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Abstract. In this article, we study the existence and uniqueness of solutions for a boundary value problem
of coupled system of Caputo-Hadamard fractional differential equations in a bounded domain. Banach

contraction mapping principle and Schaefer’s fixed point theorem are the main tools of our study. An
example is presented at the end to support the main result.

1. Introduction

During the last three decades, fractional calculus and its applications become diversified more and
has materialize as a significant tool for the comprehensive applications in mathematical modeling of
nonlinear systems. The nonlocal nature of fractional order operators accounts the hereditary properties
involved in various systems in terms of fractional differential operator. For further reference, see [7, 13,
23, 24] and the references cited therein. The definitions like Riemann-Liouville (1832), Grunwald-Letnikov
(1867), Hadamard (1891,[11]) and Caputo (1997) are used to model problems in applied sciences and
the formulations are used to model the physical systems and has given more accurate results. In 1891,
Hadamard introduced the new derivative. For more details, one can refer [3, 20-22] and the references
cited therein. A new approach called Caputo-Hadamard derivative [15], obtained from the Hadamard
derivative and is applied to solve for physically interpretable initial condition problems. For the recent
results in Caputo-Hadamard derivative, one can cite [1, 2, 4, 6, 9, 12, 14, 25-27] and the references therein.

Recently, nonlinear boundary value problems for coupled systems of hybrid differential equations of

fractional order have many more applications. For more details, one can refer to [5, 16-19]. In 2008,
Benchohra et al.[10] discussed the Caputo fractional derivative of order p

‘DFI(t) = fi(t, S(t)), fora.e. t€[0,T], O0<p<1,
a19(0) + b19(T) =0
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with f; : [0, T] x R — R s a given continuous function and a3, b, c1 € R such thata; + b; # 0.
In 2017, Arioua et al. [8] consider the following problem

‘DSt + fi(t,9(1) =0, for 1<t<e 2<p<3,
with the fractional boundary conditions:
8(1)=¥'(1)=0, (DI'9)(e) = (D*8)(e) =0

where °D? denotes the Caputo-Hadamard fractional differential equations of order pand f; : [1,¢] xR — R.
In 2018, Benhamida et al. [11] investigated the following Caputo-Hadamard fractional differential
equations with the boundary conditions:

yDP3(t) = fi(t,S(t)), fora.e. te[1,T], 0<p<1,

mI(1) + bls(T) =1,

where {,D? denotes the Caputo-Hadamard fractional differential equations of order p with f; : [1, TIJXR — R
and the real constants a1, b; and ¢; such thata; + by # 0.

Motivated by the above mentioned works, we consider the system of hybrid nonlinear Caputo-
Hadamard fractional differential equations:

$DV [z(0)] = 01t 2(b), S(1), t€ [1,T], 0<y1 <1, 1
<D [9()] = Ot 2(1), (D)), t € [1,T], 0 <& <1, (1)

supplemented with
az(1) + blz(T) =c, a9(1)+ sz(T) =0 2)

where §, D1, %Dél denote the Caputo-Hadamard fractional derivatives of orders y; and 01, respectively, the
given continuous functions 6; : [1, T] X RXR — R, i =1,2 witha;,bjandc; €R, i =1,2.

Now, we extend the problem considered in [11] to a boundary value problem of coupled hybrid Caputo-
Hadamard fractional differential equations. For the existence part of the solution, we use Schaefer’s fixed
point theorem and the uniqueness, we apply Banach contraction mapping principle.

Remark 1.1. Problems [10] defined on (1) and (2) are applied for an initial value problem when (a;=1 and b;=0),
boundary value problem when (a;=0 and b;=1) and have antiperiodic solutions (a; = 1and b; =1,¢; =0,i=1,2).

Section 2 states the preliminary concepts and the discussion of auxiliary lemma related to the problem
athand. Section 3 dealt with the main proof the existence results of problem (1) and (2) while an illustrative
example for the obtained result is discussed in Section 4.

2. Preliminaries

Definition 2.1. ([20]) If h : [1,+o0) — R, a continuous function then the Hadamard fractional integral of order g,
is defined by

1 ! t\11-1hy(s)
m - Hyr—mts)
HI™h(t) r(lh)fl (logs) S ds, g1>0, t>1

provided the integral exists.
Definition 2.2. ([20]) For the function hy : [1,+00] — R, the Hadamard fractional derivative of order y1 is defined
as
1 dvi (*/ Eima-1hy(s)
q1 = —_ - 7 -
(DT hy)(1) F(n—ql)(dt) ﬁ (lns) . ds, n—-1<q<mn,
= 0" (""" h)(t),

where n = [q1] + 1 [g1] is the integer part of the real number.
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Definition 2.3. ([15]) The Caputo-Hadamard fractional derivative of order q; where g1 2 0, n — 1 < q1 < n, with
n=[q1]+ 1and hy € AC;[1,00)
G0 = o [ Goaly o =

Lemma 2.4. ([15]) Let h1 € ACg[ ,+00) and g1 > 0. Then

n=1 ¢;
I8 D) (0) = ha(r) - Y 2Lt

(logt

i=0

Lemma 2.5. Suppose h; : [1,+00) — R is a continuous function and a solution z is defined by

2(t) = %yl) f1 t(ZOgé)yl—lhl(s)% - m f1 T(logg)%—lhl(s);—s o - 2 3)
if and only if

gD z(t) = (t), 0<y1 <1 4)
and

mz(1) + biz(T) = c1. )
Proof. Assume z satisfies (4). Then Lemma 2.4 implies

z(t) =g "y (t) + dy (6)

when we apply the boundary condition (5), we get

z(1) = dq
z(T) =g " hy(T) + dy
a1z(1) + b1z(T) = ¢
ardy + bi[al" hi(T) +z(D] = &1
a1z(1) + bygI" by (T) + b1z(1) = ¢
(@1 + b1)z(1) + big "' (T) = ¢
c1 — bigl"hy(T)
W=+
which leads to the solution (3) that

2(8) =4 Iy (8) — —23 = () +

(1 +b) bl'

Conversely, equations (4)-(5) hold forz. O

3. Main results

Let us now consider a Banach space W = {Z(t) | 2(t) € C([1, T])} from [1,T] XR — R endowed with the
norm |2l = sup{lz(t)| : 1 < t < T}. Let the absolutely continuous function is defined as

AC?([el,(i‘z] X R, R) = {h1 : [61,62] XR—>R: (Sn_lhl(t) € AC([El,Ez] X R, R)},

where 6 = t%. Then the product space (W x 2, ||(Z, 9)I) endowed with the norm

z J) € W x W is a Banach space. Let us now consider the Banach space & of all continuous functions
& 1 [1,T] — R endowed with the norm |||l = sup{|E(3)| : 1 < &t < T}. Then the product space (S x ©)
endowed with the norm ”(cf, §)|| = | 3 3|, (£, 8) € © x Sis also a Banach space.
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(A1) Let 61,0, : [1,T] Xx R X R — R and there exists constants m;, n; such that, for all t € [1,T] and
Xi, Yi € er =12,
|91(f, x1,%2) = O1(t, yl,yz)| < mlxr = yal + molxo = vol,
|0a(t, x1, %2) = Oa(t, y1, y2)| < malx1 = 1| + malxa — al.
(A2) sup 01(t,0,0) = N1 < oo and sup 0,(t,0,0) = N, < co.
te[1,T] te[1,T]
(A3) There exists M; > 0, M, > 0 such that
|91(t/ x(t)/ ]/(t))| < Ml/ |92(tl X(t), ]/(t))| < M2~

For the ease of computational calculation, we pose

- [ |b1| ] (logT)"

lar + 011T (1 + 1)
[1 b ] (ZOQT)E>1
|ﬂ2 + bzl 61 + 1)
&1 |co
= <1 and = <1.
Q= h Q= v b

(A4) From the assumptions in the above, we also consider P;(my + mjy) + Pa(n1 + np) < 1.
In view of Lemma 2.5, we define an operator ¢ : I X W — W x W and (1)-(2) becomes

_{ ¢ d0
Q@”m‘(@@am)' )

where

Ty\n-1 d 1

1 d by T
&@%_FWMM+ML£UWE) QO% o n

t\r1i-

(pl(z,S)(t)z%yl) f1 (log )

and

1 (Tt ﬁ1 by T T, d o
@@”@‘wmlxwé G”Msr%mﬁmxfowﬁ OOt by
Theorem 3.1. If (A1) to (A4) hold, then B, C B,, where B, = {(z,9) € WX W : ||(z, )|l < r}is a closed ball with

r=Py(my + my) + Pa(ny + np) < 1.
Moreover, (1) and (2) have a unique solution on [1,T].
Proof. Let (z,9) € B, and t € [1,T], (A1) becomes
161(£, z(£), S())] < 161(¢, z(£), 9(1)) = O1(£, 0, 0)] < m|zlloo + m2]|9]co-

Similarly, one can find that
102(t, 2(t), S()] < mllzlleo + 12|19 lco-

Then we have

lp1(z, ()] < [1 T] [F(V ) f log |61(S z(s), 9(s)) — 61(s,0,0)) + 61(s, 0, 0) -

&1
|ﬂ + b1|

|1 | Tyn-
m (logg) |61(S Z(S) \9(5)) - 61(5 0, 0) + 61(5 0, 0)'
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<

[ oaly e+t + M)
Tom J, \75) e g,

|b1]
C(ylar + b1l Sy
(logT)" |b1|
< 1+
r()/l + 1)( |a1 + b1|

T
Ty\rn-1 d
(log )" (mlal +mal] + Ny) = + Qs

Jimalzl + mal8] + N) + Qu.

Thus

(logT)" b1
loa(z OOl < Fo=5 (14 220
< Pi(mllzlleo + mall9leo + N1) + Q1
< (lel + Pzﬂ’lQ)?’ + P N7+ Q1

< Py(my + mo)r + PIN7 + Q1.

Jimllzlleo + mallSlleo + A1) + Q1

In a similar way, one can derive that
lp2(z, ) (B)lleo < [Pa(r1 + n2)]r + PoN> + Q.

From the foregoing estimates for ¢ and ¢, it follows that [|¢(z, 9)(f)ll < 7. Next, for (z1,91), (z2, 92) € WXW
and t € [1,T], we get

s | (log 1y 101(5,22(5), 92(5) — 0165, 216), 1) -
F()/1)1g5 1(5,22(8), v2 1(5,21(8), v1 ds

|b—1| fT(lo I)F’l*l |01(3, 22(3), 92(s)) — O1(s, z1(s), 91(8))] i
F()/l)|611+b1| 1 gs 18, 2285), V2 15, 4105), V1 s

logT)"
< [1 by (logT)
a; + bl F(yl + 1)
= Pymillzo = z1lleo + P1m2||92 — 91lleo

|p1(z2, 92)() — 1(z1, 91)(#)| <

][rmllzz = Z1leo + m2[|92 — 91||oo]

which implies that

lp1(z2, 92)(t) = p1(z1, )W), < Prlmy + m)|llz2 = zalleo + 1192 = 91l (8)

In a similar way,

9222, 92)() = @a(z1, S|, < Palmy +m2)|llz2 = zilleo + 182 = S1llss - 9)
From (8) and (9), we deduce that
P2, 92)(t) = p(z1, 91)(#)|| , < [P1(my +m2) + Pa(my +12)] (llz2 = z1lleo + 192 = D1 lleo) -

In view of condition P;(m1 + my) + Pa(n1 + np) < 1, it follows that the operator ¢ possesses a unique fixed
point. This leads to the conclusion that the problems (1)-(2) have a unique solution on [1, T]. This completes
the proof. [

Theorem 3.2. Let the hypothesis (A1) and (A2) hold. Then (1)-(2) has at least one solution on [1,T].

Proof. The proof will be given in several steps.

Step I: The operator ¢ : W x W — W x W is continuous.
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By the definition of 6; and 65, the operator ¢ € W x W is bounded. Let (z,, 9,) be a sequence of points in
I x W converging to a point (z,9) € W x W. By Lebesgue Dominated Convergence Theorem,

¢ _
91, 90)0) = 1z 0 = o= [ (1095) 1016, 20(9, 9,9 = 045,26, Sl

|b1| T Tyl d
~Tomm s S, (095) 1016200, 84(6) = 0165, 26), SO

[ |b1| ] (logT
|ﬂ1 + b1| F(y + 1)

161, zn(.), 91()) = 01(., 2(.), S()lleo-

Forall t € [1,T], 0, is continuous, we have ||Q1(zx, 91) — 1(z, 9)lle = 0as 1 — 0.

Similarly, we can prove [|@2(z, 34) — @2(z,9)lle — 0 asn — oo for all t € [1,T]. Hence, it follows
from the foregoing inequalities satisfied by 1 and ¢, that the operator ¢ is continuous.

Step II: Let ¢: C([1, T] X R X R — R), there exist positive constants £; and £, such that for each
(ZI ‘9) € BV] = {(Z/ ‘9) € C([ll T] X R X R/ R) : “ZHOO < V;}/

certainly for any vj > 0, we have

1 g ty\r1-1 d
i 9)0] = 75 [ (o9) 1016520, SN
Ib1| T Ty d c
Fonm T s (log )" 10:16,25), 96Dl - + -4
e bal_q GogTy" e
1 ogl)" cal
llpr(z, )l < 1+ s bll]r(% oMt L

Thus we deduce that [lp1(z, 9)(Hll < £L1. In a similar fashion, it can be found that [lp2(z, 9)(Hlle < Lo
Hence it follows from the foregoing inequalities that ¢; and ¢, are uniformly bounded and hence ¢ is
uniformly bounded.

Step III : Next we prove that ¢: C([1,T] X R X R = R) is equicontinuous. Let 71,7, € [1,T] with r1 < r,.

|(P1(Z(r2),3(1’2) — @1(z(r1), 8(r1))| < %}/1) j;l [(1092_2)71—1 _ (logrs_l))’l—l] |61(s, z(s), 9(s))| %

1 %) o e d

“ o e I 26, 561 ¢
M )

<, + Ll = Cogn)”]

-0 as r —n.

Analogously, we can obtain that

|p2(2(r2), 8(r2) = pa(2(r1), 8(r))| < F(é—[aogrz — (logr1)™ .

Therefore the operator ¢ is equicontinuous and hence the operator ¢(z, 9) is completely continuous.
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Step IV : We show that the set
P={(z9eWxW: (z,9) = ¢p(z9I), 0< A <1}
isbounded. Let (z,9) € Pand t € [1, T]. Then it follows from z(t) = A1¢1(z, 9)(t) that 3(t) = A1@a(z, 9)(¢) that

Lo bl d b1 T Tyi-1 d ¢

mmsﬁ—5 w%)|&@mmmm£—ﬁﬁﬁjm-lﬁﬁj 101(5,2(5), SNz + -

[ |b1| ] ZO!JT)’” leil _R
lar + b1 1T (1 + 1) |111 + b1|
It < R (10)
and

bo] 1 (logT)" ol

1300 < 1+ G ™ e ()

Hence, from (10) and (11), we obtain
llzlleo + 19l < R

which implies that
Iz, 9)lleo < R.

Hence P is bounded and therefore by Theorem 3.2, ¢ has a fixed point. Then the problem (1)-(2) has at least
one solution on [0,T]. Thus the proof is completed. [

4. An example

Example 4.1. Consider the system of coupled fractional differential equations:

9
¢« DV2(z(1)) = 2(n+§1f§)+%
¢ /2 3  |cosz(t)] 1 5
nD (3(1)) = 401 + | cos z(t)| in 8(t) + (12)
z(1) + z(e) = 0,
3(1) +9(e) =0, (13)

Herey, =01 = %, T=ea1=bi=a,=by=1,c1 =c, =0, and

2 %) 2
016, 2():5() = 5520)+ 59 + 7
3 |cosz(t)| 1 5
Oat, (1), () = 157 cos 2@ * 2 2 sin (1) + -
1753 T2 79 TP a0 7T 26

From the given data, we find that P1 = P, = 1.6930. Therefore P1(m1 + my) + P2(n1 + np) = 0.632157735 < 1. By
Theorem 3.1, the problem (12)-(13) with the given 01(t,z, ) and 0,(t, z, 9) has at least one solution on [1, T].
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