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Coordinated convex mapping approach to trapezoid type inequalities
with generalized conformable integrals

Mehmet Eyiip Kiris?, Gozde Bayrak®”

?Department of Mathematics, Faculty of Science and Arts, Afyon Kocatepe University, Afyonkarahisar-Turkey

Abstract. In this study, some new trapezoid type inequalities are generalized for convex functions in
coordinates by means of generalized conformable fractional integrals. For functions with convex absolute
values of their partial derivatives, some new trapezoid type inequalities are obtained using the well-known
Holder and Power mean inequalities. In addition, some findings of this study include some results based
on Riemann Liouville fractional integrals and Riemann integral.

1. Introduction

Convexity theory is a special field for mathematics. Especially, it is preferred by many researchers as it
has had a wide application area lately. For instance, engineering applications, optimization theory, energy
systems and physics. The definition known for convex functions is as follows:

Definition 1. [26]Let I be convex set on R. The function x : I — R is said to be convex on I, if it satisfies the
following inequality:

X0+ (1 =1) p) < tx(6) + (1 = Hx(p) (1.1)

forall (6,p) € Land t € [0,1]. The mapping x is a concave on 1 if the inequality (1.1) holds in reversed direction for
allt €[0,1] and 6,p € L.

Firstly let us now consider a bidemensional interval A := [A1, A5] X [u1, p2] in R? with A; < A, and
f1 < Uz. A mapping x : A — R the definition for a mapping in co-ordinated convex is as follows:

Definition 2. [25]A function x : A — R is called co-ordinated convex on A, for all (A1,A2), (p1, p2) € A and
t,s € [0, 1], if it satifies the following inequality:

XA+ (1 —=1t) Ay, spup + (1 =) po) (1.2)
< ts x(Ag, pa) + (1 = 9)x (A1, p2) +5(1 = Hx (A2, 1) + (1 = £)(1 = 8)x (A2, w2)-
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It is clear that all convex functions are convex on co-ordinates. However, not every function that is a
convex function in coordinates has to be convex (see, [25]).

The most frequently used field in the analysis of mathematics in convex mappings is integral inequalities.
These inequalities those which were composed by C. Hermite and J. Hadamard are prominent in literature
(see, e.g., [26], [11, p.137],[16]). These inequalities state that if x : I — R is a convex function on the interval
I of real numbers and A1, A, €  with A; < A, then,

Aa

A+ Ay 1 X (A1) + x(A2)

x( 5 )s o f)((é)dés T (1.3)
M

If x is concave, the inequality that is stated above is provided reversely. The references may be seen for the
examples of Hermite-Hadamard’s inequality for some convex function on the co-ordinates in mathematics
literature ([25]-[18]). Recently, this inequality has been expanded by many researchers. The right side of the
Hermite-Hadamard inequality, namely the trapezoid type inequality, has been the focus of many studies.
Trapezoid type inequalities for convex functions were first derived by Dragomir and Agarwal in[27]. In
[20], Sarikaya et al. generalized the inequalities (1.3) for fractional integrals and the authors also proved
some corresponding trapezoid type inequalities.

In ([25]), Dragomir proved the Hermite-Hadamard inequality, which formed the basis of this article and
is valid for co-ordinated convex functions on the rectangle from the plane R?.

Theorem 1. Suppose that x : A — R is co-ordinated convex, then we have the following inequalities:

A H2
A+ Ay y1+yz) 1 1 f ( M1+H2) 1 f (A1+/\2 )
X( PR a Y b vesy il I G wt Kol mensrnll 124 G mao) LU
A Ha
Ay M2
1
< 0, p)dpdd 14
(Az—/\l)(Hz—Hl)ffX( pXip a4
A
Ay Ay
< 1t f (6, 1)dd + — f (6, 112)d5
S 1lnon X0, t -t X0, L2
Y X
Ha Ha
1
+ A ’ dp + A s d
yz_ylfx(lp)p yz_ylfx(zp)p
h H
< X(A1, p1) + x(Aq, p2) + x(A2, pa) + X (A2, u2)

4

The above inequalities are sharp. The inequalities in (1.4) hold in reverse direction if the mapping x is a co-ordinated
concave mapping.

The fractional calculus [[4]-[9]-[10]-[24]-[8]] is defined as any random real number or derivative and
integral calculus in complex order. As a result of having various uses in other branches besides mathematics
itisan updated study area. These definitions are the most notable definitions of Caputo, Riemann- Liouville,
Griinwald- Letnikov play an important role in many fields such as physics, biology, engineering. However,
it is known that these definitions have some diffuculties in spite of the availability. For instance, unless
derivative of order in Riemann-Liouville fractional derivative definition is a naturel number, derivative of
fixed function is not 0. Likewise, the function f must be differentiable in Caputo fractional derivatives.
Moreover, many definitions of fractional derivatives do not provide the quotient formula, the product
of two functions, and the chain rule. In order to overcome these and similar difficulties, comformable
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fractional derivative was defined by Khalil et al. in [[23]]. Khalil et al. described the higher order (a > 1)
fractional derivative and the fractional integral of order (0 < a < 1). They also proved important theorems
such as the product rule, the fractional mean value theorem. They solved conformable fractional differential
equations for fractional exponential functions (see, [23]- [28]-[2]-[7]). Thus, conformable fractional integrals
became an important field of study for many researchers. As an example to the authors working in
this field; Abdeljawad, Khalil, Abdelhakim, Khan, Akkurt, Sarikaya, Budak etc. For all this, please see
[[28]-[23]-[1]-[29]-[3]-[6]-[21]-[22]).

The definitions and mathematical underpinnings of conformable fractional calculus principles that are
used later in this study are provided below.

Definition 3. [4]For & € Li[n1, 2], the Riemann-Liouville integrals of order o > 0 are given by

m+€(0) = Ta )f - Emdt, 5> m (1.5)
and

— a 1
respectively. The Riemann-Liouville integrals will be equal to their classical integrals for the condition a = 1.

Definition 4. [19]Let & € Ly([11, 2] X [91, 92]). The Riemann-Liouville integrals ] o1 ]
order a, p > 0 with 01,91 > 0 are defined by

ap
m+9; ’]n A7 and IUE/SE of

o rp
]f;ﬁ s+5(5/ p) = T(a)ll“(ﬁ) f j; G- (p- s, s)dsdt, 6> n,p >, (1.7)
m 1
1 e a-1 -1
]tr;ﬁs c(6,p) = W[ 0=t (s—p) " &(t,9)dsdt, 6>m1,p <y, (1.8)
m Jp
P
]z;[i,s;‘f(é' p) = m fé j; () (p—- s)’s_1 E(t,s)dsdt, 6 <mp,p> 9, (1.9)
and
2
I 3;59;5(5, p)= m fb f (t—0)"" (s — p) T &t s)dsdt, & <myp< S (1.10)
P

respectively. Here I is the Gama function.
Definition 5. [8] For & € Li[m1, 2], the fractional conformable integral operator PI mef and P12 _f of order B > 0
and a € (0, 1] are presented by

7]2

1 (G -m)y=t-m)\V" &
13400 = 155 ( e el (110
and
(= 0)* — (2 — D\ &Gt
Tyt ( a ) - S (12

respectively.
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Definition 6. [14]Let & € Li([n1, m2] X [91, 92]) and let y1 # 0, y2 # 0, a, B € C, Re(ar) > 0 and Re(B) > 0. The
generalized conformable integral of order a, B of & (0, p) is defined by;

a1 _ 1 O (O =) = =)\
( } IIH/SIE) ©p) = [F(a)F(ﬁ) " fs ( 1 ) (113)
(p—91)2 = (s =912\ &(t,s)
8 ( 72 ) (t=m)'7i(s = 89)t det]'
-’ _ 1 TP (12— O) — (2 — 1)\
() y Inmg) ©6p) = [Wm 5 f5 fs 1 ( = ) (1.14)
(p =912 = (s =912\ &(t,s)
() e ds‘”]’
S ~ 1 ) ) (5 _ m)yl _ (t — Th)yl a-1
() y Imgg) ©6p) = [r(a)r( 5 fn 1 fp ( - ) (1.15)
(92— p)2 = (92— 52\ &(t,s)
8 ( V2 ) (t = )11 (92 —5)12 st
and
a1 ~ 1 2 2 (172 — o) — (172 — a-1
( ’ 1@9;5) ©p) = [F(a)F(ﬁ) fé fp ( 1 ) (1.16)
(92— p)2 = (92 =52\ &(t,s)
8 ( V2 ) (M2 = H111(8 — )12 det] '

Remark 1. [14] If y1 = y, = 1in (1.13), (1.14),(1.15) and (1.16), we have (1.7)-(1.10) the Fractional integrals of
the functions of two variables.

Remark 2. [14] If we consider « =1 and p = 1in (1.13), (1.14),(1.15) and (1.16), we have

T N e m— 0

(If,;l,s;é)(é,ph f5 i fs j (nz_t)l_i(f(’ss)_ R (1.18)

(ts)on= | fpsz e (119)
and

(1,17’51,955) ©p) = j; i fp ) - t)liﬁtégl st (1.20)

Theorem 2. [15] Assume & is a co-ordinated convex function that goes from [n1,m2] X [91, 92] into R and let
y1#0, y2#0,a, pe(0,1], Re(a) > 0 and Re(B) > 0. The following inequality holds for generalized conformable
fractional integrals.

5(7]1_+'7]2 8]+\92)

> . (1.21)
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271971272671 (@ + OB + 1)y 94 |:),1y21aﬁ £ (m e S+ 92)
(2 = m)"™" (92— 91)* L 2

mzaﬁ mtm 91+32) iy B (’71+772 81+92)
+ L cf( 5 + Iyg >

3 (771,\91) +& (721/\92) +&E(2,91) + & (12, 92)
< 1 )

+ 71)’21‘1}3 5(
[PYAe

1S

m +T]2 \91 +82)]
2 72

2. Trapezoid Type Inequalities for Co-Ordinated Convex Functions

Let’s start with the following lemma, which will form the basic structure of our article to obtain our
main results.

Lemmal. Let & : A C R? — R be a partial differentiable mapping on A := [n1,m2] X [91,92] in R?* with

2
t,
0<n <m, 0< 9 < 9 Ifgé( )

€ L1(A), then the following identity:

EM,9) +EM,92) + E(1m2, 1) + £ (12, 92) N 27101272671 (a0 + )T (B + 1)7/?7/5
4 (12 = m)"™ (82 = 91

yigaB (Mt \91+\92) T (771+TI2 \91+32) Y12 B (771 +1 91+92)
[ I ‘9+é( 2 Tis: 2 72 I’l29+5 2 72

.1)

U

1ys g 771+772 91+32)]_
" 15,9;5( 2 72 A

YYh (2 = m) (82— 1)

16
X[

—(1=ty)* 1—(1—s)>’zﬁ&25(1+t 1-t 1+s. 1-s )
( 7 v Jrgs \ 2 Mt Ty St Y s

O%H
O%H

L-a-nny 1‘(1‘S)V2ﬁ925(1+t 1—t 1-s_  1+s )
( 4! )( V2 ) otds 2 m+ 2 M2, > O1 + 5 9, | dsdt

—(1—t)w“1—(1—s)wﬁ825(1—t 1+t l1+s_. 1-s )
( " 72 ETER 5 m+ 5 12, 5 9 + 5 S5 dsdt

‘(1—f)yla1—(1—5)“%25(1—1% 1+t 1-s_  l+s )
( 7 72 Sos \ g Mt 5 591+ —— 9z |dsdt

|
S T
O%H O%H o%)_k

where

27262 f T(B + 1
_ Y, T +1) 22)
(87 — 9%

I+ 9 S+ S +9 I+ 9
e A B O

2
21192 3 T(q + 1)
(2 =m)"™"

v
(o) e (B ) (B o (BE o)
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Proof. By integration by parts, we get

O%H S

1
1‘”" —(1-s)” (l+t 1-t 1+s 1—5)
! f( )( V2 )at() 2”1+2’72r291+ Zszdsdt
0

—(1—5)72) (1—(1—1&)%)“ -2 ag(1+t 1—t 1+s 1-s )
- + , 91 + N
( { Y1 (n2—m)ads\ 2 n 2 T 2

—@1 -\t ~ )/1_1,9_5(1.” 1-t 1+s 1-5 )
f’]z—m)( Z! =5 s\ 2 Mt i+ ——% dt ¢ ds

1
_ —(1—5)72 A\ =2 \o&g( 1+s 1-s
- f( ){(71) (nz—m)as (’71’ 7 it ‘92)
0

1

2a 1—(1—t)7’1)"‘_1 _1&5(1+t 1—t 1+s 1-s )
+ 1-ty—= + , 3+ S, |dt y ds
(Uz—ﬂl)f( 71 A=p" s\ mt 5%

0

1
~ -2 1—(1—5)7258_5( 1+s. 1-s )
- (772—171)7/?[( V2 ) 75 \Mr 5 S+ 592 )ds
1
—(1—t)%)“
— -l
(nz—m [f =5
0
—(1—s)2 (1+t 1—-t 1+s. 1-s )
X{f( V2 )85 2771+2172,2191+292dsdt

0

) 1\ [/ 1 B S
- m(y_) [( ) (32_‘9)5(771,91)

1
1—(1—5)“ﬁ1 - 1+s. 1-s
(Sz—Sl)f( ) (-9 1‘5( 2 Mt Sz)dsl
0
1

—<1—t>11 (Y 2 et 1t
(,72_,71 f( ) 1=t 1{()/_2) (82—\91)5( 7 Mmt — nz,sl)

0

2p 1-(1—sy2\" el t  1—t 145 1-5s
i (92 —91) f( Y2 ) (1=9) é( 2 Mt 91+ 2 Sz)ds dt
0

4
- (772—771)(\92—\91) a ﬁé(mlsl)

1
4p -V las. 1-s
(T]z - 771)(\92 - \91) (7/1) ‘Of( ) (1 5)7 é (7]1/ 191 + Sz)d
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1
4a f —(1—t) (14t 1t
T2 - )92 - ) (7/2) f( ) -y E(Tm T Sl)dt

0

1 1
4ap 1-a-pm\*" (1 —(1—-s)» )ﬁ‘l et
(772 - 1m)(S2 — 1) Lff( ) - V2 =5y

0
1+t 1-t 1+s
X 5( > m+ > 9+ Sz)dsdt] (2.3)
In (2.3), using the change of the variables u = 1;”17 +1 772 and v = %\91 + 12;582, we can write
- (525) 1o (o) (. 52)
= , T raJ . ,
(2~ 1002~ ) )2 ﬁ m S -\5 ) TO e\
yia
_ ( 2 ) r(a))/ll:)t+£ (171 2 \91)
m—m h
. 4ap 2112272 FT ()T (B) (mz . 5) (m +12 9+ 92) 2.4)
(2 =12 = 1) (y — )" (85 — 91)F U 2 72

Thus, similarly, by integration by parts it follows that

1

1_t)}’ _(1 )VZ (1+t 1-¢ 1—s L+s )
ff( )( V2 )8t8s 7 Mt 1+ 5 97 | dsdt

0 0

- (m2 - 771;(%92 =%y @ ﬁg(m' Ba) + ( g -9 )m L) (yZIgEE) (m' = er 82)

+( 2 )Wr(a)(?’llﬁ;é)(m+n2r‘92)

2 —m 2
27182726 ()T
~ 4ap i ()T'(B) . (Wz h 5)(171 e 9+ 82)’ (2.5)
(12 = 1)(S2 = 91) (1 — )" (9, — 97)2F 2

1 1
~ (1—t)V1 « —(1—5)72ﬁ&2£(1—t 1+t 1+s 1—5)
Iy = ff( )( 72 ) ETER 5 m+ 5 12, 5 91+ 5 3, |dsdt
0 0

- = —m;(tz =, e + (5 )hﬂ ) (o1 ) e 22)

25 el 1)

_ 4ap 21192726 (@) () (Wz o 5) ('71 + '72 91+ 32) 26
(772 - nl)(SZ - \91) (172 — 771))’1"‘ (‘92 _ Sl))fzﬂ 1,97 2 > ’ .

1 1
~ 1—(1—t)V1 —(1—5)72ﬁ82£(1—t 1+t 1-s. 1+s )
I, = ff( )( ™ )atas > m+ > N2, 5 I + > 9y | dsdt
0 0

4 SIS

and

RERCETICAE 65"’2'92) (5
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() ) (e

4ap 2192 BT ()T (B) (Wz [ 5)(m+rp_ 81+92)
&) gy gy ey et T T

By equalities from (2.4)-(2.7), we obtain

2.7)

71 )/2(772 - T]l)(‘92 - )
16

&, 91) + E(m1,92) + E(12, 91) + E(12, 92) . 271071272671 (a0 + 1T (B + 1)7/‘1"7/5
4 (2 = m)"" (82 — 91
P 1+ 772 9 + \92) - (’71 Tt S+ 92) yiy2 B (771 te 9+ 92)
[ IS*‘S( 2 L e R N
Yiya B Th+772 91+\92)]_
R T !
This completes the proof. [J

[ =L =13+ 14]

Next, we start to state the first theorem containing the Hermite-Hadamard type inequality for general-
ized conformable fractional integrals.

Theorem 3. Let & : A C R?> — R be a partial differentiable mapping on A with 0 < 11 < 12, 0 < 91 < 9. If
PE,s)

Stos 8 4 convex function on the co-ordinates on A, then the inequality below holds.

‘5 (m, 1) + &M, 92) + E(12, 1) + &£ (112, 92) N 271971272F1T (o + 1)I(B + 1)7/?7/5 2.8)

4 (M2 — M) (82 — 9, )

[),]}213158+§(7]1+172 \91;-\92)_’_ y“"zlﬁﬁs 6(7714-772 \91+\92) y‘yzlaﬁlé(m +m 5 +\92)

2 772 2 ’ 2

12 7B m+m 81+82)]_
+ wlnz 25( ) A

- I =3
(2 —m) (92 1)B(a+1,l)3(5+1,l)

16 V1)2 Y1 V2

825 825 825 825
x[ﬁ(m,x‘h) + ﬁ(m,x‘)z) + %(nz,sl) + ﬁ(%sz) ,

where A is defined by (2.2) and B (-, -) refers to the Beta function.

Proof. From Lemma 1, we acquire

‘5 (m, 1) + &M, 92) + E (12, 91) + £ (112, 92) N 271071272671 (a0 + 1)T(B + 1))/1117/5

ria V (29)
4 (m—m)™ (87 — 9%
Y12 B m+1n2 91+82) iy aﬁ (n1+nz 81+92) - (m+nz 91+92)
o 1€ : e (B 2
Y172 0([3 Th+n2 ‘91 +‘92)]_ ’
+ 1772 25( 2 ’ 2 4

Yh (2 =) (82— 1)
16

IA
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( —(1—t)71)a(1—(1—s)7’2)ﬁ
V1 V2

—A-tm\1-@1-sy2V\ 925(1+t 1-t 1-s_ 1+s )
( " 72 ETER 5 m+ 5 M2, 5 9+ 5 ) dsdt

PE (1+t 1-t 1+s 1-s
atas( y Mt it ‘92)

o%’_\
O%H

X
—

+

+
S o e
O%H O%H O%H

1-(1-t\' (1= sy 825(1—15 1+t 1+s. 1-s )
( 71 )( V2 ) s\ 2 Mt My 1+ 2 9, || dsdt

—a-pm\1-@-sy2V\ 825(1—1‘ 1+t 1-s_ 1+s )
( " 72 9105 5 m+ 5 M2, 5 9+ 5 S5 dsdt

. d%E . .
Since — is convex function on the co-ordinates on A, then one has:

dtds
£(m, 91) + &, 92) + & (12, 91) + £ (12, 92) 271971272610 (o + 0B + 1)57h
4 (T]z _ 171))’101 (85 — Sl)hﬁ
X[HIW*E( 2 72 12[*]?95 2 72 1211129*5 2 72
Y12 708 m+mn 91+ )] B '
* I’z ‘925( 2 7 2 4
- Yivh (2 - m) (92— 91)

e
()R o] - () e
(7)) ()5

(
)
ey ey
)
=

Ji9s (M 9| +

+
2
1+ 825

Jigs (P S|+

] dsdt

Ji9s (1 92)

82
ata (nlr ‘92)

[(Z () [ o)+ (5955
+(12 (%) ()5
sy

[( )5 e o0+ () ()5

¢
dtds

( M2, ‘91)

] dsdt

2195 (1 %2)

&
Jigs (M- %2)

Ji9s (1 S| +
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+(1+t)(1+5) +(1+t)(1—s)
2 2 2

1 N P

N f(l—(l t))/l) (1—(1—5)7’2)

V2

0

RE
979 (131

ETEN (1]2, \92) ] dsdt

2g
3105 (m,$1)

[( =) g o« () ) oo
()N oo+ (F)NE)

Ji0s (1 %2)
. oG _‘91)13(04Jr 1,1)B(ﬁ+ 1,1)
16 y1y2 71 V2

&
which finishes the proof. O

=
|

Remark 3. In Theorem 3, if we choose y1 = 1 and y, = 1, the following inequalities are achieved

2 2
2°& d
otos (T]Z/ ‘91) +

& 3
9|+ ﬁ(ﬂz/

ﬁ(’?h )| + 92)

7195 M-

‘6 (1, 91) + & (m, 92) + & (12, 91) + & (112, %2) 2107127261 (o + TP + 1)y57

x (12 = )" (82 = 91)*F
[Vlyzl“fyé (771 J2r cy 9 ;L 9, ) N ylyzl(r)z?ﬁ»;é (Th ; n 9 er Sz) + )/1)’2116;2/68+5 (Th Z n 9 er Sz)
+
N )/1)/21;;‘2.3 25(171 . UEY 9 ersz)] _A’
(2 — 771)12‘92 — ) - -1+ I3 -1+ - [ g;;s(m,&) + %(%92) a;é (12, )] %(UL %) ]

Theorem 4. Let & : A C R? — R be a partial differentiable mapping on A with 0 < n; < 1mp, 0 < 91 < . If

2 |9
% q > 1, is a convex function on the co-ordinates on A, then the inequality below holds.
E(M, 1)+ E(M, 92) + E(m2, 91) + £ (12, 92) N 2710127261 (o + )T (B + 1)7‘{75 (2.10)
4 (172 _ 171))’101 (85 — Sl)hﬁ
yiyagab (M2 \91+\92) yiya @b (771+772 31+92) yiya @b (T]1+T]z 91+92)
R N i R L B s
Y172 Ué‘B Tll + 772 ‘91 + ‘92 )] _ ’
+ I”z 9 - ( 2 ! 2 4

(772—771)(92—91)[ 16 ( l) ( l)]p
< 16 7/1)/2B ap+1, " pp+1, )

[

oto (Th/ ‘91)
. . . 1 _ _
where A is defined by (2.2) and B (., -) refers to the Beta function and - =1

2 q

°E
ata (nlr 82)

e

2

¢
ata (T]2/‘91) Jtos (772"92)

|

Proof. From Lemma, we have inequality (2.9). By using the well known Holder’s inequality for double

1
7



M. E. Kirig, G. Bayrak / Filomat 38:33 (2024), 11969-11986 11979

P

otds
1 1 . .
e [ =) an)
V2
dsdt}

11 N (11 o \BP ;
f ffry (e
0 0 " y2

&25(1+t 11—t 1+s 1-5s )
)

integrals in Is and since

is convex functions on the co-ordinates on A, we get

0 0

1+t 1-t 1+s 1-s
+ +

(2”1 7 2‘92)

*E
otds

IA
—_——

IA

yl_llg Ofl Ofl (1—<1—t>yl)“P(1—(1—s))’ﬂﬁ”dsdt]
q _

) I R O [ ==

s +(5) 5 i o] )

P
e
7y \nr " 72

><(16
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If we substitute from (2.11)-(2.14) in (2.9), we obtain the first inequality of (2.10) is achieved. O
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Remark 4. If we take y1 = 1 and y, = 1 in Teorem 4, the following inequalities are achieved
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Proof. With help of the equality (2.9) and by using Power-Mean inequality in Iy, we get
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By considering (2.17)-(2.20) in (2.9), we obtain the desired inequality (2.16). O

Remark 5. If we assign y1 = 1 and y, = 1 in Teorem 5, then we have following inequality:
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3. Conclusion

In this research, we acquired some inequality of trapezoid type for co-ordinated convex functions
by means of conformable fractional integrals. In the future studies, researchers can obtain some new
inequalities with the aid of the different kinds of co-ordinated convex mappings or other types of fractional
integral operators.
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