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Chen’s inequality for hemi-slant warped products in locally metallic
Riemannian manifolds
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Abstract. Cristina-Elena and Adara-Monica have previously begun studying warped product hemi-slant
submanifolds in metallic Riemannian manifolds. In this study, we extend their work by examining warped
product hemi-slant submanifolds of two specific forms: M = Mg X M, and M = M, Xy Mg, where M
and Mp are anti-invariant and proper slant submanifolds of a locally metallic Riemannian manifold. We
provide examples of warped product hemi-slant submanifolds and establish a sharp inequality for the

squared norm of the second fundamental form of these submanifolds in metallic Riemannian manifolds,
considering the equality case.

1. Introduction

Warped product manifolds are a type of Riemannian manifolds that are constructed by taking the
product of manifolds with a warping metric tensor on one of its factors. This warping function can create
a variety of interesting geometries, including submanifolds with non-constant curvature.

The study of warped product submanifolds has been an active area of research in recent years. Re-
searchers have examined these submanifolds in various settings, including almost Hermitian, locally
product, and almost contact metric structures on manifolds, such as Kaehler manifolds, locally product
Riemannian manifolds, Sasakian, Kenmotsu and metallic Riemannian manifolds.

Warped products were first studied by J. F. Nash in the 1950s [11] and have since been used to construct
a variety of interesting geometric objects. Recently, B. Sahin in [12] studied warped product submanifolds
of Kaehler manifolds with a slant factor. He showed that the geometry of these submanifolds is completely
determined by the geometry of the slant submanifolds and the warping function. S. Uddin et al.[13] con-
structed examples of warped product bi-slant submanifolds in complex Euclidean spaces. L. S. Alqahtani
et al. [1] showed that there is no proper warped product bi-slant submanifold other than pseudo-slant
warped product in cosymplectic manifolds.

On the other hand, the metallic structure is a further the generalization of the Golden structure. It
was introduced in [7] by C. E. Hretcanu and M. Crasmareanu. A metallic structure is characterized by the
existence of two vector fields, P and Q that satisfy certain conditions. These conditions are more general than
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those for a Golden structure. Different types of submanifolds in metallic and Golden Riemannian manifolds
were studied in [4, 8]. The authors obtained ntegrability conditions for the distributions involved in the
definition of such submanifolds.

Recently, the study conducted by C. E. Hretcanu and A. M. Blaga [9] is considered one of the most
significant contributions to the study of warped product submanifolds. They have studied slant, bi-slant,
semi-slant, and hemi-slant submanifolds in locally metallic Riemannian manifolds. Their results have shed
light on the geometry of these submanifolds and opened up new possibilities for research in this area.

This paper continues the research on warped products of two specific forms of hemi-slant submanifolds
in locally metallic Riemannian manifolds: M = Mg Xy M, and M = M, Xy My, where M, and My are
anti-invariant and proper slant submanifolds of a metallic Riemannian manifold. In the first part of the
paper, we study M = Mg Xy M, . In the second part, we study M = M, Xy Mp. In both sections, we make
significant contributions to the field of differential geometry by constructing new examples of warped
product hemi-slant submanifolds in metallic Riemannian manifolds, deriving useful lemmas that build up
to the proofs of our main theorems, and proving more general theorems on the squared norm of the second
fundamental form in terms of the components of the gradient of the warping function. We also examine
the equality case, which corresponds to when the submanifold is minimal.

2. Preliminaries

Let M be a smooth manifold of dimension m. A metallic structure on M is a (1,1) tensor field defined by
the following equation

J?=p]+4l, (1)

where p,q € N, and I is the identity operator on the set of all vector fields on M, denoted byI'(TM),
[7]. A metallic Riemannian manifold is a Riemannian manifold (M, g) where the Riemannian metric g is
compatible with the metallic structure J. This means that the following equation holds for all vector fields
Xand Y on M

90X, Y) = g(X, JY). (2)
The equation
9UX,JY) = pg(JX, Y) +99(X, Y), )

can be derived from equations (1) and (2), for all vector fields X,Y € I(TM), [7]. A locally metallic Rie-
mannian manifold is a metallic Riemannian manifold (M, g, J) in which the metallic structure ] is preserved
by parallel transport along geodesics with respect to the Levi-Civita connection V on M. This means that
V] =0, so ] is constant along geodesics [10]. If f is a smooth real valued function on a Riemannian manifold

(M, g), then the gradient of f, denoted by Y f, can be calculated using the equation:

9(Vf,X) = X(f), (4)
for any X tangents to M. Accordingly, we have the following:
IVFIP= ) (), (5)
i=1
where ey, - - -, ¢, is a set of mutually orthogonal vectors with unit norm, which forms a local frame field on

M of dimension m [3].
A hemi-slant submanifold is an immersed submanifold M of M that has two orthogonal distributions, D!
and D?, characterized by the following properties:

1. TM=D'e D%
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2. The distribution D! is anti-invariant, meaning J(D!) C T(T+M), where I'(T*M) denoted to the normal
bundle of M.

3. The distribution D? is slant, meaning the angle 0 between [X and JD? is constant for all X € D2. The
angle 0 is called a slant angle.

Moreover, if the two distributions D! and D? are not both trivial, and the angle between | and any vector
in ©? is strictly less than %, then the submanifold is called a proper hemi-slant submanifold [8].

Suppose that V and V are the Levi-Civita connections on (M, g) and M, respectively. Then the Gauss
and Weingarten formulas are represented by the following equations

?XY =VxY + h(X, Y), (6)
VxV = —AyX + ViV, (7)
for any X,Y € I(TM), V € I(T*M). The second fundamental form & and the shape operator Ay are two

tensors that describe the curvature of a submanifold. These two tensors are related by the following
equation [6]:

g(X,Y),V) = g(AvX, Y). (8)

Let TX and FX be the tangential and normal components of JX, respectively, for any vector field X in the
tangent bundle I'(TM). Similarly, lettV and nV be the tangential and normal components of [V, respectively,
for any vector field V in the normal bundle I'(T*M). Then, we have the following equations:

JX = TX + FX, ©)
JV =tV +nV. (10)

These equations lead to

9(TX,Y) = g(X, TY), (11)
g, V) = g(U,nV), (12)
g(FX, V) = g(X, tV). (13)

Then, the maps T and n are symmetric with respect to the Riemannian metric g [4].
If M is a slant submanifold with a slant angle 6 in a metallic Riemannian manifold (M, g, J), then

g(TX, TY) = cos® O[pg(X, TY) + q9(X, Y)], (14)

g(FX,FY) = sin” O[pg(X, TY) + qg(X, Y)], (15)
which imply that

T? = cos? O[pT +gqI] and V(T?) = pcos2 O(VT), (16)

where X, Y € I['(TM) and I is the identity on I'(TM) [4].

Given two Riemannian manifolds, (M, g1) and (M,, g2), their warped product with a warping function
f is a Riemannian manifold (M; Xy My, 7). The Riemannian metric g is defined as g = g1 + f*g2, where
f is a positive smooth function on M;. The dimension of the warped product manifold is the sum of
dim(My) = ny and dim(My) = ny, i.e., n = ny +ny, [3]. Ina warped product manifold M; X M, My and M, are
totally geodesic and totally umbilical submanifolds of M, respectively [3]. A warped product hemi-slant
submanifold is a warped product submanifold M = M; X¢ M, such that one of the components is an anti-
invariant submanifold and the other is a slant submanifold with a slant angle 6 € [0, 5] [9]. On a warped
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product manifold M = My Xy M, it is known that for any X, Y € I'(TM1) and Z, W € I'(TM,), the following
hold:

VxY € I(TMy), (17)
VxZ = VzX = X(In f)Z, (18)
V,W = VW - g(Z, WV In f, (19)

where V is the Levi-Civita connection on M [2, 5].

3. Warped product hemi-slant submanifold of the form M = Mg X M,

In this section, we study a special type of submanifold in a locally metallic Riemannian manifold M,
called a warped product hemi-slant submanifold of the form M = Mg X M, , where M, is an anti-invariant
submanifold and My is a proper slant submanifold.

Lemma 3.1. A slant submanifold Me with a slant angle 0, isometrically immersed in a metallic Riemannian manifold
M, satisfies the following equations for any X € I'(TMy),

tFX = sin® O(pTX + gX), (20)
fEX = pFX - FTX. (21)

Proof. Let X € I'(TM), then from (9), we have

J’X = JTX + JFX. (22)
By using (1), (9), and (10) in (22), we can show that

pJX +gX = T>X + FTX + tFX + fFX. (23)
Applying (9) and (16) in (23), we get

sin? O(pTX + qX) + pFX = FTX + tFX + fFX. (24)
By comparing both sides of equation (24), we can arrive at the proof of the lemma. [

Lemma 3.2. Let M = Mg Xy M, be a warped product hemi-slant submanifold of a locally metallic Riemannian
manifold M. Then, for any X,Y € T(TM,) and Z, W € T(TMy), the following equations hold

9(1(X,2),]Y) =0, (25)
g(1(X,Y),FZ) = (TZIn ) (X, Y), (26)
g(h(X,Z),FW) =0, (27)
9 (Z, W), JX) = 0. (28)

Proof. For any X,Y € I'(TM,) and Z,W € I'(TMp) in a warped product hemi-slant submanifold M =
Mg X ¢ M of alocally metallic Riemannian manifold M, then we can observe that

Using (3) and (18) in (29), we get

g (X,2),]Y) = % JJVxZ, JY) - gZ(ln N, ). (30)
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Applying equation (9) in (30), we have
g(h(X,2),]Y) :%g(VX(TZ +FZ),]Y) - Zzan NaX,Y),
=% g(VxTZ, FY) + % g(VxtFZ,Y) + % g(VxfFZ,Y) - gZ(ln NaX, Y).
By using equations (20) and (21) in (31), we get
gh(X,Z),]Y) :% g(h(X, TZ),FY) + sin® O(TZ1n f)g(X, Y) + g sin? 0(Z1n f)g(X, Y)
— g(h(X,Y),FZ) + % g(h(X,Y),FTZ) - g(z In f)g(X, ).

By substituting TZ for Z in the above equation and applying equation (16), we obtain that
g cos® 6
psin® 0

gcos? 0

g (X, TZ),JY) =

g(h(X, Z),FY) + pcos* O(TZIn f)g(X,Y) + g cos? O(ZIn f)g(X, Y)

qcos? 0

sin” 6

(TZ1In f)gX, Y) - g(h(X, Y),FTZ) +

WX, Y),FZ).
psin? 0 g(h(X,Y),FZ)

When we insert equation (33) into equation (32), it follows that
From a different perspective, we have

g (X,2),]Y) = g(V2zX,]Y),
g (X,2),]Y) = g(VZFX,Y),

When we replace Y with X in equation (34), we get
g (¥, 2),]X) = g(h(X, 2),]Y).
Based on equations (37), we can conclude that

g(h(X,2),]Y) = 0.

11735

(31)

(32)

(33)

(34)

(35)
(36)
(37)

(38)

Employing equations (25) and (34) as supporting evidence, we can provide a compelling proof of equation

(26).
With the aim of validating equation (27), we have

9l (X,2), FW) = £ (92, W)
From (9) and (20), we get

g(h(X,Z),FW) = % g(VxTZ,FW) + % g(Vx fFZ,W).
Employing equation (21) in (40), we obtain the following result

gt (X, Z),FW) = %g(h(x, TZ),FW) + g(VxFZ, W) - %Q(VXFTZ, w).

(39)

(40)

(41)
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By interchanging Z with TZ in equation (41) and applying equation (16), we reveal the following

2 2

gcos- 0 - gcos 0 .
psi s
Referring to equations (42) and (41), we can see that
g (X, Z), FW) = —g(h(X, W), FZ). (43)
Conversely, we have
Substituting W for Z in (43), we obtain
g(h (X, W), FZ) = g(h(X, Z), FW). (47)

According to the above equation and equation (43), we can derive that
g1 (X, Z), EW) = 0.
Now, let’s replicate the successful techniques we employed to establish equation (28), that means
1 -
= %g(VZFTW, X) + %g(VZfFW, X). (48)
By applying equation (21), and subsequently utilize equation (27), we arrive at the following outcome
g (Z,W),]X) =

O

Example 3.3. We consider a warped product hemi-slant submanifold immersion of a subset M of a manifold M into
M. This immersion i is defined by the following equation:

2 1 1 1
i(u,0,¢) = (ucos O,usin0,ucos,using, \/jau, \/jéu cos 0, \/jc”m sin O, \/;c”m cos ¢
\/j(m sin ¢, \/jou cos 6, \/jau sin 6, u cos 6, u sin 0), (49)

where u > 0, 0 and ¢ are in the open interval (0, 5), o is a metallic number, 5 := p — o, also p and q are positive
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integers. The tangent bundle of M can be easily shown to be spanned by the set of vectors {Z1,Z,, Z3}, where

Z1 =cos GBixl + sin Ggixz + coscf)% + singi)gix4 + \/%Gé?iyg + %6cos Qaixé

+ \/%EisinG&ix7 + \/gécosd)&ixg + \/gc”isindJ&ix9 + \/gGCOSQ%w

+ \/%o sin 6%11 + cos 9%12 + sin 6%13, (50)
Z, = —usin 6% + 1 cos G&ixz - \/géu sin 6%% + \/géu cos 6.%7 - \/gau sin 6%10

+ \/%Gu cos 6% —usin 6%12 + 1 cos 6%13, (51)
Z3 =~ usincp% + ucosqbaix4 - \/gausinqb% + \/%chosqb%. (52)

When we apply the metallic structure | of M, which is a linear transformation that flips the signs of some of the
coordinates, to the coordinates of a point on M, we obtain the following new coordinates

J(x1, x2, X3, X4, X5, X6, X7, X8, X9, X10, X11, X12, X13)
= (0x1,0x2,5x3, 5X4, 5Xs5, 0Xg, 0X7, 0Xg, 0X9, GX10, 5X11, 5X12, 5X13). (53)

It follows that we have

dJ a0 J . J 2 0
JZ4 —GCOSGa—xl +Gsm68—x2 +(7(:osgi)8—x3 +Gs1ngb&—x4 + \/;Ggo'?_xb-

+ lc;c~7cos@i+ la&sin9i+ 1aécos i+ 1aEfsin i
q % q 9xy q d)&xg q ¢&X9

1 d 1 J d d
+ 4 [—06cosO—— + [-05sinO—— +5cosO—— + Gsinf—, 54
\/; Ix1g \/; Ix1y Ix1» Ix13 ©4)
JZy = — uasin@i + uo cos Qi - 1(f(msin Qi + 1a&ucos Gi
ox1 ox> q dxe q Jx7
1 d 1 Jd d d
— 4 [—06usin@—=—— + |-06ucos O=—— — udé sin 6 —— + ué cos 06—, 55
\/; Ix1p \/; Ix1y Iox12 Ix13 5)
- 0 N J 1 . . 0 1 . J
JZ3 =—ué smqf)a—xB + ud cos ¢)a—x4 - \/;a(m Sm(PQ_x8 + \/;oou cos ¢)a—x9 (56)

Let’s define two distributions on the manifold M:
e D' is spanned by the vectors Z,, and Zs. It is the anti-invariant distribution under the metallic structure J.
o DY is spanned by the vectors Z. It is the slant distribution with slant angle 6*, which means that 0* =

1 2 \ﬁo
V(@2 +252+54)34+302+257)

cos” under the metallic structure |.
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The metric tensor that defines the distance between points on the manifold M is given by the following equation:
2 px2 52 2 =2
g:= (3+ 3, 21)51214 +u2(2+ = G—)d29+ (1 + G—)dng.
q q 49 q
This metric tensor defines a type of submanifold called a warped product hemi-slant submanifold, which is embedded

in a metallic Riemannian manifold. The manifold M is the product of two manifolds, M = Mg Xy M, and the
warping function f stretches the manifold M, by a factor of u.

Now, we need to define a specific frame field for a warped product hemi-slant submanifold of dimension
n of a locally metallic Riemannian manifold M with m-dimensional. Let dim(M,) = t; and dim(My) = t,,
where n =t + t;. Also, let the tangent bundles of the anti-invariant M, and the slant My are D+ and DY,
respectively. Let {e1, ey, ..., e, } be the orthonormal frames of D+ and

sec O sec O sec O
{et1+1/ C 84w, CHtwl = Tet1+1/ et +w+2 = Tet1+2/ Sl = €hyow = €y = Tet1+w} (57)

Va Vi Va

be the orthonormal frame of Y. Also, the orthonormal frame field of the normal sub bundle of JD* and
FDY are respectively,

lens1 = €1 = Jer, ep2 = € = Jey, ..., lnpr, = €, = Jer ), (58)

csc O csc O cscO

{ensn+1 = 81 = —=Fen 41, enin42 = 8420 = —=Fey 12, s Curty+0 = Chrw = —=Fet 1w,
Va i Va
N secOcscO N secOcscO
Chn+t+w+l = CH+w+l = —FT€t1+1r~--/ Cn+t+2w = CHtt, — T /———————
\qp? cos? 0 + g2 \qp? cos? 0 + g2

Theorem 3.4. Let M = Mg Xy M be a warped product hemi-slant submanifold in a locally metallic Riemannian
manifold M, where M, is an anti-invariant submanifold and Mg is a slant submanifold of M. Then,

FTey 4o} (59)

(i) the squared norm of the second fundamental form h of M is at least

t cos* O csc? 6

2>
eIl 2 p*cos?0 +q

IV9In f17, (60)

where t; = dim M, and V9 In f is the gradient of In f along My.
(ii) If the squared norm of the second fundamental form h of M in (60) is equal to it is lower bound, then both Mg
and M are totally geodesic and totally umbilical submanifolds of M, respectively.

Proof. For a frame field {ey,...,e,} of a submanifold M of dimension #, the squared norm of the second
fundamental form / can be expressed as

P = Y, glhtes e, heive)) = Y Y glhtei e ) (61)

i,j=1 r=n+1i,j=1
By using the frame fields given in (57), (58), and (59) in (61), we see that

ty t ti+tr tH t1 t tht+h

W2 =YY aueiep e+ Y Y glee), et +2) Y Y glhteie), &)

r=11,j=1 r=t;+11,j=1 r=1 i=1 j=t+1

t+ty t i+ t t+to t+ty  t+h

#2 ) )Y gthtee), el + Y, Y gltene), e+ Y, Y, alieie),é) (62)

r=t1+1 i=1 j=f1+1 r=1 i,j=f1+1 r=t1+1 i,j=t1+1
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Substituting equations (25) and (27) in (62), we get that

ti+t, 4

2= Y Y alhtes e, &)

r=ti+1i,j=1
With the aid of (59), we can rewrite the last inequality (63) as

h+w  t h+w hH

csc? 6 sec? O csc? 0
TS = Y. Z g(h(ei,e)), Fe,)? + * P01 Y. Y gl ep), FTe,)?.

r=t+1i,j=1 r=t+1i,j=1
Using equation (26) in (64), we find
tesc? 0 & t; csc? 6 o
I > = (TerIn f? + —————— (Te, In f)2.
1;—1 (pZ C052 0+ q) r=t1+w+1
Applying equations (57) and (16), we obtain that
i+t 2 2 2 t+to
f csc2 0 t1p* cos? O csc? 6
WP > In ) + LIn £)? +
IhIF = 20 Z (eI f) sec? O(p? cos? 0 + q) (eI fy"+
r=t;+w+1 r=ti+w+l
2 2
Clearly, by taking sectzl ;(Opsz C@OC;CG i 3 as a common factor, we get
t cos? O csc? 0 iy o
P > Ln )2 + 1n £)?).
P > e reosa 1 q)( 7}: (e, In f) Z (eIn f)
r=t;+w+1 r=t1+1
Finally,
t; cos* B csc? 0
P 22— IV’ In f|I".

(p? cos? 0 + )
For the equality case, from the leaving fifth and sixth terms of (62), we find
nD? D% =0
Similarly, from the leaving first term of (62), we find that
h(®*, D*) c FD7.
On the other hand, the leaving fourth term in (62), we get

h(D*+, D% c JD*.

t1qcos® 0 csc? 0 cos? 9 csc? O
(P2 cos20 +q)

11739

(63)

(64)

(65)

t1+w

Y (eInfR

r=t1+1

(66)

(67)
(68)

(69)

Since Mj is totally geodesic in M and from (67), one can find that My is totally geodesic in M. Similarly, as
M, being totally umbilical in M, then (68) and (69) imply that M, is totally umbilical in M, which ends the

proof. [J

4. Warped product hemi-slant submanifold of the form M = M, Xy My

Next, we will study another type of warped product hemi-slant submanifold. This submanifold can
be expressed as M = M, Xs My in a locally metallic Riemannian manifold M, where M, and My are

anti-invariant and slant submanifolds of M.
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Lemma 4.1. Let M = M, Xy Mg be a warped product hemi-slant submanifold in a locally metallic Riemannian
manifold M, then we have the following equations:

9(h(X,2),]Y) =0, (70)
gh(X,Y),FZ) =0, (71)
g(h(X,Z),FW) =0, (72)

forall X,Y e I(TM,) and Z, W € T(TMp).

Proof. To prove the equations in the lemma (4.1), let X, Y be vector fields tangent to M, and Z, W be vector
fields tangent to My in a locally metallic Riemannian manifold M, where M = M, X Mg is a warped product
hemi-slant submanifold. We can then define g( (X, Z), JY) = g¢(VxZ,]Y), and so

g(1(X,2),]Y) = %y(WXZ, ). (74)
By using equations (2) and (9), we have
9(1(X,2), JY) = %g(vxﬁzx FY)+ %g(vxanx Y)+ %g(vxwzx Y). (75)

From equations (20) and (21), we get

1 1
By substituting TZ for Z in equation (76) and applying equation (16), we have
gcos? 0 gcos? 0
gh(X,TZ),FY) = —=—=(9(W(X, Z), FY) + ———9(W(X,Y),FZ)) - g(h(X,Y), FTZ). (77)
psin” 0 psin® 0

By applying equations (77) in (76), we obtain
9 (X,2),]Y) = —g((X, Y), FZ). (78)

However, we have

g(h(X,2),]Y) = g(VzX,]Y), (79)
9 (X,2),]Y) = g(Vz]X,Y), (80)
g (X, 2),]Y) = =g(h (Y, Z), FX). (81)

By exchanging X for Y in equation (78) and utilizing equation (81), we arrive at
g(h(X,2),]JY) = 0.
Furthermore, employing equation (70) in conjunction with equation (78) serves as a means to validate
equation (71).
Now, we apply the same techniques used to prove equation (72). We have

g(h(X,Z),FW) = g(VxZ, JW) — g(VxZ, TW). (82)

From equations (3) and (18), we have

g1 (X, Z), FW) = %(g(fwzx TW) - g<x In ))g(Z, W) - (XIn f)g(Z, TW).
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Using equations (9) and (10), we get
1 1 - 1 - 1 -
g(h(X,Z),FW) :;((X In f)g(TZ, TW) + Eg(VX(TZ), FW) + ;—jg(VX(tFZ), W) + ;g(VX(fFZ), 2%
- Z(X In g(Z, W)) — (X1n f)g(Z, TW). (83)
By employing equations (14), (20) and (21), we obtain
gh(X,Z),FW) = %g(h(X, TZ),FW) — g(h(X,W),FZ) + %g(h(X, W), FTZ). (84)

By exchanging Z for TZ in equation (84) and utilizing equation (16), we arrive at

g cos® 0

qCOS 0 S9((X,Z), FW) = g(h(X, W), FTZ) +
psin’ 0

g(h (X, TZ),FW) = g(h(X, W), FZ). (85)

p sin®
Using equations (85) in conjunction with (84), we derive
gh(X,Z),FW) = —g(h(X, W), FZ). (86)
On the other hand,

g(h (X/ Z) /PW) = g(szr ]W) - g(vZX/ TW)/
= —g(h(Z, W), FX) - (XIn f)g(Z, TW). 87)

Replacing Z with W in equation (87), we obtain that
g (X, W), FZ) = g(h(X,Z) ,FW).

Through the application of equation (86), we can rigorously prove equation (72). Utilizing equation (72)
within equation (87), we obtain

g (Z,W),JX) = = (XIn f) g(Z, TW),
and with that, the lemma is proven. O

Example 4.2. We consider an immersion of a subset M of a manifold M into itself, defined as a warped product
hemi-slant submanifold. This immersion is characterized by the following equation

i(u,v,G,(j)):(\/_ucosGsin(p \/_usinesinqb \/_usin9cosq5 fucos@cosqb
\/_Ucosesmgb \/_vsmesmcp \/_vsm@cosc{) V20 cos 6 cos ¢,

\/jov cos 0, \/jcw sin 0, \/jav cos @, \/jov sin @, \/jou cos 0,
1 1 1 .
\/;au sin O, \/; oucos, \/;cm sin¢), (88)

whereu,v > 0, 0 and ¢ belong to the interval (0, 5), o is a metallic number, & := p—o, and p and q are positive integers.
By applying basic linear algebra principles, we can readily establish that the set of tangent vectors {Z1,Z5,Z3, Z4}
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constitutes a basis for the tangent bundle of M, where

Z1=\/§C0595inq{>aim+ 25ir165in¢)%+ 251n6c05q5%3+ 2c056cos¢)%

1 d 1 . d 1 d 1 . d
+ \/;acos QE + \/;osmeﬁ14 + \/;acosqby15 + \/;Gsmd)m, (89)

Z2=\/§C0563inq{>aix5+ 251n6sin¢>8%6+ 251n6cosqbaix7+ ZCOSGCOS(PaixS

1 d 1 . d 1 d 1 . d
+ \/;acos 9(9_xg + \/;asm QE + \/;acosqbf11 + \/;asmqbﬂ, (90)

Z3=— \/Eusinﬁsinqba%l + \/Eucosesinqbaixz + ﬁucos@cowﬁ% - \/Eusinecoscp%

. . J . d d _ d
- \/Evsmesmqba—xS + \/Evc03631nqba—x6 + \/Evcosecoscpa—x7 - \/Evsmecosqba—xS

1 0 1 d 1 J 1 J
— 4[—-0ovsin@— + [—-ovcosO—— — ,|—ousin@—— + ,|—-oucos6——, 91
\/; 83('9 \/; me \/; 83('13 \/; 8X14 ( )

J . J o d .. d
Zy —‘/Eucos@cosq[)a—x1 + \/Eusmecosqu - ﬁusm@smqﬁa—x?’ - V2u cos@smq[)a—x4

d . d . . J . d
+ \/Evcosecosqba—xS + \/Evschosqb&—x6 - \/Evs1n9s1n¢a—x7 - \/Evcosesmcpa—xB

- \/gavsmqb£11 + J%ovcosqb%12 - \/gousin(p%ls + \/gOMCOS(P%M. (92)

Applying the linear transformation | of M, which flips signs of certain coordinates, to a point on M will yield new
coordinates as follows:

J(x1,x2, X3, X4, X5, X6, X7, X8, X9, X10, X11, X12, X13, X14, X15, X16)
= (0x1,0X2,0X3,0X4, 0Xs5,0Xg, 0X7,0Xg, 0X9, 5X10, 6X11, 0X12, 5X13, GX14, OX15, 5X16). (93)

As a consequence, we obtain that

.. d ., 0 . d
JZ4 —\/Eocosesm(px + \/Easm@sm(pa—xz + \/Easmecosq)a—x3
d 1 d 1 d
+ V20 cos 0 cos p=—— + +[—05 cos O=—— + |05 sin O=—
¢8x4 \/; 8x13 \/; 3X14

+ \/goé cosqi)%l5 + \/%aésingb%w, (94)

.0 a0 . d
1Z, —\/iacoses1n(pa—x5 + \/50511195111(1J(9—x6 + \/Easmécosq58—x7
d 1 d 1 .. J
+ ﬁacos@cosqba—xs + \/;oocos 6&—x9 + \/;aosm6f10

1 d 1 . d
+ \/;00 cosql)x11 + \/;aasmqbﬂ, (95)
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. . dJ . d d
JZ3 = — V20usin O sin ¢=— + V201 cos Osin o=—+ V201 cos O cos ¢o=—
axl axZ (9X3

. J . . J . d
- ﬁousm@coscpa - \/Eavsm@smqu + \/Eovcosesm(pa—xé

8x9

+ \/gaﬁvcos 6%10 - \/gaﬁu sin 6% + \/%oéu cos 6%14, (96)

JZ4 = ﬁaucos@cosqﬁ% + V2ousin 6 cos ¢£ ~ V20u sin@sin(p%
1 2 3

+ ﬁovcos@cosqﬁ% - ﬁovsin@cosd)% - \/gaévsinei
7 8

d d d
—\2 inp-— + V2 2 ¢ \2ousi Z
V201 cos Osin ¢ o V260 cos O cos ¢ e + V200 sin 6 cos ¢ o

. . d . d 1 . dJ
- V200 sm951n(j)(9—x7 - \/Eavcosemmpa—xS - \/;aovsm(j)&x11

+ \/gaﬁvcos ¢% - \/gaﬁu sinc{)%15 + \/gaéu cos qb% 97)

On the manifold M, we define two distributions:
o D' spanned by vectors Zy and Z,, is anti-invariant under the metallic structure J.

o DY spanned by vector Z and Zy, is a slant distribution with slant angle 6* = cos™ ———=Z——, under J.
@+2)(g+20%)

The metric tensor on M is given by
202 o?
g:= (z + 7)(dzu +d%v) + ((:ﬂ +07)(2 + ;))(dze +d%¢) (98)

This defines a warped product hemi-slant submanifold M embedded in a metallic Riemannian manifold M. M can be
expressed as the product of two manifolds, M = M, Xy Mg, where the warping function f stretches M, by a factor
of uand v.

Theorem 4.3. Let M = M, Xy Mg be a warped product hemi-slant submanifold in a locally metallic Riemannian
manifold M, where M, is an anti-invariant submanifold and Mg is a slant submanifold of M. Then,

(i) The squared norm of the second fundamental form h of M is bounded below by the expression
I]* > (29 + p* cos? O)wcos® O[|V* In f]1?, (99)

where dim Mg = t, = 2w and V*In f is the gradient of In f along M, .
(ii) If equality holds, then both M, and Mg become totally geodesic and totally umbilical submanifolds of M,
respectively.

Proof. The squared norm of the second fundamental form  of M is given by the following equation

P =Y glhter e, heiep) = Y Y glhteisey), e (100)

ij=1 r=n+1ij=1
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Through the application of equation (100) and using the frame fields (57), (58), and (59), we see that

m—-n t t1+ty

th h H
2 =) Y gluteie), e + ) Xgaz(ez,e,) &P +2) ) Y alhei e, 6y

r=1 i,j=1 r=t;+11i,j=1 r=1 i=1 j=t;+1

m—-n t t1+ty t i+t m—-n t1+ty

2 Y NN gtntenen, e+ Y Y glene e+ Y Y glheiep), &) (101)

r=ti+1 i=1 j=t;+1 r=1i,j=t;+1 r=ti+1i,j=t;+1
Using equations (70) and (72) in (101) leads us to

b hth

P =) Y glhter e, ) (102)

r=1 i,j=t;+1
By equation (58), one can rewrite the last inequality as

t t1+t

W2 =Y Y glhtei ep), Fep)?. (103)

r=1 i,j=f1+1
By applying equation (73) and then using the frame field (57), we get

tp t1+ty ty t+w t1+ty

WP =Y Y eI gl e+ Y Y. Y (e In gl Te)?
r=1 i,j=t+w+1 r=1 i=t;+1 j=t+w+1
t t1+ty t+w

£ Y ) ernfigle Tey?, (104)

r=1 i=tj+w+1 j=t; +1

and so,

t1+ty t+w h+w

sec? 0 sec? 0
P ===2, ), ), @nfloe,Te)’+=—D) ) (enpige, T

r=1 i=tj+w+1 j=t;+1 r=1 i,j=t;+1

t t1+t

Z (er In f)%g(e;, ). (105)

r=1i,j=t+w+1

sec2 0

Using equation (16) in (105) allows us to get

t1+ty t+w

2 2 2l 2 2 t t
p°cos” O wq” cos” 0 qw
11l 2 —— Yo Y, ) (elnfrgle; Te) + — Zl(e, Inf)’ + —— Z;(e, Inf)%.  (106)

r=1 i=ti+w+1 j=t;+1

By (57), we obtain that
IHI* > (29 + p* cos® O)wcos® O]|[V* In f]1%.

In M, M, is totally geodesic and Mp is totally umbilical. The vanishing of first, third, and sixth terms in
equation (101) implies that M, and Mg retain their geometric properties in M under the condition that the
squared norm of the second fundamental form / of M is equal, we have

WD+, DY) =0, (107)
h(®t+, 0% c FDY, (108)
wD? D% c JD*. (109)

Specifically, equation (107) implies that M, is totally geodesic in M . Equations (108) and (109) together
imply that My is totally umbilical in M. [
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