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Approximation by Szasz-integral type operators

Arun Kajla?, Sahil Berwal?, Priya Sehrawat?

*Department of Mathematics, Central University of Haryana, Haryana 123031, India

Abstract. We consider a summation-integral type operators and establish a quantitative Voronovskaja type
theorem and weighted approximation for these operators. Finally, we calculate the rate of convergence for
absolutely continuous functions whose derivative is equivalent to a function with bounded variation.

1. Introduction

Mihesan [18] constructed a significant extension of the prominent Szasz operators based on 7 € R as
follows:

PO(A;z) = Z o(2)A ( ) 2z €0, 0), (1)

@ (%)j
ey

preserves the linear polynomials, and for specific values of 7, several well-known operators can be derived.
Paltanea [20] constructed a generalization of the Phillips operators by considering the modified basis func-
tions under integration based on parameter. Gupta and Rassias [11] introduced several approximation
properties, such as weighted approximation, asymptotic formula, and error estimate in terms of modulus
of smoothness, by proposing a integral variant of certain Szasz type operators. In 2015, Acar [1] constructed
the general Szdsz-Mirakyan operators and compute quantitative Griiss type Voronovskaya theorems by
with the help of weighted modulus of smoothness. Gupta [9] constructed a sequence of hybrid operators
with weights of the Pdltdnea basis function and studied some approximation properties of these operators.
Kajla and Agrawal [14] established a Voronovskaja type asymptotic theorem, weighted approximation, and
statistical convergence by proposing a integral variant of Szadsz operators depending on Charlier polyno-
mials. Acu and Gupta [2] proposed mixed hybrid operators involving two parameters. They proved the
Korovkin type approximation theorem and the order of convergence for unbounded functions with deriva-
tives of bounded variation. Kajla etal. [15] introduced the Baskakov-5zdsz type operators involving inverse
Pélya-Eggenberger distribution and investigated their direct results. In the literature, many researchers

where v(rz;(z) = (T)] =1t +1)---(t+j—-1),(1) = 1, and 7 + nz > 0. The operator P’
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have studied the approximation properties of various hybrid operators (cf. [3-5,7, 8, 10,13, 16,17, 19, 22-30]
etc.) and reference therein.

Suppose that 6 > 0, 8 > 0 and A € Cg[0, ) := {A € C[0,0) : A(w) = O(w®), as w — oo}, we derive
integral type generalization of the operators defined by (1) as follows:

KL (8;2) = )| o(2) f 19 (@) Aw)dw + 01 (2)A(0), )
j=1 0
here 1 (w) = ! w? do'(z)is gi bove. Itshould be noted that thi t
where n,j = B(]@, 0 + 1) (1 n w)j6+n6+1 an nj 1S glven as above. shou e note a 1S opera ors

(2) preserves both constant and linear functions. The current article deals with some direct results of the
operators K¢

2. Basic Results
Let ¢j(w) = w',i = 0,6.

Lemma 2.1. For the operators ‘K,? (A; z), we have

(i) K (eo;2) =1,
(ii) K (e1;2) =z,
2
(ifi) Ky (e2;2) = Z;(fgjl;) (ZS;_?;
21+ 102 +17) 3020 +11+6)  z(1+6)2+6)
2(n6 — 1)(nO — 2) M6 -1)n6-2)  n6-1)n6 -2)’
(v) KO (e 2) = 23031+ 1) +17)(3+ 1) . 6n*0%z2(1+ )2+ 1) (1 +0)  nOz%(1 + 7)(1 + 0)(11 + 76)

CBmO -1)(mb -2)nb -3) 216 —1)(n6 —2)(n — 3) - t(nO — 1)(n6 — 2)(nd — 3)
z(1+0)2+ 60)(3+ 0)

(10 = 1)(n0 = 2)(n0 = 3)’
N oo s 2O+ DR+ DB+ D4+ 1) 10n20%24 (1 + D)2+ )@ + 7)(1 + 0)
D) Kon(65:2) = 30 - )0 — 20 = 3) 0 —4) T (0 = 1)(n0 — 20 —3)(n0 - 3)
5n260%z3(1 + 7)(2 + 7)(1 + 6)(7 + 50) N 5n0z2(1 + 7)(1 + 0)(2 + 0)(5 + 36)

2(n0 — 1)(n0 — 2)(n6 - 3)(n6 —4) (MO —1)(nO —2)(n6 — 3)(n6 — 4)
z(1+0)2+ 6)(3+ 0)(4+0)

(16 —1)(n6 — 2)(n0 — 3)(nO —4)’

g 2P+ D)2+ D)B+ 1)@+ )5+ 1) 15n*0*2°(1 + 1) 2 + 7)(3 + 1) + 7)(1 + 0)
D) K2 (66:2) = 500 1) (0 — 210 = 3)(n0 — D)0 = 5) T 50 — 1)(n0 — 2)(10 — 3)(u0 — D) (nd —5)
5100%24(1 + D@ + DG+ (1 +0)(17 +130) 1586221 + D)2+ 1)1+ 0)(2+ 6)(5 + 30)

(16 — 1)(n6 — 2)(nb — 3)(n6 — 4)(n6 — 5) 2(n6 — 1)(n6 — 2)(n6 — 3)(n6 — 4)(n6 — 5)
nO2(1 + 1)(1 + 0)2 + 0)(137 + 0132+ 310))  2(1+ O)2 + )3 + O)(4 + 6)(5 + O)
t(nf — 1)(n6 — 2)(n6 — 3)(n6 — 4)(n6 — 5) - (n8 —1)(nO — 2)(n6 — 3)(n6 — 4)(n6 — 5)

(iv) Kirles;2) =

Lemma 2.2. Using Lemma 2.1, we find that

(i) Ky (w—2z2) =0,
22(t+n0) z(1+06)

(i) K =252 = 5=+ Gog =1y
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324 (67° + n7?(12 + 1)0 + 2n27(4 + 1)0% + 132 + 1)6°)
(N6 — 1)(nb — 2)(nbd - 3)
623(1 + 0) (672 + n7(6 + 1)0 + *(2 + 7)6?) , 20+ 0011 +70) + 318 + 04 + 10 + )

2(n6 — 1)(n6 — 2)(n6 — 3) T(n6 —1)(n6 — 2)(n6 — 3)
z(1+0)2 + 6)(3+ 0)

(0 — 1)(n0 — 2)(n0 - 3)°

(iif) K (W —2)*2) =

+

Remark 2.3. If 1 = 1(n) — o0, as n — oo and lim L d € R, then

n—oo T( )
lim n y;’le(z) = 0,
2
. 2 _z7(1+dO) z(1+0)
am i) = T
3z4(1 + d6)2 6z3(1 + 0)(1 + dO) 3z2(1 + 0)?
JI_I)II n? ‘Ll (z) = 7 0 2
) 3 <6 1523(1 + 9)3 4574 (1 +0Q2+d+06+2d0 + 62)) 4525(1 +0)(1+ de)z
lim n” p /0 (z) = + +
=00 n, 93 63 03
152° (1 + d6(3 + 3d6 + 6?) . .
+ g , where H o= K (w—2)";2),m=1,2,4,6.

3. Direct Results

Theorem 3.1. Suppose that A € Cy[0,00) and t = t(n) = o0 asn — co. Then lim KO _(A;2) = Az), uniformly
n—oo ’
in any compact subset of [0, ).

Let ;1 > 0,12 > 0 be fixed. We examine the following Lipschitz-type space (see [21]):

|w — 2P

Lip () = {A € C[0,00) : |A(w) = AR)| < M ; zZwe(0,0),0<p< 1}.

(W + M2 + np2)"

Theorem 3.2. Suppose that A € sz(n1 ™) (B) and B € (0,1]. Then,

l'ln’,e (Z) g

| Koo (A;2) = AQ) I< M(m) ,z € (0, 00).
1 2

Proof Using Holder’s inequality with p = % q= ﬁ we obtain
Ko(;2) = A2) |

0o

Y o) f 19 (@)A@) ~ A@)ldw + o) (@)IA0) - A2)
0

=1

B

f’, U () ( fo 1 @IA@) - A@dw) +oO@IA0) - AG)

j=1

IN

B _
: s

IA

Y@ f by {(@)IAGw) - A(z>|ﬁdw+v“><z>|A(0)—A(z)ﬁ} [ vif}(z)]
=0

B
2

£
B

(T)f 17 (@)IA®@) = AR dw + o (IAO) - A(z)lé}
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3
2

o) (w-2) o) z
< [ 10 [0 A+ o) (mzzmﬂ)]
B
< L o9(2) f 19 (w)(w — 2w + 2% (T)(z)]
(mz? + 7722)
B
_ Y (7(’?”«7”_2) ) __ m (2 (2
(mz%+ 7722)2 (771Zz + 1722)2

Thus, the proof is completed. [J

Define H¢[0, o0) to represent the space of all real valued functions on [0, c0) that satisfy the constraint
|A(z)] < NAC(z), where N, is a positive constant that depends only on A and {(z) = 1+2z? is a weight function.

A
Let C¢[0, o0) be the space of all continuous functions in H¢[0, o) endowed with the norm ||A|; := | C((j)) |
z€[0,00)
A
and Cg[O, 00) 1= {A € C[0, ) : 1 | C((Z)) | < oo}. The classical modulus of continuity of A on [0, b] is given

as wp(A,0) = sup sup IA(w) A(z)|.

0<|w—z|<6 z,we[0,b]

Theorem 3.3. Suppose that A € C¢[0, 00). Then, show that
IKE(82) = A@ < ANA(L + D) + 200(A, (2(2)) 3)

Proof. See [12], for z € [0, b] and w > 0, we may write

|w — 2|

IA@W) — AE)| < ANA(L + 2)(w — 2)° + (1 ; )wb+1(/\, 5), 5> 0.
According to the Cauchy-Schwarz inequality, we get

K0 (8;2) = A ANA+ K (@2 D)+ wpa (A, 6)(1 + 3K (0-212)

<ANA(L+ () + opa (A, 5)(1 R 2 ))

Now, choosing 6 = / #;T{,ze(z)' weget (3). O

4. Weighted approximation
Theorem 4.1. Let A € Cg[O, o0) and T = T(n) — o0 as n — oo. Then, we have
lim [5G (A) = Allc = 4)

Proof. 1t is sufficient to verify the following three relationships to prove this result (see [6])

lim ||KC (w™;z) - 2z"||c =0, m=0,1,2. (5)
n—oo 4
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Because ‘K,? .(e0;2) = 1, The criterion in (5) is valid for m = 0.
1
Applying Lemma 2.1, KO (w; z) — 2| = sup —— |z—2z =0.
’ 0 1+2
Thus, lim ||‘K,? (w; z) — z||c = 0. Finally, we obtain
n—00 4

1 22101 +1) z(1+0) 22 (T +nb) z (140
0 (22 — 2| — _ 2| <
R @”52) ==7lle = SuP 13| = 60 =1) T mo—1) 2| S P Tr 2 rmo—1) TSP Tr 21O =1)’

which implies that lim [|K¢, (w?z) - 2% =0. O
n—oo 4

We use the weighted modulus of continuity ®(A, 6) defined on [0, o) (see [13]). Suppose that
| A(z+h) - AQZ) |

©(A,0) = su for each CY[0, ).
|h|<5,zel[)0,oo) (1+h)(1+2?) a

Lemma 4.2. [13] Let A € Cg[O, ), then:

i) ©(A;0) is a monotone increasing function of 6;
ii) 611_)11([)1+ O(A;06) = 0;
iit) Every m € N, ©(A, md) < mO(A; d);
iv) Every A € [0,00), ®(A; A0) < (14 A)O(A;6).
In this part, we will examine at a quantitative Voronvoskaja type result for the K, operators.

Theorem 4.3. Let A" € Cg[O, o) and 0,7,z > 0. Then,

K (Az) - Az) -

N'(2) (Z2(T + n0O) + tz(1 + 0)
2 (n6 —1)

2 -1 ” L
<8(1+z°)O(n )@(A , \/17)

Proof. Using Taylor’s series, 3, & which lies between z and w such that
1

Aw) = Az) + N (z)(w —z) + EA"(Z)(w —2)% + e(w, z)(w — 2)?, (6)
where
A”(é) _ A// (Z)

2 7

is a continuous function that terminates at 0. Using the operators K, on the above relation and the Lemma
4.2, we can write

e(w,z) =

K (Az) - Az) -

A”(2) (ZZ(T +n0) + 1z(1 + 6)) < KO (e(w, 2w — 2. 2).

2 T(no —1)

From Lemma 4.2 and the definition of @(A, 6), we find that

|w - z|
1)

forevery A € Cg[O, o) and z, w € [0, o). By (7) and the relation | — z| < |[w — z|, we have

IA() = AG)| < 2(1 + )1 + (w — 2)°] (1 + ) (1+6)0(A, ), @)

|w — z|

e(w,2) < (1 + )1 + W - 2] (1 + ) (1+ 5)O(A”, 5).

Also,
” o 2(1 + 22)(1 + 62)%0(A”,0), -2 <
elwz) = { (1+22)[1 + (-2 (1 + B2) 1+ )O(A",0), |w—z26.



A. Kajla et al. / Filomat 38:4 (2024), 1317-1327 1322

Now taking 6 < 1, we find that

(w-2z)*
64

(w-2)*
64

e(w,z) < 2(1+72%) (1 + )(1 +0%)?O(AN”, ) < 8(1 + 2%) (1 + )@(A”, 5).

By Lemma 4.2, we obtain
KO (e, D@ -2,2) = 8(1+22)OA”,0) (WgT((w _22 )+ %WﬁT((w _ 2)6,2))
= 81 +22)0(A,0) (O(n-l) ; %om—?’)).

Taking 6 = Ln, we have

1
Ko (e, 2w -2)%2) < 8(1+2)0n")© (A —)
/ \/ﬁ
Hence, we get the desired result. [J

5. Rate of convergence

Define DBV[0, o) be the class of all functions A € H¢[0, ), having a derivative of bounded variation
on every finite subinterval of [0,0). We observe that A € DBV][0, o) possess a representation A(z) =

f g(w) + A(0), where g is of bounded variation on every finite subinterval of [0, o). In order to study the
0

convergence of the operators K, for functions having a derivative of bounded variation. The operators
(2) should be rewritten as follows

Ko (N;z) = f wj,f,T(z,w)A(w)dw, )
0

Tz w) = ) 0@ (@) + o (2)5w).
j=1

The Dirac-delta function is represented by 6(w).

Lemma 5.1. Let T = 1(n) — o0, as n — oo and lim L d € R. For all z € (0, 00) and sufficiently large n, we

n—o0 T(Tl)
have
w d 2
i) A")(z,w) = fo J2 (z,0)dv < (],\24(_9;0)1 ! J;ZZ ,0<w<z,
0 0,d 2
i) 1- A" (z,w) :f T (z,0)dv < M(©,4) 1&/ z<w< oo,
n0 w (w-2? n

where M(0, d) is a positive constant that varies with 0 and d.
Proof. For sufficiently large n, it follows from Remark 2.3 that

1+ 22

K (v - 2)%2) < M(0,d) —

Applying Lemma 2.2, we have

w w _ 5
A9 (2, w) = f IO (z,0)do < f (Z ”) J? (2, 0)do <
’ 0 0 z—wW

M(©,d) 1+ 22
g s .

(z-w)? n

K ((0-2)%2) <

The proof for ii) is similar, but the details are left out. [



A. Kajla et al. / Filomat 38:4 (2024), 1317-1327 1323

Theorem 5.2. Let A € DBV[0, ), T = 1(n) — o0, as n — oo and lim % =d € R. Then for sufficiently large n,
n—o0

we have

KO (Asz) = A@) < /MO, d)1 +2

z
z
+— AL+ 4N, +

\F

N (z+) = N(z-)) 1+22
5 + M(0,d)—— Z{

i

7

M(6, d) + |A"(z+)| [ M(6,d)

NA+|A(Z)) 1+ z2
z2

i =+
(22) - A2) - xf’ (z+)|+— v AL+ M(O, d)1+z Z\/A

=1 z

where M(0, d) is a positive constant that varies with 0 and d, \/f; A denotes the total variation of A on [a,b] and A/
is defined by

N@w)-AN(z-), 0fw<z,
A(w)=4 0, w =z, (10)
N(w)—N(z+), z<w < oo.

Proof. For any A € DBVI[0, o0), from (10) we find that
N (v) = % (N (z+) + A (z=)) + AL(v) + % (N (z+) = A (z=)) sgn(v — 2)
+6.(0) (A’(v) - % (N (z+) + A'(z—))), (11)
where

1, v=z
62(0):{ 0, v+#z

Since K (e0;z) = 1, using (8), for every z € (0, ) we get

KO(A;2) - A) fo " T 2 ) (Aw) — A@)w = fo " 90 w) f " A @)dodw

_ fo ( f f'(v)dv)Jf,T(Z,w)dw+ f ) ( f t f/(v)dv);fg(z,w)dw_
Denote ’ : :
I = foz ( fwz f’(v)dv)JE,T(z,w)dw, I = fz ) ( j; t f’(v)dU)ng(Z,W)dw.

Since f 0;(v)dv = 0, and from relation (11), we may write
4

I = fz {fz % (A'(z+)+ A'(z-) + Al(v) + % (A (z+) = A'(z—)) sgn(v — z)dv} j,fﬁ(z, w)dw
0

w

= %(A’(z+) + A'(z-)) j:(z - w)j,fﬂ(z, w)dw + j: (L A (v)dv) M(z w)dw

_ % (N (z4) = N (z=)) fo - )0, (2, w)dw. (12)
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Similarly, we find
= f ) { [ LN+ N ) + L) + 3 (W)~ N ) sgnto o) TE e, i
(A'(z+) + N (z— ))f (w —2) j [z, w)ydw + foo (fw A;(v)dv) 3T(z,w)dw

+5 (A’(z+) - AN'(z-)) fz (w - 2) T (z, w)dw. (13)

Combining the relations (12)-(13), we get
‘K,?,T(A; z) — A(z) =% (A'(z+) + A'(z-)) f (w - z)jn@ﬂ(z, w)dw
0

+ % (A (z+) = A (z-)) fo B lw - 21T (z, w)dw

_ foz (fwz fz'(v)dv)Jf,T(z, w)dw + fzm (lt fz'(v)dv)j,ﬁT(z, Wy,

A (z+) — A (z-)
2

Therefore,
N (z+) + N (z-)
2

. foz ( fwzfz'(v) dv) I (2, w)dw| +

Now, let E') (AL, 2) = fo ( ) fz’(v)dv) ' (z, w)dw, and F) (AL, 2) f ( f fz(v)dv) 9 (2, w)dw.

Our problem is solved by obtaining the estimates of the terms E (@) o(AL,z)and F %(AZ, z). From the definition

|7(716,T(A;Z) - A(Z)| = ’ ’ |7(2T(w -z z)| +

KO (fw - z;2)

00 t
(f fz'(v)dv)jfﬁ(z, w)dw‘. (14)

of /\( ) o given in Lemma 5.1, we may write using the integration by parts

EX)(AL2) = fo ( fw A’(v)dv)—)\ (z, w)dw = f £ @A)z, w)do.

Thus,

Z

‘Ef]g(/\;,z)]s f IAL(@)|AT) (=, w)dw < f o |A'(w)|)\<” (z, w)dw + f IAL(@)IAT) (z, w)dw.
’ 0

G

Since A(z) = 0 and /\%(Z, w) <1, we get

f i IAL(@)IAT) (z, w)dw f i IAL(w) = ARz, w)dw

Z

f \/Adw< \/Af =i\/_ LA;

From Lemma 5.1 and considering w = z — —, we may write

2= ’ (7) 1+ Z ’ 1+ Z . % | d _dw
I) IAL@)IA, (= wdw < M(6,d) j; IAZ(w )|( )2 < M(0,4d) fo (\w/ Az] z—wy
[Vn]

M(Gd)1+zf [\/A]dv<M(9d)1+z Y

=1

IA

3

A

z

z
z—2
]
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Therefore,

[Vi] z
. 1 +z2 , z ,
ESH (AL 2)| < MO, d)—— ) \/AZ - \/ AL (15)
j=1 z—? Z—%

Also, using integration by parts in Ffe (AL, z) and using Lemma 5.1, we have

fzzz ( fzf" A;(U)dv) 88 ( /\(re(z w)) dw| + fz :o ( j; i A;(v)dv) N ;?,T(Z, w)dw'

f2z AL(v)dv |1 - /\ff,)g(z, 22)| + sz A;(w)| (1 - Affré(z, w)) dw

" f (A(w)—A(z))jS,xz,w)dw\+|A'<z+>|
2z

FO(AL2) <

<

00

(w— z)jﬁT(z, w)dw‘ .

2z

We have

2z Z+ ==
f Aa)| (1= 29z, w)) duw = f Az (1= Az ) duo
4 4

2z
+ f 7 Nw)|(1 - Az w))dw = 1 + ]2 (say). (16)
z+ =

Since Al(z) = 0and 1 - A") <1, we get

<

z+% 7+ z
= A(w) — A @) (1= AP (z,w dwsf A dw = —=— AL,
h f - x| (- A e s [T\ afio= =
From Lemma 5.1 and considering w = z + z, we find that
1+22 (% 1 , ,
> < M(6,4d) f — AL (w) — AL(2)ldw
2z (W=2)
1+22 (% 1422 Vit ,
M(6,d) f - 2)2 [\/ fz]dw M(©,d)— fl \Z/Azdv
WAl e (245 Vil (2+5
1+22 f’ 1+22
M(@0,d AL ldv < M(0,d AL
M0, d)— ]Z; ] v 0,d) ]21 v ]
Putting the values of J; and |, in (16), we get
22 7 5 [Vl (%5
, (’r) z 1+z ,
fz A@)| (1 - A%z, w))d 7 \/ L+ M, d)—— 2 v ALl
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Therefore,

FOUALDISNA | @+ DI G wdw+ MA@ | T0(zw)dw
2z 2z

1+ 22 M(Gd)1+z

+ A (z+)| 4/ M(6, d) [AQ2z) — Az) — xf'(z+)|

Z
= [Vl (77

+7 \/A'+M(e d)1+z Z \/A’ . (17)

Since w < 2(w — z) and z < w — z when w > 2z, we obtain

Na f oo(w2+l)jfﬂ(z,w)dw+|/\(z)l f mj,ﬁT(z,w)dw
2z 2z

< (Na +1AG)) f ) T3z, w)dw + 4N f w(w - 2)° (2, w)dw
2z

2z

< Tt f (- 22T,z e + 4N, f (-2 o)
0

M(6, d) (18)

< (4NA N ";|A(Z)|) z

Using the inequality (18), it follows

|F(T’ (AL z)| < (41\1A + M(0, d) + IA (z+)|A[ M(6, d)

Nj +|A(z)] 1+22
ZZ
=+ V] (25

A) - xf(z+)|+7 \/A'+M(6 d)“zzz VAl a9
j=1 z

From (14), (15) and (19), we get the required result. [J
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