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Existence of infinitely many homoclinic solutions for a class of
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Abstract. In this paper, we introduce a general and weak sufficient condition that guarantees the existence
of infinitely many homoclinic solutions for a class of p—Laplacian Hamiltonian systems. Our findings
are established using a new symmetric mountain pass theorem developed by Kajikia. We extend and

refine several recent results from the literature and provide examples to demonstrate our key theoretical
contributions.

1. Introduction and main results

The aim of this paper is to establish the existence of infinitely many homoclinic solutions for the following
p-Laplacian Hamiltonian systems in the entire space

& (OF200) ~ aOhOPu () + VWG, 1) =0, M
wheret e R, u € RV, p>1,a € C(R,R) and VW(t, u) denotes the gradient of W(t, u) with respect to u. Here,
as usual, we say that a solution u of the problem (1) is homoclinic (to 0) if u € C*(R,RN), u(t) — 0 and
u(t) — 0 as |[{| — oo. Furthermore, if u # 0 then u is called a nontrivial homoclinic solution.

Laplacian systems, characterized by their linearity, are commonly employed in applications such as
heat conduction, fluid dynamics, image processing (e.g., image denoising), and geometric modeling. In
contrast, p-Laplacian systems are nonlinear and particularly pertinent in contexts where nonlinear effects

are significant. These include modeling the flow of non-Newtonian fluids, phase transitions in materials,
and the analysis of complex biological systems.

When p = 2, the p-Laplacian Hamiltonian system (1) takes the simple form:
il —a()u + VW(t,u) =0,
which is a special form of the extensively studied Hamiltonian systems

il —L(H)u + VIW(t,u) = 0.
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where L € C(R, R™") is a symmetric and positive definite matrix for all t € R.

Many papers (see, e.g., [1]-[3], [14], [16]-[18], [26]-[29]) treated the periodic (including autonomous) case
where L(t) and W(t, u) are either independent of ¢ or periodic in t. By contrast, the problem is quite different
in nature for the nonperiodic case due to the lack of compactness of the Sobolev embedding. After the
work of Rabinowitz and Tanaka [29], there are also many papers (see, e.g., [12], [13], [15], [17], [21]-[25],
[30]-[43]) concerning the nonperiodic case. For this case, the function L(t) plays an important role. As far
as we know, almost all these mentioned papers assumed that L(f) is either coercive or uniformly positively
definite and W(t, x) is subquadratic or superquadratic at infinity.

Recently, systems (2) was explored by a new symmetric mountain pass theorem due Kajikiya [19], when
the matrix L(t) is uniformly positively definite and the potential W € C}(R x RN, R), even in u and satisfies

the following main assumption or its equivalent:

(W) There exist ty € I and a constant ry > 0 such that (tg — 1o, o + 79) € [ and

lim inf Wi, )

m 5
lul—0 te[ro—1,ro+1] |M|

> —00

and

. . W(t, u)
limsup inf =

- 7
Jul—0 te[ro—1,r0+7] |M|2

where [ is a bounded domain in R.

Remark 1.1. The assumptions (W) is somewhat restrictive and eliminates many functions. For example, if we take:

Wit = 2 - T, ©)

where s, 1,a are constants satisfying 1 <r <2, r <s < %(r +1), a>0and

tift €0, 5],
Yy =1 1-tifte[31],
0ifte R\[0,1],

then, we have

W(t Y
( /u) — g|u|—(2—5) — %|u|‘(z_r) — —ooasu — 0,

te[ro—1,r0+7] |u|2

for any [ro — 1,79 + 7] € (0,1), where ¥ := maxy_¢,<r Y(t) > 0. Which implies that the assumption (W) is not
satisfied. For more details, see Section 4.

The purpose of this article is to weaken the assumption (W) and to find a general sufficient condition on

W(t, ) which covers more examples as in the previous remark. More precisely, we make the following
assumptions:

(Ag) There exists a constant ag > 0 such that
alt) +ap>1, VteR,
f (a(t) + ap) 714t < oo,
R
and {t € R/a(t) = 0} > (0, 1).

(W1) W e C{RXB(0, &), R), it is even with respect to u and W(t, 0) = 0, where B(0, ) is the ball with center
zero and radius &j for some &y > 0.
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(W3) There exists a constant ¢; > 0 such that
[VW(t, u)l <c1, VY(tu) € RxB(0,¢).
For p > 0,t € [0,1] satisfying [t — p, t + p] € (0,1) and for 0 # u € B(0, &), we define

W(t,u, p) = inf{wpp:le[t—p,t+p]}, 4)

W(l, mu)

W(t,u,p) = 1nf{ G

p”:le[t—p,t+p],0£m§1}. (5)

W(I,mu)
[ulP

Substituting m = 0 into p?, we see that W(t, u, p) < 0. We assume:

(W3) There exists a positive integer k satisfying the following condition:
For each k > ko, there exist 0 # ux € B(0, %), #; € (0,1), with 1 < i < 2k and px > 0 such that
[tk — protei + Pl € (0, 1), [tri — prs tri + pr] O [kj — prstrj + px] = 0 for i # jand

2p+2

(6)

m'nWt-, , + 3 min W(t;, t, >

min, Witk i i) + 3 1ot Wik e, p1)

Remark 1.2. o We insist on the fact that in the hypothesis (W1) — (W3), the conditions on the nonlinearity
W(t, u) are supposed only near u = 0 and there are no conditions for large |u|. This is essential and important.
Indeed, this assumptions allows us to study equations having singularity or supercritical terms as |u| — oo.
For example, let us consider the following p-Laplacian Hamiltonian systems:

[uf2u
[sinu|

& (laop2a) + :
[uf2.u

where 1 < s <2 and u € R. The function u — T

atu =0.

has singularities at nm with n € Z\ {0}, but continuous

o Under (W1) — (W3), W(t, u) can be subquadratic, superquadratic or asymptotically quadraticat infinity.

o To the best of our knowledge, there is no result concerning the existence and multiplicity of homoclinic orbits
for the system with the conditions.

Our main results reads as follows.

Theorem 1.3. Suppose that (Ao) and (W) — (W3) are satisfied. Then, system (1) possesses a sequence of homoclinic
solutions {uy} such that max;er |ux(t)] = 0 as k — oo.

Corollary 1.4. Suppose that (Ao) and (W1) — (Wa) are satisfied and g > 0 be as in (W1). We assume that there exist
sequences M, — oo asn — 00,0 # u, € B(0, &) and p, > 0, v, € (0,1) such that [v, — pn, vy + pu] € (0,1) and a
constant ¢ > 0, satisfy

W(t, un)ply > Mylunl?, W(t, lun)ply > —cluyl? for t € [0y — pp, 00 + pul, 0 <1< 1. 7)
Then, system (1) possesses a sequence of homoclinic solutions {uy} such that maxer |ur(t)| — 0as k — oo.

Corollary 1.5. Suppose that (Ag) and (W1) — (Wa) are satisfied and e > 0 be as in (W1). We assume that there exist
sequences 0 # u, € B(0, %0), pn > 0and v, € [0, 1] such that [v, — pn, vy + pul C (0, 1), and they satisfy

lim W(vy, iy, pr) = o0, ®)
liminf W(v,, uy, py) > —o0. 9)

Then, system (1) possesses a sequence of homoclinic solutions {ux} such that maxer |ug(t)] = 0 as k — oo.
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Corollary 1.6. Suppose that (Ao) and (W), (W1) — (W>) are satisfied. Then, system (1) possesses a sequence of
homoclinic solutions {uy} such that maxcr |ux(t)] = 0as k — oo.

Corollary 1.7. Suppose that (Ag), (W1) — (W2) and

W(t, u)

; —ooasu — 0, (10)
te[to—Porfo+P0] I”I

are satisfied. Then, system (1) possesses a sequence of homoclinic solutions {uy} such that maxer |ux(t)] — 0 as
k — oo.

Following the idea of [38], we will first modify W(t, u) for u outside a neighborhood of the origin 0 to
get W(t, u) and introduce a modified Hamiltonian system (ﬁﬁg), where (ﬁﬁg) and W(t, u) will be specified

in the following section (Section 2.). Then we show by variational methods that Hamiltonian system (iﬂﬁs/)
possesses a sequence of homoclinic solutions, which converges to zero in L* norm. Consequently, we
obtain infinitely many homoclinic solutions for the original Hamiltonian system (pHS).

Here and in the following u.v denotes the inner product of u, v € RN and |.| denotes the associated norm.
Throughout the paper we denote by ¢, ¢; the various positive constants which may vary from line to line
and are not essential to the problem.

The remaining part of this paper is organized as follows: Some preliminary results are presented in
Section 2. Section 3 is devoted to the proofs of our results and Section 4 is reserved for an example.

2. Preliminary results and variational setting

In order to prove our main result via the critical point theory, we need to establish the variational setting
for (1). Before this, we have the following remark:

Remark 2.1. Let ag(t) = a(t) + ag and Wy(t, u) = W(t, u) + ’%Olulp. Consider the following p-Laplacian Hamiltonian
system

% (Iic(t)P~21(t)) - ao () u(®P 2u(t) + VWo(t, u(t)) =0, VteR. (11)

Then, system (11) is equivalent to system (1). It is easy to check that the hypotheses (W1) — (W3) still hold for Wy
provided that those hold for W. Moreover, ag(t) > 1 for all t € R and fu{(%(t))_v%ldt < oo. Hence, without loss of

generality, we can assume in (Ao) that a(t) > 1 for all t € R and f]R(a(t))_%ﬁdt < oo,

In view of Remark 2.1, we consider the space E := {u € W'/7(R, RN)| f]R [P + a(t)|u(t)Pdt < oo}. Then E
is a reflexive, separable Banach space with norm

llull = ( fR (al + a(t)|u|ﬂ)dt)” .

In what follows, E becomes our working spaceMoreover, we write E* for the topological dual of E, and
(-,): E* X E > R for the dual pairing. Evidently, E is continuously embedded into W'#(R, RY). Using the
Sobolev embedding theorem, we immediately get the following lemma.

Lemma 2.2. Ifa satisfies (Ao), then E is continuously embedded in L.
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Proof. By (Ao) and Holder inequality, we have for all u € E

L|u|dt=fn;|(a(t))_r}(a(t)); u'dt

< fR (@) (a(t))%u'dt

g ' (12)
S( fR (a(t)) 7 dt) ( fR a(t)lul’”dt)
s( fR ()™ dt)” .

Lemma 2.3. Ifa satisfies (Ao) then E is compactly embedded into L.

O

Proof. Let (u,) C E be a bounded sequence such that #, — u in E. We will show that u, — u in L. By
Holder inequality, we have

flun—uldt:f Iun—uldt+f g, — | dt
R |t<R |H>R
1 14
< (2R)» (f [, — ulf dt) + f
H<R [E>R
1 r 1
< (2R)» (f [, — ulf dt) + f (a(®)"»
[tI<R |t|>R
1 p1 1
1 P 1 2 »
< (2R)? (f |1, — uff dt) + (f (a(t)) dt) (f al)|lu, — ul”dt)
H<R >R >R

p-1

< (ZR)% (jI;I<R [, — ul’ dt)p + (f|t|>R (a(t))_w%1 dt) ' [l — ul,

where R > 0. Then by (Ag) and the Sobolev embedding Theorem, for any ¢ > 0 there exits Ry > 0 such that
for R > Ry, we have

flun—u|dtS€.
R

O
In order to define the corresponding variational functional on our working space E, we need modify

@) @E)? (- ) dt

(@(®)? (= )| dt (13)

W(t, u) for u outside a neighborhood of the origin to get a globally defined W(t, u) as follows: Choose a
constant b € (0, 3) and define a cut-off function x € C!(R*,R*) satisfying

1if0<t<b
x@® = and, —

<xy'(t) <0forb<t<?2b. 14
0ift>2b X0 (14)

N

Let W(t, u) = x(Ix[)W(t, u), for all (t,u) € R X RN. By (14) and (W,) we have, for all (t,u) € Rx RV,
[W(t,u)| < c1lul and [VW(t,u)| < c2, (15)

for some c, > 0, where c; is the constant given in (W5).
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Now, we consider the following modified p-Laplacian Hamiltonian system
% (1O 21(t) — a@®lu(tP2u(t) + VW(t,u) =0, VEER, (HS)

and define the variational functional ® associated with system (EF\Ig) by

() = % f}R (1l + aO )t — V()

1
= —[lull = W(u),
p

where W(u) = f]R W(t, u)dt.

According to [34], we know that in order to find solutions of (;I?S/) it suffices to obtain the critical points
of @. For this purpose we recall the following definitions and results (see [15, 17, 18]).

Definition 2.4. Let E be a real Banach space and ¢ € C'(E, R).

o ¢ is said to satisfy (PS) condition if any sequence (ux) C E for which (¢p(uyx)) is bounded and ¢’ () — 0ask — +oo,
possesses a convergent subsequence in E. Here ¢’(u) denotes the Fréchet derivative of ¢p(u).

o Set T := {A c E\{0} : A is closed and symmetric with respect to the origin}. For A € T, we say genus of A is n
(denoted by o(A) = n), if there is an odd mapping ¢ € C(A, R"\{0}), and n is the smallest integer with this property.

Theorem 2.5 ([19, Theorem 11). Let ¢ be an even C* functional on E with ¢p(0) = 0. Suppose that ¢ satisfies the
(PS) condition and

(1) ¢ is bounded from below.
(2) For each k € IN, there exists an Ay € Tk such that sup,ea, (1) < 0, where I'y = {A €T : 0(A) > k}.

Then either (i) or (ii) below holds.

(i) There exists a critical point sequence (ux) such that ¢p(uy) < 0 and limy_,oo ux = 0.
(ii) There exist two critical point sequences (uy) and (vy) such that ¢(ux) = 0, ux # 0,limy_eo ux = 0, P(vx) <
0, limy—,e0 P(vr) = 0, and (vy) converges to a non-zero limit.

Lemma 2.6. Let (Ao), (W1) and (Wy) be satisfied. Then W € C}(E, R), and hence ® € C}(E,R). Moreover,

(W' (u),0) = f VW(t, u)o dt, (16)
R
and

(D' (u),v) = f [P~240 + a(H)ulP>uov dt — f VW(t, u)o dt (17)
R R

forall u,v € E, and nontrivial critical points of ® on E are homoclinic solutions of system (;;Hg),

Proof. First, we show that @ and W are both well defined. For any u € E, by (12) and (15), we have

LlW(t,uﬂdtSclL |u|dt
<q ( fR () ™ dt) "l

This implies that ® and W are both well defined.
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Next, we prove W € C!(E, R). For any given u € E, define an associated linear operator J(u) : E — R by

Ju),v) szVT/(t,u)vdt, Vv € E.
R

By (12) and (15), there holds

(), )] = fR [V, u)|loldt

SczflRlvldt
<e ( fR (a(t)) dt) " el

This implies that J(u) is well defined and bounded. Observing (12) and (15), for any u, v € E, by the Mean
Value Theorem and Lebesgue’s Dominated Convergence Theorem, we have

m W(u + sv) — W(u)

lim : = lim i VW, u + 0(t)sv)o dt
= f VW(t, u)v dt (18)
R
= (J(u),v),

where 6(t) € [0,1] depends on u, v, s. This implies that W is Gateaux differentiable on E and the Gateaux
derivative of W at u € E is J(1). Now for any u € E, suppose u, — u in E, then u, — u in L*. For any € > 0,
by (Lo), there exists T > 0 such that

N7 e
(f|;|>rg(a(t)) - dt) < o (19)

For the T, given above, by virtue of the continuity of VW and Lebesgue’s Dominated Convergence Theorem,
we have

Te _ .
lim | [VW(t,u,) - VW ()| dt = 0.
-T.

n—oo

Here we use the fact that u, — u in L*. Consequently, there exists N. € IN such that

Vn > Ne. (20)

Te ~ .
( f VWt ) - VWt )| dt )| < g
—T.

Combining (15), (19), (20) and the Holder inequality, for each n > N, we have
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1) () = J@)lle: sup [J(un) = J(u), )|

[loll=1
< sup f (VW(t, 1) — VW(E, 1)).vdt
[lll=1 VR
Te . .
< sup (VW(t, u,) — VIN(t, u)).vdt
[oll=1 |/ -Te
+ sup f (VW(t, 1) — VIW(E, 1)) vdt
[loll=1 [JIt>Te
T N (T ;
< sup (f |VW(t,un)—VW(t,u)| dt) (f [off dt)
[loll=1 \WJ-Te ~Te

_V%ld 2 0 :
' zczﬁﬁfﬁ(fm%(”“” f) ( L et t)

€ 20€

<
2 4C2

This means that J is continuous in . Thus W € C}(E, R) and (16) holds. Due to the form of ¢, we know that
® € CY(E,R) and (17) also holds.

Finally, a standard argument shows that nontrivial critical points of ® on E are homoclinic solutions of

(ﬁﬁg) (see, e.g., [29]). The proof is completed.
|

Lemma 2.7. Let (Ao), (W1) and (W) be satisfied. Then @ is bounded from below and satisfies (PS) condition.

Proof. We first prove that @ is bounded from below. Combining (W2), (12), (15) and the Holder inequality;,
we have

1
O(u) > §||M||2 ) f |ue]dt
R

= (21)
14
> 1IIMII2 -0 (f(ﬂ(f))_”lldf) lull, Vu€E,
2 R
where c; is the constant given in (15). Then it follows that @ is bounded from below.
Next, we show that @ satisfies (PS)-condition.
Let {u,} C E be a (PS)-sequence, i.e.,
|D(y)l <Dy and D'(4,) — 0 as n —> (22)
for some D, > 0. By (21) and (22), we have
p-1
]. 2 1 P
D2 2 Sliunll” = c2{ | (a(®)) 7 dt) luall, VYneN.
R
This implies that {u,} is bounded in E. Thus, there exists a subsequence {u,,} such that
Upy, — Uy as k— o0 (23)

for some 1y € E. By Lemma 2.3, it holds that

Uy, — g in L' as k— oco. (24)
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This together with (15) yields

‘ f (VW 1) = VIW(E, u0)) - (it — uo)dt' <20, f lity, — tigldt — 0 as k — oo. (25)
R R

Noting that {u,} is bounded in E, we infer from (22) and (23) that

(@ (1) = D' (ug), ty, — ) — 0 as  k — oo, (26)
Combining (17), (25) and (26), we have

i, = ttoll® = (D' (t4y,) = D' (th0), 1, — th0)

— — (27)
+ f (VW(t, up,) — VIW(t, uo)) (U, —up)dt — 0 as k — oo.
R

This means that u,, — ug in E as k — co. Thus ® satisfies (PS)-condition. [J
We introduce a closed symmetric set V. as below:

Vi =y, b, ..., Ix) € R¥; |} < 1 for all i, card{i : |Ij] = 1} > k}.
Lemma 2.8 ([27, Lemma 4.5]). Vi has the genus of k + 1.

Lemma 2.9. Let (Ag), (W1) and (Ws) be satisfied. Then for each k € IN, there exists an Ar C E with genus
0(Ax) = k + 1 such that sup ., P(u) <0.

Proof. Let uy, tx; and px with k > ko be given in assumption (W3). Since I'x C I'x_1 by definition, it is enough
to construct an Ay € Iy for k > ko such that sup, A ®(u) < 0. Fix k > ko. Instead of g, fr; and px we write

i, t; and p for simplicity. Using W and W given by (4) and (5) respectively, we define
Wi=W(ti, 1, p), W, := W(t, u,p), 1 <i<2k

It follows from (4) and (5) and for ¢ € [t; — p, t; + p], that
W(t, 1) = = Wilul, (28)

Wit lu) > =W |ul, I < 1. (29)

R= R

We define a function ¢(t) on Rby ¢(t) = 1 fort < %, @(t) =2(1 - t)) for % <|t|<land @(t) = 0for |t = 1. Put

@i(t) = (p(%) fort € R. Define D; := [t — &,t; + §]. Then 0 < @;(t) < 1in R, g;(t) = 0 for t € R\[t; — p, t; + p]
and

i(t) =1 for t € D;, |gi(t)| < % for t e R. (30)

We define
2k
Ay = {Z Lipithu : (I, ..., Ix) € Vk}-
i=1

Since all the supports of ¢; are disjoint, they are linearly independent. Define g(Iy, ..., o) := Z?fl Lipi(t)u.
Then g is a mapping from V; onto Ay and it is an odd homeomorphism. By Lemma 2.8, the genus of V} is
k+ 1 and sois Ax. Thus Ay € Iy.
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We shall show that sup A ®(u) < 0. Fix (lh, ..., lx) € Vi arbitrary. Then u := Z,-zfl Lipi(t)u € Ax. Since the
support of @; is [t; — p, ti + p] and [t — p,t; + p] N [tj — p,tj+ p] = 0 fori # j, we have

1 . ~
O(u) = ;—jf]R(luI”+a(t)|u|”)dt—fRW(t,u)dt

2k ti+p 1 1 2k ti+p
Y [ a2 [ (a0t ouna
o Ve P Pz Ju-p

2k ti+p
Y | W g,
i=1 Yti—p

By the assumption (Lg) and (30), we have

202K ulp p1 P 2k tikp

D(u) < W(t, Lipiu)dt. (31)

i=1 Ytp
To estimate the second term, we define

Ar={iefl,..,2k: |l =1)
Ay ={ie{l,.. 2k : |l <1).
By the definition of V4, the cardinal number of A; greater than or equal to k. We compute the integral of

Won [t —p,ti+ p] fori € Ay, and for i € A,, separately. Recall that W(t, 1) is even with respect to u and
@i(t) =1 on D;. By (28) and (29) we obtain, for i € Ay,

ti+p
[ wospa = [ wewas Wt Lyt
ti—p D; [ti—p,ti+p\D;

) . (32)
> Wl Py
p
We define .
a:= min W;, f:= min W..
1<i<2k 1<i<2k ™~
As stated after (5), it holds that W, < 0, and hence § < 0. We rewrite (6) as
2p+2
a+3p> (33)
We reduce (32) to
ti+p
W Lyt > [a+ B 5
ti—p

The right hand side is positive because of (33) with < 0. Recall that the cardinal number of A; is greather
than ou equal to k. Summing up both sides of the inequality above over i € A;, we obtain

|H|pp1 P

Y f W(t, Ligip)dt > [a + Bk (34)

lEAl

Next, by (29), for i € Ay, we have



A. Benhassine et al. / Filomat 38:32 (2024), 11211-11225 11221

ti+p
f W(t, Lipip)dt > 2|ulf p' PW, > 2B|ulP p' 7. (35)
ti—p

Recall that the cardinal number of A; is less than or equal to k. Summing up both sides over i € A; and
using § < 0, we find

ti+p

Z W(t, Lipip)dt > Zkﬁlylppl_p. (36)

ieA, V=P

The set A, may be empty. In this case, we consider the left hand side to be zero. Then the inequality above
is still valid because < 0. Substituting (34) and (36) into (31) and using (33), we obtain

p+2

p

D(u) < —[a+ 3B - 2 ]klylppl‘p <0,

which implies that sup, ., ®(u) <0. O

Now we are in the position to give the proofs of our main results.

3. Proofs of Theorem 1.3 and Corollary 1.4-1.7

The aim of this section is to establish the proofs of Theorem 1.3 and Corollary 1.4-1.7.

3.1. Proof of Theorem 1.3

Lemmas 2.7, 2.8 and 2.9 shows that the functional @ satisfies conditions (1) and (2) in Theorem 2.5.
Therefore, there exist a sequence of nontrivial critical points (1) of @ such that ®(uy) < 0 for all k € N and
ux — 01in E as k — oo. By virtue of Lemma 2.6, {u4} is a sequence of homoclinic solutions of (pHS). Since
E is continuously embedded into L, then it follows that maxer |ux(f)] — 0 as k — oo. Hence, there exists
ko € IN such that u; is a homoclinic solution of (1) for each k > k.

3.2. Proof of Corollary 1.4 and 1.5

It is enough to show that (8) and (9) =(7) = (6). Impose (8) and (9). Then we shall construct p, t; and
px satisfying (6). Fix k arbitrary. Let K be the smallest integer that satisfies K > 2k. We divide [v, — py, U + pul
equally into K intervals. Denote them by C,; with i < K. Then the edge of C,; has the length of %. Let
[t — Tu, bt + 4] the inscribed interval in C,,;. Thenr, = % Since K > 2k, t,; is defined for all 1 < i < 2k. We
shall show that assumption (W3) is fulfilled with p, tx; and py replaced by u,, t,,; and r,,, respectively, if n is
large enough. It is clear that [t,; — 7., £y + 7,] € (0,1) and [t,; — 7, tyi + rul O [t — T, tnj + 74] = 0 when
i # j. Define M, := W(v,,, U, p,), which implies that

W(t, uy)

AN e LN _
T Pn =M, fort € [v, — py, Uy + pul.

By (9), there exists a ¢ > 0 such that

W(t, luy,
%pﬁ > —cforte (v, —pnUn+pn),0<I<1
n

Then we obtain (7). On the other hand, substituting p, = Kr, in the two inequalities above we have,

W) g S oy
1P

W(t, luy,)

T K’ > —cfort € (v, — P, VUn+pn), 0 <1< 1,
n
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Taking the infimum on (t,,; — 1y, tn; + ), we have

— M c
W(tn,i/ un/rn) Z _n/ w(tn,i/ un/ rn) Z T,

Kr Kr®
Then we get
1 W 1 Mn 7C
ooin Wit tn, 1) + 3 0000 Wik, ttn, 1) > 520 = 5o

Since lim;_,.oc M, = o0 by (8), the right hand side is larger than 8 for n large enough.

3.3. Proof of Corollary 1.6

To prove this corollary, it is enough to show that the assumption (W) implies (8) and (9). By (W) there
exists a sequence u, converging to zero such that

W(t, u,)

i’E(to—pg,tQ+p0) |Mn|p

—> 0 asn — .

Put (vy, pn) = (to, po) for all n. Then the above inequality shows (8). Also, by (W), there exists a constant
¢ > 0 such that
W(t, u)

m
te(to—poto+po)  |UlP

> —cfor0<ul <1.

Putting u = Iu,, we find

W(tr lul’l)

i > —cforalllargenand 0 <[ <1,
te(to—poto+po) [l

which leads to
W(t, luy,) o

P > —c.
te(to-pototpo)  [Unl’

Therefore (9) holds.
3.4. Proof of Corollary 1.7

We observe that (10) implies (W). Therefore, Corollary 1.6 yields Corollary 1.7.

4. Example

For the reader’s convenience, we present one example to illustrate our main results.
Let

0if0<t<g
(g7 + 1)P(t - q), ifq§t<q+q,,11,
alh) = (7 + 1), ifq+q,,%st<q+ q;’%,
@ +1yP@g+1-1), ifq+q,f’%st<q+1,
and
W) = 2~ D, @)
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where g € IN*, and s, 7,4 are constants satisfying1 <r <p, 1 <s < ’%(r +1), a>0and

tift€[0,1],
a(ty=4 1-tifte[i,1],
0ifte R\ [0,1].

Then L and W match Theorem 1.3, but not satisfying the corresponding results on the above papers.
Indeed, it is clear that L(t) and W(t, u) satisfy (Ag) and (W1) — (W) respectively. It remains to check that
W(t, u) satisfies (Ws3). For this purpose we take kj be a positive integer such that 4kge0 < % and k > ky. We
define

pri=e X, b= (i - 1)e* with 1 <i < 2k. (38)

Then (t; — px, ti + px) becomes the interval (2(i — 1)e*,2ie™). Theses intervals are disjoint. We have the
estimate a(f) = t < 4ke™* < % for t € (t; — pi, ti + px) with 1 < i < 2k. The function W(¢, u) is computed as

1
Wt u) > g|u|s - ke

Define 6 as follows

P <0< i +1whens>r. (39)
p-s p(s—7)
P <BOwhens <. (40)
p—s
(r+1)
It follows from (39) and (40) and 1 < s < % that
-(p-50+p<0, —-(p-95)0+p<—-(p-1r0+p+1 (41)

Put . := p? = ¢7*%. Then we have

— a 4
W(t;, g, pi) > —elP=90-pIk _ Zgol(p=n0-p=1lk _; o
(i i i) 2 .

as k — oo by (41). Furthermore, we have

P
% > gmse[(p*”@*p]k - A—:m’ke[(”*’)ef”*”k for0<m<1. 42)
i

Let
Ek(m) == 2 el r=900-pk _ ém’ke[(p_r)e_”_”k for0<m < 1.
s r

We shall show that &,(m) is bounded from below by a constant independent of k and m € [0, 1].
By (42), (1) > 0 for k > ko with a large k. We divide the proof into two cases.

o 5> 1. Then & (m) achieves a negative minimum in [0, 1], which is computed as
min &(m) = ~—~ (ae[@—s)e—p]k)i (4ke[<p—r>6—p—11k)5 .
0<m<1 Ssr

By (39), the minimum of & converges to zero as k — oo.

e 5 <r. Since m® > m", we have &(m) > 0 for k > ko and m € [0, 1].
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By Cases 1 and 2, we have the inequality W(t;, ti, px) = —c for all i and k > ko with ¢ > 0.
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