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A study of bi-slant lightlike submanifolds of PNsR-manifolds

Bilal Eftal Acet®

®Faculty of Arts and Sciences, Department of Mathematics, Adiyaman University, Adiyaman, Turkey

Abstract. The aim of this paper is to define new class of slant submanifolds of poly-Norden semi-
Riemannian manifolds (PNsR-manifolds) includes slant, semi-slant and CR-lightlike submanifolds as its
subcases which called bi-slant submanifolds. We present necessary and sufficient conditions for the distri-
butions included in the definition of such lightlike submanifolds to be integrable. Also, we obtain some
results with non-trivial examples of such submanifolds.

1. Introduction

Because of degeneracy of the induced metric, lightlike submanifolds differs noticable from their non-
degenerate counterparts. Such differences results from the fact that tangent and normal bundle have a
non-trivial intersection. This theory is developed by K.L. Duggal and A. Bejancu [13] (see also [14]). Then
the geometry of lightlike submanifolds have been extensively investigated ([3, 4, 15]).

As a generalization of totally real submanifolds and complex submanifolds slant submanifolds of almost
Hermitian manifolds introduced by B.Y. Chen [7]. Then this theory was extended different structure.
Semi-slant submanifolds in almost Hermitian manifolds were introduced by N. Papagiuc [17]. Semi-
slant submanifolds in Sasakian manifolds were studied by J.L. Cabrerizo [12]. Recently, bi-slant lightlike
submanifolds were examined in [16] (see also [5, 18]).

By use of generalization of golden mean, V.W. Spinadel introduced metallic structure [25]. Let p; and
p2 be positive integers. Thus, members of the metallic means family are positive solution

xz—plx—p2=0,

and this number, which are known (p1, p2)—metallic numbers denoted by [9]

p1+ 4Pt +4p2

Opl,/Jz = 2

A metallic manifold has a tensor field ] such that the equality J?> = p; ]+ p,I is satisfied, where the eigenvalues
of automorphism J of the tangent bundle are 0,, 5, and p; — 0, 5, [9]. Metallic structure on the ambient
manifold provides geometrical results on the submanifolds, since it is an impotant tool while examining of
submanifolds (for more details [1, 2, 8, 11, 20]).
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Also, in [19] unlike the bronze mean given in [24], a new bronze mean have been studied. A new bronze
mean given in [19] can not be expressed with o, ,,. Recently, a new type of manifold which is called almost
poly-Norden manifold has been examined in [6]. Then different types of submanifolds of poly-Norden
(semi)-Riemannian manifolds have been published ([10, 21, 22]).

In this article, we studied the term of bi-slant lightlike submanifolds of PNsR-manifolds which includes
slant, semi-slant and CR-lightlike submanifolds as its subcases.

2. Preliminaries

The positive solution of x* — wx + 1 = 0, is called bronze mean [19], which is given by

w+ YVo? -4

In [6], bu use of (1), B. Sahin defined a new type of manifold equipped with the bronze structure. A
differentiable manifold G, with a (1, 1)—tensor field ® and semi-Riemannian metric § satisfying

P = wd-1d, (2)
§(Dd1, D9,) = wi(Pd, d5) — §(91, ), (3)
then @ is called an almost PNsR-manifold. Using (3), we arrive at
§(Dd1,0,) = (01, DI>),
for all 91, 9> € T[(TG). Throught the paper, we will suppose that w different from zero (for more details [23]).

Definition 2.1. [6] Let (G, §) be a semi-Riemannian manifold endowed with a poly-Norden structure ®. If the almost
poly-Norden structure ® is parallel with respect to the Levi-Civita connection 4, i.e.,

=0, (4)
then (G, ®, §) is called a PNsR-manifold.

Example 2.2. [6] Consider the 4-tuples real space R* and define a map by
d : R'-R
(u1,uz,u3, us) = (Pwli1, Pott2, Pwlls, Polia),

w+ Vw?-4 w?—4
wNeB=E s (

where p, = LY== and p, = & R*, ®) is an example of almost poly-Norden manifold.
% 2 % P poty

A submanifold (G™,g) immersed in a semi-Riemannian manifold (G"*", §) is called a lightlike sub-
manifold [13], if the metric g induced from § is degenerate and the radical distribution RadTG is of rank
r, 1 < v < m. Assume that S(TG) is a screen distribution which is a semi-Riemannian complementary
distribution of RadTG, that is,

TG = S(TG) LRadTG. (5)

Considering a screen transversal vector bundle S(TG*), which is a semi-Riemannian complementary vector
bundle of RadTG in TG*. For every local basis {(;} of RadTG, there exists a local null frame {N;} of sections
with values in the orthogonal complement of S(TG*) in (S(TG*))* such that

g(N;, G;) = 6;j and §(N;,N;) =0,

it follows that there exists a lightlike transversal vector bundle /tr(TG) locally spanned by {N;} [13].
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Assume that t(TG) is a complementary (but not orthogonal) vector bundle to TG in TG|c. Then, we get
tr(TG) = Itr(TG)LS(TG"), (6)
TGlg = TG @ tr(TG), )
which gives
TG = S(TG)L{RadTG & Itr(TG)} LS(TG™). 8)
The Gauss and Weingarten formulae are given as

§2,02 = #5,02 + h(d1,2), )

fo,N = —Ano1 + 5 N, (10)

forall 91,0, € I'(TG) and N € T(Itr(TG)). ﬂ, #and #if are linear connections on TG, TG and t7(TG), respectively.
In view of (9) and (10), for all d1,d> € I(TG) and N € I'(ltr(TG)) and W € I(S(TG")), we get

B2,02 = 13,02 + (91, 92) + (91, 92), (11)
BglN = —AN81 + ﬁla]N + Ds(81,N), (12)
fo,W = —Awds + V3, W + D'(91, W). (13)

Then, by use of (9), (11)~(13) and metric connection 13, we arrive at
§(15(d1,02), W) + §(2, D'(91, W)) = §(Awd, d2), (14)
g(D*(d1,N), W) = (N, Awoh). (15)
Denote the projection of TG on S(TG) by P. For any d1,d, € I(TG) and C € I'(RadTG), we get
2, Pdy = ) Pos + It'(d1, Pda), (16)

2,0 = —Ad1 +1) C. (17)

From above equations, we have

§(h(91,P9,),C) = §(A01, Pdy), (18)
g(h'(01,P92),N) = §(And1, Poy), (19)
g(H'(:,0),0 =0, AL=0. (20)

In general, #§ is not metric connection and we have

(#5,9)(02, 93) = G(H' (01, 92), 33) + G(H' (01, d3), 0a). (21)
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3. BI-SLANT LIGHTLIKE SUBMANIFOLDS OF PNsR-MANIFOLDS

Definition 3.1. Let G be a lightlike submanifold of a PNsR-manifold (G, ®, §). Then we say that G is a bi-slant
lightlike submanifold if the following conditions are satisfied:

i) ®RadTG is a distribution such that RadTG N ®RadTG = {0},

ii) There exists non-degenerate orthogonal distributions y, y and  on G such that

S(TG) = {PRadTG & Pltr(TG)} Ly Ly LY,

iii) The distribution y is invariant, ®y =,

iv) The distribution y is slant with angle 61(# 0) i.e., for each x € G and non-zero vector X € (), the angle 0,
between ®X and the vector space (J)y is non-zero constant, which is independent of the choice of x € G and X € ().

v) The distribution P is slant with angle 0,(# 0) i.e., for each x € G and non-zero vector X € (P)x, the angle 0,
between ®X and the vector space (), is non-zero constant, which is independent of the choice of x € G and X € ();.

A bi-slant lightlike submanifold is said to be proper if y # {0}, 7 # {0} and 61 # 7, 62 # 7.
In view of above definition, we have

TG = RadTG L{®RadTG & Dltr(TG)} Ly Ly L). (22)

Also,

if y = 0 and one of y and 7 is zero, then G is a slant lightlike submanifold,

if y # 0 and one of y and 7 is zero, then G is a semi-slant lightlike submanifold,

ify # 0and 01 = 7 = 0,, then G is a CR-lightlike submanifold.

As mentioned in the abstract, bi-slant lightlike submanifold of a PNsR-manifold containes slant, semi-
slant and CR-lightlike submanifolds. This makes the study of bi-slant submanifolds extremely difficult and
interesting.

Example 3.2. Let (]R}f, ) be a semi-Riemannian manifold with signature (—, —, +, ..., +,—, —, +, ..., +) and (11, Uz, ..., 1)
be standard coordinate system of R}°.
Taking

Pwlt1, fja)u2/ Pwlis, pwuélr P(AJMS/ fjwu6/ Pwl7, PolUs,

D(uy, ..., U16) = ~ ’ _ -
Pol9, P10, Pwlll, PolU12, PoU13, PolUl4, PoUl5, Pwllie

where p, = Y= and p,, = ©=N=2 Then @ is a poly-Norden structure on R1P.

Assume that G is a submanifold of R}® given by

Uy = PpX1 — X2 + X3, Up = X1 + PuX2 — PwX3,
Uz = —PpX1 + X2 +x3, Uy =2X1+ PuX2 + PuX3,
Us = Ug = PuX4, Uy =Ug = PuXs5,
Ug = U1l = X¢, U0 = U2 = X7, U13 = PuXs,
U4 = PwX9, U5 = PuXs, Ule = PwX9-
Then TG = Sp{V¥1, ..., Wo}, where
W1 = pudx1 + dxa — pudxs + dxy,

W, = —dx; + p_(U&JCZ +Jx3 + p‘w8x4,
Ws = dx; — ﬁaﬂxz + Jdxs3 + pa,8x4,
Wy = puoxs + pudxs, W5 = pudx7 + puoxs,
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Ye = 8xQ + 3X11, v, = Bxl() + axlz,
Wg = po0x13 + pudxis, W9 = pudxis + poudxie.
Thus, RadTG = Sp{W1} and S(TG) = Sp{Wy, ..., Yo} and Itr(TG) is spanned by
1

N = m (—pw8x1 —dxy — pw8x3 + 8x4) .
and S(TG™) is spanned by

Wi = pw8x5 - ﬁwaxﬁ, W, = ax7 — axs,
W3 = ax9 - axll/ W, = aX1() - axlz,
W5 = pw8x13 - ﬁm8x15, W6 = ﬁmaxﬂ - pwax16~

It follows that ®W; = Wy, ON = W;, Y, = —-W,, dW5 = (p,)*Ws which gives that y is invariant, i.e., @y =y
and y = Sp{Wy, Ws} and y = Sp{We, W7}, 7 = Sp{Ws, Wo} are slant distributions. Therefore G is a bi-slant lightlike
submanifold of R1°.

For any vector field d; € I(TG), we take
ﬁ)&l = t81 + m?l, (23)

where td; and nd; are the tangential and the transversal part of ®d;, respectively. We show the projections
on RadTG, ®(RadTG), ®(Itr(TG)), y, 7 and ¥ in TG by Ry, Ry, R3,Ry4, Rsand R and respectively. Similarly,
we show that the projections of t7(TG) on ®(Itr(TG)) and S(TG*) by Q1 and Q», respectively. Then, we get

01 = R101 + Rpd + R3dy + Ry d1 + Rsdy + Reor. (24)
Now, applying ¢ to (24), we obtain
dd; = DRy + DPRyI; + PR3 + DRy 04 (25)
+®R50; + PRy,
which yields

@81 = ®R181 + (I)Rzgl + CI)R3(91 + ®R4 &1
+tf{5&1 + 1’110{531 + HA{631 + nﬁégl, (26)

where tR50; and tR¢0; denotes the tangential component of ®R50,and DR¢I1, nR50; and nRyd; denotes the

transversal component of ®Rsd; and ®R¢d;.
Also, for any W € T(tr(TG)), we have

W=QiW+QW. (27)
Applying 1) to (27), we have

OW = O W + DQ,W,
which yields

OW = DQW + bOL W + cOoW + bO W + cQ,o W, (28)

where bQ°2 Wand bQ2 W denotes the tangential component of DO, W, CQ°2 Wand CQZ W denotes the transversal
component of ®Q,W. Thus we arrive at

dQW e T(Itr(TG)), bW e T(y),
bQ,W € T(D), cQoW,cQyW € T(S(TGY)).
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4. MAIN RESULTS

Now, we give the main results of our article:

Theorem 4.1. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then RadTG is integrable if and only if
i) G (C1, Do), G3) = G(H(Co, DC1), C3),
ii) (' (C1, @C2), N) = §(I'(C2, @C1), N),
iii) ﬁ(ﬁzléCz - ﬁzz‘i)(_.l,d)&l) = wﬁ(ﬁzl‘bCz - ﬁzzéCl,al),
iv) ?(ﬂzléCz - ﬁzzd)Cl/ tdr) + G(h*(Cr, DCo) — h¥(Cp, BLy), n05) = wﬁ(ﬁzl O, - ﬁzzj)(:l/al)/
v) ﬁ(ﬂzl‘iCz - ﬁzzﬁ)Cl, td3) + G(h*(Cr, DCo) — h*(Co, DLy), 1md3) = w!?(ﬁzlcb(;z - ﬁzzci)CLa?,),
forall G; e T(RadTG), (i =1,2,3), d1 €I(y), d» € I(), d3 e I'(y) and N € T(Itr(TG)).

Proof. We know that the the distribution RadTG is integrable iff
g([Cl/ 62]/ ®C3) = g([C1/ CZ]/ (i)N) = g([C‘l/ CZ]/ al) = g([C‘l/ CZ]/ 82) = g([CL C2]/ 83) =0

for any (; e I'(RadTG), (i = 1,2,3), d1 € I(y), 2 € T'(Y), d5 € I'(Y) and N € I'(ltr(TG)). Because of 13 is a metric
connection, from (3), (11), (16) with (23), we have

J([C1, 0], PG) = §(H G - e, G, D)
= !7(&61 @, - acz(bCL C3)
= G, DG + H(Gy, BG) + K (Ly, D), G3)
—G(t, DLy + W (Lo, D) + 1 (Lo, DL1), Ca)
= GG, D), G) — G (G2, DC1), C), (29)

g1, GLON) = gk & — .G, ON)
= G, P - §, D0, N)
= G, P + W (Cy, D) + 15(Cy, DE), N)
—G(He, PG + (Lo, BCy) + 1 (Cp, DL), N)
= (i P, N) - G(#, DL, N),
= g PG +1'(Gy, PL), N)
—g(t;, Ty + 1*(Cy, PL), N)
= GG, DG) — WG, BTy),N), (30)



J([C1, C2], 91)

g([CL CZ]/ a2)
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—§(P[C1, Co], Do) + w(P[Cy, &), 01)
~J(B, DT, — §, T1, Do)

+wg(H, B — #, PC1, 1)

—§(8e, DG + WG, D) + 1 (Gy, DLy), Dr)
+G(He, @G + W (Lo, DGy) + 1¥(Co, DLy), D1)
+w i, P + 1 (G, D) + H(Cy, Do), 01)
~wi(H, ®C1 + K (G, D) + (Lo, BT1), 01)
—(He, Lo, Do1) + §(H,, PC1, PI1)

+w (e, DLy, 01) — wi(He, PGy, )

—§(ll, DCy + I*(C1, DLy), DI1)

+J(t; DTy + 1(Cy, BLy), DI1)

+wgll ®Cy + I1'(C1, PLa), )

—wi(ly, B + (G2, DGy), 1)

gl DTy — DLy, Py)

+wg(ll, ®C — f; PLy, 1),

—§(P[C1, Co], PI2) + w(P[C1, Co], 92)

~(Bc, DT, — B, C1, Do)

+wi(f Do — e, ®C1, 92)

~ (B, PC, — B, By, 105 + 1dy)

+wf(le, D - DT, 92)

—G(#e, DG + WG, DG) + 1¥(Cy, DLy), td2 + 1)
+(tc, D1 + H(Co, D) + B (Co, BC1), 102 + 1)
+ i, BC + K (C1, BG) + (G, DLa), 92)

~w i, ®Ci + 1 (Co, D) + 1°(Co, DT1), 02)
—G(He, P — H, DTy, £0r)

—j(h*(C1, DCo) — 1¥(Co, DCy), )

+wi(t, P — e, P, 02)

—§(l;, PCo + 1'(C1, DLy), 1)

+G(Hl, @C1 + 1'(Cp, DLy), 1)

—j(h*(C1, DCo) — 1¥(Co, DCy), 10s)

+wg(ll ®Cy + I(C1, PLy), 02)

—wi(ly, B + (G2, DG1), 92)

—g(t; P — #f, DTy, td)

—J(h*(C1, DLo) — (Lo, Dh), 102)

+wg(ly P — #; PCy, 92),

11355

(31)

(32)
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J([C1,G),d5) = —d(DIG, Col, PI3) + wd(D[Ty, C], 93)

= —§(H, D — b, DG, DI5)
+wg(H, B — #, Py, 95)

= (B — B, BTy, 105 + 195)
+@g(he, D - B, D1, 95)

= —j(H DL + H(C1, D) + 1F(C1, D), 105 + 1)
+J(He, OC1 + 1 (Co, BC1) + 1 (Lo, D), 105 + 193)
+wd(fe, ®Co + 1 (Gy, D) + 1 (C1, DLo), 95)
~wi(le, DTy + W (L, BG) + 1¥(Lo, DLy), 93)

= —j(t, PCo — Py, td3)
=G (Cy, PCp) — (L, PL1), 103)
+wi(te, PCp — e, P, 03)

= =gty PG + 1 (G, D), t05)
+G(f, @G + 1 (Cp, PLy), )
—J(h°(C1, ®Co) — (Lo, DCy), n03)
+w(ll ®C + I(C1, PLa), 03)
—wj(lf Ty + I1'(Cy, PL1), 93)

= —j(t; PG~ ﬁ:;z&)(;l, td3)
—G(h*(C1, D) — 1¥(Co, 1), nd3)
+wi(ty, B -t DGy, 95). (33)

So, we obtain the required equations with (29)~(33). O

Theorem 4.2. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then ®(RadTG) is integrable if and
only if

i) g (DL, &), G3) = G(H(Cr, D), C3),

ii) ﬁ(AZI‘i)Cz,(i’aﬂ = ?(Azz‘i)(_.l,‘i)al),

iii) G(A,, ®L1 = Ay PLo, td2) = §(I*(Cr, PLo) = h(Ca, DLa), 1),

iv) G(AL DLy — AL By, td3) = G(h(C1, DCy) — 1Ly, DGy), 1d5),

) GANDT), DGy) = GANDT, DCy),

forall G; € T(RadTG), (i = 1,2,3), &1 € T(), &2 € (), 35 € T(9) and N € T(Itr(TG)).

Proof. Inview of the definition of bi-slant lightlike submanifold then the distribution ®(RadTG) is integrable
iff

F([DCy, DL, D) = F([DCy, DL, 01) = G([DLy, DLo), d2) = G([PC, D], d3) = §([DCy, D], N) =0,

for any (; € T(RadTG), (i =1,2,3), 1 € I'(y), d» € I(P), d3 € I'(P) and N € I'(Itr(TG)). In view of (3), (11), (12),
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(17) with (23) and ﬂ being a metric connection, we get

J([DC, DE,], D)

F([DG, D], 01)

J([DC, DE,], 92)

g (Hq;cl Ol — Bcbczci)Cl/ dC5)

g (‘i)(acbcl G- E@CZQ)/ DC3)

0 D(Hoe, G — Fo,01), G) = FHac, & — e, 01, Ga)
wg((ﬁ&)cl G- ﬁ®C2C1)/®C3) - ?(Bﬁ)cl G- ﬁ&)CZCL G3)
witor, G + H( DG, &) + (DLy, &), D)
(e, + W@y, &) + K (Do, §), D)
~G(fac, Co + H(DTy, &) + (DT, G), Go)
+i(Ha,C1 + H(DTy, C1) + (DG, C1), G)

GH (DG, C) - H(DCy, &), Ca),

G(hor, DO — B, DG, 1)

g @(ﬁ@cl G- BéczQ)/ d1)

G, &2 — fo, G, DO

G(#ae, Co + MLy, &) + H(DCy, &), DIy)

—G(Hoe, G + H(DC, &) + B DLy, Cr), DI1)

G(lHac, o, PI1) — G(tac,Cr, DO1)

G(=A; DT + ﬁgg Co, DI1) = G(-AL DL + ﬁ:{czcl,@l)
(Ay BC — AL Oy, DIy),

ﬁ(ﬁ@clécz - ﬁ(i)CZCTDCl/ d2)

g ((T)(ﬂécl G- B@czCl), d2)

G(Hoc, Co — B, C1, D02)

G(Hoc, o — Boc, G, 102 + 1)

(e, C2 + H(®C, &) + KD, &), tdr + ndy)
—G(#oe, G + KDLy, G) + KD, C), 102 + 193)
J(Hac, C2 — Hag, 1, £02)

+G(h°(DCy, C) — (DL, (1), ndy)

G-AL PG + 5, G, 102) — G(-AL DL + 5 L1, 102)
+J(1° (DG, C) — (DL, Cy), ndy)

GAL @y — AL DLy, t0,)

+J(1° (DG, &) — (Do, 1), nd2),

11357

(34)

(35)

(36)
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(Har, D2 — far, DT, 93)

F(DFor, o — o, 01), 93)

J(fac,C2 — fa, 01, DI3)

9‘(3@ G- BLI)CZCL tdz + nds)

G(Hae, G + MLy, &) + B(DCy, 8y), td5 + nds)
—j(#oe,C1 + KDL, &) + KDLy, (1), 105 + nd3)
Glac, & — or, C1, 103) + G(H° (DG, C) — B (DL, 1), 105)
G-AL PG + 5, G, 103) — G(-AL DL + 5 L1, 103)
+G(1* (DG, &) — B¥(DCy, C1), nd3)

GAL DLy — AL Dy, t05)

+J(° (DG, &) — (D, 1), nds3),

g(ﬁcbcl dC, - aéczé’Cl,N)

~(DC, Bar, N) + G(PT1, B, N)

~G(=ANDC + ﬁif)ClN +D*(®C;, N), DCy)
+J(~ANDCy + ﬁ%CZN + DD, N), )

FANDT, D) — FAND, D).

So, proof follows from (34)~(38). O
Theorem 4.3. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then ®(Itr(TG)) is integrable if and

only if

i) §(An, PNz, N3) = G(An, PN1, N3),

it) §(An, PN, 1) = G(An, PNy, DI1),

iii) §(An, ON; — An,®N, t2) = G(D*(@BNa, N1) — D*(@®N1, Ny), 1),
iv) g(ANl(i)Nz - ANZ(i)Nl,tgg) = g(Ds((i)Nz, Ny) - DS(&)Nl,Nz), nds),
v) (AN, @N1, DN2) = §(An, PNz, PNy),

forall N; € T@Ur(TG)), (i = 1,2,3), &y € T(), 32 € T(), 35 € T(P).

Proof. We know that the the distribution ®(Itr(TG)) is integrable iff
F([®Ny, ®N,], ®N3) = G([DPNy, DN,],91) = G([DPN;, DNy, 92) = G([DN1, DN,], 93) = (DN, DN>],N3) =0,

for any N; € L(@(tr(TG))), (i = 1,2,3), d1 € T(y), 9 € T(¥), 95 € T(P). Using (3), (11), (12), (17) with (23) and
# being a metric connection, we have

g([éle (T)NZ]/ (T)N?))

G(Hon, PN> — Hon, PN1, BN3)
= §(@(Hsn, N2 — Fon,N1), PN3)

= wﬁ@(ﬁmNz - chNle), N3) - !7(B<I>N1N2 - ﬂchlelNa)
= wi((Ben, N2 — #an,N1), PN3) — G(Hen, N2 — Han, N1, N3)

= @f(~An,®N1 + i No + D¥(DNy, N), ON)
~wi(~An, ®N + 5, N1 + D (®N2, Ny), BN3)
~G(=An,®N1 + 5, N2 + D*(PN1, Ny), N3)
+G(=An, DN, + ﬁgNle + D*(®N3, N1), N3)

= §(An,®N; — Ay, DNy, N3),

11358

(37)

(38)

(39)
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GIPN1, BN1,01) = G(lan, PN2 — Bon, PN1, 01)
= §(D(Hgn, N2 — Fan,N1), 91)
= g(achlNZ - ﬁ®N2N1,<T>81)
= G(-An,ON1 + fig, N2 + D*(ONy, N), $oy)
~G(=An, DNz + 5, N1 + D*(BN2, Ny), $9y)
= g(ANﬁJNz - ANZCT)Nl,ti)al),

GIPN1, ON21,02) = G(len, PN2 — B, PN1, 02)

= §(@(Fan, N2 — Hon,N1), 92)

= ﬁ(ﬁ@MNz - achle/‘i)az)

= G(Han, N2 — Hon, N1, 10 + 1n0,)

= J-AN, N1 + i, No+ D(PN1, Ny), 10, + ndy)
—G(—An, PN, + ﬁg)Nle + D¥(®N,, N1), td, + 1nd-)

= (AN, DN, — AN, PNy, tdy)
+q(DS(CT)N1,N2) - DS(<T>N2,N1), nady),

GDPN1, DNo],05) = G(Han, PN2 — Hpn, DN, 93)

= §(@(Fen, N2 — Bpn,N1), 93)

= g(ﬂchlNZ - aﬁnNle/(I)%)

= §lon, N2 — fon, N1, 105 + n95)

= J-ANDN1 + i, No+ D(®N1, Ny), 105 + nds)
—G(—An, PN, + ﬁg)Nle + D¥(®N,, Ny), td3 + nds)

= §(An, DN, — AN, BN, 133)
+7(D°(®N1, Nz) — D*(®N,, Ny), nds),

G([ONy, DN, N3) = G(Han, PN2 — g, N1, N3)
= —G(®N, g, N3) + G(PN1, Bpn,N3)
= —§(-ANDN; + ﬁé)NlN + D*(®Ny, N3), DNo)
+G(~ANDN2 + 5, N + D*(PN2, N3), ®N1)
= (AN, ®N;, ON,) — G(Ax, ON,, ON)).

The proof follows from (39)~(43). O

11359

(40)

(41)

(42)

(43)

Theorem 4.4. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then y is integrable if and only if

i) 57(1154&)31 - ﬂ;l(i)&;, tda) + G(h°(dg, ®01) — h¥ (01, DIy), nda) = a)gj(ﬂ;4q~)81 - ﬂ;lfb&;,az),
ii) (), P — fy DIy, td3) + G(h*(0s, DI1) — h*(91, PIs), nd3) = wi(H, D1 — ), Py, I3),

iii) g(ﬂ54®81 - ﬁs] Doy, (T)N) = G(h*(ds, (i)&l) — 104, ®84),N),
iv) g(AN84, (T)al) = ﬁ(AN81,®a4),
forall 01,04 € T'(y), d2 € T(P), d3 € I'(P), N e I'(Itr(TG)).
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Proof. 1f we consider the definition of the bi-slant lightlike submanifolds then the distribution y is integrable
iff

7([91,01],92) = §([94,91],95) = §([94, 1], N) = §([9s, 1], PN) = 0,

for any d1,ds € I'(y), d» € I(), d3 € I'(Y), N € I (Itr(TG)). By use of (3), (11), (12), (16) with (23) and Bbeing a
metric connection, we find

304,011, 02) = §(Ba,01 — #5,04,02)
= —§(D(H2,01 — #5,04), D) + wF(@(Hy,01 — H5,04), 92)
= —§(#y, D1 + h(ds, D) + ¥ (94, DI1), 1, + 1)
+(H9, DIy + 1 (91, DAy) + h5(91, PIy), 10y + 1dy)
+w iy, Dy + 1 (dy, Do) + 194, D), 9,)
~wi(ly, DIy + 1 (91, DAy) + 1¥(91, PIy), 9,)
= —(, D1 — #5, D04, td>)
—(h* (94, D7) — h*(01, PIy), nd2)
+wi(fa, @91 — ty, P4, 92)
= —§(t5;, D01 + 194, D), 1)
+G(tf5, D4 + h*(J1, Ddy), 10,)
—(h°(9s, DA1) — h°(1, DI4), nds)
+(Hy, D1 + h'(9s, D), )
~wi(ty, DIy + 1 (91, DAy), 9a)
= —g(#, Do — ) D4, ;)
— (1 (94, DA1) — H5(31, Dy), ndy)
+wg(fy ©1 + 1, ©Iy, ), (44)
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7(101,011,05) = g(Ba,01 — H3,04,95)
= —J(®(#,01 — §,90), DI3) + w(D(Ha,01 — 3,94),95)
= —§(#s, P01 + H'(9y, D) + 1 (D4, 1), 13 + 1Is3)
+3(t, Dy + 1 (91, DAy) + h5(91, PIy), 103 + 13)
+wi(y, Dy + h(dy, D) + 194, DI1), 93)
—wj(Hs, POy + (91, Dy) + h°(91, D), I3)
= —(#s, D01 — 5, DIy, td3)
—(h* (4, D) — 1°(91, PAy), nd3)
+w iy, P01 — #, Py, d3)
= —g(#;, D01 + 194, D), td3)
+g(t5, DIy + 1" (91, DAy), t3)
(I (9s, D) — 1 (9, D), nd3)
ol B + I (95, BI), 35)
~wi(ty, DI + 1 (91, DAy), 93)
=~ 1 — f; DIy, tds)
—(h° (04, ©01) — h*(01, PIy), nd3)
rag(t, Bor + iy, By, 93), (45)

304,01, N) = §(#a,01 — #5,04,N)
= —§(D(H2,01 — #5,04), DN) + (D (Hs,01 — 2,02, N)
= —j(ty, Dy + 1 (94, D) + 1° (94, DI, ), DN)
+(Hy, Dy + 1 (1, DAy) + 15(91, DIs), PN)
+wi(Hy, D1 + (9, D) + (94, 1), N)
—w ity Doy + H' (91, PIs) + h(91, Dd4), N)
= —j(5, D01 — 5, P4, ON) + wif(thy, D1 — #5, DIy, N)
= —§(H;, P01 + I"(94, D), DN)
+g(t, DAy + (91, DAy), PN)
+w gy, Py + (04, D), N)
—wi(ff;, DO4 + (91, D), N)
= —§(f;, Do — f; DIy, DN) (46)
+w(h' (34, D) + h' (91, DIy), N),

§([91,1], ®N) = §(Hs,01 — #5,04, DN)
= —§(Dd1, B, N) + §( D4, 5, N)
= —§(—Ands +H#, N + D°(s,N), D)
+J(=An01 + §, N + D*(d1,N), Dd,)
= g(AN84,CT>81) - q(ANal,CT)84). (47)

So, we arrive at the proof from (44)~(47). O
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Theorem 4.5. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then ¥ is integrable if and only if
i) G(#9,t03 — Aug,02, @01) + w($3,t02 — A, 03,01) = WG(H3,105 — A, d2,01) + G(Ha,102 — Ang,03, DI1),
ii) §(#9,105 — Ay, 02, PN) + 0o, td2 — Apg,03, N) = 0o, 103 — Aya,da, N) + G(Hastd2 — Ay, d3, PN),
iii) §(#9,£03 = Ang,02, N) = §(H5,t02 — Ay,03,N),
for all d,d3 € T(V) (where  is any slant ditribution), 1, d4 € T'(y) and N € T (Itr(TG)).

Proof. If we consider the definition of the slant distributions on submanifold G, then the distribution 7 is
integrable iff

§([02,03],01) = §([92,93], N) = §([92, 93], PN) =0,
for any d,,d3 € I'(y?), d1,d4 € T(y) and N € T(Itr(TG)). From (3), (11), (13) and (23), we get

9(102,931,01) = §(#5,05 — H9,02,01)

= —§(®(#,05 — #,02), Do) + w(D(Ha,05 — #9,02),91)

= —§(#,(tds + nds), ®d;) + !7(1393 (tdz + ndy), ®ay)
+wi(ly, (tds + nds), 1) — w?(ﬂag(wz + nd»), d1)

= —(#1s,103), DI1) — G(=Ayy,02, DI1)
+G(Ha,t02), DO1) + G(—Apg,d3, PI1)
+wi(#s,t03), 01) + wG(=An,02, 1)
~w§(Ha,t02), 01) — wG(=An3,03, 1), (48)

§([02,05,N) = §(#5,05 — £3,02,N)

= —§(D(Hs,05 — §5,02), ON) + 0G(D(#5,95 — #9,02), N)

= —(B5,(tds + nds), ®N) + g(Hy, (t02 + ndy), BN)
+§(Ha, (td3 + nds), N) — wj(Ha, (t0> + nd2), N)

= —j(#s,193), ON) — §(—A,9,02, PN)
+§(#9,t02), PN) + §(—A,5,05, ON)
+@§(#5,t03), N) + wi(~Ay,92, N)
~w§(t5,t02), N) — wi(—A3,93,N), (49)

§([02,05, BN) = §(#,05 — §2,02, DN)
= §(DH,05 - #2,02),N)
= §(#5,(t95 + nds), N) — g(Hs, (td + nda), N
= §(#s,td3 — #9,92, N) + §(Ana,02 — Apg, 93, N). (50)

The proof follows from (48)~(50). O

Now, we obtain the necessary and sufficient conditions for foliations determined by distribution on a
bi-slant lightlike submanifolds of a PNsR-manifold to be totally geodesic.

Theorem 4.6. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then y defines totally geodesic foliation
if and only if

i) §(#a,t02 — Aug, s, ®oy) = w§(#5,t02 — Ang,d1,91),

ii) §(;, o1, PN) = wij(h*(ds, DI1), N),

iii) h*(ds, 1) has no component in T(RadTG),

forall 01,04 € I'(y), d2 € T(y) and N € T(Itr(TG)).
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Proof. The distribution y defines totally geodesic foliation iff 5,0, € I'(y) for all 91,04 € I'(y). # being a
metric connection and from (3), (11), (13) and (23), we get

7(#5,01,92)
= —§(01,#,02)
= §(@, §5,(td2 + nd2)) — (1, 2, (t0: + ndy))
= (@0, Ho,t2) + §(Poy, fy,nd2)
~w§(91, §,t02) — @(d1, f2,n92)
= §(Ddy, 85,t02 + h(ds, 102) + h*(4, 1d2)
+§(®I1, Ay, 04 + ) 102 + D*(94, 195))
—w (91, $9,t02 + 1' (94, 192) + h¥(s, £0,))
—w§(d1,~Apg, 04 + %4”32 + D°(dy,n0ds))
= §(Do1, 85,102 — Apg,04) — wG(01, 8,102 — Aya,0s).

G(#5,01,92)

Similarly, from (3), (11) and (16), we have

7(#5,01,N)

= —g(#5, P91, ®N) + wi(Hy, D1, N)

= —§(#s, D91 + 1 (94, D1) + 1 (34, DI;), DN)
+wi(Hy, Dy + (9, D) + 1 (94, 1), N)

= —j(y, D01, PN) + wi(ts, 1, N)

= —j(H P01 + I"(04, D), DN)
+g(Hy, D1 + h' (94, D), N)

= (@91, DN) — w (It (ds, PI1), N).

!7(%481/ N)

Furthermore, using (3), (11) and (16), we obtain

§(#s, D01, N)

= §(#s, D1 + 1 (94, D) + h¥(ds, D), N)
= (D91 + 194, DI1), N)

= g (da, ®d;), N).

g(ﬂ3481/ ﬁJN)

So, the proof is completed. 0O

Theorem 4.7. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®, §). Then ¥ defines totally geodesic foliation
if and only if

i) §(td3, §5,D1) + §(nd3, h°(92, 1)) = w§(ts, D1, 95),

ii) §(#5,03 — Aua,02, ON) = wii(tly, td3 — Aya,02,N),

iii) §9,t03 — Ayp,02 has no component in T'(RadTG),

forall 1 € T(y), g, 93 € I(P) and N € T (Itr(TG)).

Proof. The distribution  defines totally geodesic foliation iff §f5,05 € I'(y) for all d, d3 € I'(j). In view of (3),
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(11) and (23) with the properties of the connection a, we get

(85,93, 01)

G(#5,05, 1)

(93, #3,01)

(9,01, D953) ~ wi(ks, D01, 93)

G5, P01 + 1 (92, D7) + 1°(, Doh), td3 + nds)
~wi(t5, P01 + (2, DI1) + 1¥(0,, D), 93)
G(#9, D01, t03) + §(h* (92, Po1), nds)

—wi(t5, D01, 5).

Similarly, from (3), (11), (13) and (23), we have

g(ﬁﬂzai% N)

7(#9,05,N)

~G(#, 03, DN) + wii(fs, P35, N)

—G(Hs,(td3 + nd3), ®N) + w((tds + nds), N)
—G(Ha,td3 + (92, 1d3) + h5(Da, td3), PN)
—§(=An9,02 + H), 15 + D*(d2, nd3), DN)
+wi(Hly,td3 + W' (9y, t3) + (92, t33), N)

+0 (= A, + §, 193 + D*(9,135), N)

— (89,103 — Ana,02, PN) + wii(Hy, 103 — Ang 92, N).

Also, from (3), (11), (13) and (23), we get

§(#2,93,N)

(85,05, ®N)

G(#s, @05, N)

(B3, (t03 + nd3), N)

G(Ha,td3 + 1 (92, td3) + h°(0a, td3), N)
+J(=Ana; 02 + ) 103 + D*(92,13), N)
G(#5,t93 — Ayp, 02, N).

which gives proof of our assertion. [J

11364

Theorem 4.8. Let G be a bi-slant submanifold of a PNsR-manifold (G, ®,§). Then G is mixed geodesic (i.e.,
h(02,03) = 0, h*(da,d3) = 0 for all 9, € T(P), d3 € T(P)) if and only if
i) n(85,£02 = Anp,01) = —c(h*(d1, 102) + 3 nda),
ii) h(01,td2) + D!(91,nda) = h*(d1, 1) + ﬁf%m)z’
forall 31 € T(y), d2 € I (P).
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Proof. Using (9), (11), (13), (23), (26) with (28), we have

Wd1,02) = H3,02 02

= O(Dfy,0,) — 30,02 — 4,02

= Ot D3,) — 38, D> - 1,0

= By, (td, + 1n9»)) — 3(Hy, (td, + 1)) — #,0

_ qB( #5,02 + Il (1, td2) + h5(91, td2) )

~Au3,01 + 5, 192 + D'(d1, 1n9,)

_3( #5,t02 + W (01, t0y) + (1, td2) )

—A,01 + 102 + D! (01, 1d5)

—H#5,0>.

If we consider the transversal part of above equation, we arrive at

h(d1,d2) = n(Hatda — Aya,01) + c(l (D1, 1d2) + f} ndy)
=3(H'(01,102) + (91, 19,) — #f}, nds — D'(d1,192)),

which completes the proof. [
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