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Korovkin type theorem for the functions defined in the Prism and the
corresponding Meyer-Konig and Zeller operators

Mehmet Ali Ozarslan®, Mustafa Kara?

?Eastern Mediterranean University, Gazimagusa, Mersin 10, Turkey

Abstract. In this paper, we consider Meyer-Konig and Zeller (MKZ) operators defined in the prism.
We prove a new Korovkin type theorem by using appropriate auxiliary test function and investigate the
uniform approximation of these operators. We obtain the order of approximation in terms of the modulus of
continuity and modified Lipschitz functions. Finally, we introduce the more general form of the operators

and study their approximation properties by obtaining functional partial differential equation which help
us to calculate the moments easily.

1. Introduction

After the famous theorem of Korovkin, which states that the approximation of three basic test functions
determine the convergences in the whole space, the approximation by the linear positive operators has been
the active area of research especially in the last three decades ([8],[15],[16],[17]). Among the linear positive
operators Meyer-Konig and Zeller operators have particular interest of several authors. The operators

Ma(f;x) = gf(L)(n Z k)xk(l —x xeo,1)

n+k+1

are known as the Meyer-Konig and Zeller operators [28]. In 1964, Cheney and Sharma [10] gave a slightly

modified form of these operator by replacing the nodes —— by -£- which they called them as Bernstein
power series:

M =Y ()4 Fpra -, xeo,
k=0

Different variants of these two operators and their approximation properties have been an area of intensive
research during the last five decades (see [1],[4],[12],[18],[19],[32][11], [22],[23]). In 2005, Altin, Dogru
and Tagdelen [7] considered a generating function extension of the Bernstein power series and proved

a Korovkin type approximation theorem by using the test functions f(t) = (ﬁ)l instead of using the
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classical test functions fi(f) = t' for i = 0,1,2. It is an important detail that it is not easy to calculate the
second moment while investigating the approximation properties of M,(f; x) operators by using the usual
Korovkin theorem (where the test functions are f;(t) = t (i =0,1,2). It was Alkemade [6], who derived
an explicit expression for the second moment in terms of hypergeometric series, but the result was not
sufficiently useful. For the estimation of the higher order moments, we refer [2],[9] and [20]. We also refer
the very recent papers [14] and [3] concerning the second and higher order moment of Meyer-Konig and
Zeller operators.

In [31], Tasdelen and Erengin introduced the bivariate tensor type generalization of the Bernstein power
series by means of the generating functions. They proved a Korovkin type approximation theorem by

2 2
introducing the test functions fy(s, £) = 1, fi(s,t) = 1=, fa(s, 1) = 1, and f(s, 1) = (ﬁ) + (ﬁ) .

In [29], Ozarslan introduced the non-tensor two variable Meyer-Konig and Zeller operators. He proved
Korovkin type approximation theorem by presenting then test functions (fo(s, t) = 1, fi(s, t) = ==, fa(s,t) =

——,and f3(s,t) = (1 —— t)z + (1 — t) ). Furthermore, he computed the rate of convergence of these operators
by means of the modulus of continuity and the elements of modified Lipschitz class functions. Moreover,
he gave functional partial differential equations for this class and, using their corresponding equations, he
calculated the first few moments of the non-tensor MKZ operators and investigated their approximation
properties. For more studies on the new bivariate Meyer-Konig-Zeller operators, we refer to the papers
[26], [24], [25], [25] and [33].

Now let

Sa={x=(,12:0<x<A<1,0<y<A-x0<z<A<1}.

In the present paper, we introduce the following three variable Meyer-Konig and Zeller operators which
provides an approximation to a functions defined on the prism S

Luw(f;%,y,2) = (1= 2" (1 —x — y)"™! ey
! |4 " k.l p
% Z (n+k+l+1 n+k+l+1"m+p+1 Pulk L) yz
. (n+k+1)!
where Pm(kr lr P) k' (m+p) n+k+l+1’ n+kl+l+1’ m+p+1 € SA’ (0 <A< 1)

The paper is organized as follows. In section 2, we prove a Korovkin type approximation theorem by
introducing the test functions @o(s, t, u) = 1, @1(s, t,u) = ==, 2(s, t,u) = ==, P3(s,t,u) = 1%, @als, t,u) =

(ﬁ)z + (ﬁ)z + (1 u) In section 3, we give the functional partial differential equations satisfied by the
new operator (1), and using these equations, we calculate the first few moments of these operators and
investigate their approximation properties. In section 4, we compute the order of convergence of these
operators by means of modulus of continuity and the elements of modified Lipschitz class. Finally, we
introduce a generalized form of the operators L, ,, and obtain functional partial differential equations for
this class. Using the corresponding equations, we calculate the first few moments and investigate their

approximation properties of the generalised operators.

2. Korovkin Type Theorem

To prove the main theorem of this section, we introduce the following test functions

Pols tu) =1, i(s,tu) = T——,

u
t = — t -
(pZ(S/ ,M) 1 — t/(p3(sr ,Ll) - 1 _ ur

(P4(S't'”):(1—Z—t)2+(1—i—t)2+(1fu)z'
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It’s not hard to see that

k I P\ k o
¥ n+k+l+Un+k+Il+1"m+p+1) n+1’
k I poo\_ 1
(pz(n+k+l+1'n+k+l+1'm+p+1)_n+1' ©)
k ! p __Pr
(Ps(n+k+l+l'n+k+l+1'm+p+l)_m+1’ @)
k l p
(P4(n+k+l+1’n+k+l+1’m+p+1) ©)

z(n-lf-l)z-'-(nj-l)z-'_(m;il)z'

In this paper, we consider the following function space

Ho(Sa) = {f € C(Sa) : | f(s,t,u) = f(x,y,2)| (6)
< {a) (f,

where C(S4) denotes the space of continuous functions defined on S4,

((Pl(sl £ M), (PZ(SI £ Z/l), (P3(S/ £ M)) - ((Pl(x/ Y, Z)/ (P2(x/ vy, Z)/ (P3(x/ Y, Z))))}}

|((Pl(s/ t/ M), (PZ(S/ t/ 1/[), @3(51 t/ M)) - (gol (x/ v, Z)/ (PZ(X/ Y, Z)r @3(3(/ Y, Z))l

3
= J Z (i(s,t, u) — ix, Y, 2))
i=1

and
w(f,0) = sup {|f(s, t,u) — f(x, y,z)) 1 (s, t,u),(x,y,z) € Sa,

\/(s—x)2+(t—y)2+(u—z)2$6}

is the modulus of continuity of f satisfying the following properties:
(a) w is non-negative and increasing function of 6,
(b) w(f, 61 +62) < w(f, 61) + w(f, ),
(c) lims—o+w(f, 0) = 0.
Clearly, for each (s, t,u), (x,y,z) € Sa and for all f € H,(Sa), we have

3
J Y (pits t,w) = pitx, y,2))

i=1

|f(s,t,u) = f(x,y,2)| < w(f,0) |1+ -

In the following, we prove new type of Korovkin theorem which helps to investigate the approximation
properties of the new Meyer-Konig-Zeller operators defined in the prism.
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Theorem 1. Let T, : Hy(Sa) — C(Sa) be a sequence of linear positive operators satisfying

Lm |Tom (95) = @ills,) =0 (=0,1,2,3,4) ®)

n,m—oo

where |||, denotes the usual supremum norm on C(Sa). Then for all f € H,(Sa), we have

T [T (5-1) = Flles, = ©-

Proof. Let f € H,(Sa) be given. For all € > 0, we have from property (c) that

|[f(s,t,u) = f(x,y,2)| <€
for (s, t,u),(x, y,z) € Sa, satisfying

2 2 ’
s B x + t _ y +( u oz ) <5
l-s—-t 1-x-y l-s-t 1-x-y 1-u 1-z

with some 6 > 0. On the other hand, since f € C(Sa), for (s, t,u), (x,y,z) € Sa with

2 2 »
s b t Yy u z
- + - + - >0,
l-s-t 1-x-y l-s-t 1-x-y 1-u 1-z

we have

[Fs 80 - fe 2| < 25

2 2 ”
y s _ x + t 3 y + ( u oz )
1-s—t 1-x-y 1-s—t 1-x-y 1-u 1-z) [’
where M is the bound of f. Combining the above inequalities, we get for all (s, f,u),(x,y,z) € Sa and
f € 7—{(0(514) that

[fGs,tu) = fx,y,2)| <e+ 25—];4 )

2 2 2
% S 3 x N t 3 Y +( u oz )
1-s—t 1-x-y 1-s—t 1-x-y 1-u 1-z) [

By linearity and positivity of the operators T}, ,,, we can write

|Tn,m (fl X, y, Z) - f(x/ y, Z)l
< Tum (|f(s, t,u)— f(x,y,2)

Using the inequality (9), we get
|Tn,m (f/ X, Y, Z) - f(x/ y’Z)|

<e+ (e +M+ %/IB(A)) |Tom(@03 %, y,2) = @o(x, v, 2)|
+ %B(A) {|Tn,m(<p1;x, Y) = 915 Y| + |Tum(@2; %, v) — 92(x, )|
+ |Tn,m((P3; X, y) - (P3(xr y)|}

2M
+ ? |

;X ]/, Z) + |f(x/ %Z)| |Tn,m((p0; X, %Z) - (PO(x/ ]// Z)) .

Tum(P1:%,Y) = Pa(x, )|
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where

B(A) = max
(x,y,2)€S54

24P . 2 X y .
1-x-y? (Q-22"1-x-y 1-x-y' 1-z]

Taking into account (8), the proof is completed. [

3. Approximation of L, ,, (f;x, y) in H,(Sa)

In this section, we prove the convergence of the operators L, (f;x,y,z) in the space H,,(S4). For the
calculation of the moments, we need the following Lemma.

Lemma 2. Let (x,y,2z) € Sa, f € C(Sa). Then L, .(f;x,y,z) satisfy the following functional partial differential
equations

0
X oy Ln(f3 %4, 2) (10)
= —1x (n+ 1)Ln,m(f; xX,Y,2) + (m+1) Lyw(p1f;%,y,2),
—x—vy
0
_Ln,m( ;X ,Z) (11)
y&y fixy
-y(n+1)
=T Lom(f;%,9,2) + (n+ 1) Ly w(@af;x,y,2),
—x—y
0
s (12)
- +1
= Zl(ni . ).Ln/m(f; X, Y, Z) + (Tf’l + 1) L”,m((P3f; XY, Z),
0 0 0
(xa + y@ + Z&) Lom(f;%,Y,2) 13)
[ty (n+1) z(m+1) ‘
_{ ]__x_y - 1-z Ln,m(f/x/]/,Z)
+ M+ 1) Lyw(hf;x,y,2) + (m+1) Lyw(gf;x,y,2)
where
5 t u
h(s, t) = T 1_S_t,g(u) =T

Proof. The general version of the proof for the more general operators including L, ,, has been given in
Theorem 9. O

In order the give an alternative calculation of the moments, we have the following lemma.

Lemma 3. Given any n,m € IN, the following recurrence formula holds

(i) (k+ )Pk +1,1,p) = (n + )P (k, L, p), (14)
(ii) 1+ D)PEY (K, 1+ 1,p) = (n + )P (K, L p), (15)
(iii)(m + )P (k,1,p) = (p + )PL(k, L, p + 1). (16)
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Proof. Using (1), we get

@) (2 + DPE K, Lp) = (n + 1)w(m + p)

m+ DN\ p
= (k+ 1)P(k +1,1,p),

Qi) (2 + )Pk, L p) = (n + 1)w(’” * p)

(n+ 1)k p
= (I + 1Pk, 1+ 1,p)

and

(iii) (p + P,k Lp +1) = M(WHPH)

K\ p+1
= (m + 1)P" (kL p).

O

Lemma 4. For the operators L, ,, defined by (1), we have
(Q)Ln,m (@0; X, Y, Z) = (PO(xr Y, Z)/
(b)Lym(p1;x,Y,2) = P1(x, Y, 2),
(L (P2;%,Y,2) = @a(x,Y,2),
(d) Lym(p3;%,,2) = @3(x, Y, 2),

OLuntpsin 1) = St Dt + { B2 - 2B a0

1 1 1
(7’1 T 1) {(Pl(x ]//Z) + QZ(X %Z) + (PS(x }/rZ)} {(m + 1) - (I’Z T 1)}@3(9(/ %Z)-

Proof. 1tis obvious from (1) that L, ,, (1;x,y,z) = 1. Taking f = @9 = 1in (10), (11) and (12), we get

Luym(p1;x,9,2) = ¢1(x, Y, 2),
Ln,m((PZ} x/ ]// Z) = (Pz(x/ ]// Z)/
Lym(®3;%,Y,2) = @3(x,y,2).

Now set hy(x, y,z) = (1 —= y) Jho(x,y,2) = ( x_y) and h3(x,y,z) = ( ) Choosing f = @1in (10), f = @2 in
(11) and f = @3 in (12), we have

) _(n+2) 1
Lym(hi;x,y,2) = o 1)hl(x, Y,z) + CE)) 1)@1(x, ¥,2),
) _(n+2) 1
Ln,m(hZ/ X, ]//Z) - (7’1 T 1)h2(x/ Y, Z) + (Tl T 1) @Z(XI Y, Z)
and
) _(m+2) 1
Lym(hs;x,y,2) = (m+1)h3(x,y,2)+ (m+1)<p3(x, Y,2).

Since @4(x, y,2) = hi(x, y,2) + ha(x, y, 2) + h3(x, y, 2), the proof is completed from the above equalities and the
linearity of the operators Ly, ;.
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Using (2) and considering (14), we have

ok
. — _am+leq o n+l n k.l p
Lun(puix,y,2) = (12" (1 =x - y) klzpzo—nﬂpm(k,z,p)xyz

X m n . n
=m(1 2" (1 —x—y)"? Z Ptk 1 p)xy'2P.
k,1Lp=0

By (1), we get Ly m(91; %, ¥) = @1(x, y). In a similar manner, using (3) and (4), then considering (15) and (16),
we get (c) and (d), respectively.

Finally, by (5), we get

Ln,m((P4; X, Y, Z) = (1 - Z)m+1(1 —X - ]/)"+1

n+ + " p P
k,1,p=0 ( 1) (” 1) (m+1) Pk 1, p)x*y'z

X

) 2
=(1-2"1-x-y! Z (Ll) P (k, 1, p)x*y'z¥
Kp=o \TF
) 2
+(1=2)" 1 —x - y)"*! Z ( l 1) P! (k, 1, p)x*y'z
Kip=o \ ¥
oo 2
+(1 =21 —x—y)"*! Z (mrj_ 1) P (k, 1, p)xky'zP.

k1p=0
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By the recurrence relations (14)-(16), we obtain

Ln,m((P4; X, Y, Z)
x2(n+2) 1 3\ 2 kI
= I-2""1-x-y" Pk Lp)xy'Z
(n+1)(1-x-y) k,l;o
X

_ )+l _ g )2 n+1 kil p
STy (UL CRE Sl DR (T

k1,p=0
y2 (1’1 + 2) +1 +3 . +2 kol
1-2""1-x-y) P2k, 1, p)x*y'2F
m+1)(1-x-yy k;()
¥ _Am+leq 2 . n+1 kol p
Jr(n+1)(1—x—y)(1 ol =x-y) Z Pr (kL p)xy =

k,1Lp=0

22(m+2) m+3 n+1 . i k.l
— (1 -2)"(1-x-y) Pk Lp) 4
meD-27 Y k;:() 2Py

+ m(l —z)" (1 - x — y)"*? Z Pt (k1 p)x*y'z
k1Lp=0
_ xz(n+2) + x
m+1)(1-x-yP @m+1H(A-x-y)
Y (n+2) y
+(n+1)(1—x—y)2 T D-x-y)
z2 (m +2) z

miD(—-2? m+Dd-2)

Therefore we get (e). [

By Theorem 1 and Lemma 4, we have the following approximation theorem.

11508

Theorem 5. Let Ly, @ Ho,(Sa) — C(Sa) be a sequence of linear positive operators defined by (1). Then for all

f € Ho(Sa), we have

lim ”Ln,m (f/ r ) - f||C(SA) =0.

n,m—oo
Proof. According to Theorem 1, we should prove that

Lim [[Lon (i) = @il sy =0, (=0,1,2,3,4).

n,m—0c0

By (1), Lym (@0; %, ) = @o(x, y). From Lemma 4 (b),(c) and (d), we obtain

Lm (Lo (@55) = @il s,y = 0 (=1,2,3).

n,m— o0
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Finally, by Lemma 4 (e), we get

Lum (9a;x,Y,2) — pa(x, Y, 2)

(n+2) m+2) (m+2)
m+1)_4¢AL%”+{on+n’Xn+n}¢a*%”

1
TEED {P1(x, y,2) + Pa(x, ¥, 2) + @3(x, y, 2))

1 1
N+ e[ Y

and hence

|Ls (p;%,¥,2) = p3(x, v, 2)|
(n+2)
n+1)

(m+2)_(n+2)

<
m+1) (m+1)

-1

P3(x, Y, 2)

Qa(x,y,2) + ‘

1
+ (”Tl) {o1(x,y,2) + p2(x, v, 2) + @3(x, ¥, 2)}

P3(x, y,2).

N ' 11
m+1) (m+1)
Taking supremum over S4 and letting

B(A)= sup {<p1(x, ¥,2), 92(%, Y, 2), @3(x, Y, 2), 3%, Y, 2), pa(x, Y, Z)} ]
(x,y,2)€S54

we get
”Ln,m ((/74; X, Y, Z) - (p4(x, Y Z)“C(SA)

2 rm+m (n+2) ‘ 1 1 ’
n+1)  |m+1) @+D] [m+1) m+D||

< B(A) [
Passing to limit as 1, m — oo, the proof is completed. [

4. The Order of Approximation

In this section, we compute the order of approximation of L, (f;x,y,z) to f(x,y,z) in terms of the
modulus of continuity and the modified Lipschitz class functionals. We start with the following lemma.

Lemma 6. Let L, ,, be a sequence of linear positive operators defined by (1). Then the following estimate

3
Ln,m [ J Z ((pi(sr t/ u) - (pi(x/ ]/, Z))Z; xr ]// Z]
i=1

2 (m+2) [m+2) 1 1
S\ﬁ“”hn+n+hm+1y'm+1)+hm+n'kn+n

|

B(A) = sup {p1(x,y,2), p2(x,¥,2), p3(x, ¥, 2), PA(x, ¥, 2), pa(x, ¥, 2)}
(x,y,2)€S54

holds true, where
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Proof. Using Cauchy-Schwarz inequality and noting that L,(1;x, y) = 1, we get

3
Ln,m [ J Z ((Pi(sz £ M) - qoi(xr Y, Z))z; X, Y, Z]
i=1
3
< J Loym [[Z (@i(s, t,u) — @i(x, y, z))z] X, Y, z] .
i=1

On the other hand by Lemma 4, we can write

Lym (((Pl (5t 1) = @1(x,5,2)* + (@a(s, £, 1) — pa2(x, y,2)) 5 %, Y, Z)
2z
< Lo (a3, y) = @ax, )| + 1z L (93:%, y,2) — p3(x, y,2)|

2y 2x
YTy |Lu (92:%,y,2) = a(x,,2)| + F—" Ly (P12, 1,2) — @1(x, ,2)|
2 m+2) (n+2) ’ 1 1 ”

SB(A)[(n+1) m+1) miDl T meD @D

Whence the result. [

Theorem 7. Let L, ,, be a sequence of linear positive operators defined by (1). Then for all f € H,,(Sa), we have

o (£ = Fllogs,
Szw[f,\/B(A) 5 +(m+2)_(n+2)+‘ 1 1 ”]

n+1) |m+1) G+ |m+1) n+1)
where B(A) is the same as in Lemma 6.

Proof. Because of linearity and monotonicity of the operators L, ,,, we get by (6) and (7) that

|Ln,m(f; X, Y, Z) - f(x/ y/z)|
< Ly ([f(s,t,1) = f(x,,2)

X, y,z)

3
<Lym [a) [f, J Z (pi(s, t,u) — @i(x, y, z))z] ;X Y, z]
i=1
- 3 .
Ln,m [ J Z ((Pi(sl t/ 1/[) - (Pi(x/ ]// Z))z; x/ ]// Z]
i=1

On

<w(f,on)|1+

Now using Lemma 6 and choosing

_ 2 (m+2) (n+2) 11
6n_\/B(A)[(n+1)+(m+1) (n+1)+‘(m+1) i+ 1)

|

we get the result after taking supremum over S4 on both sides of the inequality. [
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Now, we are aimed to compute the order of convergence of the operators in terms of the modified
Lipschitz class functionals. Note that in recent years modified versions of Lipschitz class functionals have
severe attraction in approximation theory (see for instance [30]). In order to coorporate nicely with the
MKZ operators, in the present paper, we introduce the modified Lipschitz class functions by

Lipp(a)
2
::{fEC(SA):|f(s’t’”)_f(x’y’z)|SM[(l—z—t_1—z—y
t y g u z 2"
" (1—s—t_1—x—]/) +(1—u_1—z)] i(ts,1),(x,y,2) € Sa

where M is a positive constant depending on f and « € (0, 1].

Theorem 8. Let L, ,, be a sequence of linear positive operators defined by 1. Then for all f € Lip, (a), we have

Lo (fo ) = fHC(sA)

2 +'(m+2)_(n+2)|+’ 1 1
n+1l) |[(m+1) @m@+1)] |(m+1) [®@+1)
Proof. Using linearity and monotonicity properties of the operators L, ,, and considering that f € Lip;(a),
we get

where B(A) is the same as in Lemma 6.
|L”/m(f; X, ]// Z) - f(x/ ]// Z)|
< Ly ([f(s, £, 1) = £, y,2)] 5%, 9, 2)

s x o\ t y Y
. ~ _
_MLn’m([(l—s—t 1—x—y) +(1_S_t 1—x—y)
u . 27e/2
+(1—u_1—z)] ’x’y’z)'

Applying the Holder inequality with p = i and g =

af2

7

< ||

1 and taking into account that L,(1;x,y) = 1, we
-«
obtain

Lo (fix, 1) = Fx, )|

3 a
< MLy JZ(qoi(s,t,u)—qoi(x,y,Z))z;x,y,z .

i=1

Taking supremum over S4 on both sides of the above inequality and considering Lemma 6, the proof is
completed. [

5. Generalized form of L, ,,
Let PZ,’I’j;(ﬁ, a,v) 2 0 and {Qu (st u;x,y, Z)}n,meN is the generating function for the triple indexed

sequence {PZlm B a, 7/)} given in the form
Ap k1 peNo
Qu (@,y,B%,1,2) = HZ P (B, )Xy 2 (17)
Lp=0
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where the series on the righthand side is uniformly convergent for all (x, y,z) € Sa.
We define the generalized form of the non-tensor three variable Meyer-Konig and Zeller operators;

1

Ly w(fix,y,2) = (18)
iz y Qum (@, y,B;%,Y,2)
l p 1,11 k.l p
x Z (k+l+b kxiw by prdy | PepBaryE
where Q. (B, @, ¥;x,y,z) is given by (17), {b,},en and {d}uen are number sequences.
In this section, we obtain a functional partial differantial equation satisfied by L;, ,,(f; x, v, 2).
Theorem 9. Let (x,y,z) € Sa, f € C(Sa),L;, ,(f;x,y,z) be defined by (18) and (17). Assume that
0
B (Qum (B, y;%,Y,2)) = An(X, ¥, 2)Qum (@, 7, B %, Y, 2), (19)
0
3y (Qum (B, y;%,Y,2)) = Bu(x, ¥, 2)Qum (@, 7, 8%, Y, 2), (20)
d
% (Qum (B, ,7;%,Y,2)) = Du(x, Yy, 2)Qum (@, 7, %, Y,2) - (21)
Then Lflﬁnf ’V)( f;x,y,z) satisfy the following functional partial differential equations
a * * *
xal‘n,m(f; XY, Z) = —xAy (X, Y Z)Ln,m(f; X Y, Z) + ann,m((Plf; XY, Z) (22)
J .,
ya—yLn,m(f; X,Y,2) = =yBu(x, ¥, 2)L;, (f; %, Y, 2) + buLl, 1 (@2f5 X, Y, 2) (23)
& * * *
ZEL”M (f;x,y,2) = =zDw(x, ¥, 2)L;, ,,(f; X, y,2) + duLy, (P f; X, Y, 2) (24)
d d d\,. .
xa + ya—y + za L, w(f;x,,2)
= {—xAu(x,y,2) — yBu(x, y,2) — zDu(x, v, 2)} L, ,,(f; X, ¥, 2) (25)
+buls, u(hf5x, Y, 2) + dLs, (9 f5 %, Y, 2)
where
s t
hs,t) = T-s—t 1-s_t glu) = 1-u

Proof. Since f € C(Sa), it is clear by (17) that the series (18) converges uniformly for all (x,y,z) € Sa.
Therefore, term by term differentiation is permissible in S4. Differentiating both sides of (18) with respect
to x and considering (19), we get

J 1

L (fs —_A 1 (f:

8 Vl,m(f/ X, y/ Z) Tl(x/ y/ Z) n,m(f, X, y, Z) —+ Qn,m (‘B, x ‘J/, < y[ Z)
8 Z‘ k (k+l+b "k+1+b, p+dy kzp(ﬁa)/)x Lylzp.

k=1,L,p=0
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Muliplying both sides by x, we have
by
Qn,m (ﬁ/ QY% Y, Z)

l p .
xk; (k+l+b "k+1+b, p+dy kzp(ﬁ“?/)xyz

x&iL;,m(f; X, Y,2) = —xAn(x,y,2)L;, ,, (f; %, y,2) +

= —xA.(x, y,2)L;, ,(f; x, Yy, 2) + buLy, (1 f 5%, y,2)

which gives (22). Now, differentiating both sides of (18) with respect to ¥ and taking into account (20), we
get

1
Qn,m (ﬁ/ a/ 7// x/ y/ Z)

. ! p byl
Z (k+l+b "k+1+b, p+dy ) k,p(ﬁay)x

k=0,I=1,p=0

a * *
oy Lrnlf3%4:2) = =Bulx, y 2o (i3, y,2) +

Muliplying both sides by y, we have

by
Qum (@, y,B%,Y,2)

L:z,m(f; X, Y, Z) = _an (x, Y, Z)L;,m(f; X, Y, Z) +

(o)

! k ! p 1,m ki lp
Xk=§;=0 b,,f(k+l+b,,’k+l+bn’p+dn )Pktp(ﬁ’“’y)x vz

= —yBu(x,y,2)L; ,,(f; %, y,2) + buL;, (25 X, Y, 2).

Finally, differentiating both sides of (18) with respect to z and taking into account (21), we get

* . — * . 1
Ln,m(fr xr yr Z) - Dm(x/ yr Z)Ln,m(fr xr yr Z) + Qn,m (ﬁ, a, ‘)// X, y’ Z)
. k ! P 71,11 kol p-1
szozlzopzlpf(k+l+bn’k+l+bn’p+d )Pklp(ﬁ'“'y)x yz

Muliplying both sides by z, we have

A
Qum (B, v;x,Y,2)

L, w(f;x,y,2) = =zDu(x, y,2)L;, . (f; x, y,2) +

. ﬁ k / P 11,11 k.l p
Xk:ozzI::o dmf(k+l+bn’k+l+bn,p+d )Pklp(ﬁ’a’y)x ¥z
= —zDw(x,y,2)L; ,,(f; %, y,2) + duL;, . (@3 f; X, Y, 2).

This proves (24). Adding (22),(23) and (24), then taking into account that L;, ,, is linear, we get (25). [

Remark 10. Letting m =1-2"1-x-y)"Y, dy =m+1andb, = n+1in (18), we get three

variable Meyer-Konig and Zeller operators given by (1):

Ln,m(f; X, ]//Z) = (1 - )m+1(1 —X- y)"“

i P P* k. lp
8 Z (n+k+l+1 n+k+l+1 m+p+1) Pk L p)xy 2
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Remark 11. Let 8, o,y > 0 be fixed, and take Onarmsd)
form of the nontensor three variable Meyer-Konig and Zeller operators:

AL Fix 2 = (1= 21— x - )

l P ”:m k.l p
% Z (k+l+b "k+1+b, p+dy ) PepBray)xyz

whereb, =n+a+y+1,d,=m+p+1and

o m+a+y+k+D!'m+p+p
Peip(Bra:7) = Kl p

_Tn+a+y+k+1+1) Tm+p+p+1)
C T(+a+y+ 1)K Tp+1D)ITm+p+1)

Clearly, A 000)(f X, Y,2) = Lyw(f; %, Y, 2).

11514

= (1—z)P (1 —x—y)**7*"* 1 we define the generalized

Corollary 12. Let (x,y,z) € Sa, f € C(S4). Then A,Sﬁ;?’y) (f; x, y, z) satisfy the following functional partial differen-

tial equations

xaiA(ﬁ’a’y) (f;x,y,2)
—x(n+a+y+1) (Ba7)
(1-x-y) o
yaA@”Umﬂ@
B —-yn+a+y+1)
1-x-y)

=2 A0 fix,,2)
B —z(m+p+1) (ﬁw
ST M

(Exyz)+(n+a+y+ 1)A(ﬁa))(g01f;x,y,z)

.y

Aw

)(fx Y,z )+(n+oc+7/+1)A('8 ’) (p2f;x,y,2)

)(f X, y,z)+(m+ﬁ+1)A(ﬁ 7)((p3f;x,y,z)

d i 9\ L Bar), g
(8 &y+z8 )Anm (f;x,y,2)

_ —(n+a+y+1)(x+y)_z(m+ﬁ+1)} (ﬁa))
e (-2 s

+(n+a+y+ l)A(ﬁ”)(hf;x, y,2) + (m+p+ 1)A£’,3,f’7)(9f;x, Y,2)

where

S t u

hs, 1) = 5

(26)

(27)

(28)

(29)
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Using the same technique as in Lemma 4, we obtain

Afff'y)(@o; X,9,2) = o(x, y,2)

A (1:2,y,2) = 1(x,1,2)
AL (:2,y,2) = pa(x,1,2)

A;(f,’f "V)(<P3; X, Y,2) = @3(x,Y,2)

007 gy, y,2) = LEEHV+2)
An,m ((P4/X,]/,Z) - (1’1 +a +)/+ 1)(p4(x,y,z)

(M+ﬁ+2) (n+a+7/+2) s

+ (m+ﬁ+1)_(n+a+y+l) §03(x,y,z)

1

ey T P sl E) g, 2)

+ 1 _ 1 @ 0.2)
(m+ﬁ+1) (n+a+y+1) (PS /y, .

As a consequence of Theorem 1, we can state the following corollary.

Corollary 13. Forall f € H,(Sa), we have

AC -l =

lim ‘
n—oo

C(Sa)

Following the similar procedures as in the proofs of Theorem 7 and Theorem 8, we can state the following
corollaries, which gives the order of approximation by the generalised form of the Meyer-Konig and Zeller
operator in terms of modulus of continuity and Lipshitz class functions, respectively.

Corollary 14. For all f € H,(Sa), we have

L2wl|f,

A5 5000 - f

am T (fr o
. (m+p+2) (n+a+y+2)
mAﬂwme) (m+B+1) (n+a+y+1)

1 1

M (m+ﬁ+1)_(n+a+y+1)

where

B(A) = Sup {(Pl (x/ ]/, Z)/ (pZ(xl ]// Z)/ (P3(x/ ]/, Z)/ (Pé(xr ]// Z)/ (P4(x/ ]/, Z)} .
(x,y,2)€S54

Corollary 15. Let a € (0,1]. For all f € Lip,, (@), we have

2 m+p+2) (nm+a+y+2)
(n+a+7/+1)+ (m+ﬁ+1)_(n+a+y+1)

I

B(A) = sup {p1(x,y,2), p2(x,¥,2), p3(x, ¥, 2), PA(x, ¥, 2), pa(x, ¥, 2)}

(x,y,2)€S54

AL () - f

ngm%

C(Sa)

1 1
+(m+ﬁ+1)_(n+a+y+1)

where
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