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On Bishop frame of a partially null curve in Minkowski space-time IE‘lL

Jelena Djordjevié?, Emilija NeSovié®

?Department of Mathematics and Informatics, Faculty of Science, University of Kragujevac, Serbia

Abstract. In this paper, we introduce Bishop frame of a partially null curve a in Minkowski space-time [E.
We prove that such curve has three Bishop frames determined by the particular solutions of the third order
non-linear differential equation. We show that the Frenet frame of & can be obtained by rotating the Bishop
frame that corresponds to the particular solution 6(s) = f x1(s) ds of the mentioned differential equation.
As an application, we obtain the parametrization of a lightlike hypersurface and focal surface with base

curve « in terms of its Bishop frame. Finally, we prove that a lightlike focal surface along a partially null
helix has no critical value set.

1. Introduction

The Bishop frame (relatively parallel adapted frame, rotation minimizing frame) {T, N1, N>} of a regular
curve in Euclidean 3-space is defined in [1] as a positively oriented frame obtained by rotating the Frenet
frame about the tangential vector field T for an angle of rotation 6(s) = f 7(s) ds, where 7 is the torsion
of the curve. After such rotation, the vector fields N and N’, become collinear with T, which means that
they make no rotations in the planes N;- and Ny, respectively. The Bishop frame of a regular curve is not a
unique and it is well defined even in the points of the curve where the first Frenet curvature vanishes. As
such, it has various applications in rigid body mechanics [2], computer graphics [3], deformation of tubes
[4], sweep surface modeling [5] and in differential geometry in studying different types of curves (see for
example [6-9]).

New versions of the Bishop frames in Euclidean space E° are introduced in [10, 11]. In the three
dimensional Minkowski space E? and four dimensional Minkowski space-time [Ej, the Bishop frames of
spacelike, timelike, pseudo null and null Cartan curves are defined in [12-17]. The curves in ]E‘l1 along
which the Bishop frame is not defined yet, are partially null curves. Partially null curves are the spacelike
curves that lie in a lightlike hyperplane of IEJ‘lL and whose Frenet frame {T,N, By, B>} contains two null
binormal vector fields B; and B,. According to the Frenet frame’s equations, the vector fields T’, B] and
B} are collinear with the principal normal vector field N at each point of the curve, so they make minimal
rotations in the corresponding hyperplanes T+ = span{N, By, By}, BlL = span{T, N, B;} and B2L = span{T, N, B,},
respectively. Hence the Frenet frame of a partially null curve a has a rotation minimizing property. In
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this paper, we show that such curve also has another frame with rotation minimizing property and we
called it the Bishop frame. In particular, we prove that there exist three Bishop frames of a determined by
the particular solutions of the corresponding the third order non-linear differential equation. Moreover,
we find that the Frenet frame of a can be obtained by rotating the Bishop frame that corresponds to the
particular solution 6(s) = f k1(s) ds of the mentioned differential equation, where «;(s) is the first Frenet
curvature of «.

Lightlike hypersurfaces in Minkowski space [E] are the ruled submanifolds whose induced first fun-
damental form is a positive semi-definite. Such hypersurfaces are tangent to the lightcone at any regular
point. Their singularities along a spacelike submanifold are classified in [19, 20]. It is known that they
provide models for studying different types of horizons (event, Cauchy, Kruskal) and play an important
role in the quantum theory of gravity. The critical value set of a lightlike hypersurface along a spacelike
submanifold is called the lightlike focal set of the submanifold. Lightlike hypersurfaces and focal surfaces
along a spacelike curve y in [E} whose Frenet frame contains non-null vector fields, are introduced in [20].
Such submanifolds along a partially null curve a in [E] are not investigated yet. In this paper, we obtain
their parametrizations in terms of Bishop frame of a obtained by rotating the Frenet frame. We define
the Lorentzian distance-squared function G : I x E} — R along a and prove that a lightlike focal surface
along a partially null helix has no critical value set. The obtained results can be used in classifications of
singularities of lightlike hypersurfaces along partially null curves and in many mathematical and physical
applications related with such curves, such as inextensible flows, Backlund transformations, canal surfaces,
etc.

2. Preliminaries

Minkowski space-time IE] is the real vector space E* equipped with the standard indefinite flat metric

(-,-) given by
(X, y) = =X1y1 + X212 + X3Y3 + X4 Y4,

for any two vectors x = (x1, x2, x3,x4) and y = (y1, Y2, ¥3, y4) in ]E‘ll. Since (-, -) is an indefinite metric, a vector
x #0in ]E‘l1 can be spacelike, timelike, or null (lightlike), if (x,x) > 0,{x,x) < 0, or {x, x) = 0, respectively ([21]).
In particular, the vector x = 0 is said to be a spacelike. The norm (length) of a vector x in [E] is given by
llxll = VIKx, ).

An arbitrary curve a : I — E7 can locally be spacelike, timelike, or null (lightlike), if all of its velocity
vectors o’ are spacelike, timelike, or null, respectively ([21]).

Partially null curve a in ]E‘l1 is a spacelike curve whose Frenet frame {T, N, B1, B} satisfies the conditions

<T/ T> = <N/N> = 1/ <Bll Bl) = <B2/ BZ> = O/ (1)
<T/N> = <T/B1> = <T/ B2> = <N/ B1> = <N/ B2> = 0/ <B1/B2> = 1/

<T,N X By X Bz> = det(T,N, Bl,Bz) =1,

where T, N, B; and B, are the tangent, the principal normal, the first binormal and the second binormal
vector field of a, respectively.
The Frenet frame’s equations read ([22])

T 0 kg 0 O T
N’ ‘ _ l —K1 0 K2 0 N (2)
B, 0 0 x 0 ||Bi]

Bé 0 —K2 0 —K3 Bz

The curvature functions «1(s), k2(s) and x3(s) = 0 are called the first, the second and the third Frenet curvature
of a, respectively.
The lightcone LC, in [E] with vertex at a point p is a lightlike hypersurface defined by ([21])

LC, = (X € E}\ {p} (X —p, X —p) = O}
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A hypersurface H C [ is called a lightlike, if it is tangential to the lightcone at any regular point ([20]).

If y : I — [} is a spacelike curve with a non-null vector fields T,N,B; and By, pseudo-normal space of y is
defined as ([20])
yt={VeB{(V,T) =0}

The unit pseudosphere with respect to a future directed timelike normal vector field n” along y, is given
by ([20])
Nl(V)p[nT] = {E € VJ' | (5/ nT(P» = Or <é/ é> = 1}r

where p = y(s). The lightcone Gauss image of pseudosphere N (y),[n'] has parametrization of the form ([20])
LG(n")(s, 0) = n’(s) + cos OB (s) + sin OB,(s).
The paramerization of a lightlike hypersurface along y relative to n’ reads
LH,((s,0),t) = y(s) + t(nT(s) + cos OB1(s) + sin OB;(s)).
The Lorentzian distance-squared functions G : I x E} — R on y are defined as ([20])
G(p, A) = G(s,A) = (y(s) = A, y(s) = A),
wherep = y(s)and A € ]E‘ll. The discriminant set of order k of G(p, A) is given by ([20])

Ple oG
k _ 4 _ _ _ _
Dt ={AeR}|Is e, G(s,A) = S 6N == 2, A) = 0}.

. . . 4
3. Bishop frame of a partially null curve in E]

In this section, we introduce Bishop frame {Ny, N1, N2, N3} of a partially null curve a in ]E‘l1 with the
Frenet curvatures xi(s) # 0, x2(s) # 0 and x3(s) = 0. We find the relation between the Frenet and Bishop
frame of o and derive the Bishop frame’s equations. We show that Bishop frame and Bishop curvatures are
determined by the particular solutions of the corresponding the third order non-linear differential equation.
We prove that the Frenet frame of @ can be obtained by rotating the Bishop frame that corresponds to the
particular solution 0(s) = f x1(s)ds about timelike plane spanned by {N, N3}.

Let us consider a partially null curve « in [E] parameterized by arc-length s with the Frenet frame
{T,N, By, B2}. Denote by {Ny, N1, N2, N3} a new frame along «, satisfying the conditions

(N2,N2) =(N3,N3) =0, (No,No)=(Ny,Ni)=(N,N3)=1, 3)
(No, N1) = (No, N2) = (Ng, N3) = (N1,N3) =(Ny,N3) =0,

where N3 = B, and
(No, N1 X N2 X N3) = det(No, N1, N2, N3) = 1. 4)
We introduce relatively parallel vector fields along « as follows.

Definition 3.1. The vector fields Ny, Ny and N, along a partially null curve o in 1} satisfying the conditions (3)
and (4) are said to be relatively parallel, if their derivatives N{, N; and N, are collinear with N at each point the
curve.

According to Definition 3.1, the vector fields N, N] and N make minimal rotations in the hyperplanes
Ny = span{N1, N2, N3}, Ni- = span{Ny, N2, N3} and Ny = span{Ny, N1, N2}, respectively.

Definition 3.2. The Bishop frame of a partially null curve o in I} is the frame {No, N1, Na, N3} containing the
second binormal vector field N3 = B, and relatively parallel vector fields No, N1 and N, satisfying the conditions (3)
and (4).
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In what follows, we define the curvature functions of a with respect to the Bishop frame and we called
them the Bishop curvatures.

Definition 3.3. Let « be a partially null curve in 115‘1l with Bishop frame {No, N1, N2, N3}. The Bishop curvatures of
a are given by

o1 =—(Ny,N3), 02=—(Nj,N3), 03=—(N; N3). )

In the next theorem, we derive the Bishop frame’s equations. Analogous Bishop frame’s equations for
another types of curves in [E}, can be found in [12-14].

Theorem 3.4. If « is a partially null curve in IE] with the Bishop frame {No, N1, N2, N3}, then the Bishop frame’s
equations read

Ni(s) 0 0 —01(s) 0 No(s)

Ni(s) | _ 0 0 —03(s) 0 Ni(s) ©)
Ny(s) | 0 0 =—o3(8) O No(s) |”

N;(s) 01(8) o2(s) 0 o3(s) || Na(s)

Proof. Assume that a is a partially null curve parameterized by arc length parameter s with the Bishop
frame {Ny, N1, N, N3}. Since Nj is a relatively parallel vector field, according to Definition 1, we have

Nj(s) = cols)Na(s), 7)
where cy(s) is some differentiable function. By using the relations (3), (5) and (7), we find
(N (), Na(s)) = co(s) = —o1(s)-

Substituting this in (7), we obtain

Nj(s) = —01(s)Na(s). (8)
In a similar way, we get

Ni(s) = =—02(s)Na(s),

Ni(s) = —03(s)Na(s), ©)

Nj(s) = 01(5)No(s) + 02(s)N1(s) + 03(s)N3(s).

Hence relations (8) and (9) imply relation (6). O

Next, we obtain the relation between Bishop frame and Frenet frame, as well as between the curvature
functions with respect to these frames. Similar relations between the frames of another types of curves in
IE}, are obtained in [12-14].

Theorem 3.5. Let a be a partially null curve in E] parameterized by arc-length s, with the Frenet curvatures
K1(s) # 0, x2(s) # 0, x3(s) = 0 and Bishop curvatures o1(s), 02(s) and o3(s). Then:

(i) the Bishop curvatures of a have the form

o1(s) = x2(s)cos O(s),

02(s) = x2(s)sin 6(s), (10)
Ka(s) x1(s) — 0’ (s)

5 = 560" wm )

where O(s) # constant satisfies the third order non-linear differential equation

1 ki(s) = 0/(s)yy _ 0726) k1) xals) [xa(s) — O'(s)\2.
(9'(s)< 0 ) - 215(s) - 29/2(5)( #2(3) ) ’ (11)
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(ii) the Bishop frame and the Frenet frame of « are related by

Np = -—sinOT —cos6ON + [sin 6( 6/1;K1) — cos 6(&(1{1;29, )/)]Bz,

N1 = cosOT —sinON — [cos 6( 6’;21<1) + sin 9(%(1{1;26, )/)]Bz, (12)
0 - 1,0 —kiy 10 —ki\2 1,0 — k12

Ne = (T g (SN B B[ H (G () ) e

N3 = Bs.

Proof. Assume that {No, N1, N3, N3} is the Bishop frame of a partially null curve a parameterized by arc
length s. Differentiating the equation N3 = B, with respect to s and using (2) and (6), we find

Né = Bé = 01Ny + 02N1 + 03N3 = —k,N.

The last relation gives

N=-2N,- 2N, - BN, (13)
K2 K2 K2

By using the condition (N, N) = 1 and relations (3) and (13), we obtain

G% + a% = K%. (14)
Up to a parametrization, we may assume that

01 =%yc080, 07 =1x,8In0, (15)

where 0 is some differentiable function in s. Next we may consider two cases:
(A) =6y €R.
By using the relations 0 = 0y, (13) and (15), we obtain

N = — cos 8N — sin GpN; — %M. (16)
2

Decompose the tangent vector field T of a as
T= /\No + le +vN, + a)N3, (17)

where A, u, v and w are some differentiable functions in s. Relations (16), (17) and the conditions (T, T) =1,
(T,N) = (T, By) = 0 give

v=0, —AcosOy—pusinfy=0, A?+p*=1 (18)
Up to a parametrization, the solution of the previous system of equations reads

A=-sin0y, = cosby. (19)
Substituting (19) and v = 0 in (17), we get

T = —sin yNy + cos OgN1 + wN3. (20)

Relations (2) and (16) yield

T’ = 11N = =1 cos BgNo + sin 6N + %Ng,). 1)
2
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On the other hand, differentiating the relation (20) with respect to s and using (6), (15) and (21), we find
T’ = wky cos OgNy + wky sin BgNy + (v’ + wo3)N3. (22)

By using (21) and (22), we obtain

K1 K1\ K1 K1
w=-S, Gy Mo 8, 23)
K2 K2 K2 K2

so relation (23) implies
L constant. (24)
K2

However, this is a contradiction, since the Frenet curvatures x; and «; of a do not satisfy relation (24) in a
general case.

(B) 6 # constant.
Substituting (15) in (13), we obtain

N = — cos ON, — sin ON; — (;—31\13. (25)
2

By using (2) and (25), we find

BNy). (26)

T = k1N = —x1(cos ONy + sin ON; + .
2

Differentiating the relation (25) with respect to s yields

/ ’ : 2 . 03\ O-3
N’ = (0"sin 6 — 03 cos O)Ny — (68’ cos 0 + 03 sin O)N7 + kN, — ((K—) + K—)N3. (27)
2

According to (2), we have
N = —x1T + x2B1. (28)

Relations (1), (3), (27) and (28) give
NIN/: 2: /2_ 2_2 %/.
(N',N)=x7=0 o KZ(KZ)
Consequently,
03y _ L 2 2 2
(Kz) =5 02— 12 - dd). (29)
By using the conditions (T, T) = 1, (T, N) =0, (T, B,) = 0 and relation (25), we find
T = —sin 6Ny + cos ON; + dNj3, (30)

where d is some differentiable function in s. Differentiating relation (30) with respect to s and using (15),
we get
T = (=6 cosO +dkycos O)Ny + (=60 sin 6 + dx; sin O)Ny + (d + do3)Ns. (31)

Next from relations (26) and (31) we obtain

i=0=h e = S (32)
ko K2
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Hence the third Bishop curvature of o can be expressed as

o= 222, (33)

Therefore, relations (15) and (33) imply that relation (10) holds. In particular, substituting (33) in (29), we
obtain the third order non-linear differential equation (11), which proves statement (i).

Multiplying relation (30) with —sin 0, relation (25) with —cos 0, adding the obtained equations and
using (32) and (33), we find

. . 0 —x 1 ,61—-60"vy
Ny = —sin 0T — cos ON + [sm 6( - ) — Cos 6(5( - ) )]Bz. (34)
Analogously, multiplying relation (30) with cos 0, relation (25) with —sin 8, adding the obtained equations
and using (32) and (33), we get

4

Ni = cos OT - sin ON — | cos 9(6 ;;1) +sin 9(%(“11{;29')’)]32. (35)

Substituting (34) and (35) in (27) and using (28) yields

0 - 1,0 -1y 10 =12 (1,0 =K\
No= ()T G (C N B =[5 + (e () ) e

The last relation together with (34) and (35) gives relation (12), which proves statement (ii). [J

According to Theorem 3.5, every particular solution of the third order non-linear differential equation
(11) provides the corresponding Bishop frame and Bishop curvatures. It can be easily seen that 0(s) =
f k1(s)ds is one particular solution. In general case, it is not always possible to get all three particular
solutions explicitly. In the next theorem, we prove that the Frenet frame of a can be obtained by rotating
the Bishop frame that corresponds to the particular solution 6(s) = f ki(s)ds.

Theorem 3.6. The Frenet frame of a partially null curve o in I} with Frenet curvatures x1(s) # 0, 12(s) # 0,

x3(s) = 0 can be obtained by rotating the Bishop frame that corresponds to the particular solution 6(s) = f ki(s)ds of
differential equation (11) about timelike plane spanned by {No, N3} for the hyperbolic angle w(s) = —0(s) — 90°.

Proof. Assume that « is a partially null curve in IE‘l1 with Frenet curvatures «1(s) # 0, k2(s) # 0 and x3(s) = 0.

Substituting the particular solution 6(s) = f ki(s) ds of differential equation (11) in relation (12), we obtain
that Bishop frame of a has the form

Ny = -—sinOT —cos6N,

N1 = cosOT —sin6N, (36)
Ny = By,

N3 = B,

It can be easily seen that relation (36) implies
T = —sinONj+ cos Ny,

N = —cosBNy—sinON;, (37)
B = Ny,

B, = Ns.

Hence the Frenet frame of « is obtained by rotating the Bishop frame about timelike plane spanned by
{N>, N3} for the hyperbolic angle w(s) = —=0(s) —90°. O
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Example 3.7. Let us consider partially null helix o in B with parameter equation
a(s) = (sin(s) + cos(s) — 2s, sin(s) + cos(s) — 2s, cos(s), sin(s)).
The Frenet curvatures of « have the form
x1(8) =1, x2(s) =-2, «x3(s) =0. (38)

A straightforward calculation shows that the Frenet frame of o reads

T(s) = (cos(s)— sin(s) —2,cos(s) — sin(s) — 2, —sin(s), cos(s)),
N(s) = (-sin(s) — cos(s), — sin(s) — cos(s), — cos(s), — sin(s)),
Bi(s) = (1,1,0,0),
By(s) = (2cos(s) —2sin(s) — ;, 2 cos(s) — 2sin(s) — g, —2sin(s) — 1,2 cos(s) — 1).

Substituting (38) in (11), we obtain the third order non-linear differential equation
-20'0"" +30"2-0'%(0'*-1) = 0. (39)

Putting 0'(s) = t(s), where t(s) is some differentiable function, the previous differential equation reduces to differential
equation
2t + 32 — (12 - 1) = 0.

Putting t'(s) = p(s), where p(s) is some differentiable function, the last differential equation reduces to the first order
Bernoulli differential equation, and then to linear differential equation. A straightforward calculation shows that
differential equation (39) has three particular solutions 6(s) = s, 6(s) = —s and

O(s) = 2 arctan ( Vgtan(%) - 2). (40)
By using the relations 6(s) = —s, (10) and (38), we find that Bishop curvatures of o have the form
01(s) = —2cos(s), 02(s) =2sin(s), o3(s) =0.
Relation (12) implies that the Bishop frame which corresponds to the particular solution 0(s) = —s, reads

No(s) = sin(s)T(s) — cos(s)N(s) — sin(s)Ba(s),
Ni(s) cos(s)T(s) + sin(s)N(s) — cos(s)Ba(s), (41)

Nos) = TE)+Bils) - 3Ba(5),
Ns() = Bafs)

Substituting the second particular solution 6(s) = s in (10) and using (38), we get
01(s) = —2coss, 03(s) = —2sins, oa3(s) = 0.
In this case, the Bishop frame of « has the form
No(s) —sin(s)T(s) — cos(s)N(s),
Ni(s) cos(s)T(s) — sin(s)N(s), (42)
Na(s) = Bals),
N3(s) = Ba(s).

Hence it is obtained by rotating the Frenet frame about timelike plane spanned by {B1, B,}. Finally, substituting the
third particular solution (40) in (10) and using (38), we get

2coss

01(s) = —2 cos(2 arctan( \/gtan(i) —2)), 02(s) = —-2sin(2 arctan( \/gtan(i) -2)), o3(8) = ——m—.
2 2 2sins - V5
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In this case, the Bishop frame of « has the form

Ny = —stT—cosGN+[sm6(1 ) (9( ))]Bz,
N, = cos@T—sinQN—[cosG( . )+51 05 (92 ))[B (43)
N = (1= )T GG N B =S5 (G5 ) e

where 6 = 0(s) is given by (40). It can be verified that the Bishop frames given by (41), (42) and (43) satisfy relation
(6).

4. Lightlike hypersurfaces and focal surfaces along a partially null curve

Lightlike hypersurfaces and focal surfaces along a spacelike curve y with a non-null Frenet frame’s
vector fields in ]E% are defined in [20]. It is proved in [20] that the discriminant set of order 1 and 2 of the
Lorentzian distance-squared functions along y represents a lightlike hypersurface LH, and a lightlike focal
surface LF,, respectively. Such submanifolds according to a partially null curve in the same space are not
investigated yet. In this section, we obtain their parametrizations in terms of the Bishop frame given by
relation (36). We also prove that a lightlike focal surface along a partially null helix has no critical value set.

According to [20], the image of a lightlike hypersurface along a spacelike curve y is independent of the
choice of a unit future-directed timelike normal vector field along the curve. The same property holds for
the image of a lightlike hypersurface along a partially null curve a. In relation to that, let us choose

VlT = ?(Bl - Bz), (44)

to be a unit future-directed timelike normal vector field along o, where B; and B; are the first and the second
binormal vector fields. Denote by
={VeE(«,V)=0}

the 3-dimensional pseudo-normal space of a. The 2-dimensional unit pseudosphere with respect to n' is
given by
Ni(@)yln'1={E € a* [(&,n"(p)) =0, (£&)=1}.

Hence a lightcone Gauss image of pseudosphere Ny (a),[n'] has parametrization of the form

LG[n"](s, ) = n"(s) + cos pN(s) + ﬁ sin ¢(B1(s) + Ba(s)). (45)

A lightlike hypersurface LH,(nT) : Nl(az)p[nT] XR — ]E‘l1 along a spacelike curve af(s) relative to n has
paramerization of the form ([20])

LH,((s, ), t) = a(s) + tLG[n"](s, §). (46)

In the next theorem, we obtain the parametrization of a lightlike hypersurface along a partially null
curve.

Theorem 4.1. Let a be a partially null curve in IE] with Bishop frame given by (36). Then a lightlike hypersurface
along o is parameterized by

LH,((s,$), t) = a(s)+ t[ —cos ¢ cos ONy(s) —cos ¢ sin ON;(s) + %(1 +sin @)N(s) + %z(sin ¢- 1)N3(s)], (47)

where O(s f x1(s) ds.
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Proof. By using the relations (44), (45) and (46), it follows that a lightlike hypersurface along partially null
curve a relative to n’, has parametrization of the form

LH,((s, ), t) = a(s) + t[%(& (s) — Ba(s)) + cos N(s) + g sin p(B1(s) + Bz(s))]. (48)

Substituting (37) in (48), we get (47). O

Next we obtain the parametrization of a lightlike focal surface LF, along @ which represents a critical
value set of the lightlike hypersurface LH,. It is shown in [20] that the discriminant set of order 2 of the
Lorentzian distance-squared function along a spacelike curve y represents lightlike focal surface LF, along
y. Inrelation to that, let us define the Lorentzian distance-squared functions G : I x [E} — R along partially
null curve a as

Glp,A) = G(s,A) = {a(s) = 4, a(s) = A),

where A € E and p = a(s). If A = A is fixed, let us put G(p, Ag) = g(p). By taking the first and the second
derivative of g(p) with respect to s, we obtain

g p) 2a(s), als) = Ao),

9" () 2((a”(s), a(s) = Aoy + 1). (49)

The parametrization of a lightlike focal surface along a spacelike curve in Ef is obtained in [20]. In the

next theorem, we obtain the parametrization of a lightlike focal surface along a partially null curve.

Theorem 4.2. Let a be a partially null curve in I} with Bishop frame given by (36). Then a lightlike focal surface
along a has parametrization of the form

LF,(s,¢) = a(s) + %[— V2 cos ¢ cos ONy(s) — \/Ecosqb sin ON1(s) + (1 + sin ¢)Na(s)
+ (sin¢g —1)Ns(s)], (50)

where cos ¢ # 0 and 0'(s) = x1(s) # 0.

Proof. Let A be a fixed point on a lightlike hypersurface along o with parametrization (48). Then we have

Bi(s) — Ba(s)

Bi(s) + Bz(S))]
N .

Ao =a(s) +1 i

+ cos N(s) + sin (;b(

The previous relation gives

t[Bl(S) — Ba(s) Bi(s) + Bz(S))]_
V2 V2
Substituting (51) and a”’(s) = x1(s)N(s) = 0’(s)N(s) in (49) and using (1), we obtain

g"(p) = 2(1 — t6'(s) cos ¢).

a(s) — Ag = — + cos ¢N(s) + sin ( (51)

Hence g”(p) = 0 if and only if

1

zor *

where 0’(s) = x1(s) # 0 and cos ¢ # 0. Substituting (52) in (48) we obtain

V2

T osg B B+ V2 cos pN(s) + sin (B (s) + Ba(s))]. (53)

LF(s,¢) = a(s) +

In particular, substituting (37) in (53), we get (50). O
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It is proved in [20] that discriminant set of order 3 of the corresponding Lorentzian distance-squared
function is the critical value set of a lightlike focal surface along a spacelike curve in [E}. In the last theorem,
we prove that a lightlike focal surface LF,(s, ¢) along a partially null helix has no critical value set, which
represents the discriminant set of order 3 of G(p, A).

Theorem 4.3. Let v be a partially null helix in IE] with the Bishop frame given by (36). Then a lightlike focal surface
along « has no critical value set.

Proof. Assume that «a is a partially null helix. Differentiating the relation (49) with respect to s, we find

_ V2i5(s)(1 - sin )

cos ¢ ’

g/// (p)

where cos ¢ # 0. Then g’”’(p) = 0if and only if sin ¢ = 1. This implies cos ¢ = 0, which is a contradiction. [J
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