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Some remarks for subclasses of bi-univalent functions defined by
Ruscheweyh derivative operator

Pishtiwan Othman Sabir
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Abstract. This paper presents two subclasses of analytic and bi-univalent functions associated with the
Ruscheweyh derivative operator to investigate the bounds for |a,| and |as], where a4, and a3 are the initial
Tayler-Maclaurin coefficients. The current results would generalize and improve some corresponding
recent works. Additionally, in certain cases, our estimates correct some of the existing coefficient bounds.

1. Introduction

Let A represent the class of functions f of the form

f@)=z+ i a,z", 1)
n=2

which are analytic in the open unit disk
U={z:zeCand|z|] <1},
together with a normalization given by
fO)=f0)-1=0.
The Hadamard product (or convolution) f(z) * I(z) of f(z) and I(z) is defined by

(f+D@) =z+) abz"=(1x)HE) (e,
n=2

where the function I(z) = z + }.,2, b,z" is also analytic in U.
For a function f € A defined by (1), the Ruscheweyh derivative operator R : A — A (see [17]) is
defined as follows:

’ z (zl’—l f(z))(f) e = T(C+n)
Rf@ === qogm *f@ =2+ ; T+ 1™
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A function f is said to be univalent in U if it is one-to-one (injective) in U/. We denote by S the subclass
of A consisting of functions that are univalent in . One of the most important examples of a function in
S is the Koebe function

e8]

k(z) = ﬁ =Y ' (zeu).

n=1

This function maps the unit disc U conformally onto the complex plane except for a slit along the
negative real axis from —oo to —1/4, and plays an extremal role in many problems in the theory of univalent
functions.

The class S*(y) of starlike functions of order y (0 < y < 1) in U and the class K(y) of convex functions of
order y (0 <y < 1) in U are two of the most important and well-investigated subclasses of the analytic and
univalent function class S.

According to the Koebe 1/4-Theorem (see [8]) the image of the open unit disk U under any univalent
function contains a disk of radius 4 . As a consequence, every function f € S has an inverse f~! such that

f[Hf@)=z (zeU)

and
F(F @) = (el < () 2 7).

The inverse function g = f~! has the form

g(w) = f’l(w) =w - + (Zag - a3) w? — <5a§ —Bayas + a4) w4 (2)

If f and f~! both are univalent in U, then f € A is said to be bi-univalent function. The family of all
bi-univalent functions in U given by (1) is denoted by L.

Lewin [11] constructed a study on the class T of bi-univalent functions and discovered that |a,| < 1.51
for the functions belonging to the class . Later, Brannan and Clunie [4] proposed the conjecture that |a,| <
V2. Subsequently, Netanyahu [15] demonstrated that max |a;| = 1 for f € X. To explore various interesting
examples of functions in the class L, refer to the pioneering work on this subject by Srivastava et al. [19],
which actually revitalized the study of analytic and bi-univalent functions in recent years.

Based on the findings of Srivastava et al. [19], we would like to mention the following examples of
functions in the class X :

2n+1

z - = 27 1 1+z - z
= " _1 1— = — d —1 = —1 n-1 .
1-z ;Z ! og(1-2) ; n o 2 Og(l—z) ;)( ) 2n+1

It is evident that the class X is not empty. However, the Koebe function does not belong to the class X.

Brannan and Taha [5] introduced specific subclasses within the bi-univalent class L, analogous to the
well-known subclasses S*(y) and K (y) of starlike and convex functions of order y (0 < y < 1), respectively.
Thus, for 0 < y < 1, a function f € X falls into the class S5.(y) of bi-starlike functions of order y if both f
and f~! are starlike functions of order y, or into the class Kx(y) of bi-convex functions of order y if both f
and f~! are convex functions of order y. Moreover, A function f € A is classified as a strongly bi-starlike
functions of order y (0 <y < 1), denoted by Si.[)] (see [5, 30]), if it satisfies each of the following conditions:

zf'(2) wg'(w)\|  ym
‘arg ( @) ) arg( 9(w) )‘ <2

where, g is the univalent extension of f~! to U.

<% and
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There have been numerous recent works dedicated to studying the class £ of bi-univalent functions and
obtaining non-sharp bounds on the Taylor-Maclaurin coefficients |a,| and |a3]. Notably, the pioneering work
by Srivastava et al. [19] has significantly advanced the study of various subclasses within the bi-univalent
function class X and discovered bounds on |4,| and |a3|. Remarkably, a substantial number of subsequent
works have been published in the literature, building upon the groundbreaking research by Srivastava et al.
[19] and focusing on coefficient problems for different subclasses of the analytic and bi-univalent function
class L (see, for example, [1, 3, 7, 13, 18, 20-23, 27-29, 33]). However, the general coefficient estimate
bounds on |a,| (1 € {4,5,6,...}) for a function f € ¥ defined by (1) remain an unsolved problem. In fact, for
coefficients greater than three, there is no natural method to obtain an upper bound. A few articles have
utilized Faber polynomial techniques to derive upper bounds for higherorder coefficients (see, for example
[6, 24-26]).

The determination of estimates for the Tayler-Maclaurin coefficients a, is an important concern problem
in geometric function theory as it provides information about the geometric properties of these functions.
For instance, the bounds for the second and third coefficients a, and a3 of functions f € X yield growth and
distortion bounds, as well as covering theorems. Motivated by the aforementioned works and making use of
Ruscheweyh derivative operator, we investigate two subclasses of analytic and bi-univalent functions using
the techniques employed by Srivastava et al. [19] and Frasin and Aouf [9]. The obtained results improve
and generalize some recent works and rectify remarkable mistakes in existing coefficient estimates.

To derive the results, we need to the following lemma in proving the theorems of sections 2 and 3.

Lemma 1.1. [8] Ifh € P, then |h| < 2 for each k € IN, where P is the subclass of functions h(z) of the form
h(z) =1+ hz+hz? +h3z® + -+ 3

which is analytic in U and the real part, R(h(z)), is positive.

2. Bounds for the Coefficient Functions in the Class 7:(1, w, {; &)

Let i € P be given by (3) and K(z) be any complex-valued function such that K(z) = [h(2)]*,0 <a < 1.
Then

|arg(K @)l = alarg(h(z)l < 5.

Therefore, if | arg(K(z))| < ¢, then it can be said that there exists i € # such that K(z) can be written in
terms of h and « as follows

K(z) = [M2)]".
Definition 2.1. A function f € X given by (1) is called in the class
Te(nw,&a) (zweld,n=0, we C\{0}, e Ny, 0<a<1)

if it meets the following requirements

((Rf@)  (Rf@) +2(Rf@)" 1”‘ _an "

arg{1+% 1-m

Rf@ 1 (Rf@) 2
and
1] w (R‘g(w)), (R[g(w))/ +w (‘R"g(w))” an
arg [1 +—|(1- Rig(w) +7 (R"g(w))' -1l < - (5)

where the function g = £~ is defined by (2).
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Remark 2.2. It is evident that by specializing 1, w and € in the class Tx(n, w, €; @), several known subclasses can be
obtained, as recently investigated by various authors. We provide some examples:

1. For w =1, the class Tx(n, w, {; ) reduces to the class Fx(a, n) which was studied by Juma and Aziz [10].
2. For £ =0, the class Tx(n, w, {; a) reduces to the class Ms, (a, n, w) which was examined by Motamednezhad et

al. [14].

3. For £ = 0and w =1, the class Tx(n, w, {; a) reduces to the class Msx(«, n) which was investigated by Liu and
Wang [12].

4. For t =n=0and w =1, the class Tx(n, w, ; a) reduces to the class S§.(«) which was considered by Brannan
and Taha [5].

Theorem 2.3. Let f € Tx(n, w, {; @) be given by (1). Then

20w
laz| < (6)
\/12aw [(1+2n)(€ +2) = (1+3n)(€ + 1)2] = (@ — 1)1 +n)2(€ + 1)?|
and
40| w? 20w

sl < G T Ar e+ @

Proof. It follows from (4) and (5) that
1 :(Rf@)  (Rf@) +z(Rf@) |

1+~ [(1 Mg @ +1 RF@Y - 1| =[p@)] (8)

and
1 w(Ryw)  (Rg@) +o(Rg@) |

D Ty Y| = @I ©)
where p, g €  have the following representations

PE) =1+ prz+ poz? + 3z + - (10)
and

q@w) =1+ quw + Qu?* + qzw’ + -+ . (11)

Clearly, we have
a 1 2 2
[p(@)]* = 1+ap1z + (Ea(a - 1)p] + apz)z
(12)
+ (%a(a - 1(a - Z)pf +a(l —a)pipy + ap3)z3 +---
and
a 1 2 2
[q(w)]* = 1+aqw + (Ea(a - 1)a; + aqz)w
(13)

+ (%a(a - D(a - Z)Q? +a(l—a)gra + D(CB)ZU3 +---
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We also find that
Rf@))  (Rf@) +2(Rf)
L1 (1_n)z( f@) +n( f@) +2( ,f(z)) »
W R f(z) (R f(2)) (14)
14 T+ + 1)azz N ((1 +2n)(€ + 2)a3 B 1 +3n)(+ 1)2013)ZZ N
w w w
and
R[ ’ Rf ’ R€ "
L w(R'g(w)) +n( g@)) +o( ,g<w>) »
w R’ g(w) (Rfg(w)) (15)
—1_ 1+ nz£€+ 1)a2w N (2(1 +2n)(€ + 2); 1 +3n+ 1)2a§ B 1+ 211))(5 + 2)(13)302 e

Now, by using (12), (13), (14) and (15), together with comparing the coefficients of (8) and (9), we get

%ﬂz =ap, (16)

1427 +2 1+ 3n)(€ + 1)?

_(1 + 7]6)55 + 1)a2 = am, (18)

and

[4+2)— £+1)2 1+2n)(0+2
201+ 2n)(£+2) — (1 +3n)(£ + )aé_( +2n)(¢ + )ag,:%a(a—l)q%w% (19)

@ @

In view of (16) and (18), we conclude that

P1=—-q (20)
and

2(1+ (€ +1)?
e ] @

Adding (17) to (19), we obtain

_ 2
2(1+2n)(€ +2) —2(1 +3n)(£ + 1) i = %a((x -1) (p% + q%) +a(p+a). @2)

@

Substituting the value of p3 + g7 form (21) into (22) and further computations imply that

2= a*w? (02 + a2)
27 2aw [A+2E€+2) = A +3)(€+1)2] = (@ - 1A +n)(¢ + 1)2°

(23)

Applying Lemma 1.1 for the coefficients p, and g, on (23) imply that

20w
lao| < )

\/12aw [(1+2n)(€+2) = (1 +30)(€ + 1] — (@ — 1)(1 + (L + 1)?|
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Next, in order to derive the bound on |a3], by subtracting (19) from (17), we obtain

2

200202 (0 La (5 - ) 2o ). -

w

Now, substituting the value of a% from (21) into (24) and using (20), we conclude that

_ @ (v} +7) L _aw(p— )
21+ n)2(E+1)2 0 21 +2n)(0+2)

as (25)

Finally, applying Lemma 1.1 once again for the coefficients p1, 2, 91 and gz on (25), we deduce that

402w . 20wl
A+n2(C+1)2  Q+2n(+2)

las| <

This completes the proof. O

Remark 2.4. By specializing the parameters in Theorem 2.3, it is observed that, several estimate bounds for known
subclasses of X can be obtained as special cases. For example, if we set

1. w =1, then we have correctness of the estimates given by Juma and Aziz [10, Theorem 2.2].

2. £ =0and w = 1, then we obtain the results derived by Liu and Wang [12, Theorem 2.2]; the estimates derived
by Ramadhan and Al-Ziadi [16, Corollary 4.2] in the class ARz (6,0; a); the results given by Wanas and
Pall-Szabé [31, Corollary 2.4] in the class ASx(v, 1; a); and the estimates obtained by Wanas and Raadhi [32,
Corollary 2.1] in the class 12(0,1; a).

3. £ =n=0and w =1, then we retrieve the results derived by Brannan and Taha [5, Theorem 2.1], as well as the
estimates obtained by Altinkaya and Yalgin [2, Theorem 3] in the class Sy, ().

3. Bounds for the Coefficient Functions in the Class Tz* n,w, A

If h € P be given by (3) and L(z) be any complex-valued function such that £(z) = A + (1 — A)h(z),
0 <A <1, then

RILE)) = A+ 1 - HR{AE)) > A

Therefore, if R{L(z)} > A, it can be said that there exists i € P such that £(z) can be written in terms of
h and A as follows

L(z) = A+ (1= Ah(z).
Definition 3.1. A function f € ), given by (1) is called in the class
TEMmw,GA) (zzweU, 120, weC\{0}, €Ny, 0<A<1)

if it meets the following requirements

1[0 2®Rfe)  (RfE) +z2(Rf@)
R {1 + ” 1-n RF@) +17 (R"f(z))’ -1l > A (26)
and
1[0 w(®ew)  (Rg@w)) +w(Rgw))”
) {1 fo O R (R'g(w))’ B @

where the function g = £~ is defined by (2).
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Remark 3.2. It can be seen that, by specializing 1, w and € in the class T (1), , {; 1), we get several known subclasses
of L recently investigated by such authors. Let us present some examples:

1. For w =1, the class T{ (1, w, £; A) reduces to the class Fx.(A, ) which was examined by Juma and Aziz [10].
2. For € =0, the class T (n, , £; A) reduces to the class My, (A, 1, w) which was investigated by Motamednezhad

etal. [14].

3. Fort =0and w = 1, the class T (n, w, €; A) reduces to the class Mx(A, ) which was studied by Liu and Wang
[12].

4. For { =n=0and w =1, the class T} (n, w, {; A) reduces to the class S3.(A) which was considered by Brannan
and Taha [5].

Theorem 3.3. Let f € TX(n, w,{; A) be given by (1). Then

1/2
2|w|(1-A) / O<A<1- (1+n)?(0+1)?
|@+2n)(6+2)-(1+3n)(L+1)? ’ == 2wl (1+2n)(C+2)—(1+3n)(L+1)?|

las| <

2|w|(1-A) _ (1+n)2(€+1)2
(Ln)(E+1)” 1 2lol|(1+2n)(+2)-(1+3n)(E+1)7] <A<l

and

2lw|(1-1) 2lw](1-1) 0<A<1-— (1+n)?(£+1)?
|A+2n)(E+2)-(1+3n)(+1)2| — (A+2n)((+2)” == 2Jwl|(1+2n)(£+2)—(1+3n)(L+1)?

|as| <

4ol (1-1) 2w|(1-1) 1 A+ (C+1)?

(1+n)2(L+1)? (1+2n)(£+2)” <A<l

T 20el|+2) (-3 12| =

Proof. It follows from (26) and (27) that

[ 2(®RFe)  (RFE) +z2(Rf@)
T = N T

- 1] =A+(1-MA)p(2) (28)

and

1| w®w)  (Rig@)) +w(R )’
] 7 R TP

- 1} =A+(1-MNa(w), (29)
where p, q € P have the representations (10) and (11), respectively.
Clearly, we have
A+ 1 =D)p@E) =1+1=A)prz+ (1= A)pz® + (1= A)psz® + -+ (30)
and
A+ 1 =Dg@w) =1+1-Nqw+ (1 - Daw® + (1 - A)gw’ + - (31)
Now, by using (30), (31), (14) and (15), together with comparing the coefficients of (28) and (29), yields

¢
D = -, @)

1 +2n)(L+2) " (1+3n)(C+1) 2= (1- M, (33)
2 - 7

@
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S - en

and

3=(1-A)a. (35)

2042 +2) - A +3E+17° , Q+2n(+2)
@ az a @ a

From (32) and (34), we get

P1=—01 (36)
and

2(1 + n)%(€ +1)?
T g == a2 () + ). @7
Adding (33) to (35), we obtain

_ 2
20 +2)(C+2) = 2A+3NEXY 2 _ 33 (4 ). )

@

From (37) and (38), we find

, @-2 (9 +a})

2T T R+ 12 (39)
and
2 _ w(l = A)(p2 + a2)
2T A+ +2) - 21+ 3l + 12’ (40)
respectively.

The equations (39) and (40) together with applying Lemma 1.1 for the coefficients p;, g1, p2 and g, we
find that

0] < 2]w|(1-=A)
A+
and
0] < 2Jw|(1 - 1) ,
(1 +2n)+2) - (1 +3n)+1)7
respectively.

To determine the estimates on |a3|, by subtracting (35) from (33), we obtain

21+ 2n)(€+2)

~ (a5 —a3) = (1= 1) (;2 — @)

or, equivalently,

2, w(l—=A)(p2— a2)

BELT ATl +2) (1)
Substituting the value of 11% from (39) and (40) into (41), imply that
w*(1 = A2 (P2 + 2 _ _
e (b1 + ) @ -0 (@2 — ) o

20+ MR+ 12 2+ 2 +2)
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and

_ w(1=A)(p2 + q2) N w(l=2)(p2 = a)
201+ 2n)(€ +2) = 2(1 + 3n)(€ + 1)? 20 +2n)(C+2) ’

as (43)

respectively.
Finally, applying Lemma 1.1 once again for the coefficients py, p2, 91 and g, on equations (42) and (43)
together, we conclude that

< 4wl*(1 = A)? 2wl(1-A)
T A+ A+2nE+2)

|as)

and
2lw|(1 = A) 2lw|(1 = A)
(L+2n)(C+2)— (L +3n)(C+12] (1 +2n(C+2)

las| < )

respectively. This completes the proof. [

Remark 3.4. By specializing the parameters in Theorem 3.3, it can be seen that, several bound estimates for known
subclasses of Z can be attend as special cases. For example, if we put

1. w =1, then we have correctness of the estimates obtained by Juma and Aziz [10, Theorem 3.2].

2. £ = 0and w = 1, then we have improvements of the estimates derived by Liu and Wang [12, Theorem 3.2];
improvements of the results derived by Wanas and Pdll-Szabo [31, Corollary 3.4] in the class AS5.(v,1; A);
improvements of the estimates given by Wanas and Raadhi [32, Corollary 3.1] in the class n}.(0,n; A); and
improvements of the results obtained by Ramadhan and Al-Ziadi [16, Corollary 4.3] in the class ARx(5,0; A).

3. £ =n=0and w = 1, then we have improvements of the estimates obtained by Brannan and Taha [5, Theorem
3.1], as well as the improvements of the results given by Altinkaya and Yalgin [2, Theorem 5] in the class Sx, (A).

4. Conclusions

In this study, we have introduced and examined two specific subclasses of analytic bi-univalent func-
tions associated with the Ruscheweyh derivative. Our investigation focused on deriving initial coefficient
bounds for functions belonging to these subclasses. The outcomes of our research demonstrate signifi-
cant improvements, generalizations, and corrections in relation to previous studies. Moreover, we have
highlighted certain implications of these subclasses by considering specific parameter specifications.
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