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Szasz-Baskakov-Stancu operators based on Boas-Buck-type
polynomials

Kadir Kanat**, Melek Sofyalioglu Aksoy?, Selin Erdal®

? Ankara Haci Bayram Veli University, Polatli Faculty of Science and Letters, Turkey

Abstract. In this article, Stancu type generalization of the Szdsz-Baskakov operators including Boas-
Buck type polynomials is given. The convergence properties are investigated in weighted space and the
rate of convergence is found with the help of the weighted modulus of continuity. Theoretical results
are shown with the help of Appell polynomials, Hermite polynomials and Gould-Hopper polynomials,
respectively. Finally, we present some numerical examples to validate our theoretical results and compare

the approximation errors of the newly constructed operators with the approximation errors of the Szasz-
Baskakov operators based on Boas-Buck-type polynomials.

1. Introduction

Approximation theory is concerned with how to approach uncomplicated functions and quantitatively
characterize errors. The theory of approximation of functions start with the proof of Weierstrass theorem
[1] and this theorem make a great contribution to the advancement of mathematical analysis.

In 1950, Szasz [2] introduce the following operators known as Szdsz-Mirakjan operators
ey (v
Sy(fix) = e ZTf p ©)
v=0
wheren € N, x > 0 and f € C[0, c0).

In 1983, Prasad et al. [3] construct the following operators known as Szdsz-Mirakjan-Baskakov operators

ca) — . —1x(nx)v * T]+V—1 cv
Dn(frx)—(ﬂ—l);e 77f0 ( Y )Wf(é)dc

2)
Torun et al. [4] study some generalizations of the operators.
In 2012, Sucu et al. [5] investigate the following Boas-Buck-type linear positive operators
1 - v
By(fix) = w2 v () f =) €)
109 = S s & ()
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where n € N, x > 0. Cekim et al. [6] study Kantorovich-Stancu operators involving Boas-Buck-type
polynomials. The generating function of Boas-Buck type polynomials is as follows:

A(t)B(xH (7)) = 2 py ()T (4)
where
A(t) = ia,r‘, ap %0, ®)
=0
B(t) = ibﬂl, b#0 (1>0), (6)
=0
H@ = Y b, by £0 %

I
—_

are analytic functions.
We believe the following constraints to be true

i) The power series (4) - (7) converge in the disk |7| < R, (R > 1),
ii) A()#0, HH(1)=1,p,(x) 20, v=0,1,2,...,
iii) B: R — (0, o).

In 2022, the Szédsz-Baskakov operators containing polynomials of the Boas-Buck type are introduced by
Sofyalioglu et al. [7] as follows

C N n-1 - [ n+v-1 &
D)= sy L, (1 g o ®

a+om
where f € C[0,00), x > 0and n € IN.
The Szasz-Baskakov-Stancu operators, which are based on polynomials of the Boas-Buck type, are pre-
sented in this work. Then, we demonstrate that the Appell, Hermite, and Gould-Hopper polynomials with

particular options are among the polynomials of the Boas-Buck type.

Now, we define the Stancu-type Szdsz-Baskakov operators based on Boas-Buck-type polynomials

09 n__ N-1 ¥ “(n+v-1 & nC+6)
P (f’x)‘A(l)B(an(l))vZ:ép”(”x)fo( e ©

where 7 € IN, x > 0 and f € C[0, ).

2. Approximation properties of Dge’)/) (f;x)

Lemma 2.1. We have

Dge'y) (1;x) 1,
1n*B’ (nxH (1)) nAM+A1)+(n-2)A1)0

©7) .
R o RSO LI 1¢) M P TRV Y()

, n1>2,
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plo) (Cz; x) _ 1*B” (nxH (1)) 24 P (A1) (4 +H" (1) +26) + 2A" (1)) — n* (66A (1)) B’ (nxH (1))x
! (1=2)(n=3)(n+y)" B(nxH (1)) (n=2)(n=3)(n+y)* A1) B(nxH (1))
N PA" D)+ @+20)A (1) +(2+20+6%) A1) —n(60A” (1) + (60 + 56%) A (1)) + 662A (1)

n-2)(n-3)(n+7)’AQ)
1

(9’7’) 3. _ 6 7 3
D &; = A(1)B H (1)
N Bl wyery Yy YeTY TR AL (pH D)x

+(n° (BA" (1) + A(1) (9 + 30 + 3H" (1)) - n* (120A (1)) B” (1xH (1)) x*

+(n* (347 (1) + A (1) (18 + 60 + BH" (1)) + A (1) (18 + 120 + 36% + (9 + 30) H” (1) + H"" (1))
-1 (24047 (1) + A (1) (486 + 216% + 120H" (1))) + 11* (360?A (1))) B' (nxH (1)) x

+ (1 (A7 )+ A” (1) (9 +30) + A’ (1) (18 + 120 + 362) + A (1) (6 + 60 + 30° + 6°))

+12 (~120A” (1) — A’ (1) (480 + 216%) — A (1) (240 + 216* + 96°))

+1)(360%A” (1) + A (1) (3667 + 260°)) — 2460°A (1)) B(xH (1))}, 11> 4,

7

(0) (ra. — 1 8 () 4
Di(S5) = TR Da s Am B A DE (R )

+ (17 (A (1) (16 + 460 + 6H” (1) + 4A’ (1)) — 20n°0A (1)) B (nxH (1)) °

+(1°(A (1) (72 + 360 + 607 + (48 + 120) H” (1) + 3 (H” (1))’ + 4H" (1))

+A’ (1) (48 + 120 + 12H” (1)) + 6A” (1))

—1° (A (1) (1806 + 546% + 600H" (1)) + 600A’ (1)) + n* (1200°A (1))) B” (nxH (1)) *

+(n° (A (1) (96 + 720 + 2467 + 46° + (72 + 360 + 66%) H” (1) + (16 + 40) H (1) + H* (1)))
—11*(A (1) (3600 + 2166% + 480° + (1800 + 546%) H” (1) + 200H"" (1))

+A’ (1)(3600 + 10862 + 600H" (1)) + 600A” (1))

+1° (A (1) (48067 + 1880° + 1200°H" (1)) + A’ (1) (2406?)) - n* (A (1) (2406°))) B’ (npxH (1)) x
+ (1A (1) (24 + 240 + 1207 + 46° + 6%) + A’ (1) (96 + 740 + 2407 + 46%) + A” (1) (72 + 360 + 60°)
+A" (1) (16 + 46) + A™@ (1))

—*(A (1) (1200 + 1080% + 486° + 146*) + A’ (1) (3600 + 21607 + 480°) + A” (1) (1800 + 540?)
+A” (1) (200))

+112 (A (1) (24007 + 1880° + 710") + A’ (1) (4806% + 1886%) + A” (1) (1206?))

-1 (A1) (2400° + 1540*) + A’ (1) (2406°)) + A (1) (1200*)) B(xH (1))}, 0> 5

for each x € [0, ).

Proof. It can be easily seen that

o0 00 1
Z Pv (nx) =1, f Pv (TPC) dx = = (10)
v=0 0 n
and
C(n+v-1 ¢ f‘”(n+v—1) cv _ 1
Zo( v )(1+C)”+” Y, v aeor T T (11)
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Using the generating functions given in (4), we obtain

Y o) = AQB@HQ),

v=0

Y v () = A'()B(rH (D) + nxA () B (ixH (1),

v=0

Y o) = (A () +A” (D) B (pH D) +nx (A Q) (1+ H” (1)) +24 (1)) B' (nH (1)
v=0

+n*x*A (1) B” (nxH (1)),

(o)

Y Vou() = (A7) +3A7 (1) + A7 (1) B (xH (1))

v=0
+nx (A1) (1 +3H" (1) +H"” (1)) + A’ (1) (6 + 3H" (1)) + 3A” (1)) B’ (nxH (1))
+177x% (A (1) 3 + 3H” (1)) + 3A’ (1)) B” (nxH (1)) + n*x*A (1) B” (nxH (1)),

(o)

Y Vo () = (A7) +7A” (1) + 64" (1) + A (1)) B (nxH (1))

v=0
+mx (A1) (1+7H” (1) + 6H" (1) + H® (1)) + A’ (1) (14 + 18H” (1) + 4H"' (1))
+A” (1) (18 + 6H" (1)) + 4A”" (1)) B (nxH (1))
+ P (AQ) (7 +18H” (1) + 4H" (1) + 3 (H” (1))2)
+A’ (1) (18 + 12H” (1)) + 6A” (1)) B” (nxH (1))
+ 1223 (A (1) (6 + 6H" (1)) + 4A’ (1)) B (nxH (1)) + n*x*A (1) B (nxH (1)) .

Considering these equations, we obtain the lemma’s equalities.

Let it be K
K:= {f 1x €0, 00), f(x)| < ae®™, a, b positive and finite}. (12)
Additionally, presume
im 20 g B0 B B (13)
e B(n) "o B(n) = B (1) = B(n)
Theorem 2.2. Let (13) and f € C[0, o0) N K be persuaded. Later
tim D) (£, = £ () (14)
and all DSIG’V) operators uniformly converge in every compact subset of [0, 00) .
Proof. From Lemma 1 and (13), we get
tim D{") (%) = i (), = 0,1,2. (15)

n

Thus, the newly constructed operators DSQ'Y) uniformly converge in every compact subset of [0, c0). Later,
we use the global Korovkin type theorem to wrap up the proof.
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Lemma 2.3. For every x € [0, o0), we obtain

CO P °B’ (nxH (1)) _ ) nA’ M) +AQ)(n+(n-2)0)
Dy =% ((0—2)(n+V)B(an(1)) A e RS DYXG) > 2
09) (2. ) — *B” (nxH (1)) 2B (pH(1) ) 2
Dy ((t=0%%) ((1] -3+ BHD) =D BaeHD) )"
N ((113 (A1) (4+H” (1) +20) + 24’ (1)) - 6017*A (1)) B (nxH (1))
(n-2)(n-3)(n+7) A1) B(nxH (1))
2AM(+(n-2)6) + 204 (1))
n-2)(n+y)AQ)
. [1]2 (ADQR+20+6%)+A (1)(4+20)+A” (1)))
n-2)(n-3)(n+y)AQ)
_ A (60 +56%) +60A (1) +6°A(1) )
(n-2)(n-3)(n+7) A1) ' '
DSG';/) ((t —x)* ;x) = ( 1°B™ (nxH (1))
’ (n-2)(n-3)(n-4)(1-5)(n+y)* B(xH (1))
B 4n°B"” (nxH (1))
(n-2)(n-3)(n—4)(n+y)’ B(nxH (1))
61°B” (xH (1) P (pHM)

=D -3) 1+ ) BaH®)  (1-2) 0+ ) BipH )
. ((;f (A (1) (16 + 46 + 6H” (1)) + 44’ (1)) — 20°0A (1)) B” (xH (1))
(n-2)(n-3)(n—-4)(n-5)(n+y)* A1) B(nxH (1))
(47° (A (1) (9 + 30 + 3H" (1)) + 3A’ (1)) - 487*0A (1)) B” (11xH (1))

(n-2)(n-3)(n—-4) (+y)’ AQ)B(nxH (1))

(617 (A1) (4+26 + H" (1)) + 2" (1)) = 3601PA (1) B' (xH (1)
(n-2)(n-3)(n+y)* A1) B(nxH (1))

4A (1) (n+(n—2)0) +4nA’ (1)) 3

nm=-2)(n+y)AQ)

1
+
((n -2)(-3)(n-4) (n-5)(n+7)" A1) B(xH (1))
x ((n® (A () (72 + 360 + 602 + (48 + 120) H” (1) + 4H" (1) + 3 (H" (1))?)

+A (1) (48 + 120 + 12H" (1)) + 6A” (1) - ° (A (1) (1809 +5460% + 600H" (1)) + 6004’ (1))
+1* (1206%A (1)) B” (xH (1))
1

+

(n=2)(n-3)(n—4)(n+7)’ A1) B(nxH (1))
x ((—4n* (A1) (18 + 120 + 360% + (9 + 30) H (1) + H" (1)) + A’ (1) (18 + 60 + 3H" (1)) + 3A” (1))
+4n° (A (1) (4860 + 2167 + 120H" (1)) + A’ (1) (246)) — 4% (366%A (1)) B’ (1nxH (1))
+ 1 3

m=-2)(n-=3)(n+y)"AQ)
x (677 (A (1) (2+20 + 6%) + A (1) (4 +20) + A” (1)) — 6n(A (1) (60 + 56%) + A’ (1) (60)) + 366A (1)))) 2
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1
+((n -2)(1-3)(n—-4)(1—5)(n+y)* A(1) B(nxH (1))
X ((175 (A 1) (96 +720 + 240% + 46° + (72 + 360 + 692)H" (1) + (16 + 40) H"” (1) + H®) (1))
+A’ (1) (144 + 720 + 1267 + (48 + 120) H” (1) + 4H" (1)) + A” (1) (48 + 120 + 6H" (1)) + 4A™ (1))
-n*(A ) (3606 +2160% + 4860° + (1806 +546%) H” (1) + 200H"" (1))
+A’ (1) (3606 + 1086 + 600H” (1)) + 600A” (1))
+1° (A (1) (48067 + 1880° + 1206%H" (1)) + 2406%A’ (1)) - 11* (2406°A (1)) B (1xH (1))
1
TI-D0-3(-Ha+ AW
x (—4n* (A1) (6 + 60 +36% + 0°) + A’ (1) (18 + 126 + 36%) + A” (1) (9 + 30) + A” (1))
+4? (A (1) (240 + 2167 + 96%) + A’ (1) (480 + 216%) + 120A” (1))
—4n (A (1) (3607 +260°) + 366%A’ (1)) + 966°A (1)) x
1
- -)-H-H@ ) AD
x (11" (A (1) (24 + 240 + 120 + 46° + 6%) + A’ (1) (96 + 740 + 240 + 46°) + A” (1) (72 + 360 + 60?)
+A" (1) (16 + 40) + A® (1))
—1* (A (1) (1200 + 10867 + 480° + 140") + A’ (1) (3600 + 2160° + 480°)
+A” (1) (1800 + 546%) + A" (1) (200))
+1* (A (1) (24067 + 1880° + 716*) + A’ (1) (48067 + 1886°) + A” (1) (1206?))
-1(A1)(2400° + 1546%) + A’ (1) (2406°)) + A (1) (1206%), 7 > 5.

Proof. By means of

D 7(76')/) (t-xx) = DS]G'}/) (e1;x) - xDr(,e'y) (Lx), n>2,

DY ((t-xP5x) = D (ey)— 24D
D,]B')/) ((t - x)4 ; x) = D,(f'y) (e4; %) — 4xD,]8'y) (e3;x) + 6x2D,(]6’7) (e2; %) — 4x3D$]6'7) (e1;x) + x4D$]6’V) (Lx), n>5

,(7 ,(]9’7/) (e1;x) + xzD,(ﬁ'y) (Lix), n>3,
( (

the desired result of the lemma is obtained.

Lemma 2.4. For every x € [0, o), we have

A1) (1+6)+A (1)
A g

x2(p2 xX)+x2+H"(Q))),

lim nD(B')/) (t—x;x)
7]—)00

n XP1 (x) +

tim D" (¢ =07 )

tim 2D (£~ 0)* ;)

T’]—)OO

s (x) + X4 (x) + 2% (12 + 12H” (1) + 3 (H” (1))’)
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where
o B’ (1xH (1)) ~ )
P = i ((n -2)(n+y)B(xH (1)) )
, n*B” (nxH (1)) 2B’ (nxH (1)) )
= 1 - ’
#20) ! ((n -2)(n=-3)(n+yyYB(xH®1)) (M—2)(+y)B(nxH (1)) *
. B") (nxH (1))
p3() = lim p? ( 1
: = (-2 (-3 (n-4) (1-5) (0 + ) BH (1)
~ 4n°B"” (nxH (1))
(-2 (n-3)(n—4)(n+7)* B(xH (1))
6n*B” (nxH (1)) _ 4PB(rH() ]
n-2)(n-3)(+yPBmxH@) M-2)(+y)BxH()) )’
© L [(77 (A1) (16 +46 + 6H” (1)) + 447 (1)) = 200°6A (1)) B (nxH (1))
@s(x) = lim
' e (1=2)(1-3) (1= 4) (1= 5) (n + ) A B(pH (1)

(4175 (A(1)(9+360 +3H" (1)) + 3A’ (1)) — 487*0A (1)) B” (nxH (1))
(n-2)(n-3)(n—-4) (n+7)* A1) B(xH (1))
(67° (A (1) (4 +20 + H” (1)) + 24’ (1)) - 36012A (1)) B’ (11xH (1))
+
(n=2)(n-3)(n+7)* A1) B(nxH (1))
_4AM)(n+(n—-2)6) +4nA (1))
n-2)(n+y)AQ) '

3. Weighted approximation

To determine the rate of convergence of the unbounded function described on [0, o), weighted space is

necessary. In this way, we explore the approximation property of recently created D,(Ie’y) operators in the
weighted space of functions on [0, c0) that have exponential growth. We start by recalling the weighted
space representations. Let p (x) = 1 + x? be the weighted function and let R be a positive fixed. A normed

linear space with ”f” = SUP, [0 o) b;z—iil is called B,, ([0, o0)) = {f : [0, 00) = R| |f (x)| < R¢p (x)}.
C, ([0, 00)) = {f € B, ([0,))| f is continuous},

C*p ([0, 0)) = { f€Cy([0,00))] limy e % < oo}. The relation between these spaces can be represented as

Lemma 3.1. Let the weight function be p (x) = 1+ x* and (13) be satisfied. If and only if a positive fixed R and
f € C, ([0, 0)) with R being a positive constant

D™ (pi)

<R (16)
p
exists, the series of linear and positive operators Dgg'y), n > 3 act from C, ([0, 0)) to B, ([0, 00)).

Proof. Using Lemma 1 and substituting p (x) = 1 + x* we obtain

D,(79/)/) (;%) = D,(f’y) (1;%) + D1(79/y) (CZ;x)
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n*B” (nxH (1)) 2
(n-2)(n-3)(n+y) B(nxH (1))
JTAM @ +H” (1) +20) + 24" (1) — 1 (G0A (1) B (xH (1)
(n-2)(n-3)(n+y)* A1) B(nxH (1))

(A7 (1) + (4 +20) A" (1) + (2 + 20 + 62) A1) - (604" (1) + (60 +56) A (1)) + 66%A (1) ;
+ ,n>3.
(1=2)(1=3)(n+yYAQ)

x2

1+ 2

Therefore, we write
n*B” (nxH (1))

| - sx‘iloo{ (1-2) (7~ 3)(n + )" B (nxH (1)
N 7’ (A1) (4 + H” (1) +20) + 24’ (1)) — 1° (60A (1)) B’ (nxH (1))
(1=2)(1-3)(n+7)* A1) B(xH (1))

(A7 (1) + (4 +20) A" (1) + (2 + 260 + 62) A (1)) — 1 (60A’ (1) + (60 + 562) A (1)) + 662A (1)
+

n-2)(n-3)(n+yyAQ)

D" (p;x)

x
1+x2

1
1
1+x2}

where n > 3.
From
1 X 1 X2
_ _1 X 17
xlilogl+x2 x21§1+x2 2’ xg§1+x2 L (17)
we get
4nr
0y n*B” (nxH (1))
D,(7 ) (p;0)|| < >
p (1=2)(n-3)(n+y) B(nxH(1))

+773 (A(1)(4+H" (1) +20) + 2A" (1)) = i1* (60A (1)) B’ (nxH (1))
2(1-2)(n-3)(n+y)* A1) B(xH (1)
(A7 (1) + (4 +20) A" (1) + (2 + 20 + 62) A (1)) — n (604’ (1) + (60 + 56%) A (1)) + 662A (1)

n-2)(n-3)(n+yyAQ)

+
+1, n>3.

By using the limits in (13), a positive fixed R is present

D) (p; )

<R
p

From Lemma 5, it understandable that the D,(Ie'y) operators act from C, ([0, o)) to B, ([0, o0)).
Theorem 3.2. D,(Ie’y), 1 > 3 go from C, ([0, 0)) to B, ([0, 0)) in a series of positive, linear operators such that

lim HDSZQ’Y) (¢5x) x| =0, i=0,1,2 (18)

T’]*)OO

p

For every f € C ([0, 00)) later,

lim HD,(f'V) =l =o. (19)
P
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Theorem 3.3. Assume that p (x) = 1+x? is the weight function, and verify that (13). Later, for each f € CI; ([0, e0)),

im |07 - 1] =o.
K P

Proof. To illustrate this theorem, one only needs to provide the weighted Korovkin theorem examples for
i=0,1,2

lim HDSZB’Y) (Ci; x) —x

T’]—)OO

=0.

P

By considering the test functions given in Lemma 1, we have

D) (1 -1

lim =0. (20)
1n—00

p

After that, by using Lemma 1 and (17), we get

D ein) e = s PBORH®D) | x [ +AW)+(0-2DAME| 1
no R T SR NG-De)BarHD) T | T2 -2 (n+ ) AQ) T+
< 1 n°B’ (nxH (1)) 3 ‘ IU(A’(1)+A(1))+(U—Z)A(1)9| n>2
T 2|(n-2)(n+y)B(nxH (1)) n-2)(n+y)AQ) ’
which implies that
lim D" e1;) ~er ()| = 0. 1)

p
Likewise,

7B (1xH (1) s

- Ti%’{ (n—2)(n—3) (n+7)? B (xH (1))
N 173 AM@+H"(1)+20)+2A" (1)) - 7]2 (66A (1)) B’ (an(l)) X

(n=2)(n1-3)(n+y)* A(1) B(nxH (1)) 1+a2
(A7 (1) + (4 +20) A" (1) + (2 +260 + 62) A(1))

(n-2)(n-3)(n+yyAQ)
1
1+ 2

X
1+ x2

DY) (e3;) - e (x)

n(604" (1) + (60 +56%) A (1)) - 662A (1)

(n-2)(n-3)(n+y) A1)
B (eH (1) !

< _
‘(n -2)(n-3)(n+ )’ B(nxH (1))
+1 173 (AM@E+H”(1)+20)+2A" (1)) — 1]2 (66A (1)) B’ (an (1))‘
2 (n-2)(n-3)(n+y)* A1) B(nxH (1))

(A7 (1) + (4 +20) A" (1) + (2 + 260 + 62) A(1))
+
(n-2)(n-3)(n+7) A1)

n (604" (1) + (60 +56%) A (1)) - 662A (1)
(n-2)(n-3)(n+y)’AQ)
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which implies that

(22)

11—00

lim HD'(IQJ/) (e2;%) —ep (x)

=0
From (20), (21) and (22) , we have
D,(IQ'V) (Ci,‘ x) —x

lim

T]—)OO

=0, i=0,1,2. (23)

p

We eventually derive the desired outcome

lim HD(G})

1n—00

=0. (24)

from Theorem 6.

4. Weighted modulus of continuity

The convergence of w(f,0) to 0 as & — 0 is not achieved if f is not uniformly continuous in [0, c0).
Therefore, Gadjieva and Dogru [8] defined the weighted modulus of continuity in 1998 as follows:

|f G+ 1) - £ ()]

su _— .
o ibes (T+x2) (1+12)

Q(f,0) =

Following that, in 2006, Yiiksel and Ispir [9] provided the following definition of weighted modulus of
continuity

B |f G+ 1) - f ()|
QU0)=sup sup T

where f € C*p [0, o0).

Lemma 4.1. [9]f f € C} [0, o) then
i) As a function of 6, Q (f, x) increases monotonously,
ii) lims_o- Q(f,x) =0,
iii) Q(f, Ax) < (1 +A)Q(f,x), forany A € [0, ).

Now, using the weighted modulus of continuity, we will determine the rate of convergence for f € C [0, 00).

Theorem 4.2. If f € C [0, ), later

(0.7)
D, (f/ x) - f (.X') 1
sup — 1< (2 F Ay @)+ (A (x))z) ( £ (A @)

xe[0,00) (1+x2)?

Nl=
S~~——
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where

NGO = ( B (3xH (1) _ 1]
(n=2)(n-3)(n+y) B(nxH(1))
L1 (ns (A(1) (4 +H" (1) +20) + 24’ (1)) — 112 (60A (1)) B’ (nxH (1))
2 (n-2)(n-3)(n+y)* A1) B(nxH (1))
N (172 (A7 (1) + (4 +20) A’ (1) + (2 + 20 + 6%) A (1))
n-2)(n-3)(n+7y A1)
_n(60A’ (1) + (60 +56%) A (1)) - 60°A (1)] 3
n-2)(n-3)(n+7)AQ) ’
( n°B™ (nxH (1)) _ 4n°B" (nxH (1))
(n-2)(-3) (- (-5 M+ BxHD) (1-2)(n-3)(n-4)(n+y)’ B(nxH (1))
6n*B” (nxH (1)) B 4B’ (nxH (1))
(n-2)(n-3)(n+yyBxH 1)) (1=2)(n+y)BnxH(1))
+% [(q7 (A (1) (16 + 46 + 6H” (1)) + 4A’ (1)) — 20n°0A (1)) B” (nxH (1))
(n-2)(n-3)(n-4)(n-5)(n+y)* A1) B (nxH (1))

Aj (v)

16
(47° (A (1) (9 + 30 + 3H" (1)) + 3A’ (1)) - 487*0A (1)) B” (11xH (1))
(n-2)(n-3)(n—-4)(n+y)’ A1) B(nxH (1))
L (67 (A1) (4426 + H” (1)) +24' (1)) - 360:7A (1) B (1xH (1)
(n=2)(1-3)(n+y)* A1) B(nxH (1))
AWM+ (-2)6) +4nA (1))
n=-2)(n+y)AQ)

1 1
+_
4 {(n -2)(n=3)(n -4 (1=-5)(n+»)" A1) B(nxH (1))
x ((n® (A () (72 + 360 + 602 + (48 + 120) H” (1) + 4H" (1) + 3 (H” (1))°) + A’ (1) (48 + 120 + 12H" (1)))
+6A” (1) — ° (A (1) (1800 + 546° + 600H" (1)) + 600A’ (1)) + 1* (1200%A (1))) B” (nxH (1))
1
+
(=-2)(1=3) (1 -4 (n+y) A1) B(nxH (1)
x ((—4n* (A1) (18 + 120 + 36 + (9 + 30) H” (1) + H" (1)) + A’ (1) (18 + 60 + 3H" (1)) + 3A” (1))
+4° (A (1) (480 + 216% + 120H" (1)) + A’ (1) (240)) — 41 (366*A (1)) B' (1xH (1))
+ 1 2
m-2)(n-3)(n+y)" A1)
x (6172 (A (1) (2+20 + 6%) + A’ (1) (4 +26) + A” (1)) = 61 (A (1) (60 + 56%) + A’ (1) (60)) + 366°A (1))}

| 1

16 \(-2(-3)(1-4) (n~5)(n+y)" A1) B(xH (1)
x ((n° (A (1) (96 + 720 +240% + 40° + (72 + 360 + 60%) H” (1) + (16 + 40) H” (1) + H* (1))
+A’ (1) (144 + 720 + 120% + (48 + 120) H” (1) + 4H" (1)) + A” (1) (48 + 120 + 6H" (1)) + 4A"" (1))
—11* (A (1) (3600 + 21607 + 480° + (1800 + 540%) H” (1) + 200H"" (1))
+A’ (1) (3600 + 10862 + 600H" (1)) + 600A” (1))
+1° (A (1) (4806 + 1880° + 1200°H" (1)) + 2400?A’ (1)) - n* (2406°A (1)) B’ (11xH (1))
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. 1

-2(-3) (-9 +y)’ A
+ (=4 (A1) (6 + 60 +36% + 0°) + A’ (1) (18 + 120 + 36%) + A” (1) (9 + 30) + A" (1))
+4n? (A (1) (240 + 2167 + 96%) + A’ (1) (480 + 216%) + 120A” (1))
—4n(A (1) (3602 + 266%) + 360°A’ (1)) + 960°A (1))}
.\ 1

(n-2(-3)(n-4)(1-5)(n+y)' A1)
x (1" (A (1) (24 + 240 + 1207 + 40° + 0*) + A’ (1) (96 + 740 + 2467 + 40%) + A” (1) (72 + 360 + 66°)
+A" (1) (16 + 40) + A (1))

—1* (A (1) (1200 + 1086* + 480° + 1494) + A’ (1) (3600 + 21667 + 486°) + A” (1) (1800 + 5492) +A” (1) (209))
+172 (A (1) (2400% + 1886° + 710) + A’ (1) (48067 + 1886%) + A” (1) (1206?))
—n(A (1) (2400° + 1540*) + A’ (1) (2406%)) + A (1) (1206*), 7> 5.

Proof. We obtain

lF (- F )

(1+(x+|t—x|)2)(l i 't;x')g(f,é)

2(1+22)(1 +(t—x)2)(1+ %)Q(f,a).

IA

IA

from the weighted modulus of continuity and Lemma 8. Then by applying Dge'y) for both sides of the
inequality, we have

<2(1+2%) (1 + D) (6= x73x) + D) ((1 +(t =) u;x))Q (,5).

D) (£;x) - f () 5

We obtain

Dge’}') (Fi0)-f@)| < 2(1+2) {1 + D’(]e,y) ((t=7x)

+% ((Dge’y) (¢t =y ;x)); + (Dgg’y) (¢t - ;x)); (Dge’y) (¢t =y ;x));)} Q(f,6).

by applying the Cauchy-Schwarz inequality. From central moments of operator, we can write

() ((t=27;x) < Ay () (1+2?) and p{*) ((=0*%) < A @) (1+22)'

So, when we choose 6 = Aj (x), we give

3
2

DI (f-f | = 2142 {145 0(142)+ (142) (A 0) (1+) Qo)

< 2(1 + xz)% {2 + Ay (x) + (A; (x))%}Q(f15)~
Eventually,

D (- £ 0 |
sup <2 (2 + Ay (%) + (Al (x))z ) Q (f’ (Aa (x))

5
x€[0,00) (1+x2)2

[N

)

is desired result.
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5. Voronovskaya-type theorem
Theorem 5.1. We have

A 0)+A
tim (D7) (50 - £ @) = 0w 01+ QLRI 20 (2004 217 02)

uniformly for f, f’, f” € C[0,00) N K and x € [0, o), in every compact subset of [0, 00), where @1 (x) and ¢, (x) are
determined by Lemma 4.

Proof. This theorem is demonstrated using Taylor’s expansion

(t - x)

2 f’/ (X) + g (t/ X) (t - x)Z (25)

7)

fO=fQ)+E-x)f (x)+

where g (t,x) € C[0, o0) N K and lim;_,, g (£, x) = 0. By applying the operator D,(le to the above relation we

get
DI ()= F @) = F @D -0 + 27 (9D (¢ = 27 5) 4 DI (g 1,20 ¢ = 27 ).

By using the Cauchy-Schwarz inequality for D,(IG'V) (g (t,%) (t — x)*; x), we get

DO (£33 £ ) < (Dge,y) (¢ 60 x))E (D,(f”y) ((t—x)‘*;x))z.

Since g (t,x) = O0ast — x,

lim D,(YG'}/) (92 (t, x);x) = g% (x,x) = 0. (26)
n—00
It is properly validated in every compact subset of [0, o). Then

tim (D) (£~ £ 09) = £ @ Jim 0 (D5 (¢ = x520) + 377 @ i D (@ = 27 4)).

11—00

Finally, from Lemma 4 and (26) we obtaine result.

6. Special cases of the operators Dge')’)

In this section, under specific choices of the analytical functions A, B, and H, we find a few exceptional
polynomials.

6.1. Appell polynomials
In order to demonstrate the recurrence connection,

R, () =nRy1 (x),n=1,2,... (27)

Appell [10] introduces the sequences of n—degree polynomials R,,, where 1= 1,2, ....
A power series with the formula A (1) = }..2)a,7', a9 # 0 such that

A(T)e™ = Z Ry () 7" (28)
n=0
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exists.

Choosing B (t) = ¢' and H (t) = t in (4), then we get Appell polynomials.

Now, we give moments, central moments and important theorems for our operator including Appell
polynomials.

Lemma 6.1. If x € [0, o) exists, then

Dy (Lx) = 1,
2 ’
DA _ n nA)+A1)+(n-2)AM)06 2
1 (&) (r1—2)(n+y)x+ -2+ AQ) g
DA (CZ'JC) _ 174 24 773 (A @+H"(1)+20)+2A (1)) —r]2 (66A (1))x
LA (n-2)(n-3)(n+y) (n-2)(n-3)(n+yy A1)

LA () +(4+20) A (1) +(2+260 + 6) A(1) — (60A’ (1) +(60 + 56°) A() + 66°A (1) b3

n-2)(n-3)(n+7)AQ)

! {PA @2+ [1P BA" (1) + A(1) (9 +30 + 3H” (1)) - n* (120A (1)) x*

(-2 -3)(n-4) -+’ A1)
+[n* (3A” (1) + A’ (1) (18 + 60 + 3H" (1) + A (1) (18 + 120 + 30? + (9 + 30) H" (1) + H” (1))

-1 (24047 (1) + A (1) (486 + 216% + 120H" (1))) + 112 (360%A (1)) x
+[n? (A7 (1) + A7 (1) (9 + 30) + A’ (1) (18 + 120 + 36%) + A (1) (6 + 60 + 367 + 6%))
+112 (~120A” (1) — A’ (1) (480 + 216%) — A (1) (246 + 216* + 96°))
+1(360%A” (1) + A (1) (366% +260°)) - 240°A (1]}, 1 >4,

1
-2(-3) (-4 (-5 (+y)'AQ)
+ [177 (A1) (16 + 460 + 6H" (1)) + 4A’ (1)) — 201°6A (1)] P

+n*(A (1) (72 + 360 + 60 + (48 + 120) H” (1) + 3 (H” (1)) + 4H" (1)) + A’ (1) (48 + 120 + 12H" (1))
+6A” (1)) = n° (A (1) (1800 + 546° + 600H" (1)) + 600A’ (1)) + n* (1206%A (1))

+[n° (A (1) (96 + 720 + 24607 + 46% + (72 + 360 + 66°) H” (1) + (16 + 46) H' (1) + H™ (1))

—11*(A (1) (3600 + 2166% + 486° + (1800 + 546%) H” (1) + 200H" (1)) + A’ (1) (3600 + 1086> + 600H" (1))
+600A” (1)) + 11 (A (1) (48007 + 1886° + 1200°H" (1)) + A’ (1) (2406%)) — n* (A (1) (2406%) ) Jx

+[n*(A (1) (24 + 240 + 120% + 46° + 0%) + A’ (1) (96 + 740 + 240% + 40%) + A” (1) (72 + 360 + 60?)

+A"” (1) (16 + 460) + A™ (1))

—n*(A (1) (1200 + 1080% + 486° + 146*) + A’ (1) (3600 + 21607 + 480°) + A” (1) (1800 + 540?)

+A" (1) (200)) + n* (A (1) (2400 + 1880° + 710*) + A’ (1) (48007 + 1886°) + A” (1) (1206?))
-1 (A (1) (2400° + 1540*) + A’ (1) (2406%)) + A (1) (1206*)]}, n > 5.

(¢4

D (C‘*;x) {nSA OF%

Lemma 6.2. For every x € [0, 00), the following identities verify

( Ui _1)x+nA’(1)+A(1)(17+(n—2)9)
n=-2)(n+y) nm=-2)(m+y)AQ)

Dj (t=x;x) n>2,

[ n* .

m-2)(n-3)(n+y>? M-2)(n+y)

. ((rf (A1) (4 +20) +24" (1) -601PA (1) 24 (1) (7 + (7-2) 0) + 204’ (1)
(1=2)(=3)(n+y) A(D) (n-2)(n+1AQ)

Dj;‘ ((t - x)z;x) 1{x*
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. [772 (A (Q2+20+60%)+A (1)(4+20)+A” (1))]

(n-2)(n-3)(n+y)’ A1)
(A1) (66 +56%) +66A” (1)) - 66°A (1)

2 , n>3,
n=-2)(n=-3)(n+y)AQ)
8 46
DA((t-x)"x) = [ il _ n
I P sy Y ey e
+ 6774 _ 4772 +1)x4
n-2)(-3)(n+y} @=2)(+y)

. [(177 (A (1) (16 + 40) +4A’ (1)) = 200°0A (1)) (47° (A (1) (9 + 30) + 3A’ (1)) — 487" 0A (1))

n-2)(-3) (-9 (-5 1+ AQ) n-2)(-3)(n-H(n+y)’AQ)
. (677 (A (1) (4 +20) + 2A’ (1)) — 3667*A (1)) AADM+(=2)0)+4nA (1)) 4
(n-2)(n-3)(n+7) A1) n-2)(n+7)AQ)

1
+((n—2)(n—3)(n -4 (n-5)(+y) AQ)
x (1° (A (1) (72 + 360 + 60) + A’ (1) (48 + 120) + 6A” (1))
—1° (A (1) (1800 + 540%) + 6004’ (1)) + 1* (1200?A (1))
1
-2 (-) -9y AD
x (—4n* (A (1) (18 + 120 + 36%) + A’ (1) (18 + 60) + 3A” (1))
+4* (A (1) (480 + 216%) + A’ (1) (240)) - 4112 (366°A (1))
+ 1 >
m=-2(-3)(m+7)AQ)
x (672 (A(1)(2+20 + 0%) + A" (1) (4 +20) + A" (1))
-6 (A (1) (60 +56%) + A’ (1) (60)) + 360°A (1))) 22
1
Na-20-90-v0-56+7 A0)
(117 (A (1) (96 + 720 + 2407 + 40°) + A’ (1) (144 + 720 + 126%) + A” (1) (48 + 120) + 44" (1))
—11* (A (1) (3600 + 21602 + 486%) + A’ (1) (3600 + 1086) + 600A” (1))
+17° (A (1) (48007 + 1880%) + 240024’ (1)) — n* (2400°A (1))
1
-2 (-0 -9y AD
x (=41 (A1) (6 + 60 + 307 + 6%) + A’ (1) (18 + 1260 + 36%) + A” (1) (9 + 30) + A”" (1))
+4* (A (1) (240 + 2107 + 90%) + A’ (1) (480 + 216%) + 120A” (1))
—4n (A (1) (3602 + 260%) + 360°A’ (1)) + 960°A (1)) x
1
-2 (=) 0-H -5+ AD
x (11" (A (1) (24 + 240 + 1207 + 40° + ) + A’ (1) (96 + 746 + 246% + 493) +A” (1) (72 +360 + 60?)
+A" (1) (16 + 40) + A" (1))

-1 (A (1) (1200 + 10802 + 486° + 140*) + A’ (1) (3600 + 2160* + 480°)
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+A" (1) (1800 + 5460%) + A™ (1) (200))
+1? (A (1) (24067 + 1880° + 710*) + A’ (1) (48002 + 1886°) + A” (1) (1206?))
-1 (A1) (2400° + 1540*) + A’ (1) (2406°)) + A (1) (1200*), n> 5.

Lemma 6.3. We obtain following results

A(1)(1+0)+ A (1)
@-px+ S

%1_{210 nD;? (t—x;x)

X% + 2x.

lim 7Dy (¢ - ) )

Theorem 6.4. We obtain

lim n (D3} (f5) = £ () = ((2 _pyx+ AD (1;(91); A’ (1))f, ) + %(xz L2 £ ()

uniformly on every compact subset of [0, o0) for f, f’, f”” € C[0,00) N K and x € [0, o).

Theorem 6.5. If f € C}[0, ),

D7 (f:2) = f ()
sup

eloe)  (1+22)

s2(2+ 800+ (a1 ) o (5 0)')

where

A _ Ui _ 21 ]

A= [(17—2)(n—3)(n+y)2 CEITES
! [(rﬁ (A(1) (4 +20) + 24" (1) = 60PA (1) 2A(1) (5 + (1 = 2) 0) + 24’ (1)]
2 n-2)(n=-3)(n+7YAQ) (n-2)(n+7) A1)
.\ [772 (AQ)(2+20+6%) + A’ (1) (4 +20) + A” (1)) — n(A (1) (60 + 56%) + 60A’ (1)) + 66*A (1)) 3

(1-2)(1-3)(n+ 7’ A1) S
8 6

M@ = [ ! - " ;

m=-2(=-3)(n=-4) (-5 Mm+y) O-2)(1-3)(n-4)"n+y)
6n* 4n?

+(T]—2)(77—3)(1)+)/)2 (-2 +y) *
3V3 [ (7 (A (1) (16 +40) + 4A’ (1)) — 20n°0A (1)) (4175 (A(1)(9+30) +3A" (1)) — 481*0A (1))
Y[ -2(-3-H0-5O+ A0 -2 @-3)(-H@ -+ AQD)
N (6n° (A(1) (4 +20) +2A" (1)) -360n°A (1))  4A(1)(n+(n-2)0) +4nA’ (1)
(1=2)(=3)(n+y)' A(D) (=2 (1+)AQ)

1 1
+_
4 [(n—Z)(n—3)(n—4)(n -5)(n+7)' A1)
x (1° (A (1) (72 + 360 + 60%) + A’ (1) (48 + 126) + 6A” (1))

-1 (A (1) (1800 + 546%) + 600A’ (1)) + 1 (1200%A (1))
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.\ 1
(-2)(=3) (-4 (n+y)°AQ)
x (—4n* (A (1) (18 + 120 + 36%) + A’ (1) (18 + 60) + 3A” (1))
+4° (A (1) (480 + 216%) + A’ (1) (240)) - 4117 (366%A (1))
+ 1 >
m=-2)(n=3)(n+y)"AQ)
x (6n* (A1) (2+20+6%) + A’ (1) (4 +26) + A” (1))
—61 (A (1) (60 +56%) + A’ (1) (60)) + 360°A (1))
L3 1
16 {(-20-3)(-H -5 0+ A1)
X (117 (A (1) (96 + 720 + 2407 + 40°) + A’ (1) (144 + 720 + 1260%) + A” (1) (48 + 120) + 44" (1))
—n* (A (1) (3600 + 21607 + 480°) + A’ (1) (3600 + 10862) + 600A” (1))
+1° (A (1) (48067 + 1880°) + 2400%A’ (1)) — n* (2406°A (1))
1
+
=-2)(n=3) (-4 (1+y)° A1)
x (—4n* (A1) (6 + 60 +36% + 0°) + A’ (1) (18 + 120 + 36%) + A” (1) (9 + 30) + A (1))
+4* (A (1) (240 + 2167 + 96°) + A’ (1) (480 + 216%) + 120A” (1))
—4n (A (1) (3607 + 260%) + 360%A’ (1)) + 960°A (1))
1
+
(-2)(-3) (-4 (-5 1+ AQ)
(11" (A (1) (24 + 240 + 1207 + 40° + 0%) + A’ (1) (96 + 746 + 2467 + 40°) + A” (1) (72 + 360 + 66°)
+A” (1) (16 + 40) + A (1))

—1* (A (1) (1200 + 10862 + 486° + 140*) + A’ (1) (3600 + 2166* + 480°)
+A" (1) (1800 + 540%) + A™ (1) (200))

+112 (A (1) (24007 + 1880° + 710") + A’ (1) (4806% + 1886%) + A” (1) (1206?))
—n(A1)(2400° + 1540*) + A’ (1) (2406°)) + A (1) (1206*), n> 5.

Under specific choices of A, we thereby obtain Hermite and Gould-Hopper polynomials.

6.1.1. Hermite polynomials

IfA(7) = eizT2 later R, (x) = H%k) (x) is the Hermite polynomials of variance k , which is
3] u
—k P!
HY () = (—) —
é 2 ) wv-2u)

Here [.] indicates the integer moiety. Hermite polynomials have the following generating function

o TV o2
Z —'Hik) (x) = ™7
v

v=0 "~

12003

(29)

(30)
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Following are presented as

(o]

D (x) = (n-1)e7w Y|

v!
v=0

the Stancu-type Szdsz-Baskakov operators containing Hermite polynomials of variance k.

Lemma 6.6. We get following results

1%

HY (12) °°( n+v-1 )

limqDI,f(t—x;x) = 2-Bx+1+06-k),

I]—>OO

lim an]{ ((t - x)? ;x) = ¥ +2x

11—00

Theorem 6.7. On every compact subset of [0, 00), we have

,}ig}on(DZ’ (Fix) = @) =(Q-Px+1+0-Kk)f (x)+ % (2 + 2x) £ ()

uniformly for f, ', " € C[0,00) N K and x € [0, 00).

Theorem 6.8. If f € C{[0, ),

D (f;x) - £ ()|
sup

x€[0,00) 1+ xz)%

¢ nc+0
(1 + C)1]+Vf(

n+y

< 2(2 + A () + (A (x))%)Q(f; (AH (x))%).

12004

(31)

Here, ASI (x) and A? (x) are found by substituting the A(t) function and its derivatives at the 2nd and 4th central

moments, respectively.

sinx
(x2+2)?

By choosing f (x) =

and f(x) = xe™ for k = -0.5, 6 = 1, y = 2 we compare the error estimation

of Stancu-type Szdsz-Baskakov operators based on Boas-Buck-type polynomials Dgg’y) (f;x) with Szasz-
Baskakov operators based on Boas-Buck-type polynomials D, (f; x) [7], including Hermite polynomials by
means of the weighted modulus of continuity in Table 1 and Table 2.
For f (x) = S0, the operator given in (8) and our operators error approximation are compared in Table 1.

(x2+2)*7

n D" (£;) D; (f;x)
102 00739258642 | 0.1477314273
10° 0.0198623687 | 0.0449245858
10* 00061629816 | 0.0141485722
10° 0.0019451463 | 0.0044723395
10° 0.0006149903 | 0.0014142200
107 00001944732 | 0.0004472137

Table 1. Error estimation for Dgg’y) (f;x) and Dj, (f; x) by using the weighted modulus of continuity

For f(x) = xe™, the operator given in (8) and our operators error approximation are given in Table

2.
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n D" (£;) D; (f;x)
107 0.0099332385 | 0.0198540906
10° 0.0027069976 | 0.0060729394
10* 0.0008446046 | 0.0019325439
10° 0.0002670689 | 0.0006133277
100 00000844892 | 0.0001942193
107 0.0000267225 | 0.0000614443

12005

Table 2. Dge'y) (f;x) and Dj, (f; x) error estimation using the weighted modulus of continuity

6.1.2. Gould-Hopper polynomials
If A(t) = "™ later R, (x) = Gﬁ; (x, h) is the Gould-Hopper polynomials [11]. These polynomials have the
following clear form:

GY (x,h) = A (32)

Z 3 Y! (V W)‘

Here [.] indicates the integer part. Gould-Hopper polynomials have the following generating function

TGh (k) = e, (33)
v=0 v
After the Stancu-type Szdsz-Baskakov operators based on Boas-Buck-type polynomials including Gould-

Hopper polynomials as follows

e N Gr (e h) (S n+v-1 & nc+0
G _ _ h x§ v
Preo == = fo ( v )(1+C)’7+Vf( n+y )dc’ h<0. (54)

Theorem 6.9. We receive
Jim n (DS (fi) = F () = (2= B)x+ (1 + 0+ ) f (x) + % (2 +2x) £ ()

uniformly for the variables f, f’, f € C[0, 00) N K and x € [0, c0) on all compact subsets of [0, o0).

Theorem 6.10. If f € Cyl0, ),

|DG (f;x) - f(x)l

xe{O D<>) 1+ xz)

(2 + AS () + (A (x))%) (f (A7 (x))%)

Here, AOG (x) and Af (x) are found by substituting the A(t) function and its derivatives at the 2nd and 4th central
moments, respectively.

sinx
(2+2y

By selecting f(x) = xe™ and f(x) = for y =02, h = 0.005, 0 =1, y = 2 we compare the error

estimation of Stancu-type Szédsz-Baskakov operators based on Boas-Buck-type polynomials D ( f;x)
with Szész-Baskakov operators based on Boas-Buck-type polynomials D}, (f; x) [7], including Gould -Hopper
polynomials by means of the weighted modulus of continuity in Table 3 and Table 4.

For f (x) = xe™, the operator given in (8) and our operators error approximation are compared in Table 3.
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n D" (£;) D; (f;x)

107 0.0190523910 | 0.0196608062
10° 0.0060205105 | 0.0060666427
10* 00019221424 | 0.0019323402
10° 0.0006102189 | 0.0006133212
100 0.0001932403 | 0.0001942191
107 0.0000611347 | 0.0000614443

12006

Table 3. Error approximation for DS)@,)/) (f;x) and Dj, (f; x) by using the weighted modulus of continuity for

w=02,h=0005

For f(x) = % , the operator given in (8) and our operators error approximation are given in Table
4.

| o ¢m | Dy

107 0.1418929662 0.1463270353

103 0.0445319428 0.0448774276

10* 0.0140719885 0.0141470727

10° 0.0044496308 0.0044722920

10° 0.0014070866 0.0014142184

107 0.0004449595 0.0004472137

Table 4. Error approximation for D1()9,y) (f;x) and Dj, (f; x) by using the weighted modulus of continuity for

w=02,h=0.005

7. Conclusion

This study provides Stancu type-Szdsz-Baskakov operators using polynomials of the Boas-Buck type.

Every compact subset of [0, ) exhibits uniform convergence DSIG'V), and the weighted modulus of con-
tinuity is used to estimate the rate of convergence of the unbounded function specified on this set. The
Voronovskaya-type theorem for the quantitative asymptotic approximation is then demonstrated. Finally,
given some specific choices of analytical functions A, B and H, specific polynomials are obtained. The

7)

. o . o 0 . .
weighted modulus of continuity is then used to illustrate error approximations of Dg containing partic-

ular polynomials.
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