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Explicit solutions of the Yang-Baxter-like matrix equation for
diagonalizable coefficient matrix with two distinct nonzero eigenvalues

Duanmei Zhou®’, Jie Liao*?, Wenyu Hu?, Rong Zhang?

“College of Mathematics and Computer Science, Gannan Normal University, Ganzhou 341000, People’s Republic of China
bZhuhai city Fengshan Middle School, Zhuhai 519075, People’s Republic of China

Abstract. Let A be a complex diagonalizable matrix with two distinct nonzero eigenvalues A and p, the
Yang-Baxter-like matrix equation AXA = XAX is reconsidered. We correct and improve the results in Shen
etal. (2020) when A? — Ay + p? = 0. We also improve the results in Shen et al. (2020) when A% — Au + p? # 0.
We obtain the explicit structure of the solutions X for the Yang-Baxter-like matrix equation AXA = XAX,
which are diagonalizable. Finally, we improve other existing relevant conclusions.

1. Introduction

Let A be an n X n diagonalizable complex matrix with two distinct nonzero eigenvalues. The quadratic
matrix equation

AXA = XAX, (1)

is often called the Yang-Baxter-like matrix equation (also called the star-triangle-like equation in statistical
mechanics; see, e.g., in Part III of [9]) because of its connections with the classical Yang-Baxter equation
arising in statistical mechanics [4, 16, 17]. The Yang-Baxter equation first appeared in theoretical physics,
in a paper by the Nobel laureate C. N. Yang [16], and in statistical mechanics, in R. J. Baxter’s work [4].
Later, it became one of the important equations of mathematical physics. It plays a crucial role in: Knot
theory, braided categories, non-commutative descent theory, quantum computing, integrable systems,
non-commutative geometry, and so on [1-3, 7, 10, 17].

Solving Yang-Baxter-like matrix equation (1) is equivalent to solving a polynomial system of n> quadratic
equations with #? unknowns, which solving this system is a very challenging topic. This compelled many
researchers to find solutions for particular A. All solutions have been constructed for rank-1 matrices A in
[15], rank-2 matrices A in [18, 19], non-diagonalizable elementary matrices A in [20], idempotent matrices
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A (A% = A)in [11], A> = T in [8, 12], A® = A in [13], and diagonalizable matrices A with two different
eigenvalues in [14]. However, some results in [14] is false.

In this paper, we solve the Yang-Baxter-like matrix equation (1) to derive all explicit solutions X when
the given diagonalizable matrix A has two distinct nonzero eigenvalues A and u. We correct and improve
the results in [14] when A? = Au+u? = 0. We also improve the results in [14] when A2 = Au+u? # 0. We obtain
the explicit structure of the solutions. We prove that the solutions are diagonalizable and the spectrum
contained in the set {A, 1, 0}. We extend the research for which A is a Householder matrix A = I — 2uu! [6],
Ais a class of elementary matrices A = [ —uv” (vTu # 0) [5] and A # +[ is an n X n complex matrix satisfying
A? = 1[8, 12], respectively. This is an important step to solve more general matrices.

2. Main results

In this section, we give main results. At first, we give an assumption as follows.

Assumption 2.1. Let A be an n X n complex diagonalizable matrix with two distinct nonzero eigenvalues A and u,
that is, A = SJS™! in which, S is a nonsingular matrix and

] = diag(ALy, ply—m).
Recently, in [14], the authors gave the following results.

Theorem 2.1. [14, Theorem 4.4, Theorem 4.5 and Theorem 4.6] Suppose that A satisfies Assumption 2.1.
If A2 = A+ u? = 0, then all solutions of the Yang-Baxter-like matrix equation (1) have the form

A0 | F0
P ol o oo o [Pt o0 ]
X‘S[o Q] G 0 [uk 0 [ 0 Q‘l]s’ @)
0 00 O

in which, P € C™™, Q € C™X0=m) gre any invertible matrices, 0 < t <m, 0 < k < n —m, F is an arbitrary t X k
matrix, G = (I — FFF)M(I — FF'), M is an arbitrary k X t matrix.
IfA? — Ap + p? # 0, then all solutions of the Yang-Baxter-like matrix equation (1) are

AL 0 0 C 0 0
0 Al 0 0 O 0
Juollo 0 04,0 O 0 ut 0 |ea
X‘S[O V] D 0 0 |l 0 0 [ 0 V‘l}s ' G)

0 0 0 0 ul; 0
0 0 0 0 0 Op—m—r—r |

in which, U € C™™, V e Cl=mX=m) are any invertible matrices, 0 < r < min{m,n —m}, 0 < v < m —r,

O<t<n-m-r, A= HHT/\’ ﬁ = %, C is an arbitrary r X v invertible matrix, and D = %C‘l.

The result in (2) is false. There is a counterexample as follows.

Example 2.2. Let A = diag(1,1, 1+T‘6i), The eigenvalues of A are 1, 1, and 1+T‘61 It is easy to verify that
12— 1 x LB (LB g
L+ V3i
1 -S54 1
X=|0 1 0
2

is a solution of the Yang-Baxter-like matrix equation (1). In this case, we see that its upper left 2 X 2 corner is not
diagonalizable. So the result in (2) does not hold.
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The false in proving Theorem 4.3 in [14] is that

— 5 PR— A
cop® =| "%k 0 |qndaDOCO = | ~mle 0
0 0 0 0
If CH e ¢txt, DO e ¢t*h, C([2 : 2 : 251],5) = 0, CO(G,[1:2:25—1]) = 0, DD([2 : 2 : 25,],2) = 0,
DW(;,[1:2:2s1 —1]) = 0,251 < 1,28 < ty, Suppose that CD) is a matrix obtained from C? by deleting the

rows 2j for j = 1: s; and columns 2j — 1 for j = 1 : s5. D@ is a matrix obtained from D) by deleting the
rows 2j for j = 1:s; and columns 2j — 1 for j = 1: s;. Suppose thats; =1,s, =1,t; =3,1, =3,

0 ci2 c3 ] [ 0 dip diz
ch={o 0o o |, DP=f0 0 o0 [,
0 ¢ c33 | | 0 dxn dss

then

Ch | C2 1 ] l%:_dlz di3
e o3 | | dxn dss |

It is obvious that CD® is not equal to the matrix

ci3dzy  c13dsz
c3d3y  c33d33

obtained from C'D® by deleting the row 2 and column 1.

According to Lemma 4.1 and 4.2, and Theorem 4.3 in [14], we have the following lemma. Then we will
prove that the solutions of the Yang-Baxter-like matrix equation (1) is diagonalizable and the eigenvalues
are contained in the set {A, y, 0} whenever A2 — Ay + 2 =0 or A2 = Au + p? # 0.

Lemma 2.3. [14, Lemma 4.1 and 4.2, Theorem 4.4] Suppose that A satisfies Assumption 2.1 with A> = Ay + u? = 0.
Then all solutions of the Yang-Baxter-like matrix equation (1) have the form

ANy 0 | F 0
P o 0 0| O o [P 0 e
X‘S[o Q] G 0 [uk+N, 0 [ 0 Q‘l]s ' @)
0 0| 0 O

in which, P € C™™, Q € C="™X=m) gye any invertible matrices, 0 <t <m, 0 <k <n—-m, F € C* G e CP,
The elements of N1, N are zeros except that the second upper diagonal elements may be one or zero. N2 = 0, N3 =0,

FG = —%ZNl, GF = —”;Nz, NiF =0,GN; =0, FN, =0, N,G =0.
The following lemma is the key to deriving our theorem.

Lemma 2.4. Let B = Al + aN. A and a are scalars (A # 0). If N> = 0, then

1 a
B'=-I-—=N.
A A2
Proof. Since N? = 0, it is easy to verify that
1 a
(AI+ aN)(ZI— ﬁN) =1

Thus

This completes the proof. [
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Based on Theorem 2.1, and Lemma 2.3 and 2.4, we give our results in the following theorem.

Theorem 2.5. Suppose that A satisfies Assumption 2.1. If A>—Au+u? = 0, then all solutions of the Yang-Baxter-like
matrix equation (1) have the form

Al 0 0 0
[P o 0 Owsl 0 0 | [P 0 1.,
X‘S[o Q]R 0 0 |uk 0 R[o o1 |° ®)
0 0 0 Ou—m—k
P e C™m, Qe Cln=m*ti=m) gre any invertible matrices,
I 0 % 0
0 I.,+| O 0
R: 7

% 0 | I 0
0 0 0 Lk

ostSm,oskSn—m,Fecka,Ge@WFG:—%ZNLGP=—§N2,N1F=0,GN1=0,FN2=0,N2G=0.

The elements of N1, Ny are zeros except that the second upper diagonal elements may be one or zero. N3 = 0, N3 = 0.
Thus all solutions X of the Yang-Baxter-like matrix equation (1) are diagonalizable and the eigenvalues of X are
contained in the set {A, u, 0}.

Proof. According to (4) in Lemma 2.3, let

Al +N; 0 F 0

v = 0 Oyt 0 0

o G 0 [puh+N, 0
0 0 0 Ok

Apply Lemma 2.4 and N? =0, N7 = 0, FG = —"FZNl, GF = —%Nz, N1F=0,GN; =0, FN, =0, N,G =0, we
obtain that the characteristic polynomial of Y is
Py, (x) = det(xI — Y1) = x" 7 F(x = 1) (x — w)F.

Thus the eigenvalues A, p, and 0 of Y7 have algebraic multiplicity ¢, k, and n — t — k, respectively. It is easy
to verify that Rank(AI — Y1) = n — t, Rank(ul — Y1) = n — k, Rank(0I — Y1) = t + k. So Y7 is diagonalizable. In
fact, let

I 0| 0
0 Lut| O 0
R = G
= 0|k 0
0 0 | 0 Inmx

Since A2 — Au + p? = 0 and GF = —”TZNZ, we have

F
| L 0|5 0 ‘ I 0 = 0
0 ILus| O 0 0 ILu 0 0
det(R) = mt = - =1#0.
(R) = 0 [ L 0 0 0 [h-% 0
0 0 | 0 Limx 0 0 0 Licmk
Thus matrix R is invertible and
I+ ANTy 0 g 0
R—l — g Im—t 0 = 0
=) 0 I + A 0
0 0 0 In—mfk
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Then
AL 0 0 0
0 0,—+| O 0 -1
Y =R 0 0 ks 0 R™.
0 0 0 Opopmt

Thus, we get (5). So all solutions X of the Yang-Baxter-like matrix equation (1) are diagonalizable and the
eigenvalues of X are contained in the set {A, u, 0}. This completes the proof.

O

Theorem 2.6. Suppose that A satisfies Assumption 2.1. If A> = Ap+p?* # 0, then all solutions of the Yang-Baxter-like
matrix equation (1) have the form

A 0 0 |0 0 0
0 AL, 0 |0 0 0
Ju oo 0 0 0|0 0 0 Sfut 0 e
X‘S[o V]W o0 o0 [u, 0o o0 |V [ 0 V‘l]s’
0 0 0 |0 u 0
00 0 0 |0 0 Oy

in which, U € C™™, V € C'="X=m) gy any invertible matrices,

A—u A=

TamC 0 0 | FC 0 0
0 I, 0 o 0 0
W = 0 0 Inyw| O 0 0O |
I, 0 0 I, 0 0
0 0 0 0 L 0
0 0 0 0 | —

0<r<min{m,n—-m},0<v<m—-r,0<1t<n-m-—r, and Cis an arbitrary v X r invertible matrix. Thus, all
solutions X of the Yang-Baxter-like matrix equation (1) are diagonalizable and the eigenvalues of X are contained in
the set {A, i, 0}.

Proof. According to (3) in Theorem 2.1, let

(AL, 0 0 | C o0 0
0 AL, 0 |0 0 0
Y = 0 O Om—r—v O 0 O
*I'D 0 0 |ul 0 0
0 0 0 0 pul 0
| 0 0 0 0 0 Opmore |
and
A A
AZ_AJ‘%C 0 0 A—:C 0 0
0 I, 0 0 0 0
W = 0 0 Iuww| O 0 0
I, 0 0 I, 0 0
0 0 0 0 L 0
0 0 0 0 j——
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(A-p)?®

Then det(W) = det(— Tt C) # 0. Thus matrix W is invertible and

A2=Au+u?)
[ Au(A2-Ap+p?) A~ A2—Ap+p?
0 I, 0 0 0 0
— 0 0 Iy 0 0 0
- Ap(AZ=Ap+p) ~_ m
WC ! 0 0 —er 0 0
0 0 I; 0
0 0 0 0 ——
Compute
AL, 0 0 0 O 0
0 Al 0 0 0 0
0 0 Oysropl| O O 0
-1 _ m—r—v
WIW =159 0 [ul, © 0 ’
0 0 0 |0 u 0
0 0 0 0 0 Op-mrr

so all solutions X of the Yang-Baxter-like matrix equation (1) are diagonalizable and the eigenvalues of X
are contained in the set {A, u, 0}. This completes the proof.
|

3. Application

Next we apply Theorem 2.5 and 2.6 to the case that A = I — uv” (vTu # 0) in [5]. Since the matrix A is
I — uo” with two given nonzero n-dimensional complex vectors u and v such that v7u # 0. Clearly A is
diagonalizable. In fact, let vy, ..., v,-1 be linearly independent vectors such that vij =0forj=1,...,n-1,
the matrix S = [v1, ..., 0,1, u] is nonsingular such that A = SJS™!, where | = diag(I,-1,1 — v"u). If vTu # 0
and oTu # 1, since A is diagonalizable with two distinct nonzero eigenvalues, applying Theorem 2.5 and
2.6 , we have the following results.

Theorem 3.1. Suppose A = I — uv” with vTu # 0 and oTu # 1. Let A = SJS7}, where | = diag(l,—1,1 — vTu). If

olu = HT‘@, then all solutions of the Yang-Baxter-like matrix equation (1) have the form
x=s|
or
pol [t 0 : Pl 0
X:S[O ]R 0 Op1¢| O R-l[ 0 1]5-1,

q # 0, P € C"=VX0=1 5 any invertible matrix,

It 0 —112‘/§if
R= 0 In—l—t 0 s
g0 |1

0<t<n-—1, feC™, ge C™. Theelements of N is zeros except that the second upper diagonal elements may be
one or zero. N2 =0, fg = ’ﬁT@Nl, Nif =0,9N; =0.
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Ifolu # HT‘@, then all solutions of the Yang-Baxter-like matrix equation (1) have the form

P
e
or
B 10 o0 0 B
_ P 0 0 Ik 0 0 -1 -1 0 -1
xes[Z0lw(2 8 0 8 [P s
0 0 0 [1-2"u

in which, q # 0, P e Cr-Dx0=1) g any invertible matrices, 0 < r <n—1,liseither Oor 1 —v'u, 0 <k <n-2,

1—sz:b(lvTu)2 c 0 0 1i)thu ¢
0 I 0 0
W= , v 0.
0 0 Loyx| 0 c*
1 0 0 | 1

When o™i = ¥ since N2 = 0, fg = ZE¥IN,, Nif = 0, gN; = 0,if f = 0or g = 0, then Ny = 0. If
fg # 0, then rank(N7) = 1. If vTu # 0 and vTu # 1, the formula X in Theorem 3.1 are more general than the
formula in Theorem 2.1 by J. Ding and H. Tian [5]. We obtain the explicit structure of the solutions X for
the Yang-Baxter-like matrix equation AXA = XAX when A = I — uv! with v'u # 0 and vTu # 1. Also, we
prove that the solutions X are diagonalizable and the eigenvalues are contained in the set {1,1 — 0T, 0}.

As a direct consequence of Theorem 2.6 and 3.1, we look for all solutions of the Yang-Baxter-like matrix
equation (1) with a Householder matrix A = [ — 2uu'!, where u is a unit vector in C" and u" is the conjugate
transpose of 1. Householder transformations are widely used in numerical linear algebra, for example,
to annihilate the entries below the main diagonal of a matrix to perform QR decompositions and in the
first step of the QR algorithm. They are also widely used for transforming to a Hessenberg form. 1 is an
eigenvalue of A with multiplicity #n—1 and —1 is the other eigenvalue of A with multiplicity 1. Letu, ..., 1
be orthonormal vectors such that uHuj =0 (u?uj =1)forj=1,...,n—1, thematrix S = [uy, ..., u,—1,u] is a

unitary matrix such that A = S S™1, where J = diag(l,—1, —1). Thus we have the following results.

Theorem 3.2. Suppose A = I — 2uuf with ut'u = 1. Let A = SJS7', where | = diag(I,—1,—1). Then all solutions of
the Yang-Baxter-like matrix equation (1) have the form

or
B 10 0 |o0 N
7 o 0L 0 |0 | 4[P" 0 |
X_S[O ,qv]w 00 0,10 |W [ 0 = |5
00 0 |1

¢ 0 0 |-2
|0 L 0 |0

W= 0 0 Loxl 0 | Yc#0.
1 0 0 |1
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We obtain the explicit structure of the solutions X for the Yang-Baxter-like matrix equation (1) when A
is a Householder matrix. Also, we prove that the solutions X are diagonalizable and the eigenvalues are
contained in the set {1, -1, 0}. Thus, the formula X in Theorem 3.2 are better than the formula in Corollary
3.1 and Theorem 4.1 by Q. Dong and J. Ding [6].

Let A # +I be an nxn complex matrix satisfying A% = I. The matrix A is diagonalizable with eigenvalues
1and —1. Let m be the multiplicity of 1. Then A = SJ. Slfora nonsingular matrix S, where | = diag(L,,, —L—m).

Theorem 3.3. Suppose A> = [and A # +I. Let A = SJS7Y, where | = diag(Ly, —I—n). Then all solutions of the
Yang-Baxter-like matrix equation (1) have the form

L 0 0 [0 0 0
0L 0 |0 0 0
_JJu oo U O 0 Sfut o0 ]
X‘S[o V]W 00 0 |- 0 o | [ 0 v-l]s'
00 0 |0 -L 0
000 0 |0 0 Oupre

in which, U € C™™, V € C="X=m) gy any invertible matrices,

20 0 [-2c 0 0

0o I, 0 |0 0 0

0 0 I, 0 0 0
WelT—0 0 [, 0 0 |

0o 0 0 |0 I 0

0 0 0 | 0 Ly

0<r<min{mn-m},0<v<m—r,0<7<n—m-—r, and Cis an arbitrary r X r invertible matrix.

We have constructed the structure of the solutions of the Yang-Baxter-like matrix equation (1). The
solutions X are diagonalizable. The eigenvalues of X constitute a subset of {0,1, —1}. The formula X in
Theorem 3.3 are better than the results in [8, 12].

4. Numerical examples

This section contains two examples to illustrate our theoretical results.

Example 4.1. Let u = (1,0,-i)", v = (3,1, ig)H, and

A=I-utl=[ 0 1 0
“lio—io 1=

We choose v1 = (2,-1,0)T and v, = (V3,0,1)T so that A = SJS™!, where

2 \/§ 1 1 0 0
S=-1 0 0| and J=|0 1 0
0 1 i 00 L8

Since vy = HT\/‘;”
Casel: t=0

, by Theorem 3.1, we get the follow solutions.

S
Il
L
P
Il
(@] ST

—
0 0
l_ﬁ

2

NI
@w
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Casell: t =1
e V3-20)p1pa+(3— V3i)paps _Apipat(2 V3-2i)p1p2+2 V3psps+(3— V3i)paps (242 V3i)p1p2+(V3+3i)paps
A(p1ps—p2ps) 2(p1pa—p2p3) A(p1ps—p2p3)
X = (V3=i)pips 2p1pa+(V3-i)prpa 1+ V3i)pipa
A(p1ps—p2p3) 2(p1pa—paps) A(p1pa—p2ps) ’
_ (VB=i)paps _ 2p3pa+(V3=i)paps _ (1+VBi)paps
4(p1pa—paps) 2(p1pa—p2ps) Ap1pa—p2ps)
forallp; € C,i=1,2,3,4, pips — paps # 0.
_ (2V3=2i)p1py+(3— V3i)paps+(V3-i)gpag +1 _4p1pa+(2 V3-2)p1pa+2 V3pspa+(3— V3i)paps+2qpag+(V3-i)gpag +1
4p1pa—p2ps) 4(p1pa—paps)
X = (V3-i)p1p2 2p1pa+(V3=D)p1pa
4(p1pa—paps) 2(p1pa—p2ps)
_ (VB=i)papst (1t V3idgpag i 1 _ 2spa(V3=idpaps+2iapagt(L+ V3iapag
4(p1pa—p2p3) 2(p1pa—paps)
_ @42\ Bipipa+(V3+30paps+(1- V3idgpag _ N3
4(p1pa—paps) 2
1+ V3ipipa
4(p1pa—pap3)
_ (1+V3i)paps+(= V3+iMgpag  V3i
4(p1pa—paps) 2
forallg,g,pi € C,i=1,2,3,4, pips — pa2ps # 0.
_@B20pipa 3= VBipaps | (24213 1)P1f+( V3+30paf | 1 _4ppat@V3-20pipa+2 NBpapu+(3= V3ipaps (242 V3ipuf+(V3+3ipsf
4(p1pa—paps) 2(p1ps—paps) 2q

X = (V3-ipips (14 ‘fl)Plf
4(p PA—PZPS)
_(VB-ipaps (14 ‘fl)Psf
A(p1ps—paps) 4q 2

_ @+2\Bi)pipa+(V3+3i)paps

pipat(V3-dpip2 _ (L4 V3ipif
2(p1ps—paps)
_ 2papa+( V3-i)paps

2(p1ps—paps)

2q
(+VBi)ps f
5 +1

e V3+6i)p1 f+(3+3 V3i)ps f 3
2

forull E],f,pi €C,i=1,2,3,4, q+ 0, P1pPa — P2p3 #+ 0.

CaselIll: t =2
3-V3i  _1++V3i V343
1 2 1
X = 0 1 0
R R .
1 2 1
and

(V3-i)q(g2p1-1p2)

+ @+2V3i)(pr f1 +P2f2)+( V3+3i)(ps fi +P4f2)

4(p1pa—paps) 4q
A+ V3ipipa | (V3 +3i)P1f
4(p1pa—p2p3)
_ (1+VBi)paps

(\f+31)l73f 3
4prpa—paps) 4q 2

5-vV3i  1-V3i  —\3+3i
1 2 1
, X= 0 1 0 ,
B+i B+i 1-V3i
1 2 1

=2q(q1pa=g2p3)+(NB3=)q(g2p1=g1p2)

+1

4(P1P4—P2P3)
_(+ W)(mfﬁpzfz)
4(771774 Pzps)
(4 V30g(@apr=gip2) | (A VBOpafirpafe) _ i
4(p1pa—pap3) 4q 2

A+ V3iyg(gapr—g1p2)

Z(Pl P4 —P2P3)
1 ax V3i)(pLfi+p2 fo)

2q
=2ig(g1pa—gap3)+(1+ V3i)g(g2p1 —p) | (1+ V3i)(ps fi+pafo)

2(p1pa—p2ps) 2q

Q2 V3+6i)(pLfi+p2 f2>+ (3+3V3 B(pafitpafs) |

A(p1ps—paps)

V3-2+(3+2V3)i
1

(‘f+3l)(P1f1 +p2f2)
(= V3+i)q(gapr—gup2) _ (V3 +31)(P3f1 +P4f2) 1-2 V3+(V3-2)i
4(p1pa—paps) 4q 4

forallp, f; € C,i=1,2,3,4,j=1,2,#0, figi + fog2 = 0, [ ha

f92 ]

fth fzgz

+ (+2V3i)(py fitpa o) +H(V3+30)(p3 fi+pa fo)
2

-1

-1
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Example 4.2. Let u = (—%, 0, %)T, and

A=T-2uu” =

_ o O

O = O

o O =

We choose v, = (1,0,1)T and v, = (0,1,0)7 so that A = SJS™!, where

.

1 0 -
7 10 0
S=({0 1 0 and D=0 1 0
10 L 00 -1
V2
By Theorem 3.2, we get the follow solutions.
Casel: r=20 ) )
-3 0 3
X=0, X=| 0 0 0 |,
1 1
2 0 2
and
_ deuuy+3 \/ivu;; _ \/iulc + 1 4cugur+3 \/ivuz _deuuy+3 \/Evu4 \/iulc 1
16¢(uq g —upus) 20 4 8c(uug—upus) 16¢(uq g —upus) 4
X — _ U3Uy _ \/§u3c UpUs _ U3Uy \/§u3c
4(u1u47u2u3) 20 2(1/!1144*142143) 4(u1u47u2u3) 4
—Acuyug+3 V2ouy _ V2uc _1 4cuq 1, —=3 V20u, —4cuquy+3 V2011 + V2u + 1
16¢(uyug—unusz) 20 4 8c(uyug—unui3) 16¢(uyug—unusz) 4
forallc,o,u; € C,i=1,2,3,4,v#0,c#0, ujug — upuz # 0.
Casell: v =1
Uy iy _ Uqly
2(uqug—1u3z) Urtg—Up U3 2(uy ug—upuz)
X = Uzlly __ Upus Uty
= | 2(uyus—uouz) upug—tpuz  2(uug—upuz) |7
UilUy _ Uiy _ Uily
2(u1ug—uzi3) U1lg—lipU3 urtly =1z U3
forallu;e C,i=1,2,3,4, uyus — upus # 0.
__ w1 i Uty _1
2(urus—uous) 2 U Ug—U U3 2(urugs—uus) 2
X = ___ Usts _ Ul Uslly
- 2(uug—unuz) UpUg—Usli3 2(uq ug—upuz) s
Uiliy _1 _ Uil _ Uiliy 1
2(uqug—upus) 2 UUg—Up U3 U Ug—UpUs 2
forallu; e C,i=1,2,3,4, ujuy — upuz # 0.
_ 4cuqug+8curuz+3 \ﬁvm _ \Eulc + 1 12cuiur+3 \/Evuz _ dcuug+8cupuz+3 \/Evlu \/Eulc _1
16¢(uyus—unusz) 2v 4 8c(uyug—puz) 16¢(utg—ususz) 2v 4
X = _ 3usuy _ \/§u3c UpUz+2Uq Uy _ 3usuy + \/El/lgC
4(uyug—upuz) 20 2(uq ug—tipuz) 4(uyug—puz) 20
_dcuyug+8cupuz—3V2ouy  V2wie 1 12cuiup—-3V2oup _ 4deuyug+8cupuz—3 V2ouy " V2uic 41
16¢(uyug—ususz) 2v 4 8c(uy ug—puz) 16¢(u tg—ususz) 20 4

forallc,o,u; € C,i=1,2,3,4,v#0,c#0, ujug — upuz # 0.
Caselll: r =2
0

X = 1 , X=

Nl= ONI=
NI= O M=

5. Conclusions

=)

O = O

o O -

11648

When the given matrix A is diagonalizable matrix with two distinct nonzero eigenvalues A and p, we
have derived all explicit expression for the solutions X of the Yang-Baxter-like matrix equation (1) under
the conditions that A2 — A+ p? = 0and A> — A + p? # 0, respectively. We correct and improve the results in
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Shen et al. [14] when A2 — Ay + p? = 0. We also improve the results in Shen et al. [14] when A2 — Ay + p? # 0.
We prove that the solutions are diagonalizable and the spectrum contained in the set {A, i, 0}. We improve
the research for which A is a Householder matrix A = I — 2uu® [6], A is a class of elementary matrices
A =T1-uo” (oTu #0) [5] and A # %I is an n X n complex matrix satisfying A2 = I [8, 12], respectively. This is
an important step to solve more general matrices. Finding all the solutions of the Yang-Baxter-like matrix
equation (1) for a general matrix A is a hard task, which is continuing research work in the future.
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