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Abstract. In this paper, we first establish a sharp version of Landau-type theorem of polyharmonic
mappings. Then, we establish two versions of Landau-type theorems of polyharmonic mappings by
applying Cauchy-inequality, which improve the corresponding theorems given in Luo et al.(Computational
Methods and Function Theory, 23(2):303-325, 2023). Finally, three new Landau-type theorems of log-p-

harmonic mappings are established, one of which improves upon a result given in Bai et al. (Complex
Analysis and Operator Theory, 13(2):321-340, 2019).

1. Introduction

Suppose F(z) = u(z) + iv(z) is a 2p times continuously differentiable complex-valued mapping in a
domain D € C, where p is a positive integer. Then F(z) is said to be polyharmonic (or p-harmonic) in D if
F(z) satisfies the p-harmonic equation

APF = A(WHF =0,
where A := Al represents the usual complex Laplacian operator

> *? >
=Tt o
Obviously, for p = 1 (resp. p = 2), we obtain the usual class of harmonic (resp. biharmonic) mappings

A complex-value function f(z) is a harmonic mapping in a simply connected domain D if and only if f(z)
has the following representation f(z) = h(z) + g(z) with f(0) = h(0), g(z) and h(z) being analytic in D (for
details see [4] ).

It is well-known (cf.[11]) that a mapping F(z) is polyharmonic in a simply connected domain D < C if
and only if F(z) has the following representation

P
Fz) = ) P* NG, i (2),
k=1
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where G,_¢+1(z) is harmonic on D for each k € {1,...,p}. In particular, F(z) is a biharmonic mapping in a
simply connected domain D if and only if F(z) has the following representation

F(2) = 12 g(z) + h(z),

where ¢g(z), h(z) are harmonic on D (cf.[1] ).

A mapping F(z) is called a log-p-harmonic mapping if and only if log F(z) is a p-harmonic mapping.
When p = 1, F(z) is called a log-harmonic mapping. When p = 2, F(z) is called a log-biharmonic mapping.
Hence, F(z) is called a log-p-harmonic mapping in a simply connected domain D C C if and only if F(z) has
the following representation

p
F@) =[] gprn @,
k=1

where g, i,1(2) is log-harmonic on D for each k € {1, ..., p}(cf. [14] ).
For a continuously differentiable mapping F(z) in D, we define the maximum dilation and minimum
dilation respectively as follows:
Ar) = max [€OF.(2) + ¢ UF(2)| = IF.2)| + IF=(2),
and , .
Ap(z) = min |eF.(2) + e F(2)] = [IF(2)] ~ IF(2)Il
0<0<2n

Denote the Jacobian of F by
Jr = IF:(2)P = IF=(2).
LetU = {z € C : [z| < 1} be the unit disk, and U, be the disk with center at the origin and radius 7 > 0. The
classical Landau’s theorem states that if f is an analytic function in the unit disk U with f(0) = f/(0)-1=0
and |f(z)] < M for z € U, then f is univalent in the disk U, with py = m and f(Up,,) contains a disk

|w| < Rg with Ry = Mp%. This result is sharp, with the extremal function fy(z) = Mz%. Furthermore, the
Bloch theorem asserts the existence of a positive constant number b such that if f is an analytic function
on the unit disk U with f’(0) = 1, then f(U) contains a schlicht disk of radius b, that is, a disk of radius b
which is the univalent image of some region in U. The supremum of all such constants b is called the Bloch
constant (for the detail see [6, 12]).

Since Landau’s theorems of harmonic mappings were given by Chen et al.([6]) in 2000, many authors are
keen on Landau-type theorems for harmonic mappings, biharmonic mappings and polyharmonic mappings
(I3,7,9,10,15-20, 22, 23, 27]). Meanwhile, there are many Bloch'’s theorems for different functions. In 2002,
Mateljevié [24] gave a version of Bloch’s theorems for quasiregular harmonic mappings. And in 2017, Chen
et al. [8] obtained a Landau-Bloch type theorem for harmonic functions in hardy spaces.

There are many good results, but the sharp results are rarely seen. Recently, Luo and Liu ([23]) established
following theorem for polyharmonic mappings, which improved the related result of Bai and Liu in [3].

p
Theorem A([23]) Suppose F(z) = Y. |z**"G,_,1(2) is a polyharmonic mapping in the unit disk U,
k=1

with F(0) = A(0) — 1 = 0, and satisfying following conditions:
(i) Gpk+1(z) is harmonic in U, and G, ¢41(0) =0 fork € {1,--- ,p};
(i) forke(2,3,---,p} IGp-r+1(2)| £ Mp—gs1, and Ag,(z) < A, forz € U.
Then My_k41 > 0, Ay > 1, F(z) is univalent in U,,, and F(U,,) contains a schlicht disk Uy, where p; is
the minimum root in (0, 1) of the equation

Ap(1=Apr) Z’“: rz(k_l)[ My g1 8(k— 1)M,,_k+1] 0 M
— _ 2 4
Np—r = (1l —r?) T
and
d 4M,,_
’ 1 _ k+1
p) = A2p1 + (A = Ap)log(1 - i_p) -y e e, 2

k=2
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When M, 41 =0,k =2,...,p, the result is sharp.
Meanwhile, another two new theorems for polyharmonic mappings were established.

Theorem B([23]) Suppose F(z) = Z |zP* DG, _t.1(z) is a polyharmonic mapping in the unit disk U,

with F(0) = 0, and satlsfymg following condltlons
(i) forke{l,---,pl, Gprs1(2) is harmonicin U, and Ag, ,,,(0) = 1 = Gp—+1(0) = 0;
(i) forke{2,---,pl, |Gpkr1(2)| < Mp-ks1, Ag,(2) < Ay forall z € U.
Then fork € {2,---,p}, Mp_11 2 1, A, 2 1, F(2) is univalent in U,,, and F(U,,) contains the schlicht disk
Uy, where p; is the minimum positive root in (0, 1) of the following equation

AL =Apr) & s 21 2k = (2k = 1)
A ; [(Zk — DK1(Mpir1)r** > + Ko (Mpges1)r e ] 0. 3)
and
14 ka
Py = A2ps + (A3 = A,) log(1 - _,, =Y K3t + Kz(Mp,m)l_—Zm], (4)
k=2
where
. AM, i1 , AM, i1
Ki(Myo1) = min { (V2 =1, =252 KoM 0) = min { (02, =2, =22

When My, 41 =1,k =2,...,p, the result is sharp.

Theorem C([23]) Let F(z) = Z |z |20 1)G,, k+1(2) be a polyharmonic mapping in the unit disk U, with

F(0) = Ar(0)—1=0,and satlsfymg the following conditions:
(i) forkefl,---,p}, Gyrs1(z) is harmonic in U, and G, x41(0) = 0;
(ii) forke {2, 3, <, pl AG, 11 (2) £ Aprs1, and |Gp(z)| < M), for z € U.
Then Ay 411 2 0,M, > 1, F(z) is univalent in Up,, and F(U,,) contains a schlicht disk Uy, where p3 is
the unique positive root in (0, 1) of the following equation:

1- 1<2<M>(1 2(2k DAy D =0, (5)

and

ps=ps— Z P3N (6)
k=2

When M,, = 1, the result is sharp.

On the other hand, Liu and Luo obtained the sharp results for Landau’s theorem of polyharmonic
mappings with conditions Ag,(z) <1, and Ag, ,,,(2) < Apss+1, k€1{2,3,---, ph.

Theorem D([20]) Suppose thatpisa positiveinteger,p > 2, A, ---, Ap_1 > 0. LetF(z) = X 12P* VG, _r11(2)
be a polyharmonic mapping of U, where all G, ;1 are harmonic on U, satisfying G, ¢+1(0) = Ap(0) -
fork=1,2,---,p. If Ag,(z) <1, and AG, 4 (z) £ Apkr1,k€{2,3,--- ,p} for all z € U. Then F(z) is univalent
in Up,, and F(Uy,) contains a schlicht disk Uy, where

-1
1, if z(zk+1)A <1,

P4 1 ()
ol if Z(2k+1)A L1,
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and pj is the unique root in (0, 1) of the equation

1- ) @k+ 1A, % =0, (8)

and p; = pg — Zi;i p—kp3*1. Moreover, these estimates are sharp, with an extremal function given by

p-1
Fiz)=z— Z ApilzPz. (9)
k=1

In 2012, Li and Wang firstly obtained the following Landau’s theorem for log-p-harmonic mappings
with condition of J¢(0) = 1.

Theorem E([14]) Let f(z) = H Pp—k+1 (z)IZI "be a log-p-harmonic mapping of the unit disk U, where

Jp-k+1(2) is log-harmonic with gp k+1(0) = gp(0) = Jf(0) = 1, |gp-k+1(2)| < My, for k € {2,---,p}, and
|7,(z)] < Mz, where M; > 1 (i = 1,2) are positive constants. Then there exists ps € (0,1) such that f(z) is
univalent in U,,, where ps satisfies the following equation

.. T(M)ps(2 - ps) 4M; 2%k-1 _
M) S TR Rl Zp e ka 1o

where M =logM; + 1 (i = 1,2).
Moreover, the range F(U,;) contains a univalent disk U(zs, pz'), where

Z5 = cosh(%), py = min{sinh(%), cosh( f/‘%)sm( f/g)}, (11)
T(M; a0
o= o) - o - s Lot} o

In 2019, Bai and Liu improved the Landau theorem of log-p-harmonic mapping with the condition of
Af(0) = 1.

Theorem F([3]) LetF(z) = H Jp- k+1(z)‘z| ““bea log-p-harmonic mapping of the unit disk U, satisfying

£(0) = g,(0) = A£(0) = 1. Suppose that foreachk € {1,---,p}, we have
(i)  gp-r+1(2) is log-harmonic in U,
(i)  19p-k+1(2)] £ Mp_r41, Let G, = log g, and Ag,(z) <Ay, where My 11 2 1,A, > 1.
Then there is a positive number ps such that F(z) is univalent in U, where pg (0 < ps < 1) satisfies the
following equation

e P A2 -1
4 8 14 r
1————— Y M =Y kM - =0, 13
(1 —12) kle pk I;‘ T —n) A, 1-7 (13)
where M; o1 = log M, r1+7,k = 2,3, ,p. Moreover, the range F(U),,) contains a univalent disk U(zs, py),
where

’ ’ ’

Z6 = cosh(%), p¢ = min { sinh(%), cosh( f/%) sm( i)/%)}, (14)
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A2 -1

p-1 4M* Pe
, —k
P = P+ ——lpe +log(1 = pe)l = ) pE —="
P k=1

(1~ pe)’

(15)

However, Theorem A is not sharp for M, x41 > 0,k = 2,3,...,p, and Theorem F is also not sharp. In
this paper, we first establish a sharp version of Landau-type theorem for polyharmonic mappings with
extremal function given by Example 3.2. For Example 3.2 satisfying with the hypothesis of Theorems A, it
is natural to pose a Conjecture. Next, we establish two versions of Landau-type theorems of polyharmonic
mappings by applying Cauchy-inequality, which improve the correspondent results for Theorems B and C,
respectively. Finally, three new Landau-type theorems of log-p-harmonic mappings are established, where
Theorems 3.9, 3.10 and 3.11 are the corresponding forms of Theorems 3.4, A and 3.5, respectively.

2. Preliminaries

In order to establish our main results, we need the following lemmas.
Lemma 2.1 ([5]) Suppose that f(z) = fi(z) + f2(z) is a harmonic mapping with fi(z) = Y., a,2" and
fo(z) = Yoy buz" being analytic in U. If |f(z)] < M for all z € U, then

Af(Z) < )

_ M
n(l—1|zP)

Lemma 2.2 ([6]) Let f be a harmonic mapping of the unit disk U with f(0) = 0 and f(U) c U. Then

4 4
|f(z)] < —arctan |z| < —|z|, forz e U.
T i

Lemma 2.2 is called Schwarz type Lemma of complex-valued harmonic functions with f(0) = 0. Later,
Hethcote[13] obtained sharp inequality by removing the assumption f(0) = 0, and then Mateljevi¢ et al.
[25][26] gave the improvements of Hethcote’s result.

Lemma 2.3 ([22]) Suppose that f(z) = fi(z) + f2(z) is a harmonic mapping of the unit disk U with
1(z) = _1 a,z" and fr(z) = _q byZ". satisties |f(z)| < orallze U an =1,then M > 1, an
Yome1 Ax2" and fo( Yoo bz If isfies | f(z)] < M for all z € U and Af(0) = 1, then M > 1, and

la1| + |b1] < K1(M) = min{ V2M? -1, %}. )
The inequality (2) is sharp for M = 1, with fy(z) = z being an extremal mapping.

Lemma 2.4([27]) Suppose that f(z) = fi(z) + f2(z) is a harmonic mapping of the unit disk U with

fi(z) = Yooy anz" and fo(2) = Y. 0rq buz".
(1) If f satisfies |f(z)| < M for all z € U, then

Y (laal + b)) < 2M2. 3)
n=1
(2) If f satisfies |f(z)] < M for all z € U and J¢(0) = 1, then

(i(lan| + |bn|)2)i < VM*-1- /\f(O), (4)
n=2

where

2 _
A4(0) = Ao(M) ={ VE v LSMs=Mo=

-
2 V2r2-16~1.1296 (5)
%, M > M.
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(3) If f satisfies |f(z)| < M for all z € U and Af(0) = 1, then

(i(w + |bn|)2)% < V2P 2. ©)
n=2

Lemma 2.5 ([21]) Suppose f(z) = h(z) + ﬁ is a harmonic mapping of the unit disk U with h(z), g(z)
are holomorphic in U, h(0) = g(0) = A¢(0) =1 =0, Af(z) < Aforall z € U. Then
(i) For two distinct points z1,z, € U, (r < %),
A
e - feal 2 252

|z1 — za|.
(ii) For z = re' € JU,,
If@)| > A% + (A3 = A)In(1 - %).

Lemma 2.6 ([23]) For z,z; € Uy, k, j €€ N, we have
|21 2] — 22l 2| < @k + j)r*T Nz — 2.

Lemma 2.7 ([23]) Suppose f(z) = h(z) + g(z) is a harmonic mapping of the unit disk U with A1¢(0) =1
and f(0) = 0. Then |f(z)| < 1 for all z € U if and only if Af(z) <1 forallz € U.

Lemma 2.8 ([20]) Suppose that p is a positive integer and 0 < 0 < 1,0 < p < 1. Let f(z) be a log-p-
harmonic mapping of U satisfying f(0) = A¢(0) = 1. Suppose that f(z) is univalent in U, and F(U,) > Uy,
where F(z) = log f(z). Then the range F(U,) contains a schlicht disk U(wy,r9) = {w € C : [w — wq| < o},
where

wo = cosho, ry=sinho.

Moreover, if p is the biggest univalent radius of f(z), then the radius 7y = sinh ¢ is sharp.

3. Main Results

Applying Lemma 2.6, we first establish a sharp version of Landau-type theorem for polyharmonic

mappings.
Theorem 3.1 Suppose that Ay > 1, My 41 2 0, |Gpgs1| < My ki1 fork € {2,---, p} and |Gy| = A,. Let

4 zC-+
FiE) = Y Gl 246, | —ac
k=2 A,

Ay

be a polyharmonic mapping of the unit disk U. Then Fi(z) is univalent in the disk U,,, where r; is the
unique positive root in (0, 1) of the equation

Ap(L=Apr) 2(k-1)
T Z(Zk 1)Mp k+17 ( 0

and F;(U,,) contains a schlicht disk Ug,, with
Ry = Aﬁrl + (AZ Ap)log(l - — ZM,, fr1 2

Both of r{ and R; are sharp.
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Proof Firstly, we prove Fi(z) is univalent in the disk U,,. To this end, we choose two distinct points
21,z in the disk U,(r < r1). Then, applying Lemma 2.6, we have

|F1(Zl) - Fi(z2)l

Z1 C’_AL
pkllzll( 1)ZHrGf I ~dC -
0o 1-

c
A.n
p 2 ( — AL
Z pket |22z — pr ; dC‘
k=2 o 1- A_p
22 C - AL 4
> Ap| f Cp dC| - ZMplel |z 26Dz — |26z,
a 1-% P
1 _
A
> A -2l - Z(zk DMy Va1 - 2z
Ap k=2
(1= Apr)
= [p/\p— - Z(Zk M1 7?*™ 1)]|Z1 —2zo| > 0.

Thus, we have Fi(z1) # F1(z2), which proves the univalence of F(z) in the disk U,,.

Next, we prove the sharpness of r1. Considering the real function

1

x C
f) = ZM,, e —Afol >, x € [0,1].

A

Then

_ p
fx)= A T Z(Zk — DM **D.
p

k=2
Because f’(x) is strictly monotone decreasing on [0, 1], and
4
FO=1,£0)==Ay - ) @k=1)M, 1 <0,
k=2

so f'(x) = 0 for x € (0,1) if and only if x = r;. Hence f(x) is strictly monotone increasing on [0, 1]
and strictly monotone decreasing on [r,1]. For every fixed ' € (r1,1), there exists two distinct points
x1,%2 € (0,77), f(x1) = f(x2). Thus, r; cannot be replaced by any bigger number.
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And for any point z = #1¢? on dU,,, we have
yp 1

l- 4+
R = \Z T
AP
AP
> ‘ 1 _dc’ ZMP k+17’1
1 1 _ t p
4 k
> Apf ——dt- ) My ar?
Aﬁ k=2
" t_ x 2k—-1
= -A, f gt - ZMP e
o =7
= A2r + (A - Ap)log(1 - —) - ZM,, X =Ry,
r C — A_
— ’ k—
f(rl) = _Apﬁ _ Aédc ZMp k+17'% !
r z
= Alr+ (A - Ap)log(1 - ks Y My =R,
Hence R; is sharp. This completes the proof. ]

By the proof of Theorem 3.1, we obtain the extremal function F»(z) by the following example.
Example 3.2 Suppose that Ay > 1, M, 41 20,k € {2,---,p}. Let

P : (- AL
Fa@) = = ) MycatlP 0z -, [~ e
0

k=2 Ay

be a polyharmonic mapping of the unit disk U. Then F,(z) is univalent in the disk U,,, and F»(U,,) contains
a schlicht disk Ug,, where r1 and R; are given by Theorem 3.1. Both of r; and R; are sharp.

We note that the polyharmonic mappings in Example 3.2 satisfying the hypothesis of Theorem A, it is
natural to pose a conjecture as follows:

Conjecture 3.3 Under the hypothesis of Theorem A, F(z) is univalent in U,, and F(U,,) contains a
schlicht disk Ug,. This result is sharp, with #1, Ry, and the extremal mapping are given by Example 3.2.

Next, we establish a new version Landau-type theorem by adding extra conditions Ag,,,,(0) = 1,k €
{2,3,--+,p} to Theorem A, which is sharp when M, ;1 = 1(k = 2,3, ,p). We prove the following result
with a method of proof of [27].

p
Theorem 3.4 Suppose F(z) = Y. [z**"VG,_,1(z) is a polyharmonic mapping in the unit disk U, with

k=1
F(0) = 0, and satisfying following conditions:
(i) forkefl,---,p}, Gyrs1(z) is harmonic in U, and AG, ki (0) =1 =Gpss1(0) =0;
(i) forke(2,---,p} |Gpis1(2)| < Mp_gs1, Ag,(z) < Ay forallz € U.
Then fork € {2,---,p}, Mp_xs1 2 1, Ap 2 1, F(2) is univalent in U,,, and F(U,,) contains the schlicht disk
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Ug,, where r; is a unique root in (0, 1) of the equation A;(r) = 0, A;(r) is defined by the following equation

1-Ayr) &
Ar) = ”( ) Z r2<'<-1>[(2k 1)Ky (Mp—gs1)
k=2
2(k -1 V4 -3r2 + 14
v v - 2(( LA L 3r;”)], (1)
P TN T A
) AM, 41
KiMy-e) = min{ o2 - 122, @
and
1) . 2
R, = Azrz + (Ai - Ap)log(1l - A—) - Z r%k—l [Kl(Mp—k+1) /2]\/1112J g — 2 ] (3)
P k= J1-72
When M, 41 =1,k =2,...,p, the result is sharp, with an extremal function given by
z AL -C
F3(z) = A f " dc - Z 2P Vz = A2z + (A - Ay) log(1 - —) —Z|z|2<k—1>z. (4)
R W k=2 k=2

Proof By the hypothesis of Theorem 3.4 and Lemma 2.3, we have that M, 441 > 1 fork € {2,...,p}, and
Ap 2 Ag,(0) 2 A, (0) = 1.
In order to prove the univalence of F, we choose two distinct points z;,z, € U,(0 < r < 1). Then we have

|F(z2) = F(z1)|

p p
Z 22P* VG, k41(22) + Gp(22) — Z 122P 4 VG, k1(z1) — Gp(z1)
=2 P

\%

|Gy(z2) = Gplz1)| -

p p
2 2P VG (z2) - Z 122P* VG g1 (z1)].
k=2 k=2

Since A£(0) = ll(G,,)z(O)l - |(Gp)z(0)|| = A6,(0) =1, Ag,(2) < Ay, by Lemma 2.5, we have

Ap(1 = Apr)
Go(z2) = Gyan)| 2 ———lz2 — .
p— T

For any k € {2,...,p}, we give the series form of G, 1 as follow:

(o] [ee)
Gprs1(2) = Z Ajp-kn1z + Z bip-ke1Z.
j=1 j=1

Using Lemmas 2.3, 2.4 and 2.6, we have

Z 22" 4V Gy (z2) — Z 214 VG (z1)

2(k-1) ] 2(k-1) ] 2(k-1)=—j 2(k-1)=—J
(aj,p_mazw 2] = P4 V2]) + b (2P VF 2PV

T
~

D=1
[ ek

2(k-1),, 2(k-1
(Ia kel + 1B ) llzaf — |21 P40z
j /

>\“
I\)

=
gl
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p (=)
< Y Y gkl + IbjpoicaaD @k + j = 2z - 2
k=2 j=1
P (o] % 00
< L ] @k = DKMy r0) + 20k - 1)(2 (1j-sc1 + bgpcl)) (3 P 1>)
k=2 j=2

ST 5

+
—_—
i ©

E
(gl + 1)) (Z PRI |1 -z
j=2

_ 2(k=1)yr rV4-3r2+rt
2(k-1) _ 2 _
. [(Zk DK (Myn) + ([2M2 2( s )]|z1 2l.

D= -

=~
U

Hence,
|F(z1) — F(z2)| 2 A1(n)lz1 — 22,

where A;(r) is defined by (1).
It is not difficult to verify that A;(r) is strictly decreasing in (0, 1), and

limA(r) =1, limA(r) = -
r—0 r—1
Hence there exists a unique root r; in (0, 1) of the equation A;(r) = 0. This shows that
|F(z2) = F(z1)| > 0

for any two distinct points 21,2 € U,,. Thus F is univalent in U,,.
Next, for any point z = re% on dU,,, by Lemmas 2.3, 2.4 and 2.5, we have

IF(2)|

p
Gp@) + Y 1P IGy i (2)
k=2

P 00 )

2(k-1 j P

Gy(z) + Z |z )Z Ajpkr12 + Z bip-k1Z
=y = =1

"2
> Ajra+ (A) = Ap)log(1 - A_,,)
p . | |
- Z |z|2(k—1>[(|a1,p-k+1zl + Ibl,p_k+1z|) + Z (|a].,p_k 2]+ e zf|)]
k=2 =
.
> Ajry+ (A - Ap)log(1 - A_z,,)
S o 2
- Z e )[Kl(Mp—k+1)Tz +2M -2 —2] —R,.
k=2 2

Hence, F(U,,) contains a schlicht disk Ug,.
When My 41 = 1,A, 2 1 fork = 2,...,p, the result is sharp with an extremal function F3(z), which is
given by (4). This completes the proof. O

The equation A;(r) = 0 which A;(r) is defined by (1) cannot be solved explicitly. The Computer Algebra
System Mathematica has calculated the numerical solutions to equations (1), (3), (3) and (4). Table 1 shows
the approximate values of r,, R, and p, p;, that correspond to different choice of the constants M; and As,
which shows that ; > p, and R, > p, that is, Theorem 3.4 is an improvement of Theorem B.
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Table 1: The values of p,, pé and 7, Ry are in Theorems B and Theorem 3.4

Mi=A=11 | M1 =15 =2 | Mi=A=2 | M1 =25A =3 | My =A, =3
02 0.397736 0.261255 0.234962 0.190024 0.180374
7 0.422555 0.268498 0.241163 0.192773 0.182519
P 0.275692 0.161787 0.147208 0.112778 0.107824
R; 0.286601 0.164292 0.149431 0.113631 0.108473

1213

And then, changing some hypothesis of Theorem 3.4, we establish a new version of Landau-type

theorems of polyharmonic mappings as follows.

p
Theorem 3.5 Let F(z) = Y, |zP*VG,_441(z) be a polyharmonic mapping in the unit disk U, with

k=1
F(0) = Ar(0) = 1 = 0, and satisfying the following conditions:
(i) forke({l,---,p}, Gy—r+1(2) is harmonic in U, and G,_4.1(0) = 0;
(i) forke({2,3,---,p}, Ac, ., (2) < Apir1, and |Gy(2)| < M), for z € U.

p—k+1

Then A, 41 2 0,M, > 1, F(z) is univalent in U,,, and F(U,,) contains a schlicht disk Ug,, where r3 is the

unique positive root in (0, 1) of the following equation:

rNA-32+4 v e
Tl Z(Zk DAy a?* D =0,
(1-r2)> k=2

and

7,2 p
Ry=r;— \2M2 -2 —2 Z PN, .

When M, =1, the result is sharp, with an extremal function F;(z), which is given by (9).

Proof By the hypothesis of Theorem 3.5 and Lemma 2.4, we have A, y41 > 0 and M, > 1 for k €

{2,--+,p}, and G,(z) has the following series form

Gy(z) = i a,z" + i b,z".
n=1 n=1

Then we have g, (0) = (Gy):(0)] - [G)=(O)| = [las| = 1] = 2¢(0) = 1.

1
2

By Lemma 2.4, we have ( Y. (la,| + Ibnl)z) < . /2M§ -2,n>2.
n=2

In order to prove the univalence of F, we choose two distinct points z1,z, € U,(0 < r < 1). Then we have

|F(z1) = F(z2)l

‘ f F,(2)dz + F5(z)dz
[z1,22]

v

\ f[ (-0 + RO
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- f[ ][(Gp)z(Z)—(Gp)z(O)]dZ+[(Gp)z(Z)—(Gp)z(O)]dZ

p
A% [ NG e + Gpre(aNE

k=2 [z1,22]

P
Z f (k = 1)Gpis1 (2) @22z + 27225 1dz)

k=2 YIz22]
o0 4
= |Zl - Z2|(AGP(O) - Z n('“nl + |bn|)rn_1 - er_lAGp—kﬂ)
n=2 k=2
. k—1 k—2
- Zf[ ](k = DGk @I 22|zl + 272 1dz))
k=2 21,22
o % oo %
> o=zl (Y g+ ) (w2
n=2 n=2
P
- )@k = DA
k=2
Vit — 372 Pl
> |z —z2|[1 - 2M2 -2 % ~ Y @k + 1A, X
—r)2 k=1

= Az — zal.
It is not difficult to verify that A;(r) is strictly decreasing in (0, 1), and

lin(}Az(r) =1, lirrlmAz(r) = —oo.

Hence there exists an unique root r3 in (0, 1) of the equation A>(r) = 0. This shows that |[F(z1) — F(z2)| > 0 for
any two distinct points z1,z, € U,,. Then F (z) is univalent in U,,.
Next, we prove F(U,,) D Ug,. Forz = 369 € JdU,,, we have

()l

o0 P
Y @2+ 5,2 + Y 12PNG, 4 ()
n=1 k=2

) P
> mz+ bzl = | ) (@2 + 0,2 = Y PG @
n=2 k=2
r2 a
> 13— 1[2M%—2 —ngk_ll\p_k_ﬂ = Rs.

1-13 k=2

Finally, when M, = 1, \/2M? —2 = 0. Since Ag,(0) =1 = G,(0) = 0, it follows from Lemma 2.7 that

Ag,(z) < 1forall z € U. Thus, by using Theorem D, we obtain that the result is sharp. This completes the
proof. ]

The equation A;(r) = 0 which A;(r) is defined by (5) cannot be solved explicitly. The Computer Algebra
System Mathematica has calculated the numerical solutions to equations (5), (6), (5) and (6). Table 2 shows
the approximate values of 13, R3 and ps, pj; that correspond to different choice of the constants M, and A4
when p = 2, which shows that 3 > p3 and R3 > p}, that is, Theorem 3.5 is an improvement of Theorems C.
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Table 2: The values of p3, p} and r3, R3 are in Theorems C and Theorems 3.5 when p = 2

M2=1.1,A1=1.1 M2=1.1,A1=0‘1 M2=2,A1=2 M2=3,A]=2 M2=3,A1=3
P3 0.304897 0.365167 0.14212 0.103741 0.101139
3 0.365621 0.504695 0.165365 0.113638 0.109897
P4 0.187046 0.224169 0.0787076 0.0556412 0.0545667
R3 0.21878 0.300625 0.0884032 0.0587119 0.0573114

Using the analogous proof of Theorem 3.4 and 3.5, we can obtain the following corollaries.
4
Corollary 3.6 Let F(z) = }, Izlz(k‘l)Gp,kH(z) be a p-harmonic mapping of the unit disk U, with F(0) =
k=1

Je(0) — 1 = 0, and satisfying the following conditions:
(i) Gpk+1(z) is harmonic in U, and G, ¢41(0) =0 fork € {1,--- ,p};
(i) A4 (2) < Apgrr fork €{2,---,p}and |G, (2)] < M,,.
Then Ay k1 = 0,M, > 1, F(z) is univalent in U,,, and F(U,) contains a univalent disk U, where 77 is
the unique positive root in (0, 1) of the equation

rNA—32 14

Ao(Mp) = Ao(Mp) M; -1 a 72)2 _ Z(Zk _ 1)Ap_k+lr2(k—1) =0, 7)
- k=2

Ao(M,) is defined by (5), and

T2 P ~
7 =AM 11— JME -1 == | = Y Ayt (8)
k=2

_ .2
1’[1

When M,, = 1, the result is sharp.

P
Corollary 3.7 Suppose F(z) = Y, |zP*VG,_,1(2) is a polyharmonic mapping in the unit disk U, with

F(0) = Ar(0) — 1 = 0. and satisfying following conditions:
(i) forke{l,---,p}, Gp—rs1(2) is harmonic in U, and A6, 4.(0) =1 =Gpys1(0) = 0;
(i) forke(2,---,p} |Gpit1(2)| < Mprs1,1Gp(2)] < M, for all z € U.
Then fork € {2, ,p}, Mp_xs1 2 1, M, 2 1, F(z) is univalent in U,,, and F(U,) contains the schlicht disk
IUTé, where 75 is a unique root in (0, 1) of the equation

NTTEEET W
W - Z 2k 1)[(2k = DKy (Mp—k+1)
—r): k=2

+ 2M2k1_2(2(k—1)r+1’V4—3]’23+r4):|:0,
Voo Vi-r2 1-1r2)3

2
1-2M,-2-

and

2
T

Ty =1Tp — 2M§—2-

P
_ 2 -
1 T, k=2

_ T
KMy + (M2 -2 —2—]
\J1- 13

and Ki(Mp_¢;1) is defined by (2).
When M, 1 =1,k =1,2,...,p, the result is sharp.

P
Corollary 3.8 Suppose F(z) = Y, |z"*"VG,_,1(2) is a polyharmonic mapping in the unit disk U, with
k=1
F(0) = Jr(0) = 1 = 0, and satisfying
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(i) forke{l,---,p}, Gprs1(2) is harmonic in U, and A6, 41 (0) =1 =Gpys1(0) = 0;
(i) forke(2,---,p} |Gpi1(2)| < Mps1,1Gp(2)]l < M, forall z € U.

Then fork € {2,---,p}, Mp_ks1 2 1, M, 2 1, F(2) is univalent in U, and F(U,) contains the schlicht disk
UTQ, where 73 is a unique root in (0, 1) of the equation

rNrt =312 +4
No(My) = Ag(My) M —1. =2+ 2
1)
4
2k-1)r  rVI-372
Y D @k = DKMy + 2V, =2 (k=L rva-3r ;”4)] -0,
k=2 - V1-r2 1-r2):
and
2 P 3
7 = Ao(My)| s = JME -1 ] Y 3 KMy + (M, -2 |
1-13 k=2 1-13

and K;(M,_x;1) is defined by (2), Ao(M,) is defined by (5).
When M, 41 =1,k =1,2,...,p, the result is sharp.

Meanwhile, we establish three forms of Landau-type theorems for some log-p-harmonic mappings.
Firstly, We establish one form of Landau-type theorems for certain log-p-harmonic mappings by applying
the method of our proof of Theorem 3.4 in[20].

P -
Theorem 3.9 Suppose f(z) = ]] gp-m(Z)'Z'm "isa log-p-harmonic mapping in the unit disk U, with
k=1

f(0) = Af(0) = 0, and satisfying
(i) forke{l,---,p}, gp-r+1(2) is log-harmonic in U, g, 4+1(0) = 1,
(ii) let Gpx+1 = log gp—s+1, fork € {2, -+, p}, AG,,,,(0) =1 = Gp41(0) = 0, and |Gp—x+1(2)| £ Mp—k+1, Ag,(2) < Ap
forall z € U.

Then fork € {2,---,p}, Mp_x41 = 1, Ay 2 1, f(2) is univalent in U,,, where 7, is the unique root in (0, 1)
of the equation A;(r) = 0, Ai(r) is defined by (1). Moreover, the range F(U,,) contains a univalent disk
U(w,, r5), where R; is given by (3), and

wy = coshRy, 75, =sinhR,. )

When M, 41 =1,k =2,...,p, these estimates are sharp with r, = 2, r, = sinh Ry = sinh E, where 75 is the
unique root in (0, 1) of the equation

4
w =Y @k-1)2 D =, (10)
P k=2
and
~ ~ P
Ry = A2iy + (A3 — Ay) log(1 — /r\_i) _ Z A1, an
k=2

Proof LetF(z) = Z lzP* DG, _k41(2), for each k € {1,2,--- ,p}.

Then it follows from the hypothesis of Theorem 3.9 and the definition of log-harmonic mappings that
Gp-+1(2) = log gp-k+1(2) is harmonic mappings in U for each k € {1,2,--- , p}.
Thus F = log f is a polyharmonic mapping in U.

We know that

A4(0) = | O - 1£0)] =
and f(0) = 1, so it follows from g,(0) = A£(0) = 1, we have G,(0) = Ar(0) =1 = 0.

IFz(O)I{,
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In order to prove the univalence of f, we fix r with 0 < r < 1 and choose two distinct points z1,z, € U,.

LetI'={(z1 —z)t+2z,: 0 <t <1},
Then it follows from our proof of Theorem 3.4 and the hypothesis of Theorem 3.9 that

[log f(z1) —log f(z2)] = [|F(z1) - F(z2)| = ‘sz(Z)dZ+Fz(Z)dZ

1-A z
R ”( Y R k- D (M)
k=2

v

N —z( 3‘—> sl

From the proof of Theorem 3.4, we know that there is a unique r, € (0, 1) satisfying the equation A;(r) = 0,
Ai(r) is defined by (1), such that

llog f(21) - log f(z2)| > 0

for any two distinct points z1, z; in |z| < 12, which shows that f is univalent in U,,.
Next, for any point z = 6% on dU,,, by our proof of Theorem 3.4, we have

4
llog @) = IF@)| = [Gy(2) + ) FP* Gy 1 (2)
k=2
’
> AZry+ (A - Ay)log(1 - A—Z)
p
5 e r
- Z 7’2( - )[K1(Mpfk+1)1’z + 4 /2M§_k+1 -2. —2] =Ry,
k=2 J1-73
where R; is given by (3).

By Lemma 2.8, we obtain that the range f(U,,) contains a schlicht disk U(w,, r;) , where w; and r} are
defined by (9).

Next, we prove that the univalent radius 7, and 7}, = sinh R; are sharp when M, 1 =1,k =2,...,p, by
means of the method as in the proof of Theorem 3.4 in [20]. For the convenience of readers, we give the
detail of the proof.

Firstly, we consider the log-p harmonic mapping f3(z) = e*®, where F3(z) is given by (4). It is easy to
verify that f3(z) satisfies the hypothesis of Theorem 3.9, thus we obtain that f3(z) is univalent in the disk
U,,, and the range f3(U,,) contains a univalent disk U(wy, 7).

To prove that the univalent radius 7, is sharp with r, = 7, we need to prove that f3(z) is not univalent
in U, for each r € (15, 1]. In fact, if we fix r € (r2, 1], by our proof of Theorem 3.1, we know that F5(z) is is not
univalent in U,, thus there exist two distinct points z1,z> € U, such that F3(z1) = F3(z2), which implies that
fa(z1) = eP3@) = ef3®) = £3(z,), that is f3(z) is not univalent in U, for each r € (r,1]. Hence, the univalent
radius r; is sharp.

7, = sinh R; is sharp with R, = ﬁ;
For r € [0, 1], considering the continuous function

Next, we prove that the radius 7/

0 = % Z(zk DAY,
P

it is easy to verify that g;(r) is strictly decreasing on [0, 1], 41(0) =1 > 0 and

1 4 1
gi(—)=-) (2k-1)(—)**V <o.
A, kZ:;a A,
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Thus we have 0 < 73 < Ai
P

By (10) and (11), it is easy to verify that Ry > 0. Next we can prove Ry <1.
Let h(r) = AZr + (A3 — A,) log(1 - £)0<rs Alp then

1- A2
h’(r):A§+l__’”=A,,” >0,,0<r<

which implies that h(r) is increasing in (0, ip]. Therefore,

p
—_ T ~2k—
R, = A;r2+(Ag—Ap)1og(1—A—2)—§ T
P k=2
1) < h(—-) = 3 1 !
< h(r) < (A_p) =Ap + (A) — Ap)log(1 - A—?J)
A+ (A=A 1y 1 1
< P+( p P)’(_A_rzj)—A_p< .

Hence, 0 < lz <1
Because the univalent radius 7, is sharp with r, = 7, when M, 1 =1,k =2,...,p, the sharpness of the
radius r, = sinh R, = sinh R; follows from Lemma 2.8 and the fact that 0 < R, < 1. The proof is complete. O

By means of Theorem 1 in [23] and the same method as the proof of Theorem 3.4 in [20], applying the
same method as the proof of Theorem 3.9, it is not difficult to prove following Theorem.

P 2(k-1
Theorem 3.10 Suppose f(z) = [] gr,_kﬂ(z)"" “isa log-p-harmonic mapping in the unit disk U, with
k=1

f(0) = A£(0) = 0, and satisfying
(i) forke{l,---,p}, gp-r+1(2) is log-harmonic in U, g, 4+1(0) = 1,
(i) let Gypx+1 = loggp-rk+1, fork €{2,---,pl, |Gpks1(2)] £ Mp—ks1, Ag,(2) < Ay forallz € U.

Then fork € {2,---,p}, Mp—xs1 2 0, Ay 2 1, f(2) is univalent in U,,, where p; is the unique root in (0, 1)
of the equation which is defined by (1). Moreover, the range F(U,,) contains a univalent disk U(w}, p}),
where p] is given by (2), and

’ _ r T s ’
wj = cosh p}, p} =sinhp].

When M, 41 =0,k =2,...,p, the radii p; and ;;i = sinh p] are sharp.

By means of Theorem 3.5 and the same method as the proof of Theorem 3.2 and Theorem 3.5 in [20],
applying the same method as the proof of Theorem 3.9, we have following Theorem.

p
Theorem 3.11 Suppose f(2) = [] gp—r+1(z)**" is a log-p-harmonic mapping in the unit disk U, with
k=1

f(0) = A£(0) = 0, and satisfying
(i) forke{l,---,p}, gp-r+1(2) is log-harmonic in U, g, 4:1(0) = 1,
(i) andlet Gyx41 =loggy 41, forke(2,---,p}, AG, 11 (2) £ Apin1, 1Gp(2)] < M, forallz € U.

Thenfork € {2,---,p}, Apxs1 2 0, M, 2 1, F(z) is univalent in U,,, where 73 is the unique positive root in
(0,1) of the equation which is defined by (5). Moreover, the range F(U,,) contains a univalent disk U(ws, 7),
where Rj is given by (6), and

w3 = cosh Rz, 75 =sinhR3.

When M, =1, the radii 3 and r;, = sinh Rj are sharp.
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