1
(

j
m

)
, (4)

where 1 ∈ C[0, 1] and c̃m, j(.; .) are defined in (3).

Remark 1.1. The sequence of operators introduced in (4) are particular case of classical Bernstein operators given in
(1) for λ = 0.

Further, they studied several approximation properties in terms of Voronovskaja type theorem and the
modulus of continuity. These operators given in (4) are restricted for the class of the continuous functions
only. To approximate Lebesgue measurable functions, Acu et al. [29] introduced a Kantorovich variant of
these operators.

In continuation, Kumar [30] presented a new kind of Kantorovich variant of the λ- Bernstein operators
based on the two non-negative parameters α, β and 0 ≤ α ≤ β to get better approximation results as follows:

K
α,β
m,λ(h; u) =

m∑
j=0

c̃m, j(λ; u)
∫ 1

0
h
(

j + tα

m + β

)
dt, f or each u ∈ [0, 1], (5)

where c̃m, j(λ; u) is defined in (3).

In addition of above litrature, Qi et al. [26] introduced Szász type operators based on shape parameter
λ as follows:

Ts,λ(h; u) =
∞∑
j=0

Q̃s, j(λ; u)h
(

j
s

)
, (6)

where the basis function Q̃s, j(.; .) as:

Q̃s,0(λ; u) = Qs,0(u) −
λ

s + 1
Qs+1,1(u),

and

Q̃s, j(λ; u) = Qs, j(u) + λ
(

s − 2 j + 1
s2 − 1

Qs+1, j(u) −
s − 2 j − 1

s2 − 1
Qs+1, j+1(u)

)
, (7)

where u ∈ [0,∞) and h ∈ C[0,∞) which are termed as λ-Szász operators.
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Remark 1.2. λ−Szász operators defined in (6) is a particular case of Szász (2) operators. For λ = 0, the operators
discussed in (6) turn into (2). The sequences of these operators are restricted for continuous functions only.

To approximate in the wider class, i.e., the space of Lebesgue measurable functions, Aslan [31] constructed
a Kantorovich variant of λ−Szász operators as follows:

Es,λ(h : u) = s
∞∑
j=0

Q̃s, j(λ; u)
∫ j + 1

s
j
s

h(t)dt,u ∈ [0,∞), (8)

where Q̃s, j(.; .) are same as in (7). Motivated with the above development, we present a general sequence
of Szász Kantrovich Schurer type operators to achieve flexibility in the approximation results in terms of
parameter ρ as follows:

Fρs+l,λ(1; y) =
∞∑
j=0

Q̃s+l, j(λ, y)
∫ 1

0
1

(
j + νρ

s + l + 1

)
dν, (9)

where ρ, l > 0 and Q̃s+l, j(.; .) is found in (7) by replacing s by s + l.
In subsequent sections some estimates are calculated in terms of central moments and test functions.
Further, we prove a Korovkin-type approximation theorem and obtain the order of approximation of these
operators. Moreover, univariate and bivariate version of these sequences of operators are introduced in their
respective blocks. Rate of convergence, order of approximation, local approximation, global approximation
in terms of weight function and A-statistical approximation result are investigated via first, second-order
modulus of smoothness, Lipschitz classes, Peetre’s K-functional in different spaces of functions.

2. Some Estimates

Lemma 2.1. [26] We recall the following equalities:

Ts,λ(1; z) = 1,

Ts,λ(t; z) = z +
[

1 − e−(s+1)z
− 2z

s(s − 1)

]
λ,

Ts,λ(t2; z) = z2 +
z
s
+

[
2z + e−(s+1)z

− 1 − 4(s + 1)z2

s2(s − 1)

]
λ.

Lemma 2.2. Let e j(t) = t j be the test function. Then, for the given operator (9), ρ > 0, s + l ∈N, one has

Fρs+l,λ(e0, y) = 1,

Fρs+l,λ(e1, y) =
(s + l)y
s + l + 1

+
1

(ρ + 1)(s + l + 1)
+

[
1 − e−(s+l+1)y

− 2y
(s + l + 1)(s + l − 1)

]
λ =Wρ

s+l,λ,

Fρs+l,λ(e2, y) =
y2(s + l)2 + y(s + l)

(s + l + 1)2 +

[
2y + e−(s+l+1)y

− 4(s + l + 1)y2

(s + l + 1)2(s + l − 1)

]
λ

+
2y

(s + l + 1)2(ρ + 1)
+

[
2 − 2e−(s+l+1)y

− 2y
(s + l + 1)2(ρ + 1)(s + l − 1)

]
λ +

1
(2ρ + 1)(s + l + 1)2 .

Proof. In terms of Lemma 2.1, Lemma 2.2 can easily be proved.
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Lemma 2.3. Let µ j(t) = (e j(t) − y) j = ξ j
y(t), j ∈ N be the central moments of Fρs+l,λ(.; .) presented in (9). Then, we

have

Fρs+l,λ(e1(t) − y); y) =
y

s + l + 1
+

1 + e−(s+l+1)y + 2y
(s + l + 1)(s + l − 1)

+
1

(ρ + 1)(s + l + 1)
= Eρs+l,λ,

Fρs+l,λ((e1(t) − y)2; y)) =
y2(s + l)2

− 2(s + l)y2(s + l + 1)2 + y(s + l)
(s + l + 1)2 +

2y − 2y(s + l + 1)
(s + l + 1)(ρ + 1)

+
[2y + e−(s+l+1)y

− 4(s + l + 1)y2

(s + l + 1)2(s + l − 1)

+
2 − 2e−(s+l+1)y

− 4y
(s + l + 1)2(s + l − 1)(ρ + 1)

−
2y + 2ze−(s+l+1)y+4y2

(s + l + 1)(s + l − 1)

]
λ = Hρs+l,λ.

Lemma 2.3 can easily be obtained in terms of Lemma 2.2.

3. Rate of convergence of Fρ
s+l,λ

(.; .)

Definition 3.1. Let 1 ∈ C[0,∞). Then, modulus of continuity for a uniformly continuous function 1 is presented as:

ω(1;γ) = sup
|s1−s2 |≤γ

{|1(s1) − 1(s2)|, s1, s2 ∈ [0,∞)}.

For a uniformly continuous function 1 in C[0,∞) and γ > 0, one has

|1(s1) − 1(s2)| ≤
(
1 +

(s1 − s2)2

γ2

)
ω(1;γ). (10)

Theorem 3.2. For the operators Fρs+l,λ(.; .) introduced by (9) and for each 1 ∈ C[0,∞) ∩ E, Fρs+l,λ(1; y) −→ 1(y) on

each compact subset of [0,∞), where E =
{
1 : y ≥ 0,

1(y)
1 + y2 is convergent as y −→ ∞

}
.

Proof. In the light of Korovkin-type theorem 4.1.4 property (iv) [32], it is enough to show that Fρs+l,λ(ei; y)→
ei(y), for i = 0, 1, 2. In terms of Lemma 2.2, it is obvious Fρs+l,λ(ei; y)→ ei(y) as s + l→∞ for i = 0, 1, 2.Which
completes the proof of Theorem 3.2.

Theorem 3.3. [36] Let L : C[p, q]→ B[c, d] be a positive linear operator and suppose βy be the function defined by

βy(w) = |w − y|, (w, y) ∈ [c, d] × [p, q].

If 1 ∈ CB([p, q]), for any y ∈ [p, q] and η > 0, the operator L verifies:

|(L1)(y) − 1(y)| ≤ |1(y)||(Le0)(y) − 1|{(Le0)(y) + η−1
√

(Le0)(y)(Lβ2
y(y))}ωy(η).

Theorem 3.4. Let 1 ∈ CB[0,∞). Then, for the operator Fρs+l,λ(.; .) given by (9), we obtain

|Fρs+l,λ(1, y) − 1(y)| ≤ 2ω(1; η),

where η =
√

Fρs+l,λ(H
ρ
s+l,λ; y) and Hρs+l,λ is defined in 2.3.

Proof. In term of Lemma 2.1, 2.2 and Theorem 3.2, we have∣∣∣∣Fρs+l,λ(1, y) − 1(y)
∣∣∣∣ ≤ {

1 + η−1
√

Fρs+l,λ(H
ρ
s+l,λ; y)

}
ω(1; η),

which proves the Theorem 3.4 choosing η =
√

Fρs+l,λ(H
ρ
s+l,λ; y).
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4. Local approximation

Let CB[0,∞) be the space of real valued continuous and bounded functions equipped with norm,
||1|| = sup0≤u<∞ |1(u)|. For any 1 ∈ CB[0,∞) and δ > 0, Peetre’s K-functional is defined as:

K2(1; δ) = in f
{
||1 − h|| + δ||1

′′

|| : 1 ∈ C2
B[0,∞)

}
,

where C2
B[0,∞) =

{
1 ∈ CB[0;∞) : 1

′

, 1
′′

∈ CB[0,∞)
}
.

By DeVore and Lorentz ([35], p.177, Theorem (2.4), there is fixed real constant C > 0. As a result it exists

K2(1, h) ≤ Cω2(1,
√

δ), (11)

where ω2(.; .) is the modulus of smoothness of second order which is defined as:

ω2(1;
√

δ) = sup
0<1≤

√
η

sup
u∈[0,∞)

|1(u + 2h) − 21(u + 1) + 1(u)|.

Here, for 1 ∈ CB[0,∞), y ≥ 0 and s + l > 1, the auxiliary operator is taken into consideration F̂ρs+l,λ(.; .) as
follows:

F̂ρs+l,λ(1; y) = Fρs+l,λ(1 : y) + 1(y) − 1
(
Wρ

s+l,λ

)
. (12)

Lemma 4.1. Let 1 ∈ C2
B[0,∞). Then, one obtain

|̂Fρs+l,λ(1 : y) − 1(y)| ≤ ξs+l(y)||1
′′

||,

where

ξs+l(y) =
y2(s + l)2 + y(s + l)

(s + l + 1)2 +

[
2y + e−(s+l+1)y

− 4(s + l + 1)y2

(s + l + 1)2(s + l − 1)

]
λ

+
2y

(s + l + 1)2(ρ + 1)
+

[
2 − 2e−(s+l+1)y

− 2y
(s + l + 1)2(ρ + 1)(s + l − 1)

]
λ +

1
(2ρ + 1)(s + l + 1)2 .

Proof. For the auxiliary operators which are discussed in (12), we obtain

F̂∗s+l,λ(1; y) = 1, F̂∗s+l,λ(ϕy; y) = 0 and |̂F∗s+l,λ(1; y)| ≤ 3||1||. (13)

Using Taylor series expension for 1 ∈ C2
B[0,∞),we get

1(t) = 1(y) + (t − y)1
′

(y) +
∫ t

y
(t − w) f

′′

(w)dw. (14)

Using operator (9) in (14) on both sides, one has

F̂∗s+l,λ(1, y) − 1(y) = 1
′

(y)F̂∗s+l,λ(t − y; y) + F̂∗s+l,λ

(∫ t

y
(t − w)1”(w)dw

)
. (15)

From (12) and (15), we obtain

F̂∗s+l,λ(1; y) − 1(y) = F̂∗s+l,λ

( ∫ t

y
(t − w)1

′′

dw; y
)

= Fρs+l,λ

( ∫ t

y
(t − w)1

′′

(w)dw; y
)
−

∫ Wρ
s+l,λ

y

(
Wρ

s+l,λ − y
)
1
′′

(w)dw.
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|̂F∗s+l,λ(1 : y) − 1(y)| ≤
∣∣∣(t − w) 1

′′

(w)dw; y
∣∣∣ + ∣∣∣∣∣ ∫ Wρ

s+l,λ

y

(
Wρ

s+l,λ − w
)
1
′′

(w)dw
∣∣∣∣∣.

Since,∣∣∣∣∣∣
∫ 1

y
(t − w)1

′′

(w)dw

∣∣∣∣∣∣ ≤ (t − y)2
||1
′′

||. (16)

Then, we have∣∣∣∣∣∣∣
∫ Wρ

s+l,λ;y)

y

(
Wρ

s+l,λ − w
)
1
′′

(w)dw

∣∣∣∣∣∣∣ ≤

(
Fρs+l,λ(t − w; y)

)2
||1
′′

||.

In view of of (13), (16) and (??), we have |̂F∗s+l,λ(1; y) − 1(y)| ≤ ξy
n||1

′′

||.
Hence, completes the proof of the above lemma 4.1

Theorem 4.2. Let 1 ∈ C2
B

[0,∞). Then, there exist a constant C > 0 such that

|Fρs+l,λ(1; y) − 1(y)| ≤ Cω2(1;
√
ξy

s+l) + ω(1; Fρs+l,λ(ξ
y
s+l; y)),

where ξy
s+l(y) is defined by the Lemma 4.1.

Proof. For h ∈ C2
B

[0,∞), 1 ∈ CB[0,∞) and by the definition of F̂∗s+l,λ(.; .), one has

|Fρs+l,λ(1; y) − 1(y)| ≤ |̂Fρs+l,λ(1 − h; y)| + |(1 − h)(y)| + |̂Fρs+l,λ(1; y) − 1(y)|

+
∣∣∣∣1 (Fρs+l,λ

)
− 1(u)

∣∣∣∣ .
With the aid of Lemma 4.1 and relation in (13), we get∣∣∣∣Fρs+l,λ(1; y) − 1(y)

∣∣∣∣ ≤ 4||1 − h|| + |Fρs+l,λ(1 : y) − 1(y)| +
∣∣∣∣1 (Fρs+l,λ(e1; y)

)
− 1(u)

∣∣∣∣
≤ 4||1 − h|| + ξy

s+l(y)||1
′′

|| + ω(1; Fρs+l,λ(ξs+l; y)).

In terms of Peetre’s K-functional definition, we obtain∣∣∣∣Fρs+l,λ(1; y) − 1(y)
∣∣∣∣ ≤ Cω2

(
1;

√
ξy

s+l

)
+ ω(1; Fρs+l,λ(ξs+l; y)),

which completes the proof of Theorem 4.2.

Let η1 > 0 and η2 > 0, are two fixed real values. We recall Lipschitz-type space here as:

Lipη1η2

M (γ) :=
{
1 ∈ CB[0,∞) : |1(t) − 1(y)| ≤ M

|t − y|γ

(t + η1y + η2y2)γ/2
: t, y ∈ (0,∞)

}
, M > 0 is a constant and

0 < γ ≤ 1.

Theorem 4.3. Let 1 ∈ Lipη1,η2

M (γ). Then, by the operators (9), we get

∣∣∣∣Fρs+l,λ(1; y) − 1(y)
∣∣∣∣ ≤M

(
ηs,λ(y)
η1y + η2y2

)γ
2
, (17)

where γ ∈ [0, 1] and ηs+l,λ(y) = Fρs+l,λ(ξ
2
s+l; y).
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Proof. For γ = 1, one has∣∣∣∣Fρs+l,λ(1; y) − 1(y)
∣∣∣∣ ≤ Fρs+l,λ(|1(t) − 1(y); y) ≤MFρs+l,λ

(
|t − y|

(t + η1y + η2y2)1/2
; y

)
.

It is obvious, that

1
t + η1y + η2y2 <

1
(η1y + η2y2)

,

for all y ∈ [0;∞),we have∣∣∣∣Fρs+l,λ(1; y) − h(y)
∣∣∣∣ ≤ M

(η1y + η2y2)1/2

(
Fρs+l,λ(s − y)2; y

)1/2

≤ M
(
ηs,λ(y)
η1y + η2y2

)1/2

.

Using Hölder inequality, the Theorem 4.3 holds good for γ = 1, γ ∈ [0, 1) with q1 = 2/γ and q2 = 2/2− γ, we
have ∣∣∣∣Fρs+l,λ(1; y) − 1(y)

∣∣∣∣ ≤ (
Fρs+l,λ(|1(t) − 1(y)|γ/2; y)

)γ/2
≤M

(
Fρs+l,λ

(
|t − y|2

t + η1y + η2y2 ; y
))γ/2

.

Since
1

t + η1y + η2y2 <
1

η1y + η2y2 for all y ∈ (0,∞), we have

|Fρs+l,λ(1; y) − h(y)| ≤M

Fρs+l,λ(|t − y|2; y)

η1y + η2y2


γ/2

≤M
(
ηs+l,λ(y)
η1y + η2y2

)γ
2
.

Hence, we completes the proof of Theorem 4.3.
Now, we recall rth term order Lipschitz-type maximal function suggested by Lenze [34] as:

ω̃(1; y) = sups,y,t∈(0,∞)
|1(w) − f (y)|
|w − y|r

, y ∈ [0;∞), (18)

and r ∈ (0, 1].

Theorem 4.4. Let 1 ∈ CB[0,∞) and t ∈ (0, 1]. Then, we get∣∣∣∣Fρs+l,λ(1; y) − 1(y)
∣∣∣∣ ≤ ω̃t(1; y)

(
ηr

)r/2 .

Proof. We know that∣∣∣∣Fρs+l,λ(1; y) − 1(y)
∣∣∣∣ ≤ Fρs+l,λ

(
|1(r) − 1(y)|; y

)
.

From equation (18), we yield∣∣∣∣Rρs,λ(1; y) − 1(y)
∣∣∣∣ ≤ ω̃t

(
(1; y)(Rρs,λ|r − y|t; y)

)
.

By Hölder’s inequality with q1 = 2/r and q2 = 2/2 − r, we have∣∣∣∣Rρs,λ(1; y) − 1(y)
∣∣∣∣ ≤ ω̃r(1; y)

(
Fρs+l,λ|s − y|2; y

)r/2
,

which completes the proof of the theorem.
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5. Global Approximations

To establish the next result, we recall some notation from [? ]. Assume that B1+y2 [0,∞) =
{
1(y) : |1(y)| ≤M1(1 + y2)

}
,

is weighted functional space, M1 is a constant that is determined by 1 and in B1+y2 [0,∞), C1+y2 [0,∞) is the
space continuous functions with the norm

||1||1+y2 = sup
y∈[0,∞)

|1(y)|
1 + y2 ,

and

Ck
1+y2 [0,∞) =

{
1 ∈ C1+y2 [0,∞) : lim

|y|−→∞

1(y)
1 + y2 =M1

}
,

where M1 is a constant that depends on g.

Theorem 5.1. Let Fρs+l,λ(.; .), be the operators given by (9) and

Fρs+l,λ(.; .) : Ck
1+y2 [0;∞)→ B1+y2 [0;∞). Then, we obtain

lim
s→∞
||Fρs+l,λ(1; .) − 1||1+y2 = 0, where 1 ∈ Ck

1+y2 [0,∞).

Proof. To prove this result, it is required to check that

lim
s→∞
||Fρs+l,λ(ei; .) − ei||1+y2 = 0, i = {0, 1, 2}.

Using Lemma 2.2, we obtain for i = 0

||Fρs+l,λ(e0; .) − e0||1+y2 = sup
y∈[0,∞)

|Fρs+l,λ(e0; .) − 1|

1 + y2 = 0.

For i = 1

||Fρs+l,λ(e1; .) − e1||1+y2 = sup
y∈[0;∞)


(s + l)y
s + l + 1

+
1

(ρ + 1)(s + l + 1)
+

[
1 − e−(s+l+1)y

− 2y
(s + l + 1)(s + l − 1)

]
λ − y

1 + y2


=

(
s + l

s + l + 1
− 1

)
sup

y∈[0,∞)

y
1 + y2 +

1
(ρ + 1)(s + l + 1)

+

[
1 − e−(s+l+1)y

− 2y
(s + l + 1)(s + l − 1)

]
λ sup

y∈[0,∞)

1
1 + y2 .

This implies that ||Fρs+l,λ(e1; .) − e1||1+y2 → 0 as s + l→∞.
Same as above, we can calculate for i = 2, ||Fρs+l,λ(e2; .) − e2||1+y2 → 0 as s + l→∞.
Hence, we arrived at our desired result.

Theorem 5.2. Let 1 ∈ Cs
µ[0,∞), and µ is positive real number. Then,

lims+l→∞ supy∈[0,∞)

|Fρs+l,λ(1; y) − 1(y)|

(1 + y2)1+µ = 0.
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Proof. For any fixed real number y0 > 0,we obtain

sup y∈[0,∞)

|Fρs+l,λ(1; y) − 1(y)|

(1 + y2)1+µ ≤ sup
y≤y0

|Fρs+l,λ(1; y) − 1(y)|

(1 + y2)1+µ

+ sup
y≥y0

|Fρs+l,λ(1; y) − 1(y)|

(1 + y2)1+µ ≤ ||Fρs+l,λ(1; .) − 1(y)||C[0,y0]

+ ||1||ρ sup
y≥y0

|Fρs+l,λ(1; y) − 1(y)|

(1 + y2)1+µ + sup
y≥y0

|1(y)|
(1 + y2)1+µ

= S1 + S2 + S3 say, (15)

we obtain

S3 = sup
y≥y0

|1(y)|
(1 + y2)1+µ ≤ sup

y≤y0

||1||ρ(1 + y2)

(1 + y2)1+µ ≤
||1||ρ(1 + y2)

(1 + y2
0)µ
.

In the light of Lemma 2.2. Therefore arbitrary ϵ > 0, and corresponding s1 ∈N such that

sup
y∈[y0,∞)

Fρs+l,λ(1 + y2, y)

1 + y2 ≤
(1 + y2

0)µ

||1||ρ

ϵ
3
+ 1.

For all s ≥ s1

E2 = ||1||1+y2 sup
y∈[y0,∞)

Fρs+l,λ(1 + y2; y)

1 + y2 ≤
(1 + y2

0)µ

||1||ρ
+
ϵ
3
,

for all s ≥ s1.

E2 = ||1||1+y2 sup
y∈[0;∞)

Fρs+l,λ(1 + s2; y)

1 + y2 ≤
||1||1+y2

(1 + y2
0)µ
+
ϵ
3

f or all s ≥ s1.

Therefore

E2 + E3 <
||1||1+y2

(1 + y2)µ
+
ϵ
3
. (11)

On choosing y0 be a large number such that

||1||1+y2

(1 + y2)µ
<
ϵ
6

we obtain

E2 + S3 <
2ϵ
3

f or all s + l ≥ s1.

By Theorem 5.2 there corresponding s2 ≥ s such that

E1 = ||F
ρ
s+l,λ(1; .) − 1||C[0,y0] <

ϵ
3

where s2 ≥ s + l.

Let S3 = max(s1, s2), we get

sup
y∈[0,∞)

|Fρs+l,λ(1; y) − l(y)|

(1 + y2)1+µ < ϵ.

Hence, completes the proof of theorem 5.2.
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6. A-statistical Approximation

First, we include some basic definitions and notations for the concept of A-statistical convergence. Let
A = (aml), where m, l ∈ N), be a positive infinite summability matrix. For a given sequence y := (yl), the
A-transform of y denoted by Ay : (Ay)m defined as follows:

(Ay)m =

∞∑
l=0

amlYl.

Considering the series converges for every m. A is said to be regular if limm(Ay)m = L.Whenever limmym = L.
Then, y = ym, is said to be a A-statistically convergent to L, i.e., stA − limmym = L. If for every ϵ > 0,
limm

∑
l:|yl−L|≥ϵ ayl = 0.

Now, interchanging A by C1, the Cesáro matrix of order one reduces to the statical convergence from the
A-statistical convergence. Similarly, let A = I the idenitity matrix. Then, the ordinary convergence and
A-statistical convergence are simultaneous.

Theorem 6.1. Let A = (aml), be a positive regular suitability matrix y ≥ 0. Then, we obtain
stA − lims||F

ρ
s+l,λ(1; .) − 1||1+y2 = 0, for all 1 ∈ Cl

1+y2 [0,∞).

Proof. [33]( p.191 Theorem.3), it is enough to show that δ1 = 0,

stA − lims||F
ρ
s+l,λ(ei; .) − ei||1+y2 = 0 f or i = {0, 1, 2}. (8)

By Lemma 2.2, we obtain

||Fρs+l,λ(ei; .) − ei||1+y2 = sup
y∈[0,∞)

1
1 + y2

∣∣∣∣∣∣ sy
s + 1

+
1

(ρ + 1)(s + 1)
+

[
1 − e−(s+1)y

− 2y
(s + 1)(s − 1)

]
λ

∣∣∣∣∣∣
≤

∣∣∣∣ s
s + 1

∣∣∣∣ supy∈[0,∞)
y

1 + y2 +

∣∣∣∣∣∣ 1
(ρ + 1)((s + 1))

+

[
1 − e−(s+1)y

− 2y
(s + 1)(s − 1)

]
λ

∣∣∣∣∣∣ sup
y∈[0,∞)

1
1 + y2 .

Now, for given ϵ > 0, we define the following sets

S1 =
{
s : ||Fρs+l,λ(e1; .) − e1|| ≥ ϵ

}
,

S2 =
{
s :

s
s + 1

≥
ϵ
2

}
,

S3 =

{
s :

1
(ρ + 1)((s + 1))

+

[
1 − e−(s+1)y

− 2y
(s + 1)(s − 1)

]
λ ≥
ϵ
2

}
.

Then, we obtain S1 ⊂ S2 ∪ S3 which shows that∑
l1∈M1

aml1 ≤
∑

l1∈M2

aml +
∑

l1∈M3

aml.

Hence, form (8) we obtain.

stA − lims||F
ρ
s+l,λ(e1; .) − e1||1+y2 = 0. (9)

Similarly, once can show that

stA − lims||F
ρ
s+l,λ(e2; .) − e2||1+y2 = 0.

Hence, we arrived our desired result.
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7. λ-Szász-Kantorovich-Schurer-Bivariate Operators

Take F 2 = {(y1, y2) : 0 ≤ y1 < ∞, 0 ≤ y2 < ∞} and C(F 2) is the class of all continuous function on F2

equipped with norm ||1||C(F2) = sup(y1,y2)∈F 2 |1(y1, y2)|. Then, for all 1 ∈ C(F 2) and (s1 + l, s2 + l) ∈N ×N, we
define a bivariate sequence as follows:

Fρ,λ1,λ2

s1+l,s2+l(1; y1, y2) =
∞∑
j=0

∞∑
k=0

S̃s1+l,s2+l, j,k(λ1, λ2, y1, y2)
∫ 1

0

∫ 1

0
1

 j + tρ1
s1 + l + 1

,
k + tρ2

s2 + l + 1

 dt1dt2. (10)

where

S̃s1+l,s2+l, j,k(λ1, λ2, y1, y2) = S̃s1+l, j(λ1, y1)S̃s2+l,k(λ2, y2)

and

S̃s1+l, j(λ1, y1) = ts1+l, j(y1) + λ1

(
s1 + l − 2 j + 1

s1 + l2 − 1
ts1+l+1, j(y1) −

s1 + l − 2 j − 1
(s1 + l)2 − 1

ts1+l+1, j+1(y1)
)
,

S̃s2+l,k(λ2, y2) = ts2+l,k(y2) + λ2

(
s2 + l − 2k + 1
(s2 + l)2 − 1

ts2+l+1,k(y2) −
s2 + l − 2k − 1
(s2 + l)2 − 1

ts2+l+1,k+1(y2)
)
.

Lemma 7.1. Let e j,k = y j
1zk

2. Then, for the operators defined in (10), we get

Fρ,λ1,λ2

s1+l,s2+l(e0,0; y1, y2) = 1,

Fρ,λ1,λ2

s1+l,s2+l(e1,0; y1, y2) =
(s1 + l)y1

s1 + l + 1
+

1
(ρ + 1)(s1 + l + 1)

+

[
1 − e−(s1+l+1)y1 − 2y1

(s1 + l + 1)(s1 + l − 1)

]
λ1,

Fρ,λ1,λ2

s1+l,s2+l(e0,1; y1, y2) =
(s2 + l)y2

s2 + l + 1
+

1
(ρ + 1)(s2 + l + 1)

+

[
1 − e−(s2+l+1)y2 − 2y2

(s1 + l + 1)(s2 + l − 1)

]
λ2,

Fρ,λ1,λ2

s1+l,s2+l(e2,0; y1, y2) =
y2

1(s1 + l)2 + y1s1 + l
(s1 + l + 1)2 +

2y1 + e−(s1+l+1)y1 − 4(s1 + l + 1)y2
1

(s1 + l + 1)2(s1 + l − 1)

λ1

+
2y1

(s1 + l + 1)2(ρ + 1)
+

[
2 − 2e−(s1+l+1)y1 − 2y1

(s1 + l + 1)2(ρ + 1)(s1 + l − 1)

]
λ1

+
1

(2ρ + 1)(s1 + l + 1)2 ,

Fρ,λ1,λ2

s1+l,s2+l(e0,2; y1, y2) =
z2

2(s2 + l)2 + z2s2 + l
(s2 + l + 1)2 +

2y2 + e−(s2+l+1)y2 − 4(s2 + l + 1)y2
2

(s2 + l + 1)2(s2 + l − 1)

λ2

+
2y2

(s2 + l + 1)2(ρ + 1)
+

[
2 − 2e−(s2+l+1)y2 − 2y2

(s2 + l + 1)2(ρ + 1)(s2 + l − 1)

]
λ2

+
1

(2ρ + 1)(s2 + l + 1)2 .

Proof. From 2.2 and linearity property, we get

Fρ,λ1,λ2

s1+l,s2+l(e0,0; y1, y2) = Fρ,λ1,λ2

s1+l,s2+l(e0; y1, y2)Fρ,λ1,λ2

s1+l,s2+l(e0; y1, y2),

Fρ,λ1,λ2

s1+l,s2+l(e1,0; y1, y2) = Fρ,λ1,λ2

s1+l,s2+l(e1; y1, y2)Fρ,λ1,λ2

s1+l,s2+l(e0; y1, y2),

Fρ,λ1,λ2

s1+l,s2+l(e0,1; y1, y2) = Fρ,λ1,λ2

s1+l,s2+l(e0; y1, y2)Fρ,λ1,λ2

s1+l,s2+l(e1; y1, y2),

Fρ,λ1,λ2

s1+l,s2+l(e2,0; y1, y2) = Fρ,λ1,λ2

s1+l,s2+l(e2; y1, y2)Fρ,λ1,λ2

s1+l,s2+l(e0; y1, y2),

Fρ,λ1,λ2

s1+l,s2+l(e0,2; y1, y2) = Fρ,λ1,λ2

s1+l,s2+l(e0; y1, y2)Fρ,λ1,λ2

s1+l,s2+l(e2; y1, y2).



N. Rao et al. / Filomat 38:32 (2024), 11309–11323 11320

In the light of above equalities and Lemma 2.2, we prove Lemma 7.1.
For each 1 ∈ C(F 2) and η > 0, second order modulus of continuity is given by

ω
(
1; δn1 , ηn2

)
= sup{| 1(t, s + l) − 1(y1, y2) |: (t, s + l), (z1, z2) ∈ F 2

},

with | t − z1 |≤ ηn1 , | s + l − z2 |≤ ηn2 given by modulus of p−continuity:

ω1
(
1; η

)
= sup

0≤z2≤∞

sup
|x1−x2 |≤η

{| 1(x1, y2) − 1(x2, y2) |},

ω2
(
1; η

)
= sup

0≤y1≤∞

sup
|y1−y2 |≤η

{| 1(y1, y1) − 1(y1, y2) |}.

Theorem 7.2. Let 1 ∈ C(F 2). Then, we have

| Fρ,λ1,λ2

s1+l,s2+l(1; y1, y2) − 1(y1, y2) |≤ 2
(
ω1(1; δy1,n1 ) + ω2(1; δn2,y2 )

)
.

Proof. Taking Cauchy-Schwartz, one has

Fρ,λ1,λ2

s1+l,s2+l(1; y1, y2) − 1(y1, y2) |≤ Fρ,λ1,λ2

s1+l,s2+l

(
| 1(t, s + l) − 1(y1, y2) |; y1, y2

)
≤ Fρ,λ1,λ2

s1+l,s2+l

(
| 1(t, s + l) − 1(y1, s + l) |; y1, y2

)
+ Fρ,λ1,λ2

s1+l,s2+l

(
| 1(y1, s + l) − 1(y1, y2) |; y1, y2

)
≤ Fρ,λ1,λ2

s1+l,s2+l

(
ω1(1; | t − y1 |); y1, y2

)
+ Fρ,λ1,λ2

s1+l,s2+l

(
ω2(1; | s + l − y2 |); y1, y2

)
≤ ω1(1; δn1 )

(
1 + δ−1

n1
Fρ,λ1,λ2

s1+l,s2+l(| t − y1 |; y1, y2)
)

+ ω2(1; δn2 )
(
1 + δ−1

n2
Fρ,λ1,λ2

s1+l,s2+l(| s + l − y2 |; y1, y2)
)

≤ ω1(1; δn1 )
(
1 +

1
δn1

√
Fρ,λ1,λ2

s1+l,s2+l((t − y1)2; y1, y2)
)

+ ω2(1; δn2 )
(
1 +

1
δn2

√
Fρ,λ1,λ2

s1+l,s2+l((s + l − y2)2; y1, y2)
)
.

If we choose δ2
n1
= δ2

n1,y1
= Fρ,λ1,λ2

s1+l,s2+l((t − y1)2; y1, y2) and δ2
n2
= δ2

n2,y2
= Fρ,λ1,λ2

s1+l,s2+l((s + l − y2)2; y1, y2). Then, we
simply achieve our objectives.

Here, using the Lipschitz class for bivariate functions, we analyse convergence. Taking M > 0 and ν ∈ [0, 1],
maximal Lipschitz function space on E × E ⊂ F 2 given by

Lν,ν(E × E) =
{
1 : sup(1 + t)ν(1 + s + l)ν

(
1ν,ν(t, s + l) − 1ν,ν(y1, y2)

)
≤ M

1
(1 + y1)ν

1
(1 + y2)ν

}
,

where 1 is bounded and continuous on F 2, and

1ν,ν(t, s + l) − 1ν,ν(y1, y2) =
| 1(t, s + l) − 1(y1, y2) |
| t − y1 |

ν| s + l − y2 |
ν

; (t, s + l), (y1, y2) ∈ F 2.
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Theorem 7.3. Let 1 ∈ Lν,ν(E × E). Then, for each ν, ν ∈ [0, 1], and M > 0, such that

Fρ,λ1,λ2

s1+l,s2+l(1; y1, y2) − 1(y1, y2) | ≤ M
{( (

d(y1,E)
)ν + (

δ2
n1,y1

) ν
2
)

×

( (
d(y2,E)

)ν + (
δ2

n2,y2

) ν
2
)

+
(
d(y1,E)

)ν (d(y2,E)
)ν },

where δn1,y1 and δn2,y2 defined by Theorem 7.2.

Proof. Take | y1 − x0 |= d(y1,E) and | y2 − y0 |= d(y2,E). For any (y1, y2) ∈ F 2, and (x0, y0) ∈ E × E.
Let d(y1,E) = inf{| y1 − y2 |: y2 ∈ E}. Then, we write

| 1(t, s + l) − 1(y1, y2) |≤M | 1(t, s + l) − 1(x0, y0) | + | 1(x0, y0) − 1(y1, y2) | . (11)

Apply Fρ,λ1,λ2

s1+l,s2+l(.; .), we obtain

Fρ,λ1,λ2

s1+l,s2+l(h; y1, y2) − 1(y1, y2) |

≤ Fρ,λ1,λ2

s1+l,s2+l

(
| 1(y1, y2) − 1(x0, y0) | + | 1(x0, y0) − 1(y1, y2) |

)
≤ MFρ,λ1,λ2

s1+l,s2+l

(
| t − x0 |

ν
| s + l − y0 |

ν; y1, y2
)

+ M | y1 − x0 |
ν
| y2 − y0 |

ν .

For all C,D ≥ 0 and ν ∈ [0, 1], the inequality (C +D)ν ≤ Cν +Dν, thus

| t − x0 |
ν
≤| t − y1 |

ν + | y1 − x0 |
ν,

| s + l − y0 |
ν
≤| s + l − y2 |

ν + | y2 − y0 |
ν .

Therefore

Fρ,λ1,λ2

s1+l,s2+l(h; y1, y2) − 1(y1, y2) | ≤ MFρ,λ1,λ2

s1+l,s2+l

(
| t − y1 |

ν
| s + l − y2 |

ν; y1, y2
)

+ M | y1 − x0 |
ν Fρ,λ1,λ2

s1+l,s2+l

(
| s + l − y2 |

ν; y1, y2
)

+ M | y2 − y0 |
ν Fρ,λ1,λ2

s1+l,s2+l

(
| t − y1 |

ν; y1, y2
)

+ 2M | y1 − x0 |
ν
| y2 − y0 |

ν Fρ,λ1,λ2

s1+l,s2+l

(
µ0,0; y1, y2

)
.

On apply Hölder inequality on Fρ,λ1,λ2

s1+l,s2+l(.;.,.), we get

Fρ,λ1,λ2

s1+l,s2+l

(
| t − y1 |

ν
| s + l − y2 |

ν; y1, y2
)
= S∞ +L

λ1
n1,k

(
| t − y1 |

ν; y1, y2
)

× S∈ +L
λ2
n2,l

(
| s + l − y2 |

ν; y1, y2
)

≤

(
Fρ,λ1,λ2

s1+l,s2+l(| t − y1 |
2; y1, y2)

) ν
2

×

(
Fρ,λ1,λ2

s1+l,s2+l(µ0,0; y1, y2)
) 2−ν

2

×

(
Fρ,λ1,λ2

s1+l,s2+l(| s + l − z2 |
2; y1, y2)

) ν
2

×

(
Fρ,λ1,λ2

s1+l,s2+l(µ0,0; y1, y2)
) 2−ν

2 .
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Thus, we obtain

Fρ,λ1,λ2

s1+l,s2+l(h; y1, y2) − 1(y1, y2) | ≤ M
(
δ2

n1,y1

) ν
2
(
δ2

n2,y2

) ν
2

+ 2M
(
d(y1,E)

)ν (d(y2,E)
)ν

+ M
(
d(y1,E)

)ν (δ2
n2,y2

) ν
2
+ L

(
d(y2,E)

)ν (δ2
n1,y1

) ν
2 .

We have complete the proof.

8. Conflict of interest

The authors declared that they have no conflict of interest.

9. Data availability statement

Data sharing not applicable

References
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