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Tripled system of fractional Langevin equations with tripled
multipoint boundary conditions

Lahcen Ibnelazyz?

“Laboratory of PDEs, Algebra and Spectral Geometry FS, ENSC, Ibn Tofail University, Kenitra, Morocco

Abstract. This research focuses on examining the tripled system of nonlinear fractional Langevin equations
with coupled multipoint boundary conditions. By utilizing the Banach contraction mapping, one can
obtain the result of existence and uniqueness. The existence of a solution is validated through the use of
Krasnoselskii’s fixed point theorem. Furthermore, The Ulam-Hyers stability of the mentioned system is
studied. In the end, we present two examples to validate the effectiveness of our analysis.

1. Introduction

Fractional differential equations have gained a lot of significance and attention because of their various
applications in applied fields, like biology, physics, and engineering, etc see [1-4]. In this regard, the various
modeling can be seen in electrical circuits [5] coronas-virus [6], population growth [7], aerodynamic [8] and
the references cited.

In particular, the fractional Langevin equations are a significant subject due to their rich history, see [9-21] .

On the other hand, fractional differential systems can be employed to describe a variety of physical
phenomena, such as ecological effects [22], chaotic synchronization [23], anomaly diffusion [24]. Particularly,
tripled fractional differential equations were examined by many authors [25-32]. For instance, in [26] the
authors are proving the existence and uniqueness of a tripled system of fractional pantograph differential
equations. In [27], the nonlinear coupled system of three fractional differential equations with nonlocal
coupled boundary conditions has been investigated.

So, in this current work, we develop a tripled system of fractional Langevin equations with nonlocal
multipoint tripled boundary conditions of the form:

DPI(ED™ + Ax(t) = f(t (1), y(t), z(t), t€[0,1],
DP(D*™ + A2)y(t) = g(t, x(t), y(8),z(1)), t€[0,1],
DF(CD% + A3)y(b) = k(t, x(t), y(), z(), t€[0,1],
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subject to tripled multipoint boundary conditions
x(0)=0; x(@)=0; x(1)= Zn: Yiy(si),
i=1
y(0)=0; y(b1)=0; y1)= i 0iz(u;),
j=1
z(0)=0; z(c1)=0; z(1)= Z orx(vy),

P
k=1
O<ai<bi<c1<81<8<.. Sp <UL <Up <. < Uy <V <V <. <Yy <1

Where 0 < ap <1, 1<pp <2, for kK =1,2,3,7;,0j,01,A1,A,A3 € R fori =1,.,n;j =1,2,..,m
k=1,2.p, DB, D% are the Caputo’s fractional derivatives, and f, g,k : [0;1] X R X R — R are given
functions.

To our knowledge, tripled fractional Langevin equations via tripled multipoint boundary conditions have
not been extensively investigated yet.

The structure of this paper is as follows: the second section provides some definitions and lemmas
for fractional calculus that will be helpful throughout the work.The main results are discussed in the third
section using fixed point theory. In the fourth section, we established that the problem (1) - (2) is Ulam-Hyers
stability. The last section, we give some examples to illustrate the results.

2. Preliminaries and notations

In this section, we present some notation, definitions and lemma that we use in our proofs later.

Definition 2.1. [3] The gamma function is defined by :I'(z) = f t~te'dt. This integral is convergent for all
0
complex z € C (Re(z) > 0).

Definition 2.2. [3] The fractional integral of order o > 0 with the lower limit zero for a function f can be defined as

1 t
I = s fo (=9 f(s)ds.

Definition 2.3. [3] The Caputo derivative of order a > 0 with the lower limit zero for a function f can be defined as

1 t
CDYF(F) = f— n—a—1 g(n) .
F0 = Ty |, €= s
WhereneIN,0<n—-1<a<mn,t>0.

Theorem 2.4. [33] Let M be a bounded, closed, convex and nonempty subset of a Banach space X. Let A and B be
operators such that:

(i) Ax + By € M whenever x,y € M.
(ii) A is compact and continuous.

(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Lemma 2.5. [3] Let o, § > 0, then the following relations hold:

rg+1)
Ia+p+1)

a+p

4P =



L. Ibnelazyz / Filomat 38:32 (2024), 11401-11432 11403
Lemma 2.6. [3] Letn € Nand n —1 < a <n. If f is a continuous function, then we have

I* DYf(t) = f(t) +ag + art + apt® + ... + @y t"L,
Lemma 2.7. Let x,y,z € C([0, 1], R) and A # 0. Then the tripled system

DI (D™ + Ax(t) = In(t), te[0,1],
DP(D® + A)y(t) = ha(t), t€[0,1],
DF(CD™ + A3)z(t) = ha(t), te€[0,1],

subject to the boundary conditions (2), has a solution given by

t
f (t = s)"1 Ix(s)ds
0

1 ' am+B—
X(t) = m f (t - S) p 1h1(S)dS - /\1 (al)
f (1 — " Tx(e)ds Z ye [ 6=ty
+A1“)[ T(an )
Zylf _ S)az+ﬁz—1h2(s)d5 fl(l _ S)a1+ﬁ1—1h1(s)ds
_Jo
F(az + ﬁz) F(ozl + ﬁl)
Azf (1 - 5) Ly (s)ds Z O; Agf (uj—s)®~ L2(s)ds
+A2(t)[ ['(az) ['(as)
Z‘S f (uj — 5P h(s)ds f 1(1 — )2t B 1y (s)ds
0
F(O{g + ﬁg,) F(O{z + ﬁz)
f (1= s)» " A3z(s)ds f (1 = 5)® P15 (s)ds
+A3(t)[ (@) T + )
P P
Z orA1 f (v — 5)M L (s)ds Z Ok f (0 — )Py (s)ds
=1 -1
T(az) I(aq +B1)
A f (a1 — s)M " x(s)ds f (a1 — s) P17y (s)ds
+A4(t) () I'(a1 + p1) ]
by by
2 | (b1 —9)"My(s)ds (b1 — 5)***P2 " hy(s)ds
0 0
+4s() i ['(az) - [(az + B2) ]
A3 qu (c1 — 5)®  z(s)ds f:l (c1 — 8)® "1 s(s)ds
+Asll) i [(a) - [(as + B3) ]’




yt) =

z(t)
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fe-or

(£ =)= y(s)ds
1 t

- _ 0(2+ﬁz—1 _ 0
1,(0€2+‘82)]O‘(t s) ho(s)ds — Ay (@)

f 1(1—5)“2’1y(s)ds ,Z_:‘ 5jA3fo (uj = )" 2(s)ds
AL,

T(az) - T(as)

+Bl(i’)

m 1L .
6]' f (M]‘ - s)“3+ﬁ3_1h3(s)ds _ oyatha-l
;‘ 0 | (1-5) hy(s)ds

I(as + B3) - T(az + B2)

p O
Az fl(l — S)as—lz(s)ds Z oM f (Uk _ S)"”_lx(s)ds

+B2(t)[ : _ =

+

['(a3) ['(a1)
Zp:a f (0 — 54PNy (s)ds f 1(1 _ )L 5)ds
- ['(a1 +B1) : ['(as + B3) ]
fawWMMMstlw%”m
+&“[ T Tar + o)
- ot
_;whﬁw—@.wm+;w£%wﬂﬁ I (s)ds
T(ap) [(az + f2)
N R P (S
ML) vy " Twm R ]
mf%rw%st%vw%%Ws
30| — Ty T TR
A f " (a1 — 5)M 1 x(s)ds f 1 (ay — s) P11y (s)ds
+Be)| =T T T

ft(t —5)%71z(s)ds
0

1 t
J— — [X3+ﬁ3—1 _
I'(as + Ba) f (=9 ha()ds = A I'(as)

P o
f (1 =) 1z(s)ds ZOkAlf(; (0 — 8)Mx(s)ds

_ k=
I'(a3) T(ar)

P Uk 1
Y o f (@ = )Py (s)ds f (1= s)= P hs(s)ds
0
0

k=1
Tl + 1) - T(as + B3) ]

+C1(f)[)\3

11404



L. Ibnelazyz / Filomat 38:32 (2024), 11401-11432 11405

1 n si
M f (1 - S)al—lx(s)ds Z YiAZL (si — S)az—ly(s)ds
0 _ =l

+C2(”[ T(an) )
y | si — 8)2*P271, (5)ds ' a+p1-1
Zyzfom oy s) f(l_s)lﬂl I (5)ds
i=1 _Jo
’ Taz + o) T + )
1 1
f (1 - s) " A,y(s)ds fo‘ (1 = s)2 "1, (s)ds
O pa—
+C3(t)[ [(az) [(az + B2)
Z(Sj/\3 fui(u]- — 8)% 1z(5)ds 0; f5i(si — §)®*F 1 (5)ds
= 0 L ]
I'(as) I(as + B3)
A3 fq (c1 — 5)® Lz(s)ds fﬁ (c1 = 8)® P hs(s)ds
0 0
GO | I'(a3) - I'(as + B3)
A fl (a1 — s)M x(s)ds fl (ay — 5) P11y (s)ds
0 0
G ] I'(ay) - I'(a1 + p1)
b1 by
A (b1 — )7 y(s)ds (b1 — 5)*2 Py (s)ds
0 0
*Cel®) | I'(az) - I'(az + B2)
where
yisi (b1 ~ 1) ojuj(er = uj)
C(1-a) _;‘ ' -ty _;‘ !
YT +2) 7T Tm+2) P T(@+2) T T(a+2)
4
1o Z kv (a1 — vk)
_ —C1 _ k=1 _
= m, Y6 = F(al T 2) A =Y1Y3Ys + Yo Y Y,
_ ay ar+1
A = SR M) = AOYSTs, Ax) = ADTaYS)
P
O ABCYTYs Y, Y o)
At) = AOYYs, Al = o + —
a !
A (Y2Ys + Y35 Y yist) AB(-T2Ys =125 ) 1)
i=1 j=1

As(t) =

= , As(t) = = ,
bl c;




L. Ibnelazyz / Filomat 38:32 (2024), 11401-11432 11406

(=b1t92 + ta2tl)

BO = —rorm)

By(t) = B(t)Y1Ys, Ba(t) = B(t)(=Y1Yy),

BO(-Y1Y5 + V4o ) yist)

Qa v
2 i=1

t
Bs(t) = B(t)Y4Ys, Ba(t) = P +
1

b /
m p
B#) (V1 Yy + Y1 Y5 Z oju’) B(t)(=Y4Y6 — Y1Y5 Z axvy")
=1 -
Bs(t) = . Bs(t) = —
C1 [11
(—cqt® 4 s+l
H=-—>Ll = = C(HY1Y 1) = C()(=Y3Y
C() ATQ+ay) Ci(t) = C()Y1Y3, Co(t) = C(t)(=Y3Ys),
m
Py
. CGX—YHT3+WEY%;;5ﬂGﬁ
Cs(t) = C(HY2Ys, Cult) = 4 + = ,
G G
4 n
CO(=T3Y6 + 13 ) 0i0f)) CO(-T206 = Y13 ) yist)
k=1 i=1
Cs(t) = o , Ce(t) = i

Proof. Using lemma 2.6, we obtain

x(t) = Ia1+ﬂ1h1(t) + [Mag) + [Mayt — [ Aqx(t) + az,

y(t) = Iaerﬁzhz(t) + [%a0, + [*2qq5t — IazAzy(t) + apy,

and, z(t) = 1a3+ﬁ3h3(t) + [%ag; + [Bagst — [P A3z(t) + ao3,

where ay, a1, 421, a2, 12, 422, Ag3, 113, 23 € R.

Using the facts that x(0) =0, y((0) =0, z((0) =0, we getay =a» =a» =0.
According to the condition x(a;) = y(b1) = z(c1) = 0, we obtain

ag =M + 0111,
agy = 1z + Oxa12, 3)
ap3 = 13 + O3a13,

where
' a —Sm_lA x(s)ds fﬂl a _Sa1+ﬁ1—1h $)ds
1:I*(oq+1)(f04(1 ) ) , (@=9 1(5)
aih r(al) F(al + ﬁl) 4
b "
Mg a1y )y @ =9 Aay@ds | (01 =9 ha(s)ds
L ( T'(az) T(az + B2) ’
c _sag—lA 2(s)ds f c _Sa3+ﬁ3—1h s)ds
_r<a3+1>(fo“ R
¢ I(as) (a3 + Bs) ’
=T g -_ U g ___G
v T v T v
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n m P
By the conditions x(1) = Z yiy(si), y(1) = Z 0jz(uj), z(1) = Z orx(vr) and (3), we have
=1

i=1 k=1

Yia11 + Yoarx = Aq,
Yaaz + Yaaz = Ay, (4)
Ysai3 + Yearn = As,

where

f 1 (a1 — )M A1(s)x(s)ds f ) (a1 — s) By (s)ds
0 0

A= _E( I'(a) - I'(a1 + p1)

b1
Z Visi A, (b1 —s)* 1y (s)ds (b1 = 5)2*P2" 1y (s)ds
0

bfz I'(az) (a2 + 2)

1 n s;
M f (1 - s)" x(s)ds AzZ% fo (si — s)* ' y(s)ds
0 i=1
+

(o) B [(az)

n S; 1
Z yi | (i =) hy(s)ds (1 =)+ 1y (s)ds
i=1 Y0 0
+

T(az + B2) - T(a; + B1) ’

by
e [Cemayess
—7( 0 - (b1—s)az+ﬁz-1h2(s)ds)
b} I'(az) T(az + B2) Jo

Z ‘51”?1 /\3f (c1 —8)® 7 z(s)ds f (c1 = s)® P y(s)ds
= ( 0 0 )
3

cf I'(as) - I'(az + B3)

1 m 1 o
Az fo (1 —s)*ty(s)ds /\3251‘ j(; (uj — s)%7 (s)z(s)ds

— ]:1
I'(az) ()

ié f (uj — sy P g (s)ds

j=1

a2+ﬁz 1
" I'(as + B3) T(ay + ﬁz) f hy(s)ds.
(c1 = 8)® " Azz(s)ds
1 f o
= _ o\wtpz-1
A3 i“( T(as) TS fo (c1 = 5 a(s)ds)

p
Z 0KV f (a1 — 5)% 1 A1x(s)ds f (a1 — s) P11y (s)ds
0

k:l
I(ay) (a1 + p1)

+

(@)
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1 - o ar1—1
j(; (1 — s)%  A5z(s)ds Z ij(; (vx — s)M ™ Aqx(s)ds

+ _ k=1
L) T(ar)
p
k=1 a3+ﬁ3 )
1"(0(1 + ﬁl) P(OZ3 + ﬁ?)) f h3(s)ds.

By solving the systhem (4), we find that
1
an = Z(A1Y3Y5 - A Y5Y, + A3Y4Y2)r
1
app = K(A1Y4Y6 + A2Y5Y1 - A3T4Yl )/
1
a3 = K( — A1Y3Y6 + AZYéYZ + A3T1Y3)'
Substituting the values of a11, 412 and a3 in (3), we have
01
apg = Th + K(AlYgTS - AQTSTZ + A3Y4Y2),
o
dgp =12 + KZ(A1Y4Y6 + A Y51 — AsY4 Y4 )/

%}
apz =13 + XS( - A1T3T6 + A2Y6Y2 + A3T1T3).

Substituting the value of ag1, g, aos, 411, 412 and a13, we obtain

t
f (t = )7 x(s)ds

1 t
— _ [)(1+ﬁ1—1 _ 0
*) I'(e + B1) f (=) als)s = A [(a)

fﬁwlm Z%Mf@—w“wm

+mm[ ) Tad)
Z Vi f 5 — S)az+ﬁ2 1h2(s)dS f a- )a1+ﬁ1 1h1(S)
T(as + B2) [(a1 + B1)
Azf (1 _ S)az 1]/(5 Z‘ 0; ASf (u - S)D‘3 1Z(S)dS
+A ()| —=
[ I'(a2) I'(as)
Zl 61£ (Ll]' - S)“3+133—1h3(5)d5 fl(l _ S)a2+ﬁ2—1h2(s)ds
j= _Jo
’ I(as +B3) ['(az + f2) ]
f (1 —s)®* 1 A3z(s)ds f (1 — s)®*F~ 15 (s)ds
+mm[ (@) T + )



y(t)
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Uk

P Uk p
Z oA f (v — )~ (s)ds Z Ok f (v — )Py (s)ds
k=1 0 0

= =
[(a1) I(a1 + p1)
A1 f (a1 — s)Mx(s)ds f (a1 — s) P11 (s)ds
A Tan) Tar + ) ]
by by
(b1 — ) y(s)ds (b — 8) P2 py(s)ds
0 _Jo
+4s(0) I'(az) I'(az + B2)
Agf (c1 —s)*7 'z f (c1 = s) P hy(s)ds
+A6(t) I'(as) I'(as + f3) ]’
t
t IREEETC
_ o\tpe-1 _ 0
Ta> + 52) Jy st - s
[fa-opyn Lo [ =o'z
0 =1
P 1(”[“ M) T(as)
25 f (uj = 5)**P " hz(s)ds f 1(1 — syl (s)ds
0
I'(as + Ba) [(az + B2)
P
/\3f (1 0(3 1Z(S Z oA f (Uk S)al x(s)ds
-1
+Ba0) [ Tas) )
P Uk 1
Z ka (Z)k — S)‘¥1+ﬁ1—1h1(5)d5 (1- S)a3+ﬁ3—1h3(s)d5
k=1 0 _Jo ]
I(ay + B1) I'(az + B3)
f (1 =) A x(s)ds f (1 =) 171, (s)
+Bs() [ ['(en) I'(a1 + B1)
- ; ;= ar—1 d - ; ; — a2+ﬁ2—1h d
;mfo(s s Yy f0<s Sy (5)s
- I'(a2) " I'(az + B2)

+Bull) I(a2) I'(az + B2)

h1 bl
[/\2 fo (b — s)* 1 y(s)ds j; (bl—s)“z*ﬁzlm(s)ds]

[/\3 j(; 1(61 —5)%7z(s)ds j(; 1(cl - s)“3+ﬁ3_1h3(s)ds]
[(as) [(as + Bs3)

+B5(t)

11409
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A fm (a1 — s)M Lx(s)ds fl (a1 — s)M P11y (s)ds
0 _Jo
I'(a) I(ay + p1) ]

. , f (t —5)%71z(s)ds
[ — _ o)astps—1 _ 0
0 r<a3+ﬁs>fo (= o hs(oMs = A=y

+B6(t)[

1

p Uk
(1- S)%ilZ(S)ds Z oA f(; (vx — S)al—lx(S)ds

k=1

+C1(t) [A3 0

T(a3) B T(a1)
4 Uk
—ot By (s)ds [T g st
+kZ:;0kj0‘ (v —5) 1(s)ds ) fo (1 — s) P15 (s)ds
(a1 + 1) ['(as + f3)
A f 1(1 — 5)1 7 Lx(s)ds Z yida f si- 5) y(s)ds
+Co ()| —= - = !
’ T(ar) T(a)
- K ar+pr—1 1
Z )/ljov (si—s) hy(s)ds f 1- S)a1+ﬁ1—1h1(s)d5
i=1 _Jo
* F(a’z + ﬁz) F(ozl + ﬁl)
1 1
f (1 -8)*2 " A,y(s)ds f (1 = s)® P27, (s)ds
0 0
+C3(t)[ I(an) - I'(az + B2)
oA u](u- —5)%71z(s)ds y O; Si(si — 5)8*71pa(s)ds
_; '3 j(; j . ; ] f(; 3 ]
[(as) I'(as + Ba)
A3 fl (c1 —5)®  z(s)ds fﬁ (c1 —5)% P s(s)ds
0 0
+Call) i ['(a3) - I(as +B3)
A1 fal (a1 — s)M x(s)ds fl (a1 — s) Py (s)ds
0 0
+GCsll) i ['(a1) - ['(a1 + B1)
by by
Ay | (b1 —9)2 y(s)ds (b1 — 5)2*P2 "y (s)ds
0 0
+GColt) i [(a) - ['(az + f2) ]

By direct computation, it can easily be verified the converse of the lemma. [

3. Main results

Let X be a Banach space of all continuous functions from [0, 1] — R endowed with norm || x ||= sup{|x(#)| :
t € [0,1]}. Then, the product space (X X X x X, ||(x; ¥;2)||) is also a Banach space equipped with the norm
G y5 2 = [l + Hyll + 11z]]-
In view of lemma 2.7, we define the operator U : X X X X X — X X X X X
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by U(x, y,z) = (Ui(x, y,2), Ua(x, y,2), Us(x, y, 2)).
Here

Ui(x, y,2)(t) = f(t S 1f(s x(s), y(s), z(s))ds — A1

F(Oél +B1)
fl(l — 8)"1 7 x(s)ds ZVZ'/\Z f I(Si = 8)= 7 y(s)ds
i=1 0

f (t = 5)7x(s)ds
0
Ty " Al(”[“ T(a) T(a)

; Vi f(; (si — S)OéerﬁZ*lg(S, x(s), y(s), Z(S))ds f(;lﬂ _ S)a1+ﬁ1—1f(sl x(s), y(S), Z(S))ds
I'(az + 52) - I'(ag + ﬁl)

1 m 1 .
Az f (1 — sy ty(s)ds Z‘W\s fo (uj — 8)™ ' z(s)ds
0 =1

T(az) - T(as)

+A2(t)[

Zé f (Z/l _S)¢X3+}33 1k(S X(S) y(S) Z(S) f (1 )a2+ﬁz g(S X(S) ]/(S) Z( ))dS
. Tas + o) Tz + o) ]

f (1 —s)» " A3z(s)ds f (1 = 8)%*P1k(s, x(s), y(5), z(s))ds
[(as) [(as + Bs)

+A3(t)[

P Uk 4 Uk
Yo [ G-t Yo [ -9 6 16,y 200
0

k=1 0 Lk
T'(ay) (a1 + 1)

e f (1 9 x(s)ds fo m(ms)“ﬁﬁl1f<s,x<s),y<s),z<s>>ds]

0 —
+4s(0) ] () (a1 + 1)

b] b'l
1 f (b1 — 5 y(s)ds f <b1—s)“zﬂfz-lg(s,x(s),y(s»z(s»dsds]
0

0 —
+4s(0) ] I(a2) I'(az + B2)

[(as) [(as + B3)

[ (-9 y(e)ds
0

[(az)

fl(l _ S)az_ly(s)dS Z 0; /\3[ (u _ S ag 1Z(S)ds

+B1(t)|/\2 0

A3 fC1 (c1 — 8)% z(s)ds fCI (c1 = 8)* P (s, x(5), y(5), 2(5))ds
+Aq(t) — - ]

t
Ua(x, y,2)(t) = m fo (t = 5)= P71 g(s, x(s), y(s), 2(5))ds — Ao

I'(as)



u3 (.X', v, Z)(t)

L. Ibnelazyz / Filomat 38:32 (2024), 11401-11432 11412

Z(S f (Z/l s)az+ﬁz 1k(S x(S) y(S) Z(S) f (1 —S a2+ﬁ2 g(S X(S) y(s) Z( ))

- [(as + B3) [(az + B2)
1 P D
As | (1 =s9)™z(s)ds Z ox fo (0 = )" x(s)ds
0 k=1
+Bz<t)| T(as) } Tan)
Zp: Ok ka(vk - 5)“1+ﬂ1—1f(s, x(s), y(s), z(s))ds fl(l — )+ (s, x(s), y(s), 2(s))ds
k=1 0 ~Jo 4 ; Y\S), ]
[(a1 + p1) [(as + B3)
f (1 = s)m7 Ay x(s)ds f (1 =571 £(s, x(s), y(s), z(s))ds
+B3(t)| I'(e) [(a1 + p1)

;‘ yite f; Si (51 =) Ty(s)ds ;‘ Vi fos, (si — 8)* P21 g(s, x(s), y(s), 2(s))dsds
_ He2) ' Tla + o)

by by
A f (by = 5) " y(s)ds j; (b = )71 g(s, x(s), y(S)rZ(S))dS]

0 a—
+B4(t)_ (@) T 7 )

Az f ) (c1 — 5% \2(s)ds f ) (c1 = 8) P k(s, x(s), y(S)'Z(S))dS]
0

0
+B5(t)_ F(Oé3) - F(Oé:g + ’83)

A fﬂl (a1 — 5)" "\ x(s)ds f‘”l (@1 — )L (s, x(5), y(5), 2())ds
+Bg(t) 0 _Jo /

) H@) [+ B1)

f (t —8)%7'z(s)ds
az+p3—1
T(@s + B3) +‘33) f(t s) k(s, x(s), y(s), z(s))ds — A3 T
P o
f (1 —s)®7z(s)ds Z ok f (v — 5)M L (s)ds
+C1(t) A3 _ k=1
T(as) I'(an)

4 O 1
Z Ok j(; (vx — S)a1+;31—1f(s, x(s), y(s), z(s))ds L - S)a3+ﬁ3—1k(5/ x(s), y(s), (s))ds

k=1

+

r(Oél + ﬁl) - r(()(g; I ‘83)
' y § a-1
A fo (1 —5)" " x(s)ds ;%‘/\2 j; (si — )2 y(s)ds
+C2(t)[ T(an) - e
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n

)y

Si e 1
yl‘fo‘ (Sj - S) 2+p 19(5, X(S), y(S), Z(S))dS L (1 _ S)al+ﬁl_1f(5, X(S), y(S), Z(S))dS

i=1
" T(az +p2) T +p1) ]
[ (19 yle)s | (1 - g5, x6), 19, 26
+C3(t)[ : I'(a2) - I'(az + B2)
i 53 fo g - 9 z(s)ds Zm', J fo (51— 5K, X6), y(6), 29
=1 =1
- I'(as) " ['(as + B3)
A3 f 1 (c1 = s)* z(s)ds f i (c1 — )% P 1k(s, x(s), y(s), z(s))ds
O =y - Tas + o) ]
A fﬂ 1 (a1 — s)M " x(s)ds f 1 (a1 — s)mhi-t f(s,x(s), y(s), z(s))ds
+C5(t)_ 0 I'(a1) - [(ay + p1) ]
o [y [l - 9 g, (s, 6, 26
+Coll) i : ING)) - [(az + B2) ]
For computational convenience, we set
1+A; + A, Xp: oy P AP AL Ay i yisiT P+ A
0= Fa 75D ht TS
(A3 + A i o + A
=1
* I]*(a3 +pB3+1) l:g’
A1+ A + A Z oo+ Ajalt)
r11 = max3 O + F(alkj-l 0 , 01
0 m
Al + 47 Y st + Azb) Mal(A; + Ay ) 6 + Ayct?)
i= =1
- F(a21+ 1) O+ F(;s +1)
" m
4By + By Yy 4 Bt B+ By ) o 4 By
©, = = o+ = s

F(az + ﬁz + 1)

(B, + B, Z akvzﬁﬁl + Bgal)
=1
F(a1 +1)

p
k=

+

*
Hys

F(a3 + ‘83 + 1)
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n
Mal(1 + B} + B3 ) yist® + Byb)
k=1

= +
12 = max{ ©, e , 0,
m p
Asl(By + B} Y 61 + Bic?) (B, + By Y ool + Bia™)
+ - 0, + =1
T(az + 1) 2 T(a; +1)

A k
=1 k=1 .

T(as +p3+ 1) et T(ar+p1 +1) “
G+ Gy ),y ™+ G
i=1 .
" T(as + 2+ 1) Har

m
Mal(1+ C; +Cy ) o7 + Cies)
j=1
r13 = max{ Oz + Tas + 1) ,03

m P
+ + LRy 03+ . . ar1+p1 « a1+pr
1+C1+C Z 6,u]. + Cycy Cy+C; Z ok + Cya
03 =

P n
MG+ C ) axof + Csa) Mal(Cy + Gy ) yist™ + o)
k=1 i=1

,©
- T(ar + 1) 3T T(as + 1)

where

A = sup{Ai(t),t € [0,1]}, B} = sup{Bi(t),t € [0,1]}, C; = sup{Ci(t), ¢ € [0,1]}, p; = supip;(t),t € [0,1]}, for
i=1;2,3;4;5;6and j = 1,2;3.

Before introducing the main results, we impose some assumptions :

(Hi) - f,gk:[0,1]x R?® — R are continuous functions.

(Hz) - There exist non negative functions uj, s, iz € C([O,l], [0,+oo)) such that for all £ € [0,1] and
X1,X2,Y1,Y2,21,%2 € R, we have

If(t, x1, y1,21) = f(t, X2, Y2, 22)| < Hl(t)(|xl = x| +|y1 — vl + 121 — Zzl)
lg(t, x1,y1,21) — g(t, X2, Y2, 22)| < yz(t)(lxl = x|+ |y1 — yol + 121 — Zzl),
(e x1,1,21) = Kt %2, y2, 20 < @)l =l + Ly = il + 21 = 1)
(Hs) -1f(t,x,y,2)] < mi(b); 1g(t, x, v, 2)| < ma(t); k(t, x, y,2)| < ms(t), Y(t,x,y,2) € [0,1] X R® with my, my, m3 €
C([0, 1];R*).

Theorem 3.1. Let A # 0.
Suppose that (H1) — (Hy) are satisfied.
Then there exist a unigue solution for the system ( 1) and ( 2) provided that r11 + r12 + r13 < 1.

Proof. Define sup|f(t,0,0,0)| = D1, suplg(t,0,0,0)| = Dy, sup |k(t,0,0,0)| = D3

0<t<1 0<t<1 0<t<1
Let B, = {(x,y,2) € XX XX X : ||(x, y, 2)|| < r} with,
ra1 + 722

r> —
1—(r1+r2)
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P n
* * a1+ « _1+P * * a2tp2 « 1 a0+f2
1+A]+A; E oxv, T+ Ay Al + A E yis; "+ Asb]

where =t P
= — Dy + - D
" T(a; + f1 + 1) ! T(az + f2 + 1) 2
m
(A5 + A Z 5juj.“3+ﬁ3 + AL
—
+ / D3,

F(OZ3 + ﬁ3 + 1)

n m
1+B; +B; Z yist P 4 Byt B, +B; Z 5 ju?% + By

i=1 j=1
= D> + D
2 T(az + 2 + 1) 2 [(az +ps+1) ’
p
(B + B, Z o+ Byat)
+ k=1 D
T(aq + 1) !
m p
1+C; +C Z 6juj‘3+ﬁ3 + CZCTM‘Q’ C,+C; Z aka‘”ﬁl + C’;a;“‘[”)1
j=1 k=1
= D3 + D
"3 F(a3 + 53 + 1) 3 F(ozl + ﬁl + 1) !
n
(Cy+Cy Y yis® ™ 4+ b
+ =1 Dz.

F(OCZ + ‘Bz + 1)

We show that TB, C B,.
For (x,y,z) € B,, t € [0,1], we have:

LF(, x(8), y(t), z(B))| < |f(E, x(t), y(E), z(t)) = f(£,0,0,0) +|f(t,0,0,0)|
< (O + Iyl + [z(8)]) + Dy
< (Il + iyl + liyl) + D,

lg(t, x(t), y(t), 2O < lg(t, x(2), y(t), 2(1)) — g(t,0,0,0)| +1g(t,0,0,0)]
< pa(®)(Id + Iyl + [z(®)l) + Dy
< 3(IIyll + Il + llzll) + D2,

Ik(t, x(8), y(t), z(B)| < [k(t, x(t), y(t), z(t)) — k(t,0,0,0)| + |k(t, 0,0, 0)|
< sl + [yl + z(B)]) + Ds
< 43Iyl + Il + llzl) + Ds.

Then,
4
1 A A3 Z Gkv:1+ﬁl
B, y(1))| < . =
|U1(X( )/]/( ))| = [r(ﬁél +‘81 + 1) + T(a1 +ﬁ1 + 1) + r(Oél +‘81 + 1)

A b 4
T 0+ i+ 1) + D1+ | 7 31
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n
* Latp
4 Z‘ Ve Arpth A

+F(a2 Thtl) Tatpt 1)][‘”;(”’(” +lyl-+ el + Dz] - [r(a3 Bt D)

% 013+ﬁ3
A Zé a3+ﬁ3
r(a3 T+ D) F(a3 Fyow 1)] b1+l + =) + D3]
p
Mild; Y oot P
|A1]ALa)

|A1]1A7 |1 =1
+( + + + )|| 1
a1 +1) T(p+1) Tl +1) I'(n +1)

M2lAT ) yis?
T'(ay + 1) Ty +1) F(a + 1)
m

Malds ) ou
( aldy = A i
T'laz +1) F(a3 +1) T'(az +1)
1+ A + A; Z o v;'”ﬁl + A;‘la‘f“ﬁl Ay + A Zn: yis?2+ﬁ2 + A;b‘f2+ﬁ2
S[ mr(l;llﬂsl 1) My rlz;2+/32+1) H2
(A3 + Ay Y S + Al) LI+ AT + A Z o + As™)
=1 _

M rj(a3 1) byt r(a1k+ 1 Il
1+ A + A Zp: Z”ﬁl Aia “‘+‘3] A+ A i yl-sf‘“'gz + ASbP
+[ ml"(1;11+ p1+1) it 1::(;2 +B2+1) Ha

(43 +A;Z;61u§“3 AL Nl + A iws;‘*z + Agh)
- IiZag +) Hyt r((ZJr ) gl
1+A] +A; Z a0t P At A A Z st Az
+[ r(fxll+ B+ 1) bt rz(:xz Tht)) H
(A5 + A Zm: St + A)  Asl(A3 + Ay Zm“ 81’ + Agc)
=1 =1
- r](ag, ) byt r(;@, ) ]”Z”
1+A; + A, Zp“ ooy P+ A A+ A Z yis;T P 4 Ay
* E(I;‘TJF B+ 1) D+ raz YAt 1) D2
(A3 + A3 St + Ael’)
=1
M r](a3 1) Ds.
Consequently,

||U1 (X(t), ]/(t)/ Z(t))” < rur+ o1,
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Similarly, we can obtain that

1Lz (x(t), y(t), z()I| < 1127 + 122,

IUs(x(8), y(H), zO)I| < 7137 + 132,

therfore, we get

IUCe(®), yO)I = U1 (x, y, DI + [U2(x, y, 2l + 1 Us(x, y, 2|l < (rn + 112 +r13)r + 721 + 12+ 132 <7
Now, for (x1, y1,21), (X2, y2,22) € X X X X X and for ¢ € [0;1], we have

P
1 A 43 Z oy
k=1
U, 11, 22)0) = UnCes, 122001 | Fo 5 * T bs D * T 3T

A
+W1+—ﬁ1JrD [#1(”361 = x|l + llyr = voll + llz1 — Zz||)] + [W2+—ﬁ2‘m

n
. a+f
Al Zl, vis; At .
i=

* _ _ _ 3
o e T e ol el el )|+ D
* a3+
A2;6]uj A s

D " o sl ¢l = el + s )|

p
|/\1|A Z OkU

|A11A] |A4] ) |A1]Aal! [A2|A3
( + + L s =l + (o i
F(Oél + 1) I’(azl + 1) I’(ozl + 1) F(al + 1) I’(az + 1)
m

n
el )i el ) o
= 12lA A =1

|A3]A3 [A3|A; )
Twm+1) T +1))” A y2||+(r(a3+1) T T T+ T@ 3+1))||Z1 zll
< (il = xall +llyr — }/2|| + |lz1 = z2)).
In similar manner, we can also have
U (x1, y1,21)() — Ua(x2, Y2, 22) ()] < r12(llx1 = xoll + [ly1 = yall + llz1 — 22ll),

[Us(x1, y1,21)(t) = Us(x2, Y2, 22)(B)] < ra(ller = xall + |ly1 = vall + lIz1 — 22ll),
which leads to,

« a1t+Pr
Ay

IUL(x1, y1,21) — U(xz, y2, 22)Il < (r11 + 112 + riz)(lxn — 22l + ly1 — yall + lz1 — zl).

As 111 + 112 + 113 < 1, we deduce that the operator U is a contraction mapping. Then, the system ( 1) and (
2) has a unique solution. [J

Theorem 3.2. Let A # 0.
Assume that (Hy), (Hs) hold.
Then, the system ( 1) and ( 2) has at least one solution on [0, 1] if R < 1, where

R:max{l_(|/1\—|)(1+A +Zokv Ay + Ajal + B +Zokv 'B;, + Bgay'
k=1 k=1
+C, +ZokvlC +C "‘1) %(A*+Zy,s A+ ALbP + 1+ B)

+Z)/, B 4 Bybl 4 Cy + Zy/l “C 4 C b‘“) M3| (A* + Z(’S U A

i=1 i=1
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n m
AP Byt ) OB 4 B 414 Cp ot ) oG+ i)
= =

/

T
Proof. We define abounded closed and convexball B, = {(x, y,z) € XX XXX : ||(x, y,2)|| < ¥’} with+" > 1 2

7

where,

p 4
’ _ ||m1” ® x _a1+Py * a1+p1 * * ar+p1
T = T + B+ 1) +1)((1 + A7+ Ay +A3;akvk + Bj +B2kZ‘Gkvk

—_

n

n
x _a1+f * * * ”m2|| * * ar+p
+Bga, "+ Cy + ; yis;?Cy + Cébi‘z) + @+t A+ A] Z yis;

i=1

n n
+ 1,02+ % «1.02+P2 * ax+f * * mtp2
+Azb; " + 1+ B+ Byb," " + By E yis;. +C3+C ) s
i=1 i=1

m
«1.00+B |l * % az+p3 + 03+P3 +
+Ceb? 2)+ st i) AL+ A, E O + Ay + By
j=1

I(az +pas+1
- m
+B] Z 6J»u;¥s+ﬁs + Bgc;*wﬁs +14C)+ Czcimﬂss + G Z 6]-u;.“3+ﬁ3),
j=1 P

Let us introduce the decomposition U(x, y, z)(t) = Wi(x, y, z)(t) + Wa(x, y, 2)(t),
where

Wy (x/ Y, Z)(t) = (Tl (x, Y, Z)/ Rq (X, Y, Z)/ Py (X, Y Z))(i’),

Wa(x, y, 2)(t) = (Ta(x, ¥, 2), Ra(x, y, 2), Pa(x, y, 2))(F),

with

n

t
Ti(x, y,2)(t) = m fo (t- s)“1+ﬁ1‘1f(s,x(s), y(s),z(s))ds + Al(t)[ Z Vi

. i=1
f (51 = )7 g(s, xX(5), y(s), 2(5))ds '
: T(az + B2) - F(a11+ﬁ1) jo‘ f(s,x(s), y(s), 2(s))

hn f llj(uj = 5)" P 7lk(s, x(s), (5), 2(5))ds
— 0
x(1- s)“”ﬁllds] + Az(t)[ =

) I'(as + B3)
f (1 —s)22tFel g(s, x(s), y(s), z(s))ds 1

—0 T(az+B2) ] + A3(t)[l"(a;1ﬁ3) j(; (1 - S)Mﬂﬁ_l
p Tk
Yo [ =G 6,9, s
k=1

xk(s, x(s), y(s), z(s))ds + (@ + B)

f; (a1 — )" P71 £(s, x(s), y(s), z(s))ds
+A4“’[ - Tar + ) ]

+As5 (t)[ -

by
fo (by — 8)* 2271 (s, x(s), y(s), z(s))ds
I'(az + B2) ]
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f (61— 9% k(s, %(5), y(s), 2(5))ds
I'(as + B3) ]
f(t —5)¥ 1A x(s)ds f (1= s)m7 A x(s)ds
+ Al(t)[
I'(ay) I(a)

Z)/ifol(si—s)az—l)\zy(S)ds f(l s)e1
i=1

(@) + Az(t)[ Aay(s)ds

]Z_‘l‘é]jo\ (Z/l] _ 5)111—1A3Z(S)ds |f (1 s)a3 -1

] + As(t)

+A6(t)[

Tax, y)(t) =

(@) Asz(s)ds

P
Za [ -9 a [ -9 amens

k=1
T ] + 440 T

by 1
As(f) by - s)“z_lAzy(s)ds Ag(f) f (c1 — 5) P A3z(s)ds
0 0
’ T(a) ’ T(a)

t m
Ri(x, y,2)(t) = m ﬁ (t— S)az+ﬁz—1g(5, x(s), y(s), z(s))ds + Bl(t)[ Z 0;

=1

f ui(“i — 5)9* 7 k(s, x(s), y(s), 2(5))ds 1
- T(@s+F3) ey f 9(s,x(s), y(s), 2(5))

Uk

4

Yo [ (o= s, 209,16, 20
k=1 0
+B2(f)[

X(1 = s)22+P2=1s

I(ay + p1)

1
+ Bs(t) [%}31) f 1- S)“Hﬁlfl

Zyz f i = (s, x(5), y(6), 26)ds

1
f (1 = sy k(s, x(5), y(6), 2(9))ds
_Jo

1"(113 +ﬁ3)

X f(s,x(s), y(s), z(s))ds +

I'(az + B2)
" (o — g, (5, (6, 26
+B4(t)_— OC o ) ]
[ =9 s x), 9 2o
+B5(t) -0 R ]
f (a1 = 51 (s, 1(5), (), 2(5))ds
+Bé(t)_ T + B) ]

11419
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fﬂ—W”My

I'(ay)

t
[ =9 raytons
0
I'(az)

Zéjfo (=5 Aay(s)ds -fl(l—s)a31
0

=1
T'(a3) ] +Balt) | T(as)

Uk 1
ka (Uk _ S)m—lAlx(S)dS _f (1 _ S)al—l
1 0

0
- o ] + B3(t) —Alx(s)ds

171‘ fo (51~ 9= Aay(s)ds f (b1 — 5)* " Aay(s)ds

T ]+mm F(a)

B5(t)f1(C1—S)as_l/\SZ(S)dS Bé(t)fﬂ (@1 — )" Ay x(s)ds
0

0
i H%) " T(ar)

Rz(x/ Y, Z)(t) == + Bl(t)[

.

Asz(s)ds

1=

=~
Il

=

i=

p
Pi(x,y,2)(t) = f(t s)the- 1k(s x(s), y(s), z(s))ds + C1(f)[zdk

k=1

a+ﬁ)

jwwVﬂWw“V@Mﬂy@J@Ms 1
- L1 +p1) I“(awﬁ;) f k(s, x(s), y(s), z(s))

Z%f@rWMZWM%WM®W

(a2 + B2)

( ){l3 +ﬁ3 1dS

+ Cz(t)[

fklswwl £5,%(6), y(s), 2($))ds

1
T ) ] + C3(t)[_l“(a_;ﬂz) fo (1—g)mt
Y 5 fo (1 — sy kG, x(5), (9), 2(5))ds
j=1
xg(s, x(s), y(s), z(s))ds + (@ + o)
f (c1 — 8)®* P57 1k(s, x(5), y(5), 2(5))ds
0
G| - T(as + ) ]
r jﬂm—wﬁﬂﬂmwﬂ@mm%
0
G0 - o + ) ]
by
- (b1 — 8)>*P"1g(s, x(s), y(s), z(s))ds
0
Gl - Tz + o) ]

11420
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t 1
f (t — )% A5z(s)ds f (1 —s5)% 1 A3z(s)ds
0

_ 0
Pa(x,y,2)(t) = (@) + Cl(t)[ (@)
4 Uk

Z akf (0 — s) 1A 1x(s)ds fl(l —g)m-l

k=1 0 0
— r(al) ] + Cz(t)[th(s)dS

- Vi \f; ](Si - S)aZ_lAzy(S)dS foq(l _ S)az—l
— r(az) ] + CS(t)[WAZy(S)dS

]Z:l: 6]'1(; (uj - s)"‘3_1A3z(s)ds focl (c1 — s)“3‘1/\3z(5)ds
- ) ]*Qm )

1 b
Cs(t) f” (a1 —s)" T Aix(s)ds  Co(t) by - s)“z_l/lzy(s)ds
0 0
’ (1) ’ T(@2)
For (x,y,z) € By, we have
Allma)l Y s>t
| ! 2;y1 Al

IT1(x, y, 2)(8) + Ta(x, y, 2)(t)

m

. as+

Ayllmall Y 5ut P *
= Ayllm||

+ +
[las +ps+1) [laz+p2+1)
p
Axlim Y ooy
3 k * *
= Aslm|| AP |y |

F(a1 +751 + 1) * F(oc3 + ﬁg, + 1) * F(al + ﬂl + 1)

| < + +
F(Oél + ﬁl + 1) F(az + ﬁz + ].) F(al + ﬁl + 1)

Ay Plimall - A sl
+ +
F(az + ﬁz + 1) T(a3 + ‘33 + 1)
” )
ol Y yis®llyllA; sl ) ouPllzllA;
Al AflAqllx]] . ;‘ 1 . A2l L
oy +1) T(a1+1) T'(a; +1) I'(a; +1) I'az +1)
p
Ml ) ovplIxlAS
+A;I/\aIIIZII N ;‘ N AjlhlaPllxll  AZAABPIYIE  AglAsIc Izl
F(OC3 + 1) ) F(a1 + 1) I’(al + 1) F(OQ + 1) I’(ozg + 1)
n
(1 A3+ Y ovof Ay A il Whal( + Y s + 43 iyl
< k=1 " i=1
F(a1 + 1) F(az + 1)
* as * * (3 p o +,3
A5\ A3 + Z O Ag + Agey” IZl sz vz a Z oy )
+ j=1 " k=1

T(as + 1) T ieD)

11421
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n m
lImall(A% + A Z st g Azpy)  llmsll(As + A, Z 5 ju;“*ﬁS + ALY
i=1 j=1
+ +
F(O{z + ﬁz + 1) F(Oé3 + ﬁ?, + 1)
By similar computation, we find

|/\2|(1 +Bj+ ) yisBy + B;b‘f2)||y||

i=1

IRi(x, y,2)(t) + Ro(x, y,2)(B)] <

. Ia; +1)
al(B; + ) 0jus°B; + Byt Il
i=1
" ]pr(a3 )
al(B; + ) o B + By el a1+ B; + By + B Z yist P
- k=1r(a1 +1) * Ilax +p2+1) =
"
llm3l|(B; + B; Zf o™ + Bc™™) iy I(By + B i o0 P 4 Brat
" F(0]c3 T+ 1) " ) F((]):l+ Fir1) ’
Dal(1+ G+ Y 0yuCs + G el
IP1(x, 1, 2)(t) + Pa(x, 1, 2)(B) < - (1a3 .
(s + Zp“ 0t C; + Cyad sl
* kﬂr(al )
] n
IAzI(C; + ) VERG+ CZbTZ)IIyII mssCicie 4, ) 0 )
+ lﬂr(az 1) + F(a3+ﬁ3+1])=1
[l ll(Cy + C; Zp: ooy P+ Coaf P Imall(Cy + C Z yisi= P 4 Cob Ry
* Fa 757D * Mo 757D

From above, we obtain
IW1(x, y,2)(t) + Wa(x, y, 2)ll S Rv' + 75 <77

Thus, Wi(x, y,2)(t) + Wa(x, y,z)(t) € By.
For (x1,11,21), (x2,Y2,22) € By and t € [0, 1], we have

P
a1+ 45 + ) e 45 + A i -
k=1
I(a; +1)

n
Dal( A+ Y yisA + A3 s - el
i=1
F(az + 1)

IT2(x1, y1,21)(t) = Ta(x2, y2,22)(H)] <

+
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m
|A3|(A; + Y outay+ Agc;“3)||z1 |l
=

+

I’(a3 + 1)

n
a1+ B + ) yistBs + Bt o = vl
i=1
T'ay + 1)

IRa(x1, y1,21)(t) — Ra(x2, Y2, z2)(E)] <

n

|A3|(B; + Y ouB; + B;c;“)nzl .
=

+

F(a3 + 1)

P
(B + Y 0w B + By s = ol
k=1
- ,
F(Dél + 1)

m
|/\3|(1 +C+ Z Uy + C;c‘f)llzl |
=1

IP2(x1, y1, 21)(F) = Pa(x2, y2, 22)(F)] < T'(az +1)

p
(s + Y e + ol i = o

+ k=1
F(m + 1)
D2l + ) sy + Gt s - vl
i=1
* T(ay + 1)

Therefore,

IW2(x1, y1,21) — Wa(x2, y2, 22)Il < Rllxy = x2ll + Rlly1 — y2ll + Rllz1 — 22|
< Rll(x1 —x2, y1 = Y2,21 — 22)II.
As R < 1, we find that W, is a contraction.
Next, we prove that W; is compact and continuous. The continuity of f, g, k implies that the operator Wj is

continuous. Moreover, W; is uniformly bounded on B,.
Suppose that 0 < t; < t, < 1. We have

153

f (12 — sy B (5, x(6), y(s), Dy(s))ds
I'(ag + B1)

+1A1(t2) - A1(t1)|[ Z Vi

i=1

ITi(x, y,2)(t2) — T1(x, y, 2)(t)] <

t
- fo (1 — )P (s, x(5), y(s), Py(s))ds

fo R O O CIETE " S
R - Tor T fo £6,%6), 5(6), 26)

m

0 f llj(uf = 8)@ k(s x(s), y(s), 2(s))ds
=1 0

x(1 = s)M*hi=1gs

+As(h) — Az(h)l[ [(az + B3)
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1
f (1 = s+ (5, x(5), y(s), 2(6))s
_ 0

I(az + B2) ]+ Hsltz) = A3(tl)l[r( +pB3 )f S
Y o f (0= 9 (5, 16), y(6), 2(5)ds

xk(s, x(s), y(s),2(s))ds + <= T By

f (@ = 8)L£(s, (), 9(5), 2(5))s
HAL() — A == T ) ]

[ 9 209,909, 29

HAs(1) ~ As()]| == T+ ) ]

f (e1 = )P K(s, X(5), y(s), Z(s))ds
+HAg(t2) - A6<t1>|» Fa ]

ity P = £ |Imz||2)/z i [

1A (1) - A1<t1>|[

T(a + i+ 1) +ﬁ2+1) T+ pri+1)

Il Z oy
B |

j=
F(OC3 +‘B3 + 1) * F(OQ +‘62 + 1)

+|Ax(t2) — Az(f1)|[ ] +|As(t2) — As(ty)l

)l Y oo
x[ kZ : + ||| |A4(t2) — Ag(tr)lllmlay” +ﬁ]
1"(0(1 + ﬁl + 1) F(O(3 + ﬁg, + 1) F(a1 + ﬁl + 1)
|As(t2) — As(t)lllma|Ib5> , st - As(t)lllmslIc*
[(az +p2+1) I(as +ps+1)

Similarly, we find that
llmall (i — 172

F(a’z + ﬁz + 1)

m
a3+
sl Y 67t ||m1||Zakvm+’gl
j=1

[[ma]|
X[ I(az + B3 +1) " T(an + Ba+1) + Ba(t2) - B2(t1)|[

n
. (X2+;g2
Y s

3] [ = 71|
F(ag, + ﬁg + 1) * |B3(t2) B3(t1)| F(az + ﬁQ + 1) * F(a1 + ,31 + l)]
|Ba(t2) — Ba(t)lllmallb3*"  [Bs(t2) — Bs(t)lllmslics™™  |Be(t2) — Be(t1)lllmllaf "

+ + ,
(g + B2+ 1) r(%3+-;3_ B3 J; 1}% Il +p1+1)
||( 3 3 _ 3 3)

IR1(x, y, z)(t2) — Ri(x, v, 2)(t1)] < +|B1(t2) — Bi(t1)l

TaepeD

[P1(x, y, z)(t2) — P1(x, y, 2)(t1)| <

F(a B +1) +1Ci(t2) — Cai(tr)l
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n
Mtpo
Il Y s
i=1

F(az + ‘32 + 1)

P
il Y ooy
k=1 |Ims||

X[ T+ pit1)  Tastpstl)

m
sl Y 6
(2] = (] ]

_ ty) — t

T+ +1) | 7160 ~ Gl 1)|[ T +ps+1) Tzt potl)

ICa(t2) = Calt)lllmslic;* ™ , 1Gs(t2) = Cs(t)llmmla’ e , [Cott2) - Co(t1)lllmal by
1"(0(3 + ‘83 + 1) F(a1 + ﬁl + 1) F(az + ﬁQ + 1)

+1Ca(t2) - Cz(f1)|[

Thus, the operator W; is equicontinuous. Then, W is relatively compact on B. So, by Arzela Ascoli
theorem, the operator W; is compact on B,-. In conclusion, all terms of Krasnoselskii’s theorm are satisfied.
Hence, (1) and

(2) has at least one solution on B,,. O

4. Ulam-Hyers Stability

Definition 4.1. For some €1, €3, €3 > 0, we consider the system of inequalities

DA (DM + ADx'(t) — f(t, (D), ' (1), 27 (D) < &1, t€[0,1],
DD + Ay (1) — gt x°(8), y (1), Z' (1))

DFs(eD% + A3)z*(t) — k(t, x* (1), y* (), z* (1))

<&, tel0,1] )

<e3, tel0,1].

Then the system (1)- (2) is Ulam-Hyers stable if there exist C1,Cy, C3 > 0, such that there is a unique solution (x, y, z)
of the problem (1)- (2) with

1(x*, ", 2°) = (x, ¥, 2)|l £ Cier + Caep + Caea.
Remark: (x*, y*, z+) is a solution of the system of inequalities (5) if we can find p1, p2, p3 € (C[O, 1]; IR) such
that [p1(H)] < €1, [p2(B)] < &2, [p3(B) < €3, t€[0,1] and
CDﬁl (CDal + A1)-":*(15') = f(t/ X*(t), y*(t)r Z*(t)) + Pl(t)/ te [Or 1]r
D (D% + Ay)y(t) = g(t, x*(1), y* (1), z° (M) + p2(t), t€][0,1], (6)
CDFs (D% + A3)z*(t) = k(t, x*(t), y* (1), z*(t)) + pa(t), t€[0,1].

Theorem 4.2. If (H;),(Hz) and 111 + r12 + 113 < 1 are satisfied, then the problem (1)- (2) is Ulam-Hyers stable.

Proof. Let (x,y, z) be unique solution of the system (1)- (2) and (x*, y*, z*) be a solution of (5)- (2). Then we
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have p1, p2,p3 € (C[O, 1]; IR) such that

CDPL(ED™M + Aq)x*(t) = f(t, x*(H), y* (1), z° (D) + pa(t), t€[0,1],
"D (D% + M)y () = g(t, X' (1), ¥ (5, 2'(8) + pa(t),  t€[0,1],
DI (D™ + Ag)z(8) = klt, X' (8), ¥ (), 2/ () + pa(t), £ € [0,1],
©0) =0 xa)=0; x(1)=Y yiys),

i=1

YO =0; yb)=0; y(1)= )Y o),

=1

1=

z(0)=0; z(c1)=0;, z(1)= orx(vy),

=

=1
O<ap<bi<c1<81<8<.. Sp <Up <Up < .. <Upy <V <V <. <Y <L

By Lemma 2.7, we get

t
1 ; f (t —s)M Ly (s)ds
0= Fr fo (t = ) (£, x°(6), 179, 2°(5)) + pr(6)ds — Ay 22

\ | T(aa)
f 1(1—5)"‘1_1x*(5)ds Z%Az f (si = 8)* 1y (s)ds
+A1(f)[)\1 0 = °
I(n) ['(a2)
Yy f (51 = 91 (g(s,5,6°(5), ' (5), 2°(5)) + pa(s))ds
i=1 0
) I'(az + B2)
fo (1= )1 (£(s,5,°(5), ¥ (5), 2°(5)) + 1 (5))ds
B [(a1 + B1) ]
Azfl(l_s)arly*(s)ds 26]-/\310‘ (u]-_s)o@—lz*(s)ds
0 j=1
+A2(f)[ r(a2) - r(a?’)
2.0 f (1 = ) k(s 5,5°(5), ¥'(5),2(6)) + pals))ds
+j:1 ’
) I'(as + B3)
fo (1 = )27 (g(s,5,x°(5), ¥7(5), 2°(5)) + pas))ds
- T(az + B2) ]
1 1
f (1 = 8) Aoz (s)ds f (1= 5B k(s, 5, (6), 17 (), 2(5)) + pas))ds
0 _Jo
+A3(t)[ T(as) (@ + )
) ’ - o [ fit ),2'(5)) + p1(s))d.
A —s)M 7 x*(s)d —g)th L5, x°(5), v (s), 2°(s)) + p1(s))ds
L Ok 1f0 (0 — )M x(s)ds kz_;akjo‘ (v —s) (f(s,s,x7(s), y'(s), z P1

- I'(a1) " I'(aq + 1)

11426
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»Al f (@1 - 5 6)ds f (@1 - s (£, 17 (8), 1(9),2°(6)) + prs))ds

+A4() 0 -0
[(az) I(a1 + p1)

) by by

Ao | (b — s)az*ly*(s)ds j(; (b - s)“ﬁﬁz*l(g(s, x°(s), y*(s),2°(s)) + pa(s))ds
+A5(t)» T(a2) - (@, + f2) ]

A3 f (c1 —9)®7'Z"(s)ds f: (c1 = )P k(s, x°(5), ¥ (5),2°(5)) + pa(s))ds

0

+As(0) ] I'(a3) - I'(az + B3) ]’

t

(t =)=y (s)ds

y(t) = m f(; (£ =) (g(s, x(5), ' (5), 2'(5)) + pa(s))ds — A=

1 m Uj »
IRV 6j)\3f (uj =)z (s)ds
[a-9m y(s)ds_; :

() ()

['(az)

+B1 (t)[/\z

Yo fo (1= 5B ks, x°(5), 47 (6), 2(6)) + pa(e))ds
j=1

i T(as + Bs)

1
fo (1= 8P (g(5, x*(5), 1 (5), 2(6)) + pals))ds
- T(az + B2) ]

1 P Uk
As f (1 =)™ 12" (s)ds Zak?h f (v — 8)" X" (s5)ds
0
0

k=1
B 2“)[ T(a) - T(a)

P Uk
Z Ok L (vx — s)"‘”ﬁl_l(f(s, x*(s), y'(s),2°(s)) + pi(s))ds
k=1
+

" 1"(0(1 + ﬁl)
f(; (1 = s) B~ (k(s, x"(s), y*(s), 2°(s)) + p3(s))ds
['(az + B3) }
1 1
f (1- s)"‘l_lhx*(s)ds fo (1- s)"‘1+ﬁ1_1(f(s, x*(s), y'(s), 2°(s)) + pa(s))ds
O u—
r(al) T(ocl + ‘81)
i Si = )y (s)d ,' Si = )Pl (a(s x*(s), 1 (s), 2" y
_;7/ 2[0 (si —8)™ y'(s)ds ) ;y fo (si —s) (g(s,x°(5), (), 2°(5)) + pa(s))ds
T(az) T(a; + f2)
by by
Ao | (=) ()ds (br = 5B (g(5, %' (5), Y (5), 2'(5)) + pa(s))ds
+B4(t)[ 0 _Jo ]
T(a2) T(a + f2)
A _ o)1 d _ o\wst+pz-1 k , * , * , . d
[ 3[0 (c1 —8)® 2" (s)ds j; (c1—>5) (k(s, *(s), v'(5), 2 (5)) + p3(s)) S]

+B3(t)|:

+Bs(0) I'(a3) I'(as + B3)

11427
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M f (a1 =)o (s)ds f (a1 = )" PN (f(s,x°(5), 1 (5), 2°(5)) + pa(s))ds
+B6(t)[ ]

I'(as) (a1 + 1)
f (t—s)® 1z
Z(t) = F(a +ﬁ f(t §)®3 P~ (k(s, x*(s), y'(s),2°(s)) + p3(s))ds — A3 (@)
1 p Uk
(1- S)ag—lz*(s)ds o f (vx — 5)0‘1— X (S)dS
+C1(t)[/\3 0 -~ ’
['(a3) I'(ay)

p Ok
Ok fo (O = 8) P (f(5,0°(5), 1 (5), 2°(5)) + pa(s))ds

=
. I(a1 + p1)
f(; (1= 8)**H 7 (k(s, x°(5), i (5), 2°(5)) + p3(s))ds

) T(as + p3) ]

' Y " ap—1,
M f (1 - s)97'x"(s)ds ZVi/\zj(; (si =)'y (s)ds

0 i=1

+C2(t)[ T(an - T

Y i f (51— 8= (g(5, 1°(5),y'(5),2°(5)) + pals))s
i=1 0

) I'(az + B2)
fo (1)L ((s, x°(s), (), 2°(6)) + pr(5)ds
- (a1 + 1) ]
f (1 — 5% gy (s f (1= 5 g5, 2°(6), 1°(5),2°(5)) + pa(e))s
+C3(t)[ ['(a2) [(az + B2)
Z 5l f uf(uj — 5)®712%(s)ds Z 5; f Si(si — )L (k(s, x*(s), v (5), 2°(5)) + pa(s))ds
=1 0 L
I'(az) I'(az + B3)
A3 f (c1 —8)™7 2" (s)ds fo (c1 = 8)® P (k(s, x*(s), ' (), 2°(5)) + p3(s))
+C4(t) I'(a3) - I'(az + B3) ]
rAl fﬂ (@1 — 9 ($)ds f (a1 = 9P (f(s,2°(5), §7(5),2°(5)) + pr(9)ds
0
+C5(t)L I'(a1) I'(ar + p1)
by by
Az ](; (b1 — )y (s)ds f(; (b1 — )PV (g(s, x7(5), y'(5), 2°(5)) + pa(s))ds
+Ce®) I(a2) - I'(az + B2) ]

By, Ip1(t)l < ey, p2(t)l < €2 and |ps(t)| < €3, t €[0,1], we obtain

11428
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P
Uy, 2)| < (1 + A+ AP Ay Z Gkvaﬁﬁl)

a9
F(oz +p1+1) =

&r . w+P 062+ﬁz)
—F(a2+/32+1)(A T A Zy, A

&3 . . az+Bs * 013+ﬁ3)
—F(a3+ﬁ3+1)(A LA Zéu +A

Wa(x*, y*,2°)| <

N *

4
&1 a1+p1 * * 0(1+[31)
— B + B, +B
F(a1 + ‘81 + 1)( ; Ukvk 3 6a1

&r " " @+ * az+ﬁ2)
+——|1+B:+B E iS. + Bb
F(Olz + ﬁz + 1)( 1 3 )/151 471

€3 * % az+Ps * 0(3+ﬁ3)
—F(a3+[33+1)(3 +B Zéu + B

+ s o &2 " az+fo * + az+ﬁz)
— < - g
z'(t) - Ws(x", v, z )| T(as + Bo l)(C2 ,Ezl Vis; +C + C6b1

m
€3 s % Q. +ﬁ3 * a3+ﬁ3)
+——|1+C +C E oul +C

F((X3 +ﬁ3 + 1)( 1 3 ]u] 4“1

4
€1 . " a1+ * 011+,’51)
+————(C + C + C

F(a1 + ﬁl + 1)( ; O'kv

Thus,
Uy, z7) — (5 y, 29l = UL (", 7, 2°) = xF| + (1L, v, 2) — vl + IUs(x7, 7, 2°) — 27
p

p
&
! (1 + A +A2af1+ﬁl +A§Zakv:‘+ﬁl +B; E Okv “”51 + B} +Ba “”’31 +C;

P —

F(acl + ‘81 + 1)

P n

+C athg e ““ﬁl) o2 (A* + A 02 pr et
1k:1gv T(az + pa + D\ 2 1;7/151 591

k=1 k=1

n n
+1+ B + B; Z s 4 Bbi R 4 ¢ Z yis P4 C + Cgbi‘ﬁﬁz)
i=1 i=1
(A* 4 A* Z (S ua3+ﬁ3 A,(_ 0(3+ﬁ3 + B + B Z 6 uﬂl3+ﬁ3 + Bx— 0(3+ﬁ3 + 1 4 C’;
j=1

P
F(D{3 + ﬁg + 1)

+C; Z o 4 C c““ﬁS)

We also know that

UG, y,2) - UG,y 2| = || v, 2) - UGy, 2| < (i + 112 + 1) || v, 2) — (67, 7, 2)

this implies,
||U(x v,z —
1=(rmn+r2+ 1’13)

G v,2) = @y, 2)|| <
then,

p
”(X, y,z) - (¥, v, z*)|| <3 ! a (1 +A+ Ajla‘f“r’gl + A Z okv‘“’gl

—(r +ri2 +rg) T (an + 1 + 1) —

p
+B;Zakv‘”+ﬁ‘ + B + B “”ﬁ] +C; + C; Zokv“”ﬁ] +Cia “”ﬁ])
=1

11429
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R
F(az + ﬁz + 1)

n
+C, Z y,sf‘“ﬁz +C5 + Cgb‘fﬁﬂz) B (A; +A; Z 6ju‘;‘3+ﬂ3 + Agc‘f”ﬁ3 +B;
=1 j=1

(A* + A Z% Kl +A"b&2+’32 +1+ B +B; Z% b +B"b“2+ﬁ2
i=1

F(a3 + ﬁg, + 1)
m m
+B; Z 6]-u?3+ﬁ3 +By P +14C+ G Z 6ju?‘3+ﬂ3 +C, c“3+’g3)].
— j=1
Hence, the system (1)- (2) is Ulam-Hyers stable. [

5. Examples
Example 5.1. Consider the following problem:

‘D¥ (CDs + W)x(t) =

2
1 ><t i (¥(O) + y(0) + o), te (0,1,
(sinCe() + yet) + 2(0)

D§(6D8+1_07) =g telol
o (x(t) +sin(y(t)) + z(t))
D¥ (D3 + 1—O7)z(t) = ESTIE , te[o,1], (8)

0 =0; (i) =0 x(1) = 505 (4() + ¥(&H) + v()),

y(0) =0; y(ﬁ):o; y(1) = 4000(2(60)+z(50)+z(40))

00 )0 0= ) 4)
Whereﬁlz%/al ‘82 ,(12 g ﬁSZ%,a3=g,/\1=/\2:/\3:_ and
£(x(t) + y(t) + cos(z(t))) (sin(x(t)) + () + =()) )

f(tr X, ]// Z) = 40000 , g(t, X, y,Z = 20000 = tz , k(t, X, yl Z) — m(x(t))-i—
sin(y(t)) + 2(t)), a1 = a5, b1 = 15

1 1
C1=1=#0/)/1=)/2=)/3=—3000, 1= g5, = S3=95,01 =0, =03 =01 =0 =03=-——, U=
é, M2=%, M3=$, 01=%, Uz=%,
Clearly, 1i; = us = oL

Y H = 2 =S = 40000
then, we have r11 + r1» + r1i3 = 0.02015 < 1.
So, by Theorem 3.1, the system (8) has a unique solution.

w
N
|
&=
2

I

w

I
=l

Example 5.2. Consider the following system of fractional Langevin equations:

i £(sin(x(t)) + cos(y(t)) + cos(z(t)))
D¥( Di+ 3 104 Je(t = Ax 10° ;o telodl

- £2(cos(x(t)) + sin(y(t)) + sin(z(t))
“D¥( D 2x104)y(t) = 4 10 telo1l,

£(sin(x(t)) + cos(y(t)) + sin(z(t)))
) = 4% 10°

1
) =0 x(1) = 255 (v() + ¥le0) + (),
) =0 y(l) = 5000(2(150) + Z( 140) + Z( 130))
Z(O) = 0, Z(;m) = O; Z(l) = 50100<x(120) + x(115) + x(llo))

€[0,1], )
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5 5 14 6 13 7 1
Wherepr= =, a1 =g, po= o ar =g, 3= 5 a3 = g, M = by = A3 = 500, and

tz(sz’n(x(t)) + cos(y(t)) + COS(Z(t)))
flt,x,y,2) = 4% 104 '

{cos(x() + sin(y(t)) + sinz(t))
gt x,y,2) = 4x 104 ’

P (sin(x(t) + cos(y(®) + sin(z())
k(t,x,y,2) = 4% 10° '

1
a; = E,lmrbl = ﬁ/cl = ﬁ’yl =)V2=7s= 6OOOI
1

Slzﬁ)/ 52:%/ 532%/61:52:63201202203:—, ulzllﬁ/ MZZﬁI u3:11%’ 0=

) ) ) 5000
1207 Uy = 1157 U3 = 110°
Then, we get R ~ 0.0423 < 1.
Thus, by theorem 3.2 the problem (9) has a least one solution.

6. Conclusion

In this research, we studied the existence and uniqueness results for a tripled system of nonlinear frac-
tional Langevin equations supplemented with multipoint boundary conditions by the application of the
Banach contraction principle and Krasnoselskii’s fixed point theorem. In addition, we have improved Ulam
stability to the solution of mentioned system. Finally, we have presented two examples to demonstrate our
results.
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