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On lacunary strong invariant convergence with order y

Ekrem Savas?

*Usak University, Department of Mathematics,Usak, Turkey

Abstract. We known that the most vital part of summability theory is the sequence spaces. In this paper
by using a modulus and the p- function we shall introduce the new sequence space of order y and also
discuss some important properties related to this space. Additional we establish some inclusion relations
among the these sequence spaces in some detail. We should strongly indicate that our new sequence space
is more general than that of corresponding sequence space defined by Waszak, [25].

1. Introduction and background

In this section we shall start by presenting the definition of modulus function. Ruckle [11] and Maddox
[8] presented the following notion of modulus function:

Definition 1.1. A function j : [0, 00) — [0, o) is called a modulus function provided that
1. j(x) =0if and only if x = 0,
2. jix+y)<jlx)+j(y)forallx >0and y > 0,
3. jisincreasing, and
4. jis continuous from the right of 0.

Observe by (2) and (4) it follows instantly that j is continuous on [0, c0). Moreover, by (2) for all natural
number #, j(nx) < nj(x). Different extensions and applications of modulus function have been considered
in[2, 4, 10, 13, 15].

Moreover if there is constant K > 1 such that p(2t) < Kp(t), we say that p-function p satisfy (A;)-condition
for all large ¢ ( see, [25].

We know that the most important part of summability theory is the convergence of the sequences, the
new concepts related to the convergence such as almost, invariant and statistical etc. were studied. The
idea of the statistical convergence order @, 0 < @ < 1 was introduced by Gadjiev and Orhan [6]. It should
be note that this concept was studied by the different authors in [3, 16-18, 21, 23]) in detail.

Let 0 be a mapping of the set of positive integers into itself. A continuous linear functional ¢ on I, (
which is the set of bounded sequences), is said to be an invariant mean or a o-mean if and only if

1. ¢(a) > 0 when the sequence a = (a,,) has a,, > 0 for all n;
2. ¢(e) =1 wheree=(1,1,1,...) and
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3. ¢(asm) = P(ay) for all a € .

When o(n) = n+1, the 0— means are the classical Banach limits on I, and f is the set of almost convergent
sequences(see, [1]).

The mappings ¢ are assumed one-to-one and such that o*(17) #  for all positive integers n and k, whose
o*(n) denotes the kth iterate of the mapping o at n.

Let Ta = (Tax) = (@yx(m)), we show that (see Schaefer [24])

V,= {a €l : lim#ty, () = L uniformly inn, L =0 —lim a}
m
where
o, + As(n) + e+ Qgm(n)

tnn(@) = m+1

, toia(a) =0.

Strongly o— convergent sequences is defined by Mursaleen replacing the Banach limits by invariant
means, see for detail in [9].
Savas [12] presented the sequence space of lacunary invariant convergent in the following way.

1
V[‘? ={a=(a): li;n - Z(agk(m)) —1) =0, for some [, uniformly inm ;.
q kel,

If o(m) = m + 1, then we obtain ACy which is defined by Das and Mishra [5] as follows:

ACyg =qa = (ag) : lim vl Z(ak”” —L) =0, for some [ uniformly in m ;.
1 1 kel,

2. Main results

We now start by formulating the following definition. In fact this space is more general than the space
defined earlier by Savas [14]. In the whole article, we suppose that j and p are modulus and p functions,
p = (pn) is a sequence of positive real numbers. Further, we suppose that U = (u,x)(n,k = 1,2,...) is a real
matrix, ¥ = (k,) is a lacunary sequence and 0 < y < 1. We now write,

(o)

Z UnieP(latgrmy = 1)

k=1

)pn =0, uniformly inm,

v . . 1 .
Ly p,jrop) = a = (a): lim = Z it

9 nel,

where 8 = (k;) is an increasing integer sequence such that kp = 0 and v; = k; —k;-1 — o0, as r — oo.
Let I, = (ks-1,k4],( see, [12]) and also p-function is a continuous non-decreasing function p(t) such that
p(0) =0, p(t) >0, for t > 0 and p(t) = oo ast — o ( see, [25]).

When a € Lg(ll, p, J,0,p), we say that the sequence « is lacunary strong (U, p, 0)- convergent of order y
to [ with respect to a modulus j.

Later on generalizations of lacunary sequence are considered in many articles by various authors(see,
[7,19, 20, 22]).

Some well-known spaces are also obtained by specializing o(m) and y.

If px = p, for all k, we have

(o)

Z kPt — 1)

k=1

)p =0, uniformly inm .

v . . 1 .
L:&)(LII P/ ]/a)p =qa = (ak) . 11;{1‘1 07 Z ](

9 nel,
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If o(m) = m + 1, our definition will be become

ﬁg(u, P ip)=3a=(): lign % Z ]( Z Uk P X — 1) )p” = 0, uniformly in m},
9 nel, k=1

(see, [13]). When y =1, we get

Ls(U,p,j,0,p) =3a = (a) : lim vl Z ]( Z Unk Pty — 1) )pn = 0, uniformly in m
1 nel; k=1

(see, [14]).
If o(m) = m + 1 and y = 1, our main sequence space reduces to

0o

Ytk = 1)

k=1

5 . .1 .
Ls(Upjo,p) = ya = (@) : lim 7 Z il

q nel,

)pn = 0, uniformly in m}

(see, [15]).

Theorem 2.1. Lg (U, p, j,0,p) is a linear space over the complex field C.

Theorem 2.2. Suppose p-function p(t) satisfy the condition (Az) and p = (p,). Then N}, (U, p, j, 0, p) is a paranormed
space with the paranorm defined by

0 Pn %
1 .
g(@) = sup [v—q Y ][ Y ttkpltgin) ] ]
nel, k=1

where M = max (1, sup,, pn)

The proofs of the above theorems are routine verification by using standard techniques and hence are
omitted.
In the following we include our another important result.

Theorem 2.3. Suppose 9 = (kq) and ¥ = (sq) are two lacunary sequences such that I, C J, for all q € IN and let y
and p be defined by 0 <y < <1,

If
vl
lim inf — > 0, (1)
q
then
L5, p, jo,p) € L, (U, p, j,0,p)-
If
7
lim = =1 )

and j is bounded, then Lg(U, p,j,o,p) C Lg,(ll, P, J,0,p).
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Proof. Suppose that I; C ], for all 4 € IN and let (1) be satisfied. Assume a = (a;) € Lg(u, p,7J,0),p- Then
given y and f such that < y < < 1 and a positive real number p, we consider

V )
5 Z unkpaagk(m) SNE —;’l 3 A([Y wkplagin - |
‘7 nely lq q nel, k=1

for all g € N, where I, = (kq_l,kq],]q = (sq_l,sq],vq = k; — k1 and £, = s, — 5,1 and we get that
LU p, j,o,p) L, (U p, j,0,p).
(ii) Let @ = (o) € Lg(ll, p, j,0,p) and assume that (2) holds. Since j is bounded, then there will exist some
T > 0 such that ]( |}:}:°=1 Uk (1 gk ) — l|)| ) < T for all k. Now, since I, C J, for all g € N, we write

Ly Jed ¥ f

o)

2 Unk (| my — 1)

unkp(laak(m) - ll)

q nel; k=1 q kej,—1; k=1
+ = Y (Y ol - |
gq kel, k=1
< Lﬁvti] TP + lﬁZ]( Z Mnkp(|aok(m) - ll) )p
fq fr kel, k=1
gﬁ] vq] 1 . - P
< "+ — (lev gy = 1)
7 )7 g et )
g (o]
<|5- 1] T + %2 i(|Y e — 10| )
q 9 kel, k=1

for every g € IN. Finally o = (ay) € Ng,(ll, e, jop). O

From Theorem 2.3 we get the following.

Corollary 2.4. Let 9 = (kq) and §' = (s,,) be two lacunary sequences such that I, C J, for all g € IN.
If (2.1) holds then,
(i) Ly, (U, p, j,0,p) € LU, p, j o,p), foreach 0 <y <1,
(ii) Ly (U, p, j,0,p) € Li(U, p, j,0,p), foreach 0 < y <1,
(iii) Ly (U, p, j,0,p) < Ls(U, p, j, 0, p),
If (2.2) holds and j is bounded, then
(i) Ly(U, p, jo,p) S Ly, (U, p, jyo,p), for 0 <y <1,
(ii) Lg(U, p,j,0,p) €Ly (U p,j0,p), foreach0 <y <1,
(lll) LS(LI/ p/ j/ o, p) - LS’ (u/ P/ j/ o, p)

Theorem 2.5. Let 0 < vy < ¢ < 1 and p be a positive real number, then L}‘;(U, P, j,0)p S Lg(U, P, ], 0)p, and the
inclusion is strict.

Proof. Leta = (o) € Lg(u, p, J,0)p- Then, given y and ¢ such that 0 <y < ¢ <1 and a positive real number

p, we may write
1 .
_ZJ )<yzﬂ y

9 nel, 9 nel,

o]

Y et =1

k=1

unkp Iaak (m) — l|)
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and this gives us that Lg(ll, p,j,0)y CLYU, p, j,0),

11329
If we take a = () such that

1, ifkissquare
A =
k 0, otherwise.
Then, it can be easily verified that the inclusion is strict. [
Now we can get the following interesting corollary.

Corollary 2.6. Let 0 <y < g < 1 and p be a positive real number. Then
(i) If y = o, then LU, p, j,0)y = LY (U, p, . 0)p,

(ii) Lg(U, p,J,0)p € Ls(U, p, j,0), for each y € (0,1] and 0 < p < oo.

The following is also a main result of us

Theorem 2.7. If

(e8]

P
Z Unk (k) — 1)

t
w'(U,p, j,o,p) = {04 = (@) : lim lyz] ) " =0, uniformly in m}

n=1

~

then the following relations will be true

(a) If lim inf, 7, > 1 then we write w” (U, p, j,0,p) € Ly(U, p, j,0,p),
(b) If sup, 7, < oo, then we write Lg(U, p,j.o,p) Cw'(Up,j0,p)

Proof. (a) Suppose that o € w”(U, p, j, 0,p). There exists ¢ > 0 such that 7, > 1 + ¢ for all 4 > 1 and we have
Uz; /k;’ > ¢ /(1 + ¢)” for sufficiently large g. Then, for all m

kg oo o
5 Y (Y meptagon =D 2 Y wplasn - 1))
9 n=1 |k=1 9 nel, |k=1
U1 v e "
= iyg)y : 2 X el = 1))
‘1 nel, k=1

Thus, a € Lg(U, P, ,0,p).

(b) If lim sup, 7, < oo then there will exist T > 0 whichis 7, < T forallg > 1. Leta € L}(U, p, j,0,p) and ¢ is
an arbitrary positive number, then there will exist an index zy such that

K= L

Z nel,

(o)

Y wpllagiin — 1)

k=1

Pn
V<

for every z > zg and all m.

Thus, we may also find Q > 0 such that K, < Q forallz =1,2 Let v be any integer with k; 1 <v <k,
then we consider, for all m

Y (et ll)

k=1

1 v .
== ](

n=1

k

<

(o)

Pn
Zunkp(|aak(m) =1 ) =h+Dh

1
k)/ i

-1 n=1




E. Savas / Filomat 38:32 (2024), 11325-11331 11330

where

-
)Pu

M)

qlzlnelg

ZZ

q 1 z=zp41 nel;

MnkP(|%k(m) = 1))

MnkP(|%k (m) =1))

It is obvious that,

DN}

qlzlne]

= (X

q-1 nelh

)Pn
)Pn 4 Z

neI

unkp(laok(m) =1

0o

Z unkp(mok(m) - ll)

k=1

Z () )

k=1

IA

),—(Z)lKl + ...+ UZOKZO),
q-1

IA

5
2ok, sup1<i<z Ki,
q-1
y
ZOkzo

< o
kq_1

Moreover, for all m

L = 0 ZZ]

q 1 z=zp+1 nel,

R NCN

q 1 z=z,+1 nel
m

Ekyi Z vz,

q-1 z=zp+1
Y
k'i
e—
k)’
q-1

Y
q

)Pn

Z unkp(|aok(m) - ll)

k=1

Z () — 1)

o

IA

IA

7

= ¢, <eT.

zk

Obviously I < “K +eT. Hence, x e w’ (U, p, j,0,p). O

q 1
If we take o(m) = m + 1, we can get the following corollary ( see, [15]) is a consequence of the previous
theorem.
Corollary 2.8. If

[e9]

2 Unie PO — 1)

)p” =0, uniformly in m}.

. 1y,
" (U, p, j0,p) = {a = () +lim Z{ it

then the following relations will be true:
(a) If liminf, 7y > 1 then we have ® (U, p, j,0,p) LW, p,j.o,p),
(b) If sup, T4 < co, then we have LYW, p, jo,p) @’ U,p,jo,p).
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3. Conclusion

In the paper, we have introduced a considerable space structure called lacunary strong (U, p, f) invariant
space of order y via infinite matrix . Also, some relations among these newly defined sequence spaces were
established. These results unify and generalize the existing results. As a scope, we believe that this paper
may attract the future researcher in this direction.
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