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On lacunary strong invariant convergence with order γ

Ekrem Savaşa

aUşak University, Department of Mathematics,Uşak, Turkey

Abstract. We known that the most vital part of summability theory is the sequence spaces. In this paper
by using a modulus and the ρ- function we shall introduce the new sequence space of order γ and also
discuss some important properties related to this space. Additional we establish some inclusion relations
among the these sequence spaces in some detail. We should strongly indicate that our new sequence space
is more general than that of corresponding sequence space defined by Waszak, [25].

1. Introduction and background

In this section we shall start by presenting the definition of modulus function. Ruckle [11] and Maddox
[8] presented the following notion of modulus function:

Definition 1.1. A function j : [0,∞)→ [0,∞) is called a modulus function provided that

1. j(x) = 0 if and only if x = 0,
2. j(x + y) ≤ j(x) + j(y) for all x ≥ 0 and y ≥ 0,
3. j is increasing, and
4. j is continuous from the right of 0.

Observe by (2) and (4) it follows instantly that j is continuous on [0,∞). Moreover, by (2) for all natural
number n, j(nx) ≤ nj(x). Different extensions and applications of modulus function have been considered
in [2, 4, 10, 13, 15].

Moreover if there is constant K > 1 such that ρ(2t) ≤ Kρ(t), we say that ρ-function ρ satisfy (∆2)-condition
for all large t ( see, [25].

We know that the most important part of summability theory is the convergence of the sequences, the
new concepts related to the convergence such as almost, invariant and statistical etc. were studied. The
idea of the statistical convergence order α, 0 < α ≤ 1 was introduced by Gadjiev and Orhan [6]. It should
be note that this concept was studied by the different authors in [3, 16–18, 21, 23]) in detail.

Let σ be a mapping of the set of positive integers into itself. A continuous linear functional ϕ on l∞, (
which is the set of bounded sequences), is said to be an invariant mean or a σ-mean if and only if

1. ϕ(α) ≥ 0 when the sequence α = (αn) has αn ≥ 0 for all n;
2. ϕ(e) = 1 where e = (1, 1, 1, . . .) and
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3. ϕ(ασ(n)) = ϕ(αn) for all α ∈ l∞.

When σ(n) = n+1, the σ−means are the classical Banach limits on l∞ and f is the set of almost convergent
sequences(see, [1]).

The mappings σ are assumed one-to-one and such that σk(n) , n for all positive integers n and k, whose
σk(n) denotes the kth iterate of the mapping σ at n.

Let Tα = (Tαk) = (ασk(m)),we show that (see Schaefer [24])

Vσ =
{
α ∈ l∞ : lim

m
tm,n(α) = L uniformly in n, L = σ − limα

}
where

tm,n(α) =
αn + ασ(n) + · · · + ασm(n)

m + 1
, t−1,n(α) = 0.

Strongly σ− convergent sequences is defined by Mursaleen replacing the Banach limits by invariant
means, see for detail in [9].

Savas [12] presented the sequence space of lacunary invariant convergent in the following way.

Vϑσ =

α = (αk) : lim
q

1
vq

∑
k∈Iq

(ασk(m)) − l) = 0, for some l, uniformly in m

 .

If σ(m) = m + 1, then we obtain ACϑ which is defined by Das and Mishra [5] as follows:

ACϑ =

α = (αk) : lim
q

1
vq

∑
k∈Iq

(αk+m − L) = 0, for some l uniformly in m

 .
2. Main results

We now start by formulating the following definition. In fact this space is more general than the space
defined earlier by Savas [14]. In the whole article, we suppose that j and ρ are modulus and ρ functions,
p = (pn) is a sequence of positive real numbers. Further, we suppose that U = (unk)(n, k = 1, 2, ...) is a real
matrix, ϑ = (kq) is a lacunary sequence and 0 < γ ≤ 1. We now write,

Lγϑ(U, ρ, j, σ, p) =

α = (αk) : lim
q

1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
= 0, uniformly in m

 ,
where ϑ = (kq) is an increasing integer sequence such that k0 = 0 and vq = kq − kq−1 → ∞, as r → ∞.
Let Iq = (kq−1, kq],( see, [12]) and also ρ-function is a continuous non-decreasing function ρ(t) such that
ρ(0) = 0, ρ(t) > 0, for t > 0 and ρ(t)→∞ as t→∞ ( see, [25]).

When α ∈ Lγϑ(U, ρ, j, σ, p), we say that the sequence α is lacunary strong (U, ρ, σ)- convergent of order γ
to l with respect to a modulus j.

Later on generalizations of lacunary sequence are considered in many articles by various authors(see,
[7, 19, 20, 22]).

Some well-known spaces are also obtained by specializing σ(m) and γ.
If pk = p, for all k, we have

Lγϑ(U, ρ, j, σ)p =

α = (αk) : lim
q

1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p = 0, uniformly in m

 .
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If σ(m) = m + 1, our definition will be become

L̂γϑ(U, ρ, j, p) =

α = (αk) : lim
q

1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|xk+m − l|)

∣∣∣∣∣∣∣ )pn
= 0, uniformly in m

 ,
(see, [13]). When γ = 1, we get

Lϑ(U, ρ, j, σ, p) =

α = (αk) : lim
q

1
vq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
= 0, uniformly in m


(see, [14]).

If σ(m) = m + 1 and γ = 1, our main sequence space reduces to

L̂ϑ(U, ρ, j, σ, p) =

α = (αk) : lim
q

1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|xk+m − l|)

∣∣∣∣∣∣∣ )pn
= 0, uniformly in m


(see, [15]).

Theorem 2.1. Lγϑ
(
U, ρ, j, σ, p

)
is a linear space over the complex field C.

Theorem 2.2. Supposeρ-functionρ(t) satisfy the condition (∆2) and p =
(
pn
)
. Then Nγϑ

(
U, ρ, j, σ, p

)
is a paranormed

space with the paranorm defined by

1(α) = sup

 1
vq

∑
n∈Iq

j


∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m)|)

∣∣∣∣∣∣∣


pn


1
M

where M = max
(
1, supn pn

)
The proofs of the above theorems are routine verification by using standard techniques and hence are

omitted.
In the following we include our another important result.

Theorem 2.3. Suppose ϑ =
(
kq

)
and ϑ′ =

(
sq

)
are two lacunary sequences such that Iq ⊂ Jq for all q ∈ N and let γ

and β be defined by 0 < γ ≤ β ≤ 1,
If

lim inf
q→∞

vγq

ℓ
β
q

> 0, (1)

then
Lβϑ(U, ρ, j, σ, p) ⊆ Lγϑ′ (U, ρ, j, σ, p).

If

lim
q→∞

ℓq

vβq
= 1 (2)

and j is bounded, then Lγϑ(U, ρ, j, σ, p) ⊂ Lβϑ′ (U, ρ, j, σ, p).
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Proof. Suppose that Iq ⊂ Jq for all q ∈ N and let (1) be satisfied. Assume α = (αk) ∈ Lγϑ(U, ρ, j, σ), p. Then
given γ and β such that < γ ≤ β ≤ 1 and a positive real number p,we consider

1

lβq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p ≤ vγq

lβq

1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p
for all q ∈ N, where Iq =

(
kq−1, kq

]
, Jq =

(
sq−1, sq

]
, vq = kq − kq−1 and ℓq = sq − sq−1. and we get that

Lβϑ(U, ρ, j, σ, p) ⊆ Lγϑ′ (U, ρ, j, σ, p).
(ii) Let α = (αk) ∈ Lγϑ(U, ρ, j, σ, p) and assume that (2) holds. Since j is bounded, then there will exist some

T > 0 such that j
( ∣∣∣∑∞k=1 unkρ(|ασk(m) − l|)

∣∣∣ ) ≤ T for all k. Now, since Iq ⊂ Jq for all q ∈N, we write

1

ℓ
β
q

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p ≤ 1

ℓ
β
q

∑
k∈Jq−Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p
+

1

ℓ
β
q

∑
k∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p
≤

 ℓq − vq

ℓ
β
q

Tp +
1

ℓ
β
r

∑
k∈Iq

ȷ
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p
≤

ℓq − vβq

vβq

Tp +
1

vβq

∑
k∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p
≤

 ℓqvβq
− 1

Tp +
1
vγq

∑
k∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p
for every q ∈N. Finally α = (αk) ∈ Nβϑ′ (U, ρ, j, σ, p).

From Theorem 2.3 we get the following.

Corollary 2.4. Let ϑ =
(
kq

)
and ϑ′ =

(
sq

)
be two lacunary sequences such that Iq ⊂ Jq for all q ∈N.

If (2.1) holds then,
(i) Lγϑ′ (U, ρ, j, σ, p) ⊆ Lγϑ(U, ρ, j, σ, p), for each 0 < γ ≤ 1,
(ii) Lϑ′ (U, ρ, j, σ, p) ⊆ Lγϑ(U, ρ, j, σ, p), for each 0 < γ ≤ 1,
(iii) Lϑ′ (U, ρ, j, σ, p) ⊆ Lϑ(U, ρ, j, σ, p),
If (2.2) holds and j is bounded, then
(i) Lγϑ(U, ρ, j, σ, p) ⊆ Lγϑ′ (U, ρ, j, σ, p), for 0 < γ ≤ 1,
(ii) Lγϑ(U, ρ, j, σ, p) ⊆ Lϑ′ (U, ρ, j, σ, p), for each 0 < γ ≤ 1,
(iii) Lϑ(U, ρ, j, σ, p) ⊆ Lϑ′ (U, ρ, j, σ, p).

Theorem 2.5. Let 0 < γ < ϱ ≤ 1 and p be a positive real number, then Lγϑ(U, ρ, j, σ)p ⊆ Lϱϑ(U, ρ, j, σ)p, and the
inclusion is strict.

Proof. Let α = (αk) ∈ Lγϑ(U, ρ, j, σ)p. Then, given γ and ϱ such that 0 < γ < ϱ ≤ 1 and a positive real number
p, we may write

1
vϱq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p ≤ 1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p



E. Savaş / Filomat 38:32 (2024), 11325–11331 11329

and this gives us that Lγϑ(U, ρ, j, σ)p ⊆ Lϱϑ(U, ρ, j, σ)p.
If we take α = (αk) such that

αk =

1, if k is square
0, otherwise.

Then, it can be easily verified that the inclusion is strict .

Now we can get the following interesting corollary.

Corollary 2.6. Let 0 < γ < ϱ ≤ 1 and p be a positive real number. Then,
(i) If γ = ϱ, then Lγϑ(U, ρ, j, σ)p = Lϱϑ(U, ρ, j, σ)p,
(ii) Lγϑ(U, ρ, j, σ)p ⊆ Lϑ(U, ρ, j, σ)p for each γ ∈ (0, 1] and 0 < p < ∞.

The following is also a main result of us.

Theorem 2.7. If

wγ(U, ρ, j, σ, p) =

α = (αk) : lim
t

1
tγ

t∑
n=1

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
= 0, uniformly in m

 .
then the following relations will be true:
(a) If lim infq τq > 1 then we write wγ(U, ρ, j, σ, p) ⊆ Lγϑ(U, ρ, j, σ, p),
(b) If supq τq < ∞, then we write Lγϑ(U, ρ, j, σ, p) ⊆ wγ(U, ρ, j, σ, p).

Proof. (a) Suppose that α ∈ wγ(U, ρ, j, σ, p). There exists ς > 0 such that τq > 1 + ς for all q ≥ 1 and we have
vγq/k

γ
q ≥ ς

γ/(1 + ς)γ for sufficiently large q. Then, for all m,

1
kγq

kq∑
n=1

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
≥

1
kγq

∑
n∈Iq

j

∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn

=
vγq
kγq

1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn

≥
ςγ

(1 + ς)γ
1
vγq

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(||ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
.

Thus, α ∈ Lγϑ(U, ρ, j, σ, p).
(b) If lim supq τq < ∞ then there will exist T > 0 which is τq < T for all q ≥ 1. Let α ∈ Lγϑ(U, ρ, j, σ, p) and ε is
an arbitrary positive number, then there will exist an index z0 such that ,

Kz =
1
νγz

∑
n∈Iq

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
< ε,

for every z ≥ z0 and all m.
Thus, we may also find Q > 0 such that Kz ≤ Q for all z = 1, 2, . . . . Let ν be any integer with kq−1 ≤ ν ≤ kq,
then we consider, for all m

I =
1
νγ

ν∑
n=1

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )p ≤ 1
kγq−1

kq∑
n=1

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
= I1 + I2
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where

I1 =
1

kγq−1

z0∑
z=1

∑
n∈Is

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
.

I2 =
1

kγq−1

ν∑
z=z0+1

∑
n∈Iz

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
.

It is obvious that,

I1 =
1

kγq−1

z0∑
z=1

∑
n∈Iz

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn

=
1

kγq−1

(∑
n∈I1

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
+ ... +

∑
n∈Iz0

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m)|)

∣∣∣∣∣∣∣ )pn

≤
1

kγq−1

(v1K1 + ... + vz0 Kz0 ),

≤
1

kγq−1

z0kγz0
sup1≤i≤z0 Ki,

≤
z0kγz0

kγq−1

Q.

Moreover, for all m

I2 =
1

kγq−1

ν∑
z=z0+1

∑
n∈Iz

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn

=
1

kγq−1

m∑
z=zo+1

( 1
νz

∑
n∈Iz

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|ασk(m) − l|)

∣∣∣∣∣∣∣ )pn
hs

≤ ε
1

kγq−1

m∑
z=z0+1

νz,

≤ ε
kγq

kγq−1

,

= ετγq < ε.T.

Obviously I ≤ zokγzo

kγq−1
K + ε.T. Hence, x ∈ wγ(U, ρ, j, σ, p).

If we take σ(m) = m + 1, we can get the following corollary ( see, [15]) is a consequence of the previous
theorem.

Corollary 2.8. If

ŵγ(U, ρ, j, σ, p) =

α = (αk) : lim
t

1
tγ

t∑
n=1

j
( ∣∣∣∣∣∣∣
∞∑

k=1

unkρ(|αk+m − l|)

∣∣∣∣∣∣∣ )pn
= 0, uniformly in m

 .
then the following relations will be true:
(a) If lim infq τq > 1 then we have ŵγ(U, ρ, j, σ, p) ⊆ L̂γϑ(U, ρ, j, σ, p),
(b) If supq τq < ∞, then we have L̂γϑ(U, ρ, j, σ, p) ⊆ ŵγ(U, ρ, j, σ, p).
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3. Conclusion

In the paper, we have introduced a considerable space structure called lacunary strong (U, ρ, f ) invariant
space of order γ via infinite matrix . Also, some relations among these newly defined sequence spaces were
established. These results unify and generalize the existing results. As a scope, we believe that this paper
may attract the future researcher in this direction.
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[16] R. Savaş, Multidimensional asymptotically lacunary statisticalEquivalent of order α for sequences of fuzzy numbers, Fuzzy Infor. Eng. 14

(2022), 1–9.
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