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Abstract. In this article, we introduce the notion of orthogonal F-weak contraction mapping in an orthog-
onal metric space, as well as certain fixed point results. Furthermore, the examples presented in the main
result illustrates that the results proved in this article are a proper extension of some of the results presented

in the literature. The results are used to show the existence and uniqueness of the solution to a first order
differential equation.

1. Introduction

S. Banach [1], in 1922, came up with a classical and the most celebrated outcome called “Banach Contrac-
tion Principle” for the existence and uniqueness of the fixed point of a self-map on a complete metric space
along with a contractive condition. Thereafter, numerous generalizations of Banach Contraction Principle
have been presented by the researchers (see [2—4, 7, 13, 14] and references cited therein).

D. Wardowski [13], in 2012, introduced a novel contraction condition called as F-contraction along with
the fixed point result in a complete metric space. However, in 2014, D. Wardowski and N. V. Dung [14]
further generalized the F-contraction condition and initiated the idea of F-weak contraction by using the

maximize condition. Over the period of time, multiple attempts have been made by authors to generalize
F-contraction as well as F-weak contraction ([5, 9, 10, 12]).

M. E. Gordji et al., in 2017 [7] put forward the notion of an orthogonal set and subsequently orthogo-
nal metric space and deduced fixed point results using an analogous form of Banach Contraction Principle
in this setting. Many authors have generalized and extended the results obtained in [7] (see [6, 8, 11, 12, 15]).

In this article, we aim to introduce the notion of an orthogonal F-weak contraction condition and prove
certain fixed point results in an orthogonal complete metric space with an application. The examples

presented in the main result asserts that the outcomes presented in this article are a proper extension of the
results provenin [2, 7, 12].
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2. Preliminaries

In this section, we recall some definitions used in the main results. The symbol R, N, R* denotes the set
of real numbers, natural numbers and non-negative real numbers respectively.

Definition 2.1. [7] A non-empty set X along with a binary relation L is called an orthogonal set (denoted by O-set)
if A po € X such that [p L po ¥ p € X]or [po L pV p € X]. The element py is called an orthogonal element.

Example 2.2. Let X be the set of all n X n real matrices with non-zero determinant. For matrices M, N € X, define
M 1 Nifand only if MN = NM. Then, (X, L) is an O-set.

Example 2.3. Consider the interval [0, +00) then ¥ p,o € [0, +00), define p L o if and only if p.oc = 0. Then,
([0, +00), L) is an O-set.

Definition 2.4. [7] Let (X, 1) be an O-set. A sequence {pnlnen is called an orthogonal sequence (denoted by
O-sequence) if [py L pps1 ¥ 1 € N]or [pns1 L pn ¥ 1€ NJ.

Example 2.5. Let X = R and define p L o if and only if p.c < 0 then, {(7,1)” }neN is an O-sequence in the O-set
X, 1)

Definition 2.6. [7] The non-empty set X endowed with metric d and binary relation L is called an orthogonal metric
space (denoted by (X, L,d)) if (X, L) is an orthogonal set and (X, d) is a metric space.

Example 2.7. In the Example 2.5, (X, L) together with the usual metric space is an orthogonal metric space.

Definition 2.8. [7] For an orthogonal metric space (X, L,d), a function f : X — X is said to be orthogonally
continuous (denoted by L-continuous) at p € X if for each O-sequence {pn}nen with p, — p as n — +oo implies
flpn) = f(p)as n — +oo. In addition, f is said to be L-continuous on X if f is L-continuous at each point p € X.

Definition 2.9. [7] An orthogonal metric space (X, L, d) is said to be orthogonally complete (denoted by O-complete)
if every Cauchy O-sequence in X is convergent in X. Also, a function f : X — X is called L-preserving if
p L o implies f(p) L f(o) and f is called weakly L-preserving if p L o implies f(p) L f(o) or f(o) L f(p).

Definition 2.10. [13] Let § be a family of all mappings F : (0, +00) — (—00, +00) such that
(F1) for p,o € (0, +00) if p < 0 implies F(p) < F(0);
(F2) for each sequence {py}nen of positive number such that

lirP pn = 0 if and only if lil}_’l F(py) = —c0;
(F3) Ar€(0,1) such that Clir51+ UFQ) = 0.

A self-map f : X — X on a metric space (X, d) is said to be F-contraction if 1 F € § and © > O such that ¥ p,0 € X
with d(fp, fo) > 0 implies

t+F(d(fp, fo)) < Fd(p, 0)).

Definition 2.11. [14] A map f : X — X on a metric space (X, d) is said to be F-weak contraction if 3 F € §& and
T > 0 such that ¥ p,o0 € X with d(fp, fo) > 0 implies

d(p, fo) + d(arfp)}).

T+ Fd(fp, fo)) < F(max {d(p, 0),d(p, fp),d(o, fo), >

Definition 2.12. [2,12] For an orthogonal metric space (X, L, d) withF € &, amap f : X — Xis called an orthogonal
F-contraction map (denoted by Lr-contraction) if 31 > O such that ¥ p,0 € X with p L o and d(fp, fo) > 0 implies

T+ F(d(fp, fo)) < F(d(p, o).
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3. Main Results

Inspired by the work done in [2, 12], in this section, we put forward the notion of orthogonal F-weak
contraction and prove some fixed point theorem with orthogonal F-weak contraction in an O-complete
metric space.

Definition 3.1. A map f : X — X, where (X, L, d) is an orthogonal metric space and F € §, is called an orthogonal
F-weak contraction (denoted by Lp-weak contraction) if A © > 0 such that ¥ p,oc € X with p L o and d(fp, fo) > 0
implies

d(p, fo) + d(o,fp)})' 1)

T+ Fd(fp, fo)) < F(max{d(p, 0),d(p, fp),d(o, fo), 5

Remark 3.2. From (1), one can infer that every Lp-contraction is Lp-weak contraction. However, following example
shows that the converse need not be true.

Example 3.3. Let X = {0, 1, 2, 3, 4} endowed with usual metric. Let R = {(0,0), (0, 1), (0, 2),(0,3),(0,4), (4,0), (4,1),
(4,2),(4,3),(4,4)}. Define p L o if and only if (p,0) € R. Clearly, (X, L) is an orthogonal set (with 0 and 4 as
orthogonal elements). Define f : X — Xas f(0) =0 = f(1) = f@), f(2) =1, f(3) = 2. Let F(B) = In(B).
It can be verified that f is Lp-weak contraction however, f is not Lp-contraction since for p = 4 and o = 3,
T+ F(d(fp, fo)) < F(d(p, 0)) does not hold for any T > 0.

Theorem 3.4. Let (X, L,d) be an O-complete metric spaceand F € §. Ifamap f : X — X be L-continuous, Lp-weak
contraction and L-preserving. Then, f has a unique fixed point in X.

Proof. As (X, 1) is an orthogonal set, therefore 3 an orthogonal element py € X such that
[oLpoVpeX] or [poLpVpeX] (2)
As po, fpo € X then by (2), we have

[fpo L pol or [poL fpol.

Define a sequence{p,},. in X, where p,.1 = fp, ¥ n € N. Since f is L-preserving. Therefore, {p,}, . is an
orthogonal sequence. Let us consider 9, = d(p,,, ps+1) forn =0,1,2,.... If for some ng € N, 9, =0

then, d(pu,, Pro,,) = O
implies pno = pnoﬂ = fpn()/

which gives that f possesses a fixed point. On the contrary, suppose that 9, # 0V n € IN. Since f is Lp-weak
contraction so ¥ n € IN, we have

F(3,) = F(d(Pn/ Pn+1) ZF(d(an—L an))

d( n—1r n) +d( nr n— )
<E(max{(pu 1, ), d(pus, fou 1), dlpu, fo), LT LSOO
d n—1r n +d nr n
F maX{d(pnfl,pn),d(pnfl,pn),d(pn,pm), (pu-1,p +12) (P )})—T

d(pu-1, pu) + d(Pn, Prs1) }) .

-
gF(max{d(pnq, Pn), AP, Prs1), >
-

F(max{d(pu-1, p), dlpn, puan)}) - .

If max {d(pn-1, Pn), A(Pn, Pu+1)} = d(Pn, pn+1) then from above, we have

E(S) <FS) -1,
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which is a contradiction (for T > 0). Therefore,
max{d(py-1,pn), d(pn, pu1)} = dpu1, pn) V1 eN,

and, F(3,) < F(8-1) —© < F(8y-2) — 2t < -+ < F(9y) — nt. 3)

Letting n — +o0 in (3), we obtain

liIP F(9,) = —c0.

Using (F2), we obtain
lim 9, =0. 4)
n—+co

By (F3) property 4 r € (0, 1) such that

lim 9,F(8,) =0. 6)

H—>+00
From (3), we have

9,F(8,) = 9,,F(8) < =9,nt.
Taking n — +o0 and using (4) and (5), we get

nlirflm nd;, = 0. (6)

On observing (6), we get that 4 n; € IN such that n9), <1V n > ny. Therefore,

9, <

T Yn>n. (7)

n

Next, we claim that the sequence {p,}, is @ Cauchy O-sequence. Consider m,n € N such that m > n > ny,
using (7) and triangle inequality of metric space d, we get

d(Pm/ pn) < d(Pm, Pm—l) +eot d(Pn+2/ Pn+1) + d(Pn+1/ Pn)
= Iyt -+ + 50

< i‘o‘ 9; < f 1/iY".
i=1 i=1

+00
Using convergence of Z 1/n'" (for r € (0,1)), we get {p,}, o is Cauchy O-sequence and by O-completeness
n=1

of X, {pn},c is convergent, that is, 3 p € X such that
Jim =P
Using L-continuity of f, we get

Jim pen = Hm fp, = fp.

Thus, p = fp. Hence, p is a fixed point of f. Now, we show the uniqueness of the fixed point. Let p* be
another fixed point of f which implies, f"(p*) = p* ¥V n € IN. By (2), we have

[po L p’] or [p"L pol
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Since f is L-preserving, therefore

[f"(po) L f(p)] or [f(p") L f*(po)l-

Also, f is Lp-weak contraction, thus

F(d(pn, p*)) = F@(f"po,p*))
= F(fpu-, fp")),
d(py_1, f0*) +d(0*, Fon-
< F(max{d( Onts 0 d(Prt, Fpmt),d(p", fO, (Pn-1 fp)er (" fp 1)})_T
d(pn_1, 0*) +d(0*, pn
= F(maX{d(pn_1,p*),d(pn_1,pn),d(p*,p*), (P, )2+ (0'.p )})—T

= F(maX{d(pn_l, 0),d(Pn-1, Pn), APn, p*)}) - T

We have following cases:

Case (i) : If max{d(pn—1, p*), d(pn-1, pn), d(pPn, p*)} = d(pn, p*) then V n € IN, we have
F(d(pn, 7)) < F(@d(pn, p7) = 7,

which is a contradiction for any 7 > 0.

Case (ii) : If max{d(p,-1, p*), d(Pn=1, pPn), A(Pn, p*)} = d(Pn-1, p») then ¥ n € N, we have
F(@d(pn, p) < F@(pur, pu)) =7 = E(Sp1) — .

Using (3), we get
F(d(pu, p)) < F(Su1) =T < -+ < F(8) — .

Taking n — +o0, we get
lim F(d(p,, p) = —oo.

By (F2) property, nliTm d(pu, p*) = 0 implies p = p*.

Case (iii) : If max{d(pu-1, p*), d(Pn-1, Pn), d(Pn, )} = d(ppn-1, p*) then ¥ n € IN, we have

Fd(pu,p)) < F(d(pp-1,p) -1
< Fd(pn2,p) =21 <--- < F(d(po, p*)) — n.

Taking n — +oo0 and using (F2) property, we obtain p = p*. Thus, we conclude that f has a unique fixed
pointin X. [J

Remark 3.5. Theorem 3.4 proved above provides a proper extension of Theorem 3.10 and Theorem 3.3 of [2] and [12]
respectively. The following example further substantiates the claim.

Example 3.6. Consider the orthogonal metric space discussed in Example 3.3. Then, the function defined in it can
be verified for L-continuous and L-preserving. Also, X is an O-complete metric space since for any arbitrary Cauchy
O-sequence {pnlnen in X, A a subsequence {pp,}n.eN Of {PnlnenN such that p,, = 0V k > ki or pp, =4V k > k; for
some ki, ky € N. Thus, {py, }n.en converges to 0 or 4. Therefore, {py}nen is convergent. Since all the conditions of
Theorem 3.4 hold. Thus, f has a unique fixed point which is p = 0 even though f is not Lp-contraction.
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Example 3.7. Let X = R* U {0} along with metric d on X defined as d(p, o) = max{p, c}. Defineamap f : X —- X
as

[ o0 forp € [0,1);
flp) = { 9/10 otherwise.

Consider F(a) = In(ar) and let p L o if and only if either p = 0 or 0 = 0. For d(fp, fo) > 0 where p L ¢ we must
have either p = 0and o € [1,+o0) or p € [1,+00) and 0 = 0. Let p = 0 and o € [1, +00) then, fp = 0and fo =9/10
so that

T+ F(d(fp, fo)) = 7+ F(d(0,9/10)) = 7 + In(9/10), (8)
and,
F(max{d(p, 0),d(p, fp),d(o, fo), 4(p, fo) ; (o, fp) }) = ln(max{a, 9/1g+ G})

ln(o). ©9)

From (8), (9) and for any value of T where 0 < © < —In(9/10), f satisfies Lg-weak contraction condition. For o = 0
and p € [1,+00), the contraction condition holds on similar lines as above. Also, f is L-preserving and L-continuous,
thus satisfying conditions of Theorem 3.4 and hence f possesses a unique fixed point viz. p = 0.

Theorem 3.8. Let (X, L,d) be an O-complete metric space and F € §. If amap f : X — X is Lp-weak contraction
and L-preserving such that

(I) F is continuous;

(ID If 3 an O-sequence {pnlpen in X is such that for p, — pasn — +oo we have p, L p ¥ n € IN or
pLp,VneN.

Then, f has a unique fixed point in X.

Proof. Working on the lines of Theorem 3.4, it can be shown that 4 an O-sequence {p,}, . such that p, — p
as n — +oo. We claim that p is the desired fixed point. However, once the existence of fixed point is
established then the uniqueness follows similar to Theorem 3.4. Suppose on the contrary that d(p, fp) > 0.

Case(i) : If {n € N : fp, = fp} is infinite. Then, 3 subsequence {p;, }n,en Of {pn}nen such that
fou = fp implies py11 = fp.
Taking limit n — +o0, we get p = fp, which is a contradiction.

Case(ii) : If {n € N : fp, = fp} is finite, that is, for some no € N, d(fpn, fp) > 0V n > ny. By given condition
we have [p, L pVneN]or[p L p, ¥neN]. Since f is L-preserving, therefore

[fon L fp¥neN] or [fpL fp,VYnelN]

As f is Lp-weak contraction, we have

‘) ns d ’ pn
T+ Fd(fpu, fp)) < F (max {d(pn, 0),d(pn, fpu),d(p, fp), d(pu, fp) (. f )})
ns ,JP d 7 Pn+
< F (max {d(pn,p),d(pn, pns1),d4(p, £P), d(pn, p) +d(p, fp) +d(p, p 1)})‘

Since p, — p as n — +oo. Therefore, 4 n; € N, such that

A(pn,p) =0 VY n>ny.
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Hence, ¥ n > max{ng, n1}, we obtain

d(pn, d(p, d(p, pu+
{1, ), £, "L ICIOLLLLD g, g,

Since F is continuous, on taking limit n — +oo in (10), we get

T+ F(d(fp, fp)) < F@(fp, fp)),

which is again a contradiction. Thus, we conclude that f has a fixed point pin X. [J

Remark 3.9. In Theorem 3.8, we have dropped the condition of L-continuity of f and instead we consider F to be
continuous function along with orthogonal F-weak contraction of f, which gives a more generalized result in this
setting.

Corollary 3.10. Let (X, L,d) be an O-complete metric space and F € §. Ifamap f : X — X is Lp-weak contraction
and 1 -preserving such that

(I) F is continuous;

(ID If 3 an O-sequence {pnlnen in X is such that for p, — pasn — +oo we have p, L p ¥ n € IN or
pLp,VnelN.

Then, f in X has a unique fixed point. Further, for each p* € X the Picard sequence {f"(p*)},p converges to fixed
point p of f.

Proof. The existence and uniqueness of fixed point can be proved on the steps of Theorem 3.8. We show
that Picard sequence {f"(p*)}, 5 converges to fixed point p, that is

lim f*(p") = p.

n—+o0

Since p* € X is any arbitrary point and X is an orthogonal set, therefore
[p" L pol or [poLp],
and as f is L-preserving, thus
[F"(p") L f"(po) YneN] or [f"(po) L f'(p") ¥V nelN]
Using Lp-weak contraction of f, we obtain
T+ F@(f"(0"), pu)) = T+ F@(f"(0), f*(po))
= T+ FA(f(f" (0, fF(f" (po))

< F(max{d( 77PN, pue1), AP, f1(0)), d(Put, pu),

d(f" ("), p) + d(pu-1, f"(p")) })
5 :

Now, as n — +co, p, — p. Therefore, we have

(10)

dn—l*’ndn_’n*
max{ A7), ) A0, ) + i, £, A, i), P Mt TP
=dm, £ )

Taking limit as 7 — +o0 in (10) and using continuity of F, we get
T+ Fd( lim f"p",p)) < F@( lim_f"p", p)),

which holds if and only if
JLim f*(p%) = p.

Thus, f is a Picard operator. [
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4. Application

The existence of solution to an ordinary differential equation arising in a mathematical model occurring
from real world problem can be verified using a suitable fixed point technique. The purpose of this section
is to apply the result obtained in Theorem 3.4 and to prove existence and uniqueness of the solution of an
ordinary differential equation:

0'(u)— f(u,0u) =0 ae uel=[0,T];

(11)
0(0)=a for a>1,

where f : I X R — R is an integrable function which satisfies the following;:
(D fu,v)=0Vuelandv > 0;
(I1) F a(u) € L1(I) and 7 > 0 such that
a(u)

|f(ul P(”)) - f(u, 97(”))| < et

Y p,q € L£1(I) such that p(u)q(u) > p(u) or p(u)g(u) > g(u).
Theorem 4.1. The differential equation given in (11) along with condition (I) and (1) has a unique solution.

|p(”) - Q(”)L

Proof. Let X = {p € C(I, R) : p(u) > 0 V u € I} and define a binary relation on X as
p L q implies p(u)q(u) = p(u) or p(u)g(u) > q(u)Vuel.

Then (X, 1) is an orthogonal set. Let A(u) = fou la(u)|du. Then we have A" = |a(u)| a.e u € I. Define a
mapping d : X X X — R* by

d(p,q) = llp — qll = supe™™| p(u) — q(u) |V p,q € X.
uel

Now, we claim that (X, 1, d) is an O-complete metric space. Let {p,},en be a Cauchy O-sequence in X then,
{Pn}nen converges to a point p in C(I). It is enough to show thatp € X. Let u € I then

Pu@)pui1(w) = pu(u) or  pu(u)pus1 () = pui1(u).

As py(u) > 0V n € N, then 3 a subsequence {py, }n.en Of {pu}nen for which p,, > 1 and since p, — p as
1 — +00 50 p,, — p as ny — +oo implies p(u) > 1. Thus p € X. Defineamap YV : X — X as:

(p)w) = + fo it pt)it.
Then:
(1) Y is L-preserving: Letp L g, then
Yp)w) = + fo Fp()de > 1,
which shows that (Yp)(u)(Yq)(u) > (Yq)(u) or (Yp)u)(Yq)(u) = (Yp)(u). Therefore, Yp L Y.

(2) Y is L-continuous: Let {p,},en be an O-sequence in X which converges to p € X. Then it is well evident
from previous working that p(u) > 1 implies p,(1) L p(u) ¥ n € N and u € I. Also,

AN Ypa) () — (Yp)(w)

IA

¢-AW fo £t pa(8)) = £t ple))it
e fo u () p(t))I@‘f%(t)@mdt

e‘A(“)e‘Td(pn,p)f (1) e O dt
0
E—A(u)e—fd(Pm p)(eA(u)—l)'

IA

IA

IA
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Since above inequality hold for any arbitrary u € [ and n € IN. So, we have
Ad(Ypn, Yp) < e (1 —e)d(p,, p) V n e N.

Thus Yp, — Ypasn — +oo.
(3) Y is Lp-weak contraction: Let p,q € X such thatp L g and d(Yp, Yq) > 0, then for each u € I, we obtain

WP - VW) < fo £, p(®), £t q(E)dt
< f e a®lp) - gl OOt
0
< ol A
< dlpg) fo )
< e, e - 1),
and, e AOYpw) — VW) < e ANEAD 1) d(p,g)
< (1-e e d(p, q)
< (1 -eahyetq(p, g).

Thus, it follows that
dYp, Yq) <e"d(p,q).

Taking logarithm, we get

dp, Yq) +4d(q, «Vp)})‘

T+ IndYp, Yq)) < ln(max{d(p, 0, d(p, Yp),d(q, Ya), ;

On defining F : R* — R by F(B) = In(8) we conclude that Y is an Lr-weak contraction. Therefore, using
Theorem 3.4, Y has a unique fixed point and hence differential equation has a unique positive solution. [J

Conclusion

In the main result of this paper we have introduced an orthogonal F-weak contractive condition in two
settings when (i) f is L-continuous, and (ii) F is continuous, to establish some fixed point results in an
O-complete metric space. The application of this theory plays a crucial role in finding the solution of an
ordinary differential equation.
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