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Abstract. In the present manuscript, we study the approximation properties of a new sequence of modified
Széasz Kantorovich Schurer operators which depends on parameters A € [-1,1] and p > 0. Further,
we prove a Korovkin-type approximation theorem to discuss uniform convergence of these sequences
of operators and obtain the order of approximation of these operators in terms of classical modulus of
continuity. Moreover, univariate and bivariate versions of these sequences of operators are introduced
in their respective blocks. Rate of convergence, order of approximation, local approximation, global
approximation in terms of weight function and A-statistical approximation result are investigated via first

and second-order modulus of smoothness, Lipschitz classes, Peetre’s K-functional in different spaces of
functions.

1. Introduction

Bernstein (1912) [1] introduced an important sequence of polynomials which are known as Bernstein
polynomials in order to demonstrate the proof of Weierstrass approximation theorem as:

m j )

Bulg;u) = Z;‘g(%)qm,j(u),o sjsm, 1)
=

where g is a continuous function defined on [0, 1] and g, (1) = (}{;)uf (1 — u)"™/. The sequences of operators

givenin (1) are restricted in C[0, 1] only. To investigate the approximation properties on unbounded interval,

i.e., [0, 00), Szdsz (1950) [2] presented a new generalization of operator (1) as:

(o)

Sm(g; M) = Z!](é)Qm,j(u)/” € [0/ oo)/

j=0

()
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j
where g € C[0, o) and Qy, j(u) = e™™" @ The operators given in (2) are restricted for the space of continu-

ous functions only. Many modifications are investigated for the operators (2) by the several mathematicians,
viz. Mohiuddine et al. ([3]-[5]), Mursaleen et al. ([6]-[8]), Braha et al. ([9]-[11]), Alotaibi et al. ([12, 13]),
Aslan et al. ([15]-[17]), Rao et al. ([18]-[23]), Ansari et al. [24]and Ozger et al. [25]. In 2010, Ye et al. [27]
constructed a new Bézier bases with shape parameter A by

Em,O(A; u) = Qm,O(u) - anﬂ,l(u),

+1

and

— m—2j+1 m—2j-1

Cm,j()\; Ll) = qm]( ) +A —qm+1](1’l) qu+1,j+1(u) s (3)
where A € [-1,1]and 1 < j < m~—1. To achieve flexibility in approximation results, Cai et al. [28] introduced
a new generalization of Bernstein operators (1) as follows:

Bua(giw) = Y G4 u)g(#), (4)

=0
where g € C[0,1] and C,, j(; .) are defined in (3).

Remark 1.1. The sequence of operators introduced in (4) are particular case of classical Bernstein operators given in
(1) for A =0.

Further, they studied several approximation properties in terms of Voronovskaja type theorem and the
modulus of continuity. These operators given in (4) are restricted for the class of the continuous functions
only. To approximate Lebesgue measurable functions, Acu et al. [29] introduced a Kantorovich variant of
these operators.

In continuation, Kumar [30] presented a new kind of Kantorovich variant of the A- Bernstein operators
based on the two non-negative parameters «, f and 0 < a < f8 to get better approximation results as follows:

K (1 —i~ py [ n(LZEE
0= L Eni 0 ), M p

where ¢, j(A; u) is defined in (3).

)dt, foreach u € [0,1], ()

In addition of above litrature, Qi et al. [26] introduced Szdsz type operators based on shape parameter
A as follows:

Tsa(h;u) = Z Qs j(A; w)h (g) , (6)
j=0

where the basis function és,j(-; .) as:

~ A
Qs,O(/\/' ”) = Qs,O(u) - szH,l(u)/
and

2]+1

Qs (A1) = Qs (1) + A | oo Qusn, (1) — x- 1 @), )

where u € [0, 00) and i € C[0, 00) which are termed as A-Szdsz operators.
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Remark 1.2. A-Szidsz operators defined in (6) is a particular case of Szdsz (2) operators. For A = 0, the operators
discussed in (6) turn into (2). The sequences of these operators are restricted for continuous functions only.

To approximate in the wider class, i.e., the space of Lebesgue measurable functions, Aslan [31] constructed
a Kantorovich variant of A-Szdsz operators as follows:

i+l
Bl =s Y Q) [; ° bt u € 10,0) ®
=0 -

where és,j(.,‘ .) are same as in (7). Motivated with the above development, we present a general sequence
of Szdsz Kantrovich Schurer type operators to achieve flexibility in the approximation results in terms of
parameter p as follows:

= P
F@y) =) QA y) f (S++ZV+1) v, ©)

j=0

where p,l > 0 and Qs;(.;.) is found in (7) by replacing s by s + I.

In subsequent sections some estimates are calculated in terms of central moments and test functions.
Further, we prove a Korovkin-type approximation theorem and obtain the order of approximation of these
operators. Moreover, univariate and bivariate version of these sequences of operators are introduced in their
respective blocks. Rate of convergence, order of approximation, local approximation, global approximation
in terms of weight function and A-statistical approximation result are investigated via first, second-order
modulus of smoothness, Lipschitz classes, Peetre’s K-functional in different spaces of functions.

2. Some Estimates

Lemma 2.1. [26] We recall the following equalities:

TS,/\ (11 Z) = 1/

1-— e—(s+1)z —2z
TSI/\(t,Z) = z+ [W A,
z [2z4e 62 -1 —4(s + 1)22
T (t%2z) = 22+=+
S,A( Z) Z s [ 52(5 _ 1)

Lemma 2.2. Let e(t) =t/ be the test function. Then, for the given operator (9), p > 0, s + 1 € N, one has

F§+l,/\(eo’ vy =1,
(S + l)y 1 1- e—(s+l+1)y _ Zy
P = P
Faplvy) = s+l+1+(P+1)(S+l+1)Jr (s+1+1)(s+1-1) A= Wow
£ Py +D)  [2y+ e ST — (s + 1+ 1)y
sip@Y) = Ty Grl+12G+1-1)

2y
(s+1+1)2(p+1)

2 _ 28—(s+l+1)y _ zy 1
@+l+n%p+n@+l—n] T2 DI

Proof. In terms of Lemma 2.1, Lemma 2.2 can easily be proved.
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Lemma 2.3. Let y;(t) = (ej(t) — y)/ = é_{;,(t), j € IN be the central moments ofFerl/A(.; .) presented in (9). Then, we
have

y . 1+e (S+l+1)y+2y . 1 _p
s+I+1  (s+I1+1)(s+1-1) (p+1)(s+1+1) s*A
VE+D2 =26+ Dy s +I+1)2+y(s+]) 2y—2y(s+1+1)

(s+1+1) (s+1+1)p+1)

2y + e CHHDY —4(s + 1+ 1)y?
[ (s+1+1)2(s+1-1)

2 — D=ty _ 4]/ 2]/ + 2ZE—(s+l+1)y+4y2
+I+126+1-D(p+1) (s+l+1)(s+l—1)]

F e = ) y)

Fl, (e = )% y)

+

A=H

s+LA°

Lemma 2.3 can easily be obtained in terms of Lemma 2.2.

(.

3. Rate of convergence of F’
s+l,A

Definition 3.1. Let g € C[0, o). Then, modulus of continuity for a uniformly continuous function g is presented as:

w(g;y) = sup {lg(s1) — g(s2)l, 81,52 € [0,00)}.

Is1—sa2l<y

For a uniformly continuous function g in C[0, o) and y > 0, one has

a2
|9(s1) — g(s2)l < (1 + (Sly—fz)) w(g;7)- (10)

Theorem 3.2. For the operators Ff+l () introduced by (9) and for each g € C[0, 00) N E, F° g y) — g(y) on

s+,
9(y)
1+ y?

each compact subset of [0, c0), where E = {g 1y =20, is convergent as y — oo}.

Proof. In the light of Korovkin-type theorem 4.1.4 property (iv) [32], it is enough to show that Ff aaEy) =
ei(y), fori =0,1,2. In terms of Lemma 2.2, it is obvious F§+M(ei; y) = ei(y)ass+1— oo fori=0,1,2. Which
completes the proof of Theorem 3.2. [

Theorem 3.3. [36] Let L : C[p,q] — Blc,d] be a positive linear operator and suppose B, be the function defined by
By(w) = w = yl, (w, y) € [c,d] X [p, q].

If g € Cs([p, q)), for any y € [p, q] and 1 > O, the operator L verifies:
ILg) (W) — 9| < lgW)II(Leo)(y) — 1H{(Leo)(y) + 0" A (Leo) WILPZ )}y (7).

Theorem 3.4. Let g € Cp[0, 00). Then, for the operator FSP () given by (9), we obtain
IFC 100, 9) = 9l < 20(g; ),

where 1 = FiM(HerM;y) and HSHA is defined in 2.3.

Proof. In term of Lemma 2.1, 2.2 and Theorem 3.2, we have

Fnaw) - 9) < {1 JF 00, s fatain),
which proves the Theorem 3.4 choosing 1 = /FSP " A(HSPH vy O




N. Rao et al. / Filomat 38:32 (2024), 11309-11323 11313
4. Local approximation

Let Cg[0, o) be the space of real valued continuous and bounded functions equipped with norm,
llgll = supy_, ., [9(w)|. For any g € Cp[0, ) and 6 > 0, Peetre’s K-functional is defined as:

Ka(g;6) = inf{llg “Hl+5llg1l: g € G0, oo)},

where C2[0, 00) = {g € Cpl0; ) : g, 9" € Cg[0, oo)}.

By DeVore and Lorentz ([35], p.177, Theorem (2.4), there is fixed real constant C > 0. As a result it exists
Ky(g,h) < Can(g, Vo), (11)

where ws(.;.) is the modulus of smoothness of second order which is defined as:

w>(g; \/5) = sup sup |g(u+2h)—2g(u+g)+ gu)l.
0<g< +fm u€l0,00)

Here, for g € Cg[0,0),y > 0 and s + [ > 1, the auxiliary operator is taken into consideration f—"\fﬂ 1(.) as
follows:

P @y=F, @ n+sw-g(W,,). (12)
Lemma 4.1. Let g € C3[0, c0). Then, one obtain

IF 0@ 9) = 9| < Ea)llg I,
where

£ P+ +y6s+)) s 2y + e~V —4(s + 1+ 1)y?
) = G+l+1)y G+i+12(s+1-1)
2y 2 — 207+ Y — 2y 1
+ + )
(s+I1+1)2(p+1) |[G+I+1)>(p+1)(s+1-1) Qp+1(s+1+1)?

Proof. For the auxiliary operators which are discussed in (12), we obtain

F.(Ly) =1LF, (byy) =0and [F.,, (g y)| < 3llgll. (13)

Using Taylor series expension for g € C3[0, ), we get

f
g = g) + (- g () + f (t - w)f (w)dw. (14)
v

Using operator (9) in (14) on both sides, one has

F;Jrl,/\(!]f -9y =g (]/)’1;;1,,\(15 -y + ’1':;1,,\ (f (t- w)g"(w)dw). (15)
y

From (12) and (15), we obtain

t
Foa g y) —a(y) = F;’I'A(f (t- w)gﬁd‘w; y)
y

t WP i )
= Fiu( f (t = w)g (w)dw; y)— f (wa - y)g (w)dw.
y y
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Wp+1,). .
IF*HA(g y) —g(y)| < |(t _ (WSHA - w)g (w)dw'
y

Since,

<@t-y2Ng Il (16)

1
f (t - w)g (W)
y

Then, we have

W, 03) p .,
f (Ws+l/\ )g (w)dw
y

In view of of (13), (16) and (??), we have |F*+M(g, ) =gyl < Ellg’ll.
Hence, completes the proof of the above lemma 4.1 [J

< (P, t—wi) llg"Il.

Theorem 4.2. Let g € C%[O, o0). Then, there exist a constant C > 0 such that
IFL 00 9) = 9| < Cwn(g; \JEL) + (@ FL (L y))
where éy ) is defined by the Lemma 4.1.
Proof. Forh e C%[O, ), g € Cg[0, o) and by the definition of i—"\;rm(.; .), one has

F @) — g < TP (g = Byl + 1 = W)+ I, (5 9) — 9wl
#lo(F2,,) - g00].

With the aid of Lemma 4.1 and relation in (13), we get

Fo@n-gw)| < 4lg=hl+IF, 9 - 9wl + |7 (F,,  (er:) - 900)
g =1+ & Dlg I+ 0@ F,, Eeni ).

IA

In terms of Peetre’s K-functional definition, we obtain

F @y - gwﬁ<Cw4%VF_)HM%SHA&wy»

which completes the proof of Theorem 4.2. [

Let 1 > 0 and 1, > 0, are two fixed real values. We recall Lipschitz-type space here as:

It —yl’
Lip™™ ={EC0,001 1) — <M
P () i= 9 € Col0,20) : 1g)) =gl < M mms e
O<y<1

:t,y € (0, 00)}, M > 0 is a constant and

Theorem 4.3. Let g € Lip);"™(y). Then, by the operators (9), we get

Y
152(y) y

P cq) —
Foa@:y) mﬂﬁM&w+mﬁ

(17)

where y € [0,1] and 1511 (y) = Ff”/A(éil; ).
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Proof. For y =1, one has

It~ yl
Feaa0i9) = 9| S F 190 =g y) < MFC ) | oo ¥)-

It is obvious, that
1 < 1
t+my+my*  (my+my?)’

for all y € [0; 00), we have

M P 2. 1/2
7T oG = 9)%)

1/2
M( 15,1(Y) 2) '
my +my

Using Holder inequality, the Theorem 4.3 holds good fory =1,y € [0,1) withg; =2/y and g, = 2/2 -y, we
have

E @) = 9] < (F2,, () - gl )

. M(Fp ( It yP .y))”“
= s+l,A t+771y+772y2, ’

5 forall y € (0, ), we have

F @y - h(y)|

1

Since 5 < 1
t+my+my-  my+ny

my + my? my + my?

Hence, we completes the proof of Theorem 4.3.
Now, we recall " term order Lipschitz-type maximal function suggested by Lenze [34] as:

lg(w) - f(y)l
[w -yl

b y
0 Psp+l,}t(|tL - ylz; y) v Ns+1,A (V) E
F, (g5 il < M| =Yy eda®) )2

(F; Y) = SUPstyte(0,00) ,y € [0;00), (18)

andre (0,1]. O

Theorem 4.4. Let g € Cg[0, 0) and t € (0,1]. Then, we get

r/2

Fo o @y) - g(y)’ < wlg;y) ()
Proof. We know that

Fu@) = 90| < F,,, (90) - )i ).

From equation (18), we yield

R\ (g:y) - g(y)' <@ (@R Ir=ylsy).
By Holder’s inequality with q; = 2/r and g, = 2/2 — r, we have

r/2
4

R @) - 9| < g ) (FE, s - v )

which completes the proof of the theorem. [
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5. Global Approximations

To establish the next result, we recall some notation from [? ]. Assume that B, ,2[0, o0) = {g(y) gl < My(1 + yz)},
is weighted functional space, M, is a constant that is determined by g and in By, 2[0, o), Cy,,2[0, o0) is the
space continuous functions with the norm

lg(y)l
lgllise = sup ——,
ity ye[o,go) L+

and

k _ BT g(y)

where M, is a constant that depends on g.

Theorem 5.1. Let F§+1, 1 (), be the operators given by (9) and

F5+Z,A('; J) :C’{WZ[O,‘ 00) = By,2[0; 00). Then, we obtain

Lim [[Ff,, (9;) = glhsye = 0, where g € CY [0, ).

Proof. To prove this result, it is required to check that

lim |IFY,,  (ei;) = eillive = 0, = {0,1,2).
S—00

s+L,A

Using Lemma 2.2, we obtain for i = 0

P )
Fp N _ |Fs+1’)\(601 ) 1| _
IF;,; 1 (e0; ) = eollivye = sUp —————— =

yel0,00) 1+
Fori=1
(s+Dy . 1 .\ 1= e+l _ 0y
IF? (e1;.) —enll s+I+1 (p+)(s+I1+1) [(s+I+1)(s+1-1) Y
€1,.) —é1 2 = SU
o T o L+y?
s+1 Y 1 [ 1- e—(s+l+1)y _ zy ]
= -1) su + + A sup —.
(S+l+1 )ye[O,loDc)1+y2 P+ +1+1) |(s+I1+1)(s+1-1) ye[ofo)1+y2

This implies that ||Ff+,/‘(€1; J)—eilliyyz > 0ass+1— oo
Same as above, we can calculate fori = 2, ||F§ "
Hence, we arrived at our desired result. []

((e2;) —ealliyyp = 0ass+1— oo

Theorem 5.2. Let g € C},[0, 00), and y is positive real number. Then,
LN
L+

lis 41500 SUP (0, o)
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Proof. For any fixed real number 1y, > 0, we obtain

IEL (0 y) = 9()] . IEL 105 9) = 9()]

(1 + y2)1+y Y<ifo (1 + y2)1+y

IF?, () — 9
+ ;gyp: ST < IIF,; @) = 9W)licro.pol
IFC @) — 9 lg(y)|
+ gl sup —2—— L
= (1+3/) H Y2Yo (1+y) ¢

=S51+5+85; say, (15)

SUp  yef0,00)

we obtain
lg(y)l < g1l (1 + y?) - llgll, (1 + v2)
I T N ¢ R

In the light of Lemma 2.2. Therefore arbitrary € > 0, and corresponding s; € IN such that

Sa =
3 igﬁ (1+ y2)lHw

Fo+v%y)  (+i)re
sup > < =
yelyo,) T+y lglly 3

Forall s > s;

p 2.
Ez =|lglli+y2 sup FHM(I NERE) < 1+ y(Z))y €
™ yetvoeo) L+ — gl 3’

for all s > s;.

FoA+s5y) gl
s+LA < Ty +EforallSZS1-

E; =1glli+,2 sup

ye[0;00) 1+y? T (+ypr 3
Therefore
ey e
E2+E3<m+§. (11)

On choosing vy be a large number such that

171l1+y2
(11% < g we obtain

2
Er + 53 < Eeforalls+1251.
By Theorem 5.2 there corresponding s, > s such that
€
E, = ||Ff+l’/\(g; D) = gllcro,ye1 < 3 where sy > s + 1.

Let S3 = max(s1, s,), we get
IF.,, @) = (y)l
yeloe) (L YA

Hence, completes the proof of theorem 5.2. O
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6. A-statistical Approximation

First, we include some basic definitions and notations for the concept of A-statistical convergence. Let
A = (ay), where m,I € N), be a positive infinite summability matrix. For a given sequence y := (y;), the
A-transform of y denoted by Ay : (Ay),, defined as follows:

)

(A = Z A Y.

1=0

Considering the series converges for every m. A issaid to be regular if lim,,(Ay),, = L. Whenever lim,,y,, = L.
Then, y = y, is said to be a A-statistically convergent to L, i.e., sty — lim,,y,, = L. If for every € > 0,

lit Y gy~ Ayt = 0.

Now, interchanging A by C;, the Cesdro matrix of order one reduces to the statical convergence from the
A-statistical convergence. Similarly, let A = I the idenitity matrix. Then, the ordinary convergence and
A-statistical convergence are simultaneous.

Theorem 6.1. Let A = (a,,;), be a positive reqular suitability matrix y > 0. Then, we obtain
sty — limSIIFSPH,A(g; )= gllisye =0, forall g € Cll+y2[0, 00).

Proof. [33]( p.191 Theorem.3), it is enough to show that 6; =0,
sta = limg||F,,, \ (ei;) = eillye = 0 fori=1{0,1,2}. (8)

By Lemma 2.2, we obtain

IF,, 1 (ei;) = eilliy2 = sup
s+1,A Y yE[O,oo) 1 + yZ

Y, 1 + Lo -2y
s+1 (p+Ds+1) | +Dis-1)

s | y 4 ! N c Yy
s+ PTG ) e D6

S' sup ——.
yel0,00) 1+ ¥2

Now, for given € > 0, we define the following sets
Sio= {s: I, (e ) —edll 2 €},

S €
= : > =
52 {s s+1_2}’

1 1-— e—(s+1)y _ Zy €
S; = S: + A>=p.
(p+1)((s+1)) s+D(s-1) 2
Then, we obtain S; C S, U S3 which shows that

2 o S ) a+ Y, o

LeM; hLheM, L eM;

Hence, form (8) we obtain.

sta = limg|[F(,, \(e1;.) = ellisyz = 0. )
Similarly, once can show that

sta — limsHFirl,A(@z; ) —elliye =0.

Hence, we arrived our desired result. [
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7. A-Szasz-Kantorovich-Schurer-Bivariate Operators

11319

Take F2 = {(y1,12) : 0 < 11 < 0,0 < y < oo} and C(F?) is the class of all continuous function on F?
equipped with norm ||gllc() = SUP(y, er2 |9(1/1, y2)I. Then, for all g € C(F?) and (s; + 1,50 + 1) € N x N, we

define a bivariate sequence as follows:

P o 1l j+th k+th
F oy y2) = 2ZSs]+l,sz+l,j,k(A1/A2/y1ryz)j(; j(; g Py S Ey | dtydt,.

=0 k=0

where

Seitlsik(A, A2, Y1, 12) = g1, j(A1, Y1) Sspeii(A2, 12)
and
s1+1-2j+1 s1+1-2j-1
B —— . - = -
o1 i) (s1+102 -1
So+1—-2k+1 So+1-2k-1

Se+1,i(A1, Y1) to41,j(y1) + A1 ( tsl+l+1,j+1(]/1)) ,

Sorik(M2, 12) = toup(y2) + Az (Wf52+l+1,k(y2) - Wtsz+l+1,k+1(y2))-

Lemma 7.1. Let ej = ylz Then, for the operators defined in (10), we get

sli}s/\zz_'_l(e()Or Y1, y2) = 1,
T s1+1 1 1—e Gty 2
PA[/\ 1(61 0, Y1, }/2) = ( . )yl + + L
SiHl sz si+l+1 (p+DE1+1+1) (i +I1+1)(s51+1-1)
gk (2t Dy 1 1— e 2ty _ 2y
Fgul@iiyuyy) = SZmmg + P+ D +1+D) |G +I+ D +1-1)
oA Vi + D2 +yisi+1 [2y1 + e G —4(s) + 1+ 1)y2
s +1,s +l(820’ yl’yz) = 2 2 1
2 (s1+1+1) (s1+1+1)%(s1+1-1)
N 2]/1 2 _ De~1+l+Dy1 _ 2y1
G+ 120+ D) |G+ )2+ D+ -1
+ ! ,
QRp+1)(s1+1+1)?
P, - (52 + D +zsp + 1 [2yn + eI — 45y + 1+ 1)y
FosulC02 1 42) = (2 +1+ 1) (s2+ 1+ 1)%(s2 +1-1) 2

2]/2 . 2 26—(sz+l+l)y2 _ 2]/2 A

(S2+1+1)2(p+1) |2+ 1+ (p+1)(s2+1-1) 2
1

2p+1)(s2+1+1)%

Proof. From 2.2 and linearity property, we get

PAl 2 PAlAZ

51+l sz+l(e0 UYL Y2) = S1+l 52+1(60/ Y1, y2)F§1+} 5;1(60/ Yi,Y2),
B @iy = FUy (e, yz>F§1+} eo v ),
fli]l ey y) = flﬁ} :iil(eo, Y1, y2)F! SIH Sz+,(61; Y1, y2),
flill ;\;I(Ez uY,Y2) = Ffli} ey, y2)F ot S;,(Eo} Y1, Y2),

p}h 2 _ P/\l 2 .
sl+l sz+l(e0 2, Y1, ]/2) - sl+l sz+l(€0’ Y, yZ)F51+l sz+l(62’ Y ]/2)

(10)
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0

In the light of above equalities and Lemma 2.2, we prove Lemma 7.1.
For each g € C(¥2) and 71 > 0, second order modulus of continuity is given by

@ (9; 0y, My) = supll g(t,s +1) = g(y1, y2) |: (5 + 1), (21,22) € F7),
with |t =z [< 1}y, |5 +1 =22 |< 1y, given by modulus of p—continuity:

w1 (g;n) = sup  sup {l g(x1, v2) — g(x2, v2) I},

0<zp<00 |x1—x2|<n

w2(g;m) = sup  sup {lg(y1, y1) — 9(y1, y2) I}
0<y1<00 |y1—12l<n

Theorem 7.2. Let g € C(F2). Then, we have

pAl Az

51+152+l(g’y1’y2) 9y, y2) IS 2((4)1(9, y1n1)+w2(gr nzyz))

Proof. Taking Cauchy-Schwartz, one has

FOO2 gy yn) = g, v) ISFO (Latts + D) = g1, v2) v, v2)
< FPNR (Lgtts+ 1) = gyr,s + D) Ly, y2)
+ B (L gns+ 1) = g, v2) [y, o)
< fli} 3;1 (01(g; 1t = y1 ) y1, y2)
+OEL @G s+ 1= 2 Dy v2)
< @@ 0n) (1465 F 2 (=1 bya, v)

+ wa(g;0m) (14 6,135511} P s+l=y2 by, y)

< @i(g;om) (1 r— \/Fg’i};;1]<(t — yz))
p/\-] /\2
+ wg; nz)(l + —\/Fww( s+1-y)% ynyz))

If we choose &7, = 05, , = flﬁ ::il((t -5y, y) and &, = &, ) Ffli}iil((s +1—=1y2)% y1,y2). Then, we

simply achieve our objectives. [

Here, using the Lipschitz class for bivariate functions, we analyse convergence. Taking M > 0and v € [0, 1],
maximal Lipschitz function space on E X E C 2 given by

L, (EXE)

{9 5up(1 + (1 + 5+ D7 (@ualts +1) = a1, 2)

1 1
< M |
T+y) A +y2)
where g is bounded and continuous on 2, and

| g(t s+1)—g(y1,y2) |

;0 s+, (v, € F2.
i Flst =y t,s+1), (v, 2)

Guu(t,s+1) = guu(y1, y2) =
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Theorem 7.3. Let g € L,,(E X E). Then, for each v,v € [0,1], and M > 0, such that

Py —aw v | < M{( @ B) +(5,,) )

x (@ B+ (03,)")
(B [ ),

where Oy, y, and 0y,,, defined by Theorem 7.2.

Proof. Take | y1 —xo |=d(y1,E) and | y» — yo |= d(y», E). For any (y1,2) € F2, and (xo, Yo) € EXE.

Let d(y1,E) = inf{| y1 — y2 |: y» € E}. Then, we write

| g(t,s +1) = g(y1, y2) IS M| g(t,s + 1) = g(xo0, yo) | + | g(x0, Yo) — 9(y1, y2) | -

Apply ng};\;l(, .), we obtain
A1,
F51+152+l(h.y1’y2) - 9(]/1/]/2) |
< PR (1 gy, v2) — 90, o) | + | 90, o) — 9(y1, y2) )
< MFPYR (t=xo s +1=yo Iy, 1)

Mlyi=xo["ly2—yoI".
Forall C,D > 0 and v € [0, 1], the inequality (C + D)" < C" + D", thus

[t=x0 "SI t=y1 "+ |1 —x0 [,

Is+l—yol'SIs+1—=y " +1ya—yol".

Therefore
,A1,A2 A1, v
p1+152+l(h v, ¥2) -9y, y2) | < MF p1+lsz+l (It= lls+1=y21";y1,12)
+ Mly1—x0 |VF51TZSA22+1(|S+Z—]/2 "; y1, ¥2)
+ Mlya=yo " B (L= 5y, 0)

|v p,A1,A2

+ 2M Iy —xo "l y2—yo I" F ) (Hooi vi, y2) -

AL
Fs +1,50+1

On apply Holder inequality on se), We get

A
Fspﬁ}s;lﬂ t=vy1 l'ls+1=vy2 1" y1,12)

Sw+ Ly (1 t=y1 [y, 12)

X S€+£221(|5+l_y2 I"; y1, y2)
< (F 51?-}5/\224-1(' t=y yl,yz))

X (F gi},ls;z(l“‘oﬂ? Y1, yz))T

x (P (s +1=z Py, yz))%
x (R0 ooy, N

11321

(11)
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Thus, we obtain

ng},’s:il(h" yi,v2) =9y, 2) | < M (5%1%)i (@%Lyz)i
+ 2M(d(y1,E))" (d(y2, E))"
+ My, E) (8,,,) + L2, E)' (52,,,)" -

We have complete the proof. [
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