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Nonlinear maps preserving sums of triple products on *-algebras
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Abstract. Let A and B be two unital complex #-algebras such that A has a nontrivial projection. In this
paper, we study the structure of bijective nonlinear maps @ : A — B preserving sum of triple products

aqabe + apa*ch’ + azba*c + agcab* + asbea + agch*a*, where the scalars {ock}]f:1 are complex numbers satisfying
some conditions.

1. Introduction

Let A and B be two complex *-algebras and {a}¢_, arbitrary complex numbers. We say that a nonlinear
map @ : A — B preserves sum of triple products ajabc + ara*ch* + azba*c + aycab® + asbea + apcb*a* if

D(arabc + aza*ch” + asba*c + agcab® + asbea + ageb’a’)
= a1 D) P(D)D(c) + ax D(a) D (c)P(b)* + azD(b)D(a)*D(c)
+ a4 @)D (@)DP(D)* + asD(b)D(c)D(a) + agD(c)P(b) D(a), (1)

for all elements a,b, c € A.

These kinds of maps are related to nonlinear maps preserving Lie (resp. mixed, Jordan) triple *-product
which have been studied by many authors (for example, see the works [3], [4], [5], [6], [7], [8] and the
references therein). In particular, Li et al. [3], Zhang [7] and Zhao and Li [8] studied the structure of the
bijective nonlinear maps preserving Lie (mixed, Jordan) triple *-products on factor von Neumann algebras,
respectively. These maps satisfy (1), for convenient scalars ay (k = 1,2,---,6). Motivated by these results
and inspired by the works of Ferreira and Marietto [1] and [2], in this paper we will study the structure
of bijective nonlinear maps ®, from a unital prime *-algebra A having a nontrivial projection to a unital
+-algebra B, preserving sum of triple products ajabc + axa*ch* + asba’c + ascab* + asbca + ascb*a*, where
{ak}gzl are complex numbers satisfying certain conditions. At the end of this paper, we make a contribution
to the problem of structure characterization of the nonlinear maps preserving triple *-products, on unital
+-algebras, as originated from the works [3], [7] and [8].

Our main result reads as follows.
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Theorem 1.1. Let {ozk}g=1 be complex numbers satisfying the conditions a1 + az + as # 0, ax + ag + ag # 0 and
lon + a3 + as| — |ag + ag + ag| # 0, A and B two unital complex *-algebras with 14 and 1g their multiplicative
identities, respectively, and such that A is prime and has a nontrivial projection. Then every bijective nonlinear map
D : A — B preserving sum of triple products aabc + axa*ch” + azba’c + aucab® + asbea + agcb*a” is additive. In
addition, if (i) ®(1z) is a projection of B and (ii) P((a2 + aa + ag)a) = (a2 + as + a6)P(a), for all element a € A,
then @ is a +-ring isomorphism.

2. The proof of main result

In order to prove the Theorem 1.1 we need to prove several Claims. We begin with a Claim, whose
proof is easy and is omitted.

Claim 2.1. ©(0) = 0.

The following well known result will be used throughout this paper: Let p; be any nontrivial projection
of A and write pp = 14 — p1. Then A has a Peirce decomposition A = Ay & A & Ay & Axp, where
Aij = piAp; (i, j = 1,2), satistying the following multiplicative relations: A;Ay € 6 Ay, where 0y is the
Kronecker delta function.

Claim 2.2. For every a;; € Ajj, bij € A;jand cjj € Aji (i # j;1,j = 1,2) we have: (i) D(a;; + bj) = O(a;;) + D(bij) and
(ii) ©(ai; + cji) = D(ai) + D(cji).
Proof. Letu = uji + u;j + uji +ujj = O Y (D(a;; + bij) — D(a;;) — O(bij)) € A (i # j;i,j = 1,2). According to the
definition of ®, we have

D(arlqup; + axlgpju’ + asulyp; + agpjlau’ + asupjla + agpjiu’1’y)

= mO(La)Pu)D(pj) + 2 @(1a) O(pj)P(u)" + az@(u)D(17) D(p;)

+ a®p)OULn)D(u) + asDu)P(P)P(La) + as®(p) D) P(1a)

= a1P(17)P(a;; + bij)@(p;) + a2 P(1a) P(p;)P(a;; + b;j)*

+ a3P(a;; + bij)P(17)" D(p)) + asO(p;)O(14)D(ai; + bij)*

+ asD(aii + bij)P(pj)P(1a) + aeD(p;))P@ii + bij) P(1a)"
- 01 P(1a)0(ai)P(pj) — a2 P(1a) Cp))P(ai))* — azP(a;)P(14)"D(p))
— a3 O(p))P(1a)P(aii)" — asP(a;)P(p;)P(1a) — as®(p;))P(a;;) P(1a)"
— 1 O(La)P(bij)P(pj) — a2 P(1a) P(pj)P(bij)" — azP(bij)P(1a) P(p))

= P(p))P(1A)D(bij)" — asPb;j)P(p))P(1a) — acD(p;)D(bij) P(1a)"

= (a1 1alaii + bij)pj + axlgpi(ai + bi)" + as(ai + bij) Ugp;

+ agpilalai + bij)* + as(ai; + bij)pjla + aspj(ai + bij) 1)

— D(arLaaiipj + a2 lgpiay; + aaailgp; + aspjlaas + asaipila

+ agpja;ly) — Plarlabijp; + azl}[pjbfj + asbilgp; + a4pj1y[b;f].

+asbijpijla + o%p]-b;fjlfﬂ) =0.
Since @ is injective we deduce that a;14up; + w1gpiu’ + asulp; + aupilau’ + asupila + agpjul, = 0. It
follows from this that (a1 + a3 + as)u;; + (a2 + ag + a6)u;j + (a1 +as+as)ujj+(az +ag + a6)u;]. =0 (2). Next,

applying the involution = to the identity (2) we get (az + as + ag)u;; + (a1 + as + a5)u’l.‘j + (a2 +ag + ag)ujj +
(a1 + a3 + a5)u;]. =0 (3). Also, multiplying (2) by the scalar (a1 + az + as), (3) by the scalar (a; + a4 + a¢) and

subtracting the resulting identities, we arrive at (|ay + a3 + asl? —las + ag + a6|2)(u,']' + uj;) = 0. This shows
that u;; + uj; = 0 which results that u;; = 0 and u;; = 0, by directness of the Peirce decomposition. Now, we
have

D(a114up; + azl}rlpiu* + 0(3u1}{p,- + aupilau’ + asupilqg + aépiu*l*ﬂ)
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= a1P(17)Pu)D(pi) + a2 P(1.a)" P(p:)D(u)* + azDP(u)P(1.4)"P(p;)

+ a1 @) D(1a)P(u)" + asP)D(p))O(1a) + acP(p:)D(u) O(1a)"

= a1 O(1a)P(a;; + bij)D(pi) + a2 ®(12) P(p))D(aii + bij)"

+ a3 ®(ai; + bij) (1) @(p;) + asP(p))P(1a)P(aii + bij)*

+ asP(aj; + bij)D(p;))P(1a) + asP(p:)P(a;; + bij) P(17)*

= 1 O(1a)D(a;1)P(pi) — a2P(1a) P(pi)P(aii)” — azD(aii)P(1) P(pi)
= 0y O(p)P(LA)P(aii)” — asP(@ii)P(p))P(1a) — aeP(pi)P(a:i) P(1a)"
- 1 P(1A)D(bi))P(pi) — a2 P(17) O(p;)P(bij)" — azP(bij)D(1a) P(p:)
= @) P(1A)P(bij)" — asP(bij)D(p;)P(1a) — asP(p;)D(bij) P(1a)"
= O(ar1a(ai + bijpi + axUgpi(aii + bij)" + as(aii + bij) 1 pi

+ agpila(ai + bij)" + as(ai + bij)pila + aepi(ai + bij) 1)

= D(arlaaipi + ax1gpiay; + azailzpi + aupil aa;; + asa;ipila

+ agpia1y) — P(arlab;p; + azl}[pib;‘j + asbijlgpi + a4pi1ﬂb;‘j

+ 0(5bijpi1ﬂ + aépib;‘jl*ﬂ) =0

which leads directly to identity a1 14up;+a, Ugpi* +asulypi+aspilau’ +asupila+aspiu'ly, = 0. This imples
that (a1 +as +as)uii+ (a2 + s +ae)uy + (a1 +az +as)uji+ (@ +as + a(,)u;i = 0 (4). Next, applying the involution
* to the identity (4) we get (ap + s + ag)uji + (a1 + az + 0(5)14;. + (ap + g + 0(6)14]',' + (a1 + a3+ 0(5)1/[;.7. = 0(5).
Also, multiplying (4) by the scalar (a; + a3 + as), (5) by the scalar (a; + a4 + a6) and subtracting the resulting
identities, we obtain (Ja; + a3 + as|?> — |ay + ay + ag|?) (i + uj;) = 0. This results that u;; + uj; = 0 which shows
that u; = 0 and uj; = 0. As a consequence, we conclude that u = 0. This proves the case (i). In order to prove
the case (ii), let u = u;; + u;j + uji + uj; = O (D(a; + cji) — D(aii) — P(c;)) € A (i # j;i,j =1,2). Then, we have

D(arlaup; + axlgpju’ + asul’yp; + agpilau’ + asupila + agpiu'ly)
= i O(La)Pu)D(p)) + 2 @(1a) @(p;)P(u)" + az@(u)D(1A)"P(p;)

+ a3 O(p))O(1a)P(1)" + asP(u)D(p))P(Lla) + asP(pj)P(u) @(1a)"

= a1 D(1.4)DP(a;; + cji)q)(pj) + azq)(ly[)*d)(pj)(b(aﬁ + cji)*

+ a3 P(a;; + ¢ji)@(La) O(p;) + s P(p))P(1a)D(a;; + cji)*

+ asP(aj; + cji)P(p;))P(1a) + asP(p))P(ai; + ;i)' P(1a)"
= a10(1a)D(ai)D(p)) — a2 P(17) P(p;)D(aii)" — azP(a;)P(1.4)" P(p;)
= aa®(p))P(1a)P(aii)" — asDP(a;;)P(p;)P(17) — a6 DP(p;)P(a:i) P(1a)*
- a1 O(1a)D(c;i)P(pj) — a2P(1a) P(p))D(cji)" — azD(c;i))P(1a) P(p;)
= s PP))P(1a)D(cji)" — asP(c;)P(p))P(1a) — aeP(p;)P(c;;) P(1a)*
= O(an1alaii + cji)pj + a2l gpj(aii + cji)” + az(aii + cji)Lgp;

+ agpilalai + cji)" + as(ai + cjpila + aspj(@i + cji) 1)

= D(arlaaip; + a1 gpjay; + asail’yp; + aspjlaay; + asaipila

+ agpja;l’y) — Plarlacip; + azl*ﬂpjc;i + asciilgpi + a4pjlﬂc;i

+ 0(5C]'1']9]'1y1 + a6p,-c;i1}() =0

which implies that a1 1aup;+ a1 pju’ + azulypi+aspilau’ + asupila +agpju*ly, = 0. From this last identity
we get (a1 +az+as)uj+(az+ay +0¢6)u;‘j+(a1 +az+as)uji+(az+ay +a6)u;j = (0 (6) and by applying the involution
on the identity (6) we get (m)uﬁ + (a1 + a3 + 0(5)11;]. + (a2 + ag + ag)ujj + (a1 + az + 0(5)1/1;]. =0 (7).
Multiplying (6) by the scalar (a7 + a3 + as), (7) by the scalar (a, + a4 + as) and subtracting the resulting
identities we arrive at identity (Ja; + a3 + asl> = |as + ay + oz6|2)(u,-]- + ujj) = 0 which shows that u;; + u;; = 0.
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Next, note that

D(arlapju + alqup; + aspilqu + agulap; + aspjula + asup;ly)
= 11 P(La)P(p;)D(u) + a2P(1a) PU)P(p;)" + asP(p;))P(1a) P(u)

+ s PW)O(14)P(p;)" + asD(p;))P(w)P(14) + ac®(u)D(p;) D(14)"

= 1 P(La)P(p;)D(aii + cji) + 2P (La) P(ai; + ¢;i)D(p))’

+ 3 D(p))P(1a) P(a;; + cji) + asD(ai + cj)PAA)D(p;)*

+ asP(p))@(a;; + cji)P(1a) + asP(a;; + cji)P(p;)" P(1a)"

= a1 P(1a)P(p))P(aii) — a2P(1a) @(aii)P(pj)” — azP(p;)) (1) P(a;r)
= a3 P;i)P(La)D(p;) — asP(p))P(ai)P(1a) — asP(ai)P(p;)" P(1A)"
= 1 P(1A)D(p))D(cji) — a2 P(17)'D(c;i)D(p;)" — asD(p;)P(1a)"P(cji)
= a3 O(cj))P(1a)P(p;)" — asD(p;)P(cji)P(1a) — asP(c;;))P(p;) P(1a)
= O(1apj(ai + cji) + axlz(a; + cjl-)p; + aspilg(ai + cji)

+ ay(aii + ¢ji)Lap; + aspj(@ii + ji)la + ae (@i + Cji)p;1)

— Q(arlapjaii + a1 gaip; + aspilzai + asailap; + aspjaila

+ oc6ai,'p;1fﬂ) - D(ar1apjcji + ml}lcﬁp; +azpilycii + oc4c]~,~154p;

+aspiciila + aesciipily) = 0

1416

which implies the identity ai1apju + aalqup’ + asplgu + asulap; + aspjula + asupily = 0. This result
that (a1 +as + as)uji + (a2 + ag + ag)u;; + (Zgzl ap)ujj = 0 which yields (a; + a3 + as)uj; = 0. By the hypothesis

that a; + a3 + a5 # 0, we deduce that u;; = 0. Finally, from case (i) we have

Darlqurji + a1l grjiu” + azulyri + agrilau’ + asurila + aerjiu’ 1)
= 1 P(LA)P)P(rji) + a2 P(1a) O(rji)P(u)” + az@u)P(1a) D(r;i)

+ s P(rj)P(La)P(u)* + asOw)P(rj;)P(1a) + asP(rj;)P(u) P(17)*

= a1O(1a)DP(ai; + ji)O(rji) + a2 P(1a) O(ri)P(aii + cji)*

+ a3P(a;; + cji)@(La) P(rji) + as®(r;;))O(1a)D(ai; + cji)’

+ asP(a;; + cji)(rji))P(1a) + asD(ri)D(ai; + ¢ji) P(1a)"

- 01 P(1a)D(a;)P(rji) — arxP(1a) P(rj;)P(a;i)" — asD(a;;)P(1a)" D(ri)
— s D(rj))D(La)P(ai) — asDP(a;)P(rji)P(1a) — aeD(r;i)P(a;i) O(14)"
= 0 P(La)D(cji)D(rji) — aaD(1a) O(r;)P(cji)" — azD(cji)P(1a) P(r;i)
= agO(rji)P(La)P(c;i)” — asP(c;i)P(ri)P(1a) — asP(rji)P(cji) @(1a)"
= O Lalaii + cji)rji + aUgrjilaii + ¢ji)" + as@i + cji)Vgtii

+ aurilalai + cji)" + as(ai + cji)rjila + agrji(ai + cji) 1)

= O(ar1qa;rji + a1grjiay; + aza;ilgrji + aarjilaay + asa;rjila

* *

+ 0(61’]'1'61”-13{) - (I)(ally{cﬁrﬁ + a21ﬂrﬁc]i + 0(3c]-,-1ﬂr]-,- + a41’j,'1;,7{C]-7-

+ 0(5C]‘1‘I’]','1ﬂ + aérj,«c;il}() =0.

As a consequence we get ay1qurj; + azl*ﬂrﬁu* + oz3ul}{rj,' + agrjilau’ + asurila + ozérjiu*lfﬂ = ( that yields
the identity (az + as + ae)rjiu;; = 0. By the hypothesis that a; + a4 + a¢ # 0, we deduce that rju}, = 0 which

shows that u;; = 0. Therefore we have u = 0. [

Claim 2.3. For every a;; € Aii, bi]‘ S ﬂij/ Cji € .7{]'1' and d]‘]' [S ﬂ]‘j (i #* j,‘ i,j =1, 2) we have: q)(ﬂ,‘i + b,‘]‘ +Cji t+ d]']') =

D(a;) + Dbyj) + D(cji) + Ddj;).
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PTOOf. Letu = u; + Ujj + Uji + Ujj = (I)’l((D(a,-,- + bi]‘ + Cji + d]']') - (I)(ﬂ,'i) - q)(b,']') - (I)(Cﬁ) - q)(d]']')) = (D’l(CD(a,-,- +
bij + cji +djj) — D(a;; + cji) — P(bij + djj)) € A, by Claim 2.2. Then

D(arlaup; + axlgpiu’ + asulyp; + agplau’ + asupila + agpju™1y)

= a10(17)Pu)D(p)) + a2 P(17)" P(p;)P(u)" + azsP(u)D(14) P(p;)

+ 0P’ + asP(u)D(p)D(La) + asD(p)P(u) D(Ln)’

= altb(lﬂ)q)(aﬁ + b,']' + C]'i + djj)q)(Pj) + aQCD(lg()*CD(p]')(I)(aﬁ + bi]' + C]'i + d]']')*
+ a3®(a;; + bjj + cji + djj)@(17) P(p;) + asP(p;))P(LA)P(a;; + bij + cji + djj)*
+ a5q)(a,-,- + bi]‘ + Cji + djj)q)(pj)q)(ly[) + aﬁq)(pj)(l)(aii + bi]' + Cji + djj)*q)(lﬂ)*
- m @A A)D@ii + ¢ji)P(pj) — a2 P(1a) P(p))P(aii + cji)”

= a3®(a;i + cji))P(1a) P(p;) — asD(p;))P(1A)P(ai; + cji)*

— as@(a;i + i) P(pj)P(1a) — aeP(pj)P(aii + cji) P(1a)"

— 1 D(La)P(bij + djj)P(pj) — a2 P(1a) P(p)P(bij + djj)°

— a3 ®(b; + dj)D(La) D(p)) — s P(p)PLA)D(bij + )’

— as®@(bij + djj)@(pj)P(La) — ae@(pj)P(bij + djj) P(1A)*

= O(arla(ai + bij + cji +djj)p; + aalzpj(aii + bij + cji + djj)’*

+ 0(3(&1'1' + bij + Cji + djj)l}{l?j + D(4p]'1y((17l,',' + b,‘j + Cji + d]']‘)*

+ 0(5(‘11'1‘ + bi]‘ + Cji + dj]')pjly{ + 0(6]9]'({11',' + bij + Cji + d/‘/‘)*l‘*ﬂ)

= @ 1alaii + cji)pj + arlgpi(@i + cji) + as(@ii + )L gp;

+aupilalai + cji)" + as(ai + cj)pjla + aspj(aii + cji) 1y)

- CD(allg;(b,-]- + djj)pj + azl}{p]‘(bi]‘ + d]‘]‘)* + 61(3(171‘]‘ + d]‘]‘)lf;(p]‘

+ 0(4p]'15z((b,'j + djj)* + 0(5(b,'j + djj)pjlgq + 0(6p]'(b1']' + dj]')*l‘}{) =0.

This implies that ailaup; + ax1pju* + asullp; + aspilau’ + asupila + agpju’ly = 0. It follows that
(a1 + a3 + as)(ujj + ujj) + (a2 + ag + as)(ujj + ujj)* = 0 (8). Also, by the application of the involution * on (8)
we obtain the identity (az + ay + a6)(u;j + uj;) + (a1 + a3z + as)(u;j + uj;)* = 0 (9). Thus, multiplying (8) by the
scalar (a1 + a3 + as), (9) by the scalar (@, + a4 + a¢) and subtracting the resulting identities, we arrive at
(Il + a3 + as* — lan + s + agl*)(uij + uj;) = 0 which leads to u;; = 0 and uj; = 0. Next, we have

DO(arlaup; + ax1gpiu” + azulyp; + agpilau’ + asupila + aspiu’1)
= 1 D1 A)Pu)D(p;) + A P(1a) P(p))D(1)* + asD(1)D(17) P(p;)
+ QP O(La)P(u)" + asPu)D(pi)P(La) + asD(pi)P(u) P(1a)"
= 1 P(La)P(a;; + bij + cji + djj)O(pi) + a2 ®(1a) O(p))P(a;ii + bij + cji +djj)*
+ a3®(a;i + bjj + cji + djj)P(17)' P(p;) + ayP(p)P(1a)D(ai; + bij + cji +djj)
+ asP(aj; + bjj + cji + djj)P(p)P(1a) + agD(p))P(ai; + bij + cji +dj;) O(1a)"
- 1 P(1a)D(@aii + ¢;i)P(pi) — a2 P(17)" P(p))P(ai; + cji)*
= a3®(a;i + ¢ji))P(17) P(pi) — as®(p;))O(1a2)D(a;i + cji)*
— as5D(a;; + C]'i)q)(pi)q)(lﬂ) — asDP(p))D(a;i + c]-,-)*CD(lﬂ)*
— 1 P(La)D(bij + djj)D(pi) — a2 P(1a) C(p;)D(bij + dj)*
— a3 P(b;j + d;j)P(17)" D(p;) — asP(p:)P(1A)D(bij + djj)*
— asP(b;j + d;j)P(p;))P(1a) — asD(p:)P(bij + d ;) P(1A)*
= O(a11a(aii + bij + cji + djj)pi + a1 gpi(aii + bij + cji + djj)*
+ as(aji + bjj + cji + djj)1pi + aupilalai + bij + cji + djj)*
+ 0(5([11',' + bi]‘ + Cji + d]‘]‘)pi].j{ + Dlép;‘(al‘l‘ + bi]‘ + Cji + djj)*l*g;[)
= O(arlalai + cji)pi + a1 gpiai + cji)" + az(ai + ;i) gpi
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+ agpilalai + cji)” + as(ai; + ciipila + aepi(ai + ¢ji) ' 17)

- CD(ozllﬂ(b,-]- + djj)pi + 0(21}(;71‘(1’]1‘]‘ + d]‘]‘)* + 0(3(171‘]‘ + djj)l}ipi

+ 054Pi1&1{(bij + d]])yr + a5(b,‘]‘ + d]])pllj[ + Dtépi(b,’]’ + d”)*lfﬂ)

=0
from which we immediately deduce the identity a;14up; + W pin* + azul’ypi + aspilau’ + asupila +
agpiul’y; = 0. This results in the identity (a1 + as + as)(ui + uji) + (@2 + g + ag)(w;i + uj)* = 0(10). Also,
we get (a2 + ay + ag)(uii + uji) + (a1 + az + as)(u;; + uj;)* = 0(11), by the application of the involution * on
(10). As a consequence, multiplying (10) by the scalar (a7 + a3 + a5), (11) by the scalar (a; + a4 + a¢) and
subtracting the resulting identities, we arrive at (loq + a3 + as> — o + s + a6l*) (i + uj;) = 0 which shows
that u;; + uj;; = 0. Consequently, we obtain u; = 0 and uj; = 0. Therefore u = 0. O

Claim 2.4. For every a;j, bij € A;; (i # j;i,j = 1,2) we have: ®(a;j + bij) = D(a;;) + P(b;j).
Proof. First, note that the following identity holds:

(a1 + a3 + as)(aij + bij) + (a2 + ag + a6)(a;fj + bl-]-a:j)

= arla(pi + aij)(pj + bij) + axlz(p; + bij)(pi + aij)*

+az(pi +aip) Ug(pj + bij) + aa(pj + bi)La(p; + aij)’
+as(p; + a;j)(pi + bij)1la + as(pj + bij)(p; + aij) 1y,

for all elements a;;, b;; € A;;. Hence, by Claim 2.3 we have

O((ar + a3 + as)(@ij + bij)) + D((az + ag + ag)(a; + bijaj;))

=O((a + a3 + a5)(aij + bij) + (g +ay + aé)(a:j + bijafj))

= O(a11a(p; + aij)(p; + bij) + axlz(pj + bij)(pi + aij)*

+az(pi +aip) Ug(pj + bij) + aa(pj + bij)La(p; + aij)*

+as(pj +aij)(pi + bij)la + as(pj + bij)(pi + aij) 1)

= a10(1a)P(p; + a;))D(p; + bij) + a2 @(1a)" DO(p; + bij)P(p; + a;j)*

+ 0(3(1)(]9,' + ﬂi]‘)q)(].y{)*q)(p]‘ + bij) + a4(1>(pj + bl‘]‘)q)(].j{)q)(pi + (11‘]‘)*

+ asO(p; + a;j)@(p; + bij))P(1a) + agD(p; + bij))O(p; + ai}) P(1a)"

= 1 P(1A)(P(p:) + P(a;))(P(p)) + D(bi)))

+ 0 P(1a) (D(p)) + b)) (D) + D(aij)*)

+ a3(Q(p:) + D(a;)))P(La) (D(p)) + P(bij))

+ ag(D(pj) + ©(bij))P(1a)(DP(p:)" + P(aij)*)

+ as(P(p;) + ©(a;))(O(p;) + D) P(17)

+ ag(P(pj) + Ob:i))(P(p:)" + D(a;)")P(1a)*

= a1 P(1A)P(pi)D(p)) + a2 P(17) P(p))D(p:)" + asD(p:)P(14) P(p;)
+ s O(p))O(1A)P(pi)" + asO(p:)P(p;)P(1a) + asP(p;)P(p:)) ©(1a)"
+ a1 O(1a)D(a;j)D(p)) + a2 @(17) O(p))P(aij)" + azP(a;j)P(1a) D(p))
+ s P(p))P(1a)D(a;j)" + asD(a;))P(p;))P(La) + a6 P(p;)P(ai;)" P(17)*
+ 1 P(1a)0(p))D(bij) + a2 P(1a) O(bi))P(p:)" + a3 P(pi)O(17) D(bi))
+ g Obi))P(LA)P(pi) + asP(p))P(bij)P(1a) + a6 P(bij)P(p:) P(1a)"
+ a1 O(1a)D(a;j)D(bij) + a2 @(1a) P(bij)D(aij)” + azP(aij)P(1a) D(bif)
+ ag®(bi))P(1a)D(a;j)" + asD(aij)P(bij)P(1a) + agP(bij)P(a;;) P(1a)"
= O(alapip; + axlgpjp; + aspiligpj + aapjlap; + aspipjla
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+ aspjpi 1) + O(arlaaip; + azl*ﬂpja’lfj + asa;i1p; + agpilaa;

+ asa;jpila + aép]-afjlfﬂ) + D(a11apibij + ar1zbijp; + aspil’zbi;

+ agbilap; + aspibijla + asbijp;17) + (a1l aa;bij + azl}(b,-jajj

+ asaijl4bij + a4bij1ﬂa;‘j + asa;ibijla + a6bija’;].1}()

= O((a1 + az + as)a;j) + P((az + ay + a6)al*.].) + ®((a1 + a3 + as)bij)

+ O((ap + g + a6)bijaj].).

It therefore follows that ®((a1 + a3 + as)(a;j + bij)) = ©((a1 + a3 + as)a;;) + P((a1 + az + as)b;j) This leads to
the conclusion that ®(a;; + b;;) = ®(a;;) + D(b;)), for all elements a;;, b;; € A;;. O

Claim 2.5. For every a;;, b;; € A;; (i = 1,2), we have: D(a; + b)) = O(a;;) + P(bi;).
PVOOf. Letu =u; + Ujj + Uji + Ujj = (I)_l(@(aﬁ + bii) - (I)(a,-,-) - q)(bu)) eA (l * j; l,] =1, 2) Then

Darlaupj + axlgpiu’ + asulzp; + aupilau’ + asupila + aspiu'1)
= i O(La)Pu)D(p;) + 2 @(1a) @(p;)P(u)" + az@(u)P(1A) P(p;)
+ a3 O(p))O(1a)P(u)" + asP(u)D(p))P(1la) + asP(p))P(u) @(1a)"
= a1 P(17)P(a;; + bi)P(p;) + a2®P(1.7) P(p;)P(a;; + bi)*

+ a3P(aj; + b )O(1a) P(p;) + as®(p;))P(1a)D(a;; + bii)*

+ asP(a;; + b )O(p;)P(1a) + asP(p;)P(a;i + bii) P(17)*
= a10(1a)D(ai)D(p)) — a2 P(17) P(p;)D(a;;)"

— a3®(a;)P(1a) D(p)) — asP(p;)P(1a)D(air)"

— asP(a;))D(p;))P(1a) — asP(p))P(a;) P(14)"

- a1P(La)D(bir)D(p;) — a2 P (1) O(p)D(bii)*

— a3 D(bii)P(14) D(p)) — asP(pj)P(1A)P(bii)*
= asP(bi)P(p;)P(1a) — aeP(p;)P (i) P(1a)*
= (a1 1alaii + bi)p; + axlgpj(aii + bi)" + az(ai + bi) Lgp;

+ aypila(ai + bi)" + as(ai; + bi)pjla + agpjai + bi) 1)
= D(a11qaiip; + axlypiay; + azail p; + aspilaa; + asaipila

*

+ 0(6]9]'(/1;1}1) - (D(Oll 1ﬂbiipj + azl*ﬂpjb;- + 0é3bii1ﬂp]’ + a4pj1ﬂb;i

+ C\f5b,‘l‘pj1y[ + aépjb;il}[) =0
which leads directly to the identity a11aup; + axlpju* + asullyp; + aspilau’ + asupila + agpjul; = 0. It
therefore follows that (a1 + a3 + as)u;j + (a2 + ay + a6)u;.*]. + (a1 + a3 + as)ujj + (a2 + ay + a6)u;]. =0(12) and

hence the identity (az + as + ag)u;j + (a1 + az + a;,)u;fj + (@2 + ag +ag)ujj + (a1 +az + a5)u;]. = 0(13). From
(12) and (13), we get (Jag + a3 + asl® — oy +as + a6|2)(u,j +uj;) = 0 which implies that u;; + uj; = 0. This results
that u;;j=0 and ujj = 0. Next, for all element tij € A;j we have

*

D(arlatiju + azlﬂutl*./. + astilu + a4u1ﬂt;j + astijjula + a6utjj1fﬂ)
=y P(1A)D(t;;)D(u) + a2®@(1a)" O(u)D(t))" + asD(t))P(17)" P(u)
+ aa @) D(1a)D(tj)" + asP(ti))P(u)P(1a) + asu)D(t;) P(1A)"
= a1O(1a)D(ti))P(a;; + bii) + ax@(17) P(a;; + bii)D(ti))*

+ a3 D(ti))D(17)" D(ai; + b)) + asD(a;; + b )DL A)D(ti;)"

+ asD(tj)D(ai; + bii)P(1a) + asD(ai; + bii)D(ti;)" P(1a)"
= a1 O(La)D(tj)D(aii) — a2 P(La) Plaii)P(ti))" — azO(ti;)P(1a) Plai)
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— agD(a;)D(1a)D(tij)" — asP(ti;)P(a:)P(1a) — asD(a;)D(t:)" P(1a)"
- 1 P(1A)D(ti))P(bii) — a2P(17) P(bii)D(tij)* — azD(ti))P(1a) P(bi;)
= aaD(bi)P(La)D(tij)" — asD(ti))P(bi)P(1a) — a6 P(bii)D(ti;)" P(1A)"
= O(ar Latij(aii + big) + a2lg(aii + bin)t;; + astijl z(ai; + big)

+ ay(@ii + big) Laty; + astij(@i + bi) La + ae(@ii + bin)t}; 1)

— (D(allﬂtija,-i + azl}[aiit;j + D(3ti]‘1;[{1ii + a4aii1ﬂt:]- + a5tijﬂii1j(

+ aéaiitjjl}() - O(q 1}[1’1']'171'1' + Oézl;lbiif:j + 0(3t1']'1}{b,',' + a4bii1ﬂt;j

+ astijbila + a6biit;j1;;) =0.

*

It follows immediately from this that a;1at;ju + azl*ﬂut’;j + astilu + 0[41/11{,711';]- + astijula + aéut;jl*ﬂ =0
which yields (a1 + a3 +as)t;juj; = 0. As a consequence, we have (a1 + a3 +as)uj; = 0, because of the primeness
of A. Therefore uj; = 0. Also, by Claims 2.3 and 2.4, for all element ¢;; € A;; we have

D(arlatjiu + azl}{ut}i + astilu + a4u1ﬂt;i + astjiula + a6ut;i1}{)
= a1 P(La)P(t;)D(u) + ar@(17) Pu)D(ti)" + azD(tj))P(17) (1)

+ s Pu)O(1a)P(t ;)" + asP(t;;)P(u)D(1a) + asPw)D(t;;) P(1a)"

= a1 P(La)P(t;)D(a;i + bi) + a2 P(1a) P(a; + bii)D(tji)*

+ a3 D(tj;))O(17) D(ai; + bii) + agD(a;; + bi)O(1A)D(t )"

+ asP(t;)D(a;; + bi)P(1a) + asP(ai; + bii)O(tj;)' P(1a)"

- 1 O(1a)D(ti)D(ai) — a2 P(1a) Pla;i)P(t ;)" — azD(t;)P(1a) D(ai)
— s P )O(1a)D(ti)" — asD(t;)D(a:)D(1a) — e P(ai)D(ti) P(1a)"
= P(1a)0(t))DP(bii) — a2 P(17) @) D(t i) — azD(tji)P(1a) P(bi;)
— ag®D(bi)P(La)P(t))" — asD(t;;)P(bi)P(17) — a6 P (bii)D(t i) P(1A)"
= O Latji(aii + bir) + axlg(aii + bin)t}; + astjily(ai; + bii)

+ ag (@i + bi)Lat}; + astji(@i + bi)1a + ae(@ii + bin)t;17)

- q)(a{lly(tji{lii + azl}la,‘,‘t;i + 0(3t]‘l‘1}{aii + a4aii1ﬂt;i + astjiaila

+ a6aiit;i1}[) - O(a11atjibi; + azl*ﬂbﬁt;i + astil7bi + a4b,-,-1g;t;i
+astjibila + abiit; 1) = 0

which results in the identity a;14tju + azl*ﬂut} +ast;lyu+ a4u1ﬂt;i +astjiula + aéut;il}l = 0. This shows
that (a1 + a3 + as)t jillii + (o + oy + a6)u,«,«t;i = 0 that implies (a7 + a3 + a5)tﬁui,~ = 0. As a consequence we get
(a1 + az + as)u;; = 0 which yields u;; = 0. It follows from all thatu = 0. O

Claim 2.6. @ is an additive map.

Proof. The result is a direct consequence of Claims 2.3, 2.4 and 2.5. [

In what follows, we prove the second part of the Theorem 1.1. In the remainder of this paper, all Claims
satisfy the conditions (i)-(ii).

Claim 2.7. (i) ®(14) = 1g and (i) D((L5_; ax)c) = (L5, ap)D(c), for all element ¢ € A.
Proof. First, note that

(I)((Zg:l Oék)ly[) = ®(a11ﬂ1ﬂ1ﬂ + azlfﬂlﬂlfﬂ + 0(31y[1}11y[ + 0(41y[1y[1}1
+aslalala + aglalzly) = a1 @(1a)0(1a)P(1a) + a2P(14) O(1a)P(14)°
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+ a3 P(LA)P(LA) P(1a) + s P(1a)P(1a)P(1a)" + asP(La)P(LA)P(1A)
+ asP(LA) (1) P(1) = (i an)P(Ln).
Hence, choose an element ¢ € A, such that ¢(c) = 1g. Then
q)(():g:l ax)c) = Dlarlalac + axlcly + aslalic + asclaly
+ aslacla + ascl'z1) = a1 P(1a)P(1a)P(c) + arD(17) " D(c)P(1.4)"
+ a3 P(La)P(1) P(c) + a1 P()P(1A)P(1a)" + asP(14)D(c)D(1:7)
+ asPOP(1a) (L) = (L aP(La)* = O((LR; ap) ).
This shows that c = 1.4. As a consequence of this last result, for an arbitrary element ¢ € A, we have
@((Zzzl ax)c) = Dlarlalac + axlcly + aslalic + asclaly
+ aslacla + agcl’z1;) = a1 P(1a)P(1a)D(c) + aaP(1a) P(c)P(1.4)
+ a3 P(1a)P(1) O(c) + Ay P()P(1a)P(14)" + a5 P(1A)D(c)P(1:4)
+ asP(OP(La) P(La) = (L= an)D(0).
0

Claim 2.8. (i) ©((a1 + a3 + as)a) = (a1 + az + as5)D(a), for all element a € A, and (ii) D(b)* = D(b)*, for all element
be A

Proof. 1tis clear that ®((a; + a3 + as5)a) = (a1 + a3 + a5)P(a), for all element a € A, because of hypothesis (ii),
of the Theorem 1.1, and Claims 2.6 and 2.7(ii). Thus, for an arbitrary element b € A we have

CD((Xlly(bly{ + (2(21;[131([?yr + a3b1;ll~7l + 0(41y{15{b* + a5b13{1y{ + (16151(19*1;1)
= 11 P(1a)P(b)P(14) + a2 P(LA)' P(LA)D(b)" + azP(b)P(17) P(14)
+ 4, Q1 A)P(1A)P(D)" + asP()P(1A)P(1a) + aeP(LA)D(b) P(14)"

that leads to the identity (a1 + a3 + a5)®(b) + (a2 + as + a6)P(") = (a1 + az + a5)P(Db) + (a2 + Az + as)P(b)".
Consequently, we get ®(b*) = O(b)*. O

Claim 2.9. © is a multiplicative map.
Proof. For arbitrary elements b, c € A, replace a by 14 in the identity (1). Then

D(arlabe + a15ch” + asblyc + asclab” + asbcla + agch™1y)
= 1 P(1A)PD)P(c) + a2P(17) P()D(b)" + a3 P(b)D(17) P(c)
+ a1 P()D(1A)P(b)" + asP(b)D(c)D(17) + a6 D(c)P(D) P(17)°

This results in the identity

(a1 + as + as)D(bc) + (ap + ag + ag)D(ch*) = (a1 + a3 + a5)D(b)D(c)
+ (az + ag + ag)P(c)D(b)". (14)

By applying involution to the identity (14), we get

(0(1 + a3 + 065)q)(C*b*) + (az + a4 + a6)®(bC*) = (al + a3 + a5)CD(c)*CD(b)"
+ (g + ay + ag)D(b)D(c)* (15)

and, replacing in (15) c* by ¢, we obtain

(o + ag + ag)D(be) + (a1 + az + as5)D(ch*) = (az + ag + ag)D(b)D(c)
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+ (a1 + a3 + a5)P(c)P(b)". (16)

Multiplying (14) by the scalar a; + a3 + a5, (16) by the scalar a; + a4 + as and subtracting the resulting
identities, we arrive at (Ja; + az + as|> — ay + ag + ag|))P(be) = (a1 + az + as]> — [az + ag + ag|P)P(b)P(c) which
results in ®(bc) = D(b)D(c). This shows that O is multiplicative. [

Therefore, by Claims 2.6, 2.8(ii) and 2.9 we conclude that @ is a *ring isomorphism.

The proof of the Theorem 1.1 is complete.

From Theorem 1.1 we can deduce the following result. However, we first present the necessary defini-
tions and notations.

Let A and B be two complex *-algebras and n a non-zero complex number. For a,b € A (resp.,
a,b € B) denote by a¢,b = ab + nba*, the Jordan n-+product. We say that a nonlinear map ® : A — B
preserves Jordan triple *-product a4,b#,c, where a4,b¢,c = (a¢,b)#,c and 1, v are non-zero complex numbers,
if D(as,be,c) = O(a)+,D(b)+,D(c), for all elements a, b, c € A.

From the above definition, we can easily verify that nonlinear maps preserving Lie (mixed, Jordan) triple
+-products, as defined in [3], [7] and [8], are nonlinear maps preserving Jordan triple *-products a¢_1b¢_ic,
a#_1be;c and ae,be1c, respectively, and nonlinear maps preserving Jordan triple *-product a¢,be,c are
nonlinear maps that preserve sum of triple products labc + 0a*cb* + nba*c + vijcab* + Obca + veb*a™.

In view of this, we have the following corollary.

Corollary 2.10. Let A and B be two unital complex +-algebras with 14 and 1g their multiplicative identities,
respectively, and such that A is prime and has a nontrivial projection. Then every bijective nonlinear map ® : A — B
preserving triple +-product a4,b#,c, where 1, v are non-zero complex numbers satisfying the conditions n # —1 and
[v| # 1, is additive. In addition, if (i) ©(17) is a projection of B and (ii) P(v(n + 1)a) = v(n + 1)P(a), for all element
a € A, then P is a »-ring isomorphism. In particular, if D(15) is a projection of B and 1 and v are non-zero complex
numbers such that v(n + 1) is a rational number, then @ is a +-ring isomorphism.
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