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On the (a, f)-Euclidean operator radius and its applications
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Abstract. Our aim in this paper is to introduce a new norm of n-tuple operators which generalizes the
(a, B)-norm on the space of all bounded linear operators on a complex Hilbert space due to Sain et al.
(Ann. Funct. Anal. 12:51 (2021)). We introduce and study basic properties of this norm. As an application
of the present study, we estimate bounds for the Euclidean operator radius (joint numerical radius) of
bounded linear operators. Also, we improve on some of the important existing Euclidean operator radius
inequalities.

1. Introduction and Preliminaries

Throughout this paper, H denotes a non trivial complex Hilbert space with inner product (.,.) and
associated norm ||.||. Let B(H) be the C*-algebra of all bounded linear operators on /. An operator
A € B(H) is called positive if (Ax,x) > 0 for all x € H, and we denote it A > 0. The absolute value of A is
denoted by |A|, and let |A| = (A*A)%, where A* stands for the adjoint of A.

For A € B(H), the numerical range of A is defined by

W(A) = {{(Ax,x) : x € H,|Ix|| = 1},

while the numerical radius is defined as

w(A) =sup{{(Ax,x)| :x e H,|Ix|| =1}.

For more facts about the numerical radius of operators, the reader is referred to see [2, 4, 6,7, 9, 10, 14,
16, 22, 25, 27] and the references therein.
It is well known that w (.) defines a norm on B(H). Moreover, for all A € B(H) we have
1
> IAll < w (A) < |A]l. 1)
If A,B € B(H), then

w (AB) < 4w (A) w (B),
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(see [14]).
In the case that AB = BA, then

w (AB) < 2w (A) w (B).

Some interesting numerical radius inequalities improving inequalities (1) have been obtained by several
mathematicians (see, e.g., [1, 11, 19, 20]).
In [18], Kittaneh improved the second inequality in (1), and obtained the following inequality:

l *
w(A) < SIHAI+ 1A < [l

Another refinement of the second inequality in (1) has been established by Kittaneh in [19]. This
refinement asserts that if A € B(H), then

1 *
wA) < SI1AR + AP, ©)
After that, in [12] El-Haddad and Kittaneh generalized (3) as follows
w¥(A) < %u AP +|A* ||, for all r > 1. 4)
Recently, Abu-Omar et. al. in [1] proved that for A € B(H),
1 1
2 2 %2 2
@A) < ZIHAP +1AP | + 5 (A7) (5)
In 2021, Bhunia et. al. in [3] proved that for A € B(H),
1 * l *
wA) < 1A + AT I+ 50 (AlIA). ©)

In [10], Dragomir established an upper bound for the numerical radius of the product of two Hilbert
space operators A, B € B(H), as follows:

1
w'(B*A) < E” |AP" +|B*||, for all r > 1. 7)
In particular, for r = 1, we have

. 1
w(B'A) < SII1AP + B ®)

For every n € N, let B(H)" denote the product of n-copies of B(H), i.e.,
B(H)" :={T=(Ty,..., Ty): Ty, ..., T, € B(H)}.

The joint operator norm of an n-tuple T = (T4, ..., T,,) € B(H)" was defined in [23] by

1

IT}| = sup [Z ||Tkx||2J rxeH, Il =1

k=1

The Euclidean operator radius of an n-tuple T =(Ty, -, T,,) € B(H)" was defined in [6] by

w, (T) := sup [Z I<Tkx,x>|2] cxeH, Il =1

k=1
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If n = 1, we get the classical numerical radius.
The joint Crawford number of T =(Ty,-- -, T,) is defined [15] as

1
2

¢, (T) := inf [Z |(Tkx,x)|2] cxeH, |l =1
k=1

The adjoint of T is given by T* = (T;,m ,T:l), where T; is the adjoint of T;, j = 1,---,n. For
T=(Ty, - ,T,) € B(H)" and S =(51,---,S,) € B(H)" wedenote T+ S := (T1 +S1,---,Tn +S,), TS :
(T1Sy,+++, TuSy), AT : = (ATy, -+, AT,) for any scalar A € C, and [T| := (|Ty|, -, |T,[) where |T¢| = (T;T)

foreachk=1,2,...,n.
In [24] Sain et al. introduced a new norm called («, §)-norm defined on B (H) as

[SIE

1
ITll,,g = sup {((a|<Tx,x>|2 +BITAP))* 1 x e H, |l =1 }
where a, 8 > 0 such that (o, B) # (0,0).
Our goal in this paper is to define a new norm on B (H)" which generalizes («a, f)-norm on B (H). This
work is organized as follows: In Sect. 2, we collect a few lemmas that are required to state and prove the
results in the subsequent sections. In Sect. 3, we introduce and study basic properties of this norm. As an

application of the present study, we estimate bounds for the Euclidean operator radius of bounded linear
operators. Also, we improve on some of the important existing Euclidean operator radius inequalities.

2. Auxiliary lemmas

In this section, we present the following lemmas that will be used to develop new results in this paper.

Lemma 2.1. [5] Let x, y,z € H with ||z|]| = 1. Then

e 23 )] < 5 (It ] + v, ).

Lemma 2.2. [26] Let A € B(H) be a positive operator and let x € H with ||x|| = 1. Then
(i) (Ax, x)" < (A’x,x) forall r > 1.
(ii) (Ax, x)" > (A"x,x) forall 0 < r < 1.

Lemma 2.3. [17] Let A € B(H) and let f and g be non-negative continuous functions on [0, 00) such that
f®)gt)=tforallte[0,c0). Then

KAz, ) < (£ 1ADx ) (7 (A D v, ),

forallx,y € H.
In particular, if f (f) = g (t) = Vt, then we have

2 *
KAz, ) < (A%, ) ATy, v) -
Lemma 2.4. [21] Let A, B € B (H) be self-adjoint operators. Then

w*(A +iB) < ||A% + B|.
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Lemma 2.5. [23] Let T = (Ty,- -, Ty) € B(H)" be an n-tuple of operators. Then

1
—||IT|| £ w. (T) <||T]|.
Zﬁll [ (T) < |ITl
Lemma 2.6. [15] Let T = (Tq,-++,Ty),S =(S1,---,S,) € B(H)". Then
TS| < [ITI[ISI].

Lemma 2.7. [15] Let T = (T1,-++,T4),S =(S1,---,S,) € B(H)". Then
w, (TS) < 4nw, (T) w, (S).
Lemma 2.8. [15] Let T = (Ty,-+-,Tu),S = (S1,-++,Sn) € B(H)". If TS = ST (i.e, TSy = SkTx for each
k=1,2,..,n), then
w, (TS) < 2 Vnw, (T) w, (S).
We give now the following definition.

Definition 2.9. An n-tuple of operators T = (Ty,---,T,) € B(H)" is said to be isometric if T;Ty = I for each
k=1,2,..n

Next, we state the following lemma which can be easily verified.

Lemma 2.10. Let T = (Ty, -+, Ty),S = (S1,--+, Sn) € B(H)". If T is an n-tuple isometry operator , then

(i) we (TS) < IS]|.
(ii) [[TS|| < [ISII.

3. Main results

In this section, we present our results.
LetT = (T4, -+, Ty) € B(H)" be an n-tuple of operators and let a, f > 0 such that (a, g) # (0,0). Consider
amapping ||l : B (H)" — R* defined as follows:

1
n 2
1Tl 2= sup | Y (aKTix, 0 + IITedP) | = x € H, Jdl =1
k=1
Remark 3.1. (i) Ifa =0, =1, then |[T||,z = [IT|.

(i) If a =1, 8 =0, then |[T||, g = w, (T).
In the following proposition, we show that [|||, s defnes a norm on 8 (H)".

Proposition 3.2. Let T = (Ty,--+ ,Ty) € B(H)" and S=(S1,--+,Sn) € B(H)". Then, the following properties
hold:

(D) lITllap = 0if and only if T =0, i.e, Ty = 0 for eachk = 1,2, ..., n.
(2) [ATllys = AT, for all A € C.
B) I + Sllug < [Tl g + 1Sl -
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Proof. (1) and (2) obvious.
(3) Let x € H with ||x|]| = 1. We have

n

Y (KT + 80, )P + BITe + S xIP)
k=1

Y (@ (KT, )1+ KSix, ) + B (ITicxl + [1Sixel)?)

1

IA
=

=

= Y (KT, )P + [(Six, 2) + 2 KTiex, 01 (S, 201) + Y B (Il + 11Sxll® + 2 Tl 1 Siexl)
k=1

=

= |
—_

n

= Y (kT 0P + ITlP) + Y (@l(Sex, )P + BUISAP) +2 ) (a KT, 1) KSie, 2} + B I T 1Sl
1 k=1 k=1

= ) (akTexr, 0P + BITl?) + Y (e kSix, ) + BlISixlP)

k= k=1

=

s

—_

2 kZ (Ve )| (Vs )] | sl | Vi)

n n

Y (kT 0 + ITedP) + Y (al(Sex, )P + BlISxdP)

k=1 k=1

42} JakTi, 0)F +BITlP Ja kSex, P + BlSeal’
k=1

IA

n n

Y (kT 0 + ITedP) + Y (al(Sex, )P + BlISexdP)

k=1 k=1

IA

1

n 2

+2 [Z (aKTix, x)? + IITkx||2)] [Z (akSex, ) + BlISkP)

k=1 k=1
ITIZ g + IS g + 2 Tllas IS s

(il + ISl )’

Taking the supremum over x € H with ||x|]| = 1, we obtain

IA

) 2
IT +SI2 5 < (Tl + 1Sl -
Thus,
IT + Sllag < ITllag + ISl -
O

Now, we state the following result, proof of which follows easily.

Proposition 3.3. Let S € B(H) and consider the n-tuple T = (S,--- ,S) € B(H)". Then

Mllg = VA lISls -

The next theorem shows that ||-[|, g is equivalent to the Euclidean operator radius and the joint operator
norm on B (H)" satisfying the inequalities (i) and (ii).
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Theorem 3.4. Let T =(Ty,---,T,) € B(H)". Then
(i) va+ pw.(T) < ||T||a,ﬁ < Yo+ 4pnw, (T).
(ii) max { NERY #} ITI < |ITllpp < v/ + BIITIL

Proof. (i) Let x € H with ||x|| = 1. We have

ITIE

Thus,

IN

IA

IA

sup Y (@ KTex, 0) + BIITixlP)

llxll=1 %=

sup [Z alTex, o) + ) B ||Tkx||2]
k=1

=1\ k=1

sup [Z a |<Tkx,x)|2] + sup [Z B ||Tkx||2J

=1\ %mq =1\ %=
aw} (T) + BIIT|P

aw? (T) + 4pna? (T)

(by Lemma 2.5)

(a +4pn) w? (T).

||T||a,ﬁ < Yo+ 4pnw, (T).

Now, we have

Tl

Therefore,

va + pawe (T) < |Tllpg < Ve + 4pnw, (T).

(ii) Let x € H with ||x|]| = 1. We have

Tl 5

=1 %=

1
sup | )" al(Tex, ) + B ||Tkx||2]

1
n

sup | ) al(Tex, ) + B(Tix, X>|2]
=1 | =

sup 2 (a+B)KTxx, x)lz]
k=1

llxll=1

a+ pw, (T).

sup Z (0‘ KTix, ) + B ||Tkx||2)]

llxlI=1\ k=1

1
" 2
sup Z (01 I Tkl + B ||Tkx||2))
IXI=1\ k=1

1
2

sup Z(a+ﬁ)||Tkx||2}
k=1

llxl1=1

11598
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= Aa+B|TI.

Thus,

ITllap < Vo +BITI.

Moreover, we have

Ty > o+ paw(T)
1
> ——+a+ BT
24/n p
1 ja+p
= = T.
5\ Il
Thus,

Tl 5 > \/ |IT|| ©)

Also, it is easy to proof

I Tl > VBITI. (10)

From the inequalities (9) and (10), we obtain

max{\/_ \/7 } T < [Tl

Therefore,

max{x/ﬁéx/“nﬁ}nm <I[Tllop < Ya+ BITI.

This completes the proof. [

Remark 3.5. Taking n = 1 in Theorem 3.4, we recapture [24, Theorem 2.1].

The following proposition proves that the (a, §)-Euclidean operator radius is weakly unitarily invariant
on B(H)". It can be easily proved.

Proposition 3.6. Let T = (Ty, -+, T,) € B(H)"be an n-tuple of operators and let U = (Uy,--- ,U,) € B(H)" be
a unitary of n-tuple of operators, i.e, Uy is a unitary for k = 1,2, ...,n. Then, the (o, B)-Euclidean operator radius is
weakly unitarily invariant i.e.,

U Tl p = 1Tl
Next, we obtain an upper bound for the («, f)-norm of the product of two n-tuple operators.

Theorem 3.7. Let T = (Ty, -, Ty) € B(H)", S=(S1,--+,Su) € B(H)" and let B # 0. Then

n yJa+tp  4n

TSIl g Smin{Z L S

BB ’W}HTllaﬁnsna,ﬁ.
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Proof. By using Theorem 3.4, it follows that

ITSll.g < ~a+pITS|
< e+ BITISI

(by Lemma 2.6)

2V ya + e (T)|IS|
(by Lemma 2.5)

n
< z\ﬁ Tl 1Sl -

n
TSl p < 2 ﬁ Tl ISl - (11)

A

IA

Thus,

Since /BIITII <|[Tll,z and /BlISII < ISl Then

ITSll,; < ~a+BITSl
Ja+ ISl

(by Lemma 2.6)

Ja+p
5 [Tl g 1Sl p -

A

IA

IA

Thus,

Va+p
TSl < == Tl 1Sl (12)

Now, since ||T|| < 2 Vnw, (T) and ||S|| < 2 Vnw, (S). Then

ITSll.s < ~a+BITSI|
Va+ BIITI ISl

4n+Ja + Bw. (T) w, (S)

4n
———= T3 ISlp -

Varr

IA A

IA

Thus,

4n
TS|l p < ———= Tl ISl - (13)

N

Combining (11), (12) and (13), we get the desired inequality. [J

Remark 3.8. If we take n = 1 in Theorem 3.7, then we obtain

TSl <mini2 |1, Y2HE 4 Ly sy
“h= BB axpl T
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which has been given in [24, Theorem 2.9].
In the following theorem we obtain upper bounds for the (a, f)-norm of the product of two n-tuple
operators under some assumptions.

Theorem 3.9. Let T = (Ty,--- ,T,) € B(H)", S =(S1,--,S,) € B(H)" . Then

(i) If TS = ST (i.e, TxSk = Sk Tk for each k =1,2,...,n) and g # 0, then

dan 1

ITSllap < m + 8

Tl 1Sl -

(ii) If T is an n-tuple isometry operator (i.e., TTk=1 foreachk =1,2,...,n), then

dan

+p

Proof. (i) Let x € H with ||x|| = 1. From the defnition of (&, f)-norm on B (H)", we have

ITSllap < + 1[ISllas -

ITSIZ, = sup ) (aKTiSex, ) + BIITeSxdP)
IIxll=1 %=1

IA

aw? (TS) + B|ITS|I?
dana? (T) w2 (S) + BIITIISIP
(by Lemma 2.8)

4an 2 2 1
—— Tl ISl 5 + 2
A

4an 1 5 5
= + 2 Tl 11816 -
((a+ﬁ)2 ﬁ] e

(ii) Let x € H with ||x|]| = 1. We have

IA

ITIE 5 ISI

sup ) (@KTiSex, 1) + BIITSixlP)

lIxdl=1 %=1

aw? (TS) + B TS|

alls|? + glIsI?

(by Lemma 2.10)

4anw? (S) + BISI?
4an
a+p

4an >
1 .
((H gt )usna,ﬁ

2
ITSI2,,

IA

IA

IA

ISI 5 + 11SI 4

O

Next, we obtain a lower bound for the (@, §)-norm on B (H)" which generalizes [24, Theorem 2.7].
Theorem 3.10. Let T = (T4, -+, T,) € B(H)"be an n-tuple of operators. Then

ITIL;

«a,

5 = max {aw? (T) + 2 (IT)), ac? (T) + I T|}..
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Proof. Let x € H with ||x|| = 1. Then, we have

n

ITE, > ) (akTix, x)P + BIITex|?)

k=1

n n
= Y akT 0P+ ) p(TT )
k=1 k=1
= i (Tiex, x)|* + B i <T2Tkx’ x>%xz
=y k=1

a Z KT, ) + B Z <(T;Tk)% X, x>2
k=1 k=1

(by Lemma 2.2 (ii))

= a) KT )P +p Y (Tdx,x)
k=1 k=1

v

\%

a Y KTix, )P + e (IT) .
k=1

Taking the supremum over all x € H with ||x|| = 1, we get
ITII; 4 2 aw? (T) + ez (IT) . (14)

Also, we have

n

TG, = Y (akTex,x)? + BIITiexlP)
k=1

n n
a Y KTx, )P + B Y ITeal?

k=1 k=1

n
ac2 (T) + ) Tl
k=1

vV

Taking the supremum over all x € H with ||x|| = 1, we get

ITII; 5 = acZ (T) + BIITIP. (15)
Combining (14) and (15), we get

ITIZ ; > max {aw? (T) + Be; (), ac? (T) + BIITI},
as desired. [

The following result reads as follows.

Theorem 3.11. Let T = (Ty,--- , T,) € B(H)" be an n-tuple of operators. Then

I3, < Viw, (TP + BITP).
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Proof. Let x € H with [|x]| = 1. By using the Cauchy-Schwarz inequality, we get

n

T, = sup Y (aTex, 0 + B ITexl)

Ill=1 %=
= sup (a| x, Tix +ﬁ||Tkx||2)]

IxllI=1\ k=1
< sup (oz| Tix +ﬁ||Tkx|| )]

lIxlI=1\ k=1
= sup az< T;| x, x>+ﬁ<|Tk| x, x>)]

IxllI=1\ k=1
= sup <(0z |T;(2 +p |Tk|2)x, x>]

lIxl=1\ k=1

n , 2\2
< \/Esup Z <(az |T,’Z| +/3|Tk|2)x,x>
lli=1 \ =

Vinw, (a[T'F + BITP).
Hence, the desired inequality is proved. O

As a consequence of Theorem 3.11, we have the following two corollaries.

Corollary 3.12. Let T = (T4, -+, T,) € B(H)" be an n-tuple of operators. Then

2 . \/7_1 %12 2
wE(T)slar}ﬁfa—Jrﬁwe(a|T| +BITP).

Proof. Using Theorem 3.4 (i), namely, w, (T) < ——||IT w5, We obtain
f. Using (i), namely, w. (T) < —L=Tll,;
2 \n 2 2
we(T)s—a+ﬁwe(alT| +BITP).

Now, taking infimum over «, 8, we get the required inequality. [

For the case n = 1, we get the following corollary which is a new refinement of the inequality (3).

Corollary 3.13. Let T € B(H). Then

o1 .
@*(T) < inf 3 [l 1T + BITP|
|.

1 2 2
< S[Ime e+

11603

Theorem 3.14. Let T = (Ty,---,Ty) € B(H)" be an n-tuple of operators. If f and g are two non-negative

continuous functions on [0, o) satisfying f (t) g (t) = t,Vt > 0, then

i(%<f4('Tk'>+94(Tz ))+BITiE)|.

k=1

ITIL;

aﬁ—
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Proof. Let x € H with ||x|| = 1. By using Lemma 2.3, it follows that
<f2 (ITel) x, x> < 2 ((Tk|)x x>
(P amh o) + (2 () %))

(by the arithmetic-geometric mean inequality)

2 (7 () + (o (73] %)

(by Lemma 2.2)
= (P am+ g (Tl x ).

Also, we have

KTex, x)*

IA

IA

IA

ITexll® = (Tx, Tyx)
= <T,*(Tkx,x>
= <|Tk|2x,x>.

Therefore,

n

ITIZ, = sup ) (aKTex, )P + BIITexd?)
lIxll=1 %=1

= )
(

= supZ

llxll=1 %

S b+ g* (1) ) + B (P )
1<(% (7 a1+ 9° (T3])) + I ) .))
= ( 1(% FAATD + g* (|T3])) + BIT )]

n

(5 (7 (i + g (T2) + imi)|.

k=1
O

Choosing f (t) = g (t) = Vt in Theorem 3.14, we get the following inequality.

Corollary 3.15. Let T = (T4, -+, T,) € B(H)" be an n-tuple of operators. Then

(5ot i)

The following corollary gives a refinement of [20, Corollary 3.6].

ITIE, ; <

Corollary 3.16. Let T = (T4, -+, T,) € B(H)" be an n-tuple of operators. Then

1

1 - o a 2 :
w.(T) < inf ((—+)T2+—T*)
8( ) af 0(+ﬁ kgf 2 ﬁ I k| 2| k)
1
1 - NE
< = (|Tk|2+|Tk|)| .
2=

11604
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Proof. By using Theorem 3.4 (i), it follows that
1
e (T) < —— [Tllag

a+p
Y (5 )b+

1
a+p =

2)2

<

Ty

Taking infimum over all @, §, we get

> (5 +p)me s

k=1

we (T) < inf !

Nt
e )"

The remaining inequality follows from the casea =1, =0. O

T

Remark 3.17. For the case n = 1, we get

el s 5
.

Thus, this inequality improves on the inequality (3).

IA

@ (T)

inf
ap

1 2 12
< [P+

Theorem 3.18. Let T = (T, , T,) € B(H)" be an n-tuple of operators. Then

ITI ;5 < \/ﬁ{wg ((% + 5)T*T + %TT*) + %we (TZ)}.

Proof. Let x € H with ||x|| = 1. Using Lemma 2.3, we have
(Tiex, 0 [(x, Tix)

2 (it + (e 7))

(by Lemma 2.1)
}I(llTkxllz +maf) + % (722,)|

(by the arithmetic-geometric mean inequality)
1

= (T T x) + 2 (T2,

KTex, x)*

IN

IA

T.x

Therefore,

n

Y (@K Tix, P + BITxP)

IA

11605
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1 1
) 2\2 o n , 2)?
< [[Z‘ +5 TiTy + 4TkT)x x> ] +2 ;|<Tkx,x>'
(by the Cauchy-Schwarz inequality)
<

\/ﬁ{wg ((% + ,B)T*T + %TT") + gwe (Tz)}.

Taking the supremum over all x € H with ||x|| = 1, we get

2 o " ), & 2
T2 ; < x/E{wg (5 +p)TT+ 1T )+ S (T )}
This completes the proof. [J

Applying Theorem 3.18, we derive the following corollary.

Corollary 3.19. Let T = (Ty,---,T,) € B(H)" be an n-tuple of operators. Then

IA

@; (T) iaﬂfa\fﬁ{ (( +ﬁ)TT+ZTT)+ 2a)€(T2)}

N (Zwe (T'T + TT") + %wg (TZ)),

IA

Remark 3.20. If T> = 0 (i.e., T{ = 0 for each k = 1,2, ..., n), then it follows from Corollary 3.19 that

Vn

w?(T) < - @ (T'T+TT).

For the case n = 1, we have the following corollary, which has also been given in [24, Theorem 2.26].

Corollary 3.21. Let T € B(H). Then

Z(T)<1anﬁfa+ﬁ{

( +ﬁ)T*T+ 4TT*

N 2w(TZ)}

Remark 3.22. We observe that the inequality obtained in Corollary 3.21 refines the inequality (5). Indeed, we have

1
2 % o+ 2
*(T) < lt?ﬁfa+ﬁ{( +ﬁ)TT+ =TT +2w<T)}
o+ * 1 2
< Z||:rT+TT||+§w(T).

Theorem 3.23. Let T = (Ty,---,Ty) € B(H)" be an n-tuple of operators. Then

(5 +#)m+ § i)

Ty

o —
ITGs < Fwe (TI+iTD+

q)

4 k=1

+

Ty

[T|| -
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Proof. Let x € H with [|x|| = 1. By Lemma 2.3, we have

(Tex, x)? < (ITka,x)<|T;|x, x>
< 1(<|:rk|x %) + (|73 % %))’
= 3 ((|Tk|x o + (|1 x) ) + %(lTklx,x)<|T,’;|x,x>
= 31 (ITel x,x) +i (| Ty x, x>|2 1<|Tk|x x| *|x x)
2
< 411 (1T +i|T3]) 2 x)| + 3 |||Tk|x|| s l| + - (|Tk|x |73 x)
(by Lemma 2.1)
< 31 <(|Tk| + i|TZ|)x, x> g + é (|||Tk| X||2 + |||TZ‘ x||2) + 31 <|TZ| [Tkl x, x>
(by the arithmetic-geometric mean inequality)
= L (ma+ifm)e ) + %<(|Tk|2 # [T ) x) + (Tl ).
Therefore,

IN

IA

n

Y (kT 0 + IITex|?)

—+
R
/_\
E
R
=
~~—

n

—a) 2(|IT| +i|T* |)+a)[

(& +8)mee + 21 )]+ w[zwm]
Y.((5+p)me+ §imf)|+ 5

k=1

T2 (T +ilT) + ty

|T [ITdl|| -

Taking the supremum over all x € H with ||x|| = 1, we get

ITIL;

a,p

> (& +8)me + § )

k=1

< %wf (T + i |T"]) +

1T -

This completes the proof. [J

Letting n = 1 in Theorem 3.23, gives the following corollary.

11607
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Corollary 3.24. Let T € B(H). Then

a e a a o
MRy < Sa?(+imy+ (5 +p)ime + 5 f

[0
+= Tl .
4|II T

Corollary 3.25. Let T € B(H). Then

0*(T) < infL{gw2(|T|+i|T*|)+H( +ﬁ)|T| + = |T*|

I a:+-ﬁ 4
a %
2Ty,
Proof. Using Theorem 3.4 (i) for n = 1, namely, w (T) < \/lTﬁ ITllo,g, we obtain
o
M) < —{SeP i+ |(§ +p) P+ g
T oa+pl4

o
+= T[T ¢ -
S

Taking infimum over a, §, we get the desired inequality. O

11608

Remark 3.26. We note that the inequality obtained in Corollary 3.25 refines the inequality (3). Indeed, we have

o> (T) < inf { T +1i|T +(+)T+
(T) nf -3 2(IT) +1T7) B)ITI
—IT*T
+Z Ty
1 2 . 3 1 2 %2 1 3
< @ (TI+ilT |)+—1||T| +|T7| |+—|||T||T|||
< —|||T| +ITP|[+ ¢ 1||T| +IT° |+ ([vafall
(by Lemma 2.4)
1 1
< g“ §||
(by the inequality (8))
1 %
= 5 e+

Theorem 3.27. Let T = (Ty,---,Ty) € B(H)" be an n-tuple of operators. Then

(ST )

k=1 k=1

o

T, —
4

2
k ) +
Proof. Let x € H with ||x|| = 1. In view of Lemma 2.3, we have

(Tel x, %) (| T3] x, x)

31 (<|Tk| X, x) + ( T;

T|Imd|

ITIE _‘

KTix, 0

IA

o))

IA
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1 2 1 .
’ ) )+ 5 (Tl 0 (|75 )
1 2 L2 1 .
= —( | Tl x,x> + <|Tk' x,x>) + 3 (ITka,x)< X, x>

<
5 (6 15 )2} - Jumian i+ 3¢

T3] )
(by Lemma 2.1)

1 § 1 . 1/
: <(|Tk|2 ; )Tk|2)x, x> +g (|||Tk| o2 +|T] tz) + 2 (I mid )

(by the arithmetic-geometric mean inequality)

= 411 < ITel* + )T;|2)x, x> + % <(|Tk|2 + (Tz|2)x, x> + }L <|Tk| Tyl x, x>

(
- §<(|Tk|z ; )T;|2)x,x> + }L<|T;( ITilx, x).

(Tl 202 + (13

IN

IA

Therefore,

n

(@ KTix, ) + I Tixl )

k=1
n 3 ] *
< L (?a <(|Tk|2 + |Tk)2)x, x> + % <|Tk| |Tk| X, x> + ﬁ <|Tk|2 X, x>)
- <((3§a )lTk| o 5 |Til ) > Z(|T;' ITil x, x)
! k:l
n 3 3 * *
- k=1 ((ga +ﬁ)|Tk|2 * ?a |Tk|2) * % . Ty | 1Tl -

Taking the supremum over all x € H with ||x|]| = 1, we get

= (3 3a ..
5 (G gme e 2 2[5

k=1

ITI ; < 1T |-

|
The following corollary follows immediately for the case n = 1 in Theorem 3.27.
Corollary 3.28. Let T € B(H). Then

3a 5 3a
T — T + —
IME, < (55 +6)Ime + 5

aﬁ—

2 a "
+ = |IIT*1IT|l.
4I|| [Tl

Corollary 3.29. Let T=(Ty,---,Ty) €B (H)" be an n-tuple of operators. Then

w*(T) < inf

< ﬁa+ﬁ{|lz 3 +p)me s )

}_

1Tyl
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Proof. Using Theorem 3.4 (i), namely, w, < \/1Tﬁ ITl.5, we obtain

a

1 3a L2
2

T) < — + BTk + —

im < IS (e i)
a %
+Z Te| I Tkl }
k=1

Now, taking infimum over ¢, f, we get the required inequality. [J
For the case n = 1, in Corollary 3.29, we get the following inequality.
Corollary 3.30. Let T € B(H). Then

T) < inf
D) s inf 5

a %
(1 +g)ime 22 e +5 wraim).

Remark 3.31. We note that the inequality obtained in Corollary 3.30 refines the inequality (3) and (6). Indeed, if we
take o = % and p = 0, then

P < aﬁmﬁ (13 +g)ime 22 e + S wriim
< g lime+mpl 2w
= L me R+ zw (i
< 2+ R+ Swrim
< }I|||T|2+|T*|2|+}L
(by the inequality (8))

Theorem 3.32. Let T=(T1,---,T4), S =(51,---,5,) € B(H)". Then

X": (ITel* + Iel*) Z

k=1 k=1

IS

+p

aﬁ—z

Proof. Let x € H be an unit vector. Then, we have

n 2
Z |<S,’;Tkx,x>|
k=1

n
Y KTex, S0l

k=1

n
2 2
Y Tl S
k=1

(by the Cauchy-Schwarz inequality)

IA

= Z (Tyx, Trx) (Six, Spx)
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k=1

IA
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Z <T;Tkx, x> <S,*(Skx, x>
2”: % ((T;Tkx, x>2 + <S,*{Skx, x)z)

(by the arithmetic-geometric mean inequality)

Y5

IA

IA

Therefore,

n

k=1

=2

< (g (ITul* + 154) 2, x
2
k=1
- 0(
< (5 Tt +15:0%)
k=1
a n
4 4
12 (1T +15d")|| + B

Taking the supremum over all x

n

SIS (Tl +15i)

k=1

”S T“aﬁ =

T*Tk)2 X, x> + <(S;Sk)2 X, x>)

a|(simx )| + gl )

)+ B(5iTix, 5;Tic))
> +p <|S,*(Tk|2 X, x>)
Y Isimif
k=1

€ H with ||Ix]| = 1, we get

y Z |s:7[”

k=1

This completes the proof of the theorem. [

Corollary 3.33. Let T = (T1,:--,Ty),

w?(S'T)

1
aﬁfaf+ﬁ{

n

IA

N =

k=1

Z (ITt* + 1540*)
Y (Tl + 18

S=(S,---,S,) € B(H)". Then

el

+p

Proof. By using Theorem 3.4 (i), it follows that

w? (S'T)

IA

_ﬁ IS"TIL; 4

1
a+p

IA

(|Tk| +1Sl*)

Z |s:T[?

+p

i

11611
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Taking infimum over all @, §, we get

W (S'T) < inf—— {4 Zn:(|Tk|4+|5k|4) 1

2
SiTil || -
apa+pf |2 =) =

The remaining inequality follows from the casea =1, =0. O

Corollary 3.34. Let T,S € B(H). Then

15"

< 5 It 18+ pls TP

Proof. By taking n = 1 in Theorem 3.32, the inequality follows directly. [

The following corollary gives a new refinement of the inequality (7) for r = 2.

Corollary 3.35. Let T,S € B(H). Then

P (ST) < iar}ﬁfOHﬁ{%|||T|4+|S|4H+ﬁ|||S*T|2||}
1 4 4
< limt s

Proof. By taking n = 1 in Corollary 3.33, the result follows immediately. [
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