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Abstract. In the current paper, we obtain the new practical inequalities for a variety of parametric extended

and relative entropies. In this method, we use the uniformly convex functions due to the Hermite-Hadamard
inequality.

1. Introduction and preliminaries

In the new researches, there are many studies on the applications of the generalized entropies in many
fields of basic sciences. For example, applications of Renyi and Tsallis entropies have been studied in the
quantum and classical statistical physics and the other fields of science (see[4, 7, 10, 11, 13-16, 25]).

The researchers have also studied the divergence aspects of entropies. The divergence affects on the
entropy, relative entropy and natural information (the conditional forms of the mutual information measures
can be presented as a divergence) (see [8, 9, 22]).

In [6] the Hermite-Hadamard inequality with the integral relation In,(x) has been used and the new bounds

have been obtained for the Tsallis quasilinear entropy and divergence. That the In,(x) is g-logarithmic and
define as: In : (0, +o0) — R,

1 xl”/_l .
In, (x) = f x(l_q)t Inxdt = -4 lfx * 1 '
! 0 Inx ifx=1

for positive real number g4 > 0. Note that the q is a real number. Also, in [5, 12] the authors considered
bounds for the biparametrical extended entropies and divergences. However, there are two important
concepts in the study of divergence: the weighted quasilinear mean and the Tsallis quasilinear entropy. So,

we have the weighted quasilinear mean for some continuous and strictly monotonic function iy — R, as
follows:

Myt x) =97 | Y pep |, Y opi=1p;>0, x €l
=1 =

j=1
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We have the following Tsallis g-quasilinear entropy for a positive probability distribution p = {p;}l_, ,
continuous and strictly monotonic function i on (0,+c0) and g > 0:

Iy (p) = Ing ™" (Z iy (1)] (1)
= Pj

The author studied the mathematical attributes of the following biparametric extended entropy in [4]:

rq(p) _Zpllnqexp(lnr ) Zpllnm

and S,,(p) == Li,, pz%qp’y. As a result, he obtained mathematical inequalities related to the some entropies
and divergences and presented some biparametric extended divergences.

The theory of convexity and Hermite-Hadamard inequalities play a key role in information theory math-
ematics and optimization (see [3, 17-20, 23, 24]). In this paper, we obtain the new inequalities for a
variety of parametric extended entropies and divergences, using the uniformly convex functions due to the

Hermite-Hadamard inequality.

Theorem 1.1. [2] Let f : [a,b] — R be an uniformly convex function with modulus ¢ : R, — [0, +o0] on
I:=[a,b], then

b b
f(a;b)+4(bl_a)f¢(t—a)dt< ff(t)dK f() 1¢(b_ )

The following definition found in [8, 9, 12].
Let ¢ be a continous and strictly monotonic function on (0, o). For two positive probability distributions
p = {pil, and q = {g;}" | the Tsallis quasilinear divergence for p and q is defined by

Dy(pllq) =~In;y" [Z w(%))
i=1 !

Definition 1.2. [1] Let f : [a,b] — R be a function. Then f is called uniformly convex with modulus ¢ : Ryp —
[0, +00) if ¢ is increasing, vanishes only at 0, and

flax+ A -a)y) +al —a)p(x—yl) <af(x)+ (1 -a)f(y)
for every o € [0, 1] and x,y € [a, b].

In [2, 21] authors studied hermite-hadamard on uniformly convex, m-convex functions.

2. Main results

In this section, p = {p;i}_; and q = {g;}!_, are two positive probability distributions. We present the
following lemma which is used in the next.

Lemma 2.1. Leta > 0and f : [a,b] — R defined by f(t) = x1-7t,

N2 2..b(1-q) N2 2..a(1-q)
Pg(r) := -9 (lr21x) o r* and ﬂb.;(r) = -9 (lgx) . 4

1. If0 < x,q <1, then f is uniformly convex with modulus ¢,(r)
2. If0 <x <1<gq, then f is uniformly convex with modulus ¢ (r).
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3. If0 <q <1<, then f is uniformly convex with modulus ¢y (r).
4. Ifx,q 2 1, then f is uniformly convex with modulus ¢4(r).

Proof. (1) Let 0 < x,q < 1. Consider fixed points «, € [4,b] and define

gy(t) 1 = XD _ =g _ (] _ pp1-0p

(1- q)zarzm P

+t(1—t) —a)?

for every t € [0,1]. Since g,(0) = g,(1) = 0 and g;(t) > 0, g4(t) < 0 for every a, f € [a,b] and ¢ € [0, 1]. Hence,
f is uniformly convex with modulus ¢,(r). (2),(3) and (4) are proved similarly. [J

(1-9)*(In x)°

Theorem 2.2. Let q be a positive real number and y ,(x) := 51

1. If0 <x,q <1, then

10 41 1= 4 1
Inx < = 2+ Inx < = 2+ Inx — 2y, (x)x"™7 < Iny(x)

= _ = _
<x7 Inx+7y,(0)x'<x7 Inx <x'lnx.

2. If0<x<1landq=>1,then

71+ 1 X171+
n

xnx < ¥<— Ly 2y,(x) < Ing(x)

< T Inx +y,(x) < T lnx <Inx.
3. If0<q<1landx >1, then

Inx < 7 Inx < T Inx+ V(%) < Ing(x)

X1 +1 X1 +1

< Inx —2y,(x) < Inx <x'"Inx.

4. Ifx,q > 1, then

xInx < xl%7 Inx < x]% Inx + yq(x)xl_" < Ingy(x)
1—q +1 1—q
<X > Inx — 2y, (x)x'7 < al

Inx <Inx.

Proof. Let f,(t) = x1=9! be uniformly convex function with modulus ¢4(.) on [0,1]. By the use of Lemma 2.8
we obtain

o 1! Ing(x) 141 1
X +Z]()‘ (,‘bq(t)dtﬁ e < 5 —gqi)q(l) 2)

1. Let0O<x,g< 1. In this case by the use of Lemma 2.1, f(t) = xX1=9" is uniformly convex with modulus
(1-9)%( lnx)zx(1 9

Pg(r) = n [0, 1]. Therefor, with the use of (2) and Theorem 1.1 we obtain
17141 (1—9)*(Inx)3x1-1 1 (1 —9)*(Inx)3x1~1
5 Inx — R <Ing(x) <x7 Inx + 7 .

Since (In x)*x'~7 < 0, the result follows from Theorem 2.0.1 in [6].
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2. Let0 < x < 1and g > 1. In this case by the use of Lemma 2.1, f(t) = x1=9" is uniformly convex with
modulus w:ﬁ on [0, 1]. Therefore, with the use of (2) and Theorem 1.1 we obtain

141 (1 - g)*(In x)? 1 (1-¢)*(Inx)’
> lnx—Tslnq(x)sz lnx+T.

Since (Inx)® < 0 for all x < 1, the result follows from Theorem 2.0.1 in [6].
3. Let 0 < g < 1and x > 1. In this case by the use of Lemma 2.1, f(t) = x1=7" is uniformly convex with

modulus w;ﬂ on [0, 1]. Therefor, with the use of (2) and Theorem 1.1 we obtain

1 (1-¢)*(Inx)’ X714 1 (1 - )*(Inx)?
+ — o1 <Iny(x) < > Inx — 0 .

X7 lnx
Since (Inx)® > 0 for all x > 1, the result follows from Theorem 2.0.1 in [6].
4. Let x,q > 1. In this case by the use of Lemma 2.1, f() = x'"9" is uniformly convex with modulus

wﬂ on [0, 1]. Therefor, with the use of (2) and Theorem 1.1 we obtain

1 (1-¢)*(Inx)? X141 (1 - g)*(Inx)>x'~
x72 Inx + — o1 Inx — B .

Since (Inx)*>x'~7 > 0, the result follows from Theorem 2.0.1in [6]. O

X1 < In,(x) <

The Renyi entropy [13] is defined by R,(p) = ﬁ In(XiL, pl), g # 1.
The following theorem is a generalization of Theorem 2.0.3 in [6].

Theorem 2.3. Let ¢ be a continuous and strictly function on (0,00), g > 0, and let p = {p;}', be a probability
distribution with p; > 0 forall j = 1,...,n

1. If0<q <1, then

14

7z T] 1 2
1;”<p>s1;”<p>(M¢(§)) <1 <p>( ( p)) + 0 () @)
1-q

SIj(p)s%If(p)[(M¢(%)) c1]-4 q) @ (p))*

1 1)\ 1)\

<3110 [ 5 +1]SIT<P>(Mw(a)) |

2. Ifqg>1, then

v N e N 1¥(1q)w3 1)
wo(3)) <o (F) <twlu () e ) o

1—q 1= 1-g)? o
ol ) el B - o)

< I (p).

Proof. Let i be strictly increasing on (0, o) and x = ¢! (Z';zl piy (pl/)) Since pl,- >1forallj=1,..,n1and

Y71 are strictly increasing functions,

x>yt [Z Pﬂl’(l)] =7yl = 1.
j=1

Similarly if 1 is strictly increasing on (0, o), then (x) < (1) and x > 1.
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1. LetO<g<landx =14~ (Ejlp]yb( )) Since x > 1,

1 x
Inx=1{(p) >0, x = My (5) and In = I} (p).

By the use of Theorem 2.2 (Part 3), we have

R e

nl )
() e [ . [Z 2 )]] oo (2 ()

- 2 12

j=1

which shows the third and fourth inequalities in (3). The other inequalities in (3) follow from Theorem
2.0.3in [6].

2. Letg>1landx =y (Z;}:l Pﬂ/’(%)) . Sincex > 1,

1—q
x — 1
Inx = If(p) 20 In; = I;P(p) and x1=(1- q)lg'(p) +1= (Mlp (E)) .

The desired inequalities follow from Theorem 2.2 (Part 4)and Theorem 2.0.3 in [6].
U

Corollary 2.4. Let p = {p;}!", be a positive probability distribution.
1. If0 < g <1, then

1- 1-— _q)2
H(p) < H(p) exp ((—”’)H(p)) < H(p)exp ((—q)mp)) I yy
(1- q)2

(exp((1 DH(p)) - 1) < H(P)(GXP((1 NH(p)) +1) - (H(p)y’

< EH(P)(GXP((l —)H(p)) +1) < H(p) exp((1 — )H(p))-

2. Ifq > 1, then

1-
H(p) exp((1 - PH(p) < H(p) exp ((7‘7) H(p))

1- (1_‘7)2 3
< Hipexp (=7 ) + e expa - t(p)

q(eXP((l -pH(p)-1)

Y
H(p)exp((1 - PH(p) +1) -

(H(p))* exp((1 — q)H(p))

H(p)(exp((1 —9)H(p)) + 1) < H(p).

NI»—\I\JI)—\ H
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Proof. For y(x) = Inx Theorem 2.3 it follows that we have the inequalities of the statement. [J

For any positive probability distribution p and any positive real number g, the Tsallis entropy is defined by

n q n n
p;, —bi 1
Hyp) = ), =~ L plinp) = ) pily (;) and  Hy(p) := Hi(p).
i=1 i=1 !

i=1
Corollary 2.5. Under the notation of Corollary 2.4, we have
1. If0 < g <1, then

1-
R(p)<e><p(( ) q(p))Rq(p)

1- _
SRq(P’e"P(( = )Rq<p>)+( V%, (e < H,(p)
a q)z

—_

(Ry(p))’

< SRy(p)[exp((1 = Ry (p) + 1] < exp((1 = )Ry (P))Ry(p)-

< SRy(p)[exp((1 = )Ry (p) + 1)] -

— N

N

2. Ifq > 1, then

exp((1 = 9R,(p))R, (p)<eXP(( ) q(p))R(p)

e —Q)z 3
—— (Ry(p))” exp((1 — 9)R4(p)) < Hy(p)

( q)2

1—
<exp ((Tq) Rq<p>) Ry(p) +

Ry(p)lexp((1 - )Ry(p) + 1)] - (Ry(p))* exp((1 = 9)Ry(P))

Ry(p)lexp((1 - g)R (p)+1)]SRq(P)-

I\)I)—\I\JIP—‘

Proof. For y(x) = x171 Theorem 2.3 it follows that we have the inequalities of the statement. [J

For q > 0, the Tsallis quasilinear divergence for p and q is

Di(pll q) =Ingy! [Z w(’;—)] 5)
i=1
Theorem 2.6. Let ¢ : I — ], ] € (0,00) be a convex decreasing function or a concave increasing function, let
p = {pilL, and q = {g:}}_, be two positive probability distributions.
1. If g > 1, then

D'plle) <DVl @) (Mw(g)) 2 6)

%ﬁ 1- 2
<Dl q)(Mlp(%)) + 2 0t ) < DYp 1)

1-q 2
ngllp(p||q)[(M¢(%)) +1] 2 iy

1 v q)\ i 7))
<3Dj(plla) [(Mw(g)) ¥ 1) =biella (Mlp(l_)))
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2. Ifg <1, then
1-q q L
DY(pllq) (M¢( )) <D{(p q)(Mw( p)) 7)
" .3 T] fl)z " 3 a\'" " _
<Di(pllq(M . (Dy(p Il q))” My = <D;(pllq
rofpnf3] ) et )
D 1l q)(( (P)) +1) (Dip Il q) P

1 1
<1pfpia ((Mw HIE 1] <D!(pllg).

Proof. 1f 1 is a convex decreasing or concave increasing function, then

e Eoofg] 3
i=1 !

Thus,

In(x) = -DY(p Il q) and In,x = D}/ (p || q).

1. Letg > 1and x = ¢! (Z =1 pjl,b(q’ )) < 1. The desired inequalities follow from Theorem 2.2 and
Theorem 2.0.6 in [6].
2. Letg <1land x = ¢! (27:1 piv (%)) < 1. The desired inequalities follow from Theorem 2.2 and
Theorem 2.0.6 in [6].
|
Theorem 2.2 yields the following lemma.

—1)2 3
Lemma 2.7. Let q > 0 and y,(x) = %.

1. If0 <x,q <1, then
Inx < Inx — 2y,(x)x' ™1 < Ing(x) < x"TInx + y,(x)x' 7 < x' T Inx.
2. If0<x<1landq>1,then
xInx < x"Inx - 2y,4(x) < Ing(x) < Inx + y,4(x) < Inx.
3. If0<qg<landx>1,then
Inx < Inx + y,(x) < Iny(x) < x' 7 lnx — 2y,(x) < x'Inx.
4. Ifx,q>1, then
xnx < xInx + yq(x)xl’q <Ing(x) < Inx - qu(x)xl’q <Inx.
Proof. 1. Let 0 < x,q < 1. Since x1™7 < 1, x1 < x= and (Inx)>x17 < 0 for all x € (0,1], the inequalities
follow from Theorem 2.2. -
2.Let0O<x<landg>1.Sincel <x'77,1< x7 and (Inx)® < 0 for all x € (0,1], the inequalities follow
from Theorem 2.2. o~
3. Let0<g<landx>1. Sincel <x'77,1< x7 and (Inx)? > 0 for all x > 1, the inequalities follow
from Theorem 2.2.

4. Letx,qg > 1. Since x'7 < 1, 177 < x7 and (Inx)3x!™7 > 0 for all x > 1, the inequalities follow from
Theorem 2.2. [
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Lemma 2.8. Let q > 0 be a real number strictly positive.
1. If0 < g <1,then

1-97 [1 3_ .1 3 ‘1 3, 1 3
R 2(lnx) x 1(Inx)” + 2(lnx) +x " 1(Inx)

(1-¢g)?
12

Inx <Inx+

] < Iny(x)

< ¥ Tinx - |02 = 22902 + |(In0° + 2110

] <x"nx.

|

]Slnx.

2. Ifqg>1, then

(In x)3x1-4

_ 3
(Inx)” + 5

xnx < x"Inx + + (Inx)®

(1= [(nx)’x"
12 2

2
1 4) [(1 )3xl—q_ (lnzx)3

(Inx)3

<Ing(x) <Inx - +|(Inx)3x7 +

Proof. 1. Suppose that x > 0. Since
max {%(ln x)?, —=x'1(In x)3 } >0, min {%(ln x)?, —x1(In x)3} <0,

and a + b + |a — b| = 2max{a, b}, the result follows from Lemma 2.7.
2. Suppose that x > 0. Since

3,1-q 3,1—q
max{%,—anxf} >0, min{%,—(mm} <0,

and a + b + |a — b| = 2max{a, b}, the result follows from Lemma 2.7.
[

In [5, 6], the Tsallis relative entropy between p and q is defined by

Di(pllq:= ZP v quqlqlnq( ) Zlenq( )
i=1

i=1
where1¢q>0,ifq=1then

n pi
Di(pllq) = Z pi ln(a) :
i=1 !
The biparametric extended divergence of order m is defined by
n m
qi
Dy"(pllq) = - Z plg; ! [lnq (;)]
i=1 !
where 1 # g > 0,if g = 1 then
Tm o - ‘ qi " T Tl
Di(pliq):= ;Pl (ln(pi)) ' Dilpllq) =Dy (pllq.

A convex combination between the biparametric extended divergence and the Tsallis divergence expressed

by
N -1 _
Dy, (pllq) = (%)Dg(p Il q) + (;—_:)Df(p Il Q) ®)

The quasi-divergence [6] is defined by D, (p Il q) := — 21—, p/ 1,1_q ln(%i).
Define T{(p Il q) := £y (% +pg! ") in £ and Ti(p Il @) = Ty (ps + 3l ") [(in 2.



Y. Sayyari, H. Barsam / Filomat 38:4 (2024), 1265-1277

1273
Lemma 2.9. Let q > 0 be a real number strictly positive
1. If0 < g <1,then

¢ —q)2 g
Dpllqa) <Dyrellq+——I[LFllq) -

. (1 —q)2
<D;(pllq) <Di(pllq) -
2. Ifqg =1, then

DI*(pllq) + = D”(p Il ]

——[Tipllq)+D; (Il q) - DT3(p||q)]<D1(pIIq)

Y,
Dipll@) < Di(pll ) +

T'(p Il @) + 5D (p | @) - D (p | @]
1-
<Dj(pllq) <Dg(pllq) - ( )

P lla)- 305 )] < D (p Il 4.
Proof. Let g < 1. By the use of Lemma 2.8 we have

A=l 5 .. ’1 3 g 3
B [E(lnx) —x7(Inx)> + E(lnx) +x17(In x)

2
<y - & ‘7) [(1 x)? —%xl-ﬂ(lnx)M

Inx +

] < Iny(x)

(Inx)® + %xl_q(ln x)?

Consequently for x = Z we obtain

g\ @O=g?rif (a\\ (a\N" @\ 11 ( @\ (a\"_ a4\
() S5 (n(2) (%) () +[3(m2) +(2) ()]
AP EANN A-q?2[(, gi a\" " @\ a\" 1(a\"( i\
im () <(2) 2 - S i 2) 3 (2) () o) < 1(2) (] ]

ultiplying by p; and passing to the sum, we conclude that the desired inequality holds. Similarly we
prove for thecaseqg >1. [

For two positive probability distributions p and q define

4,1 ( B )3
el = " |Tela)-DP e 9+ 30 e o)
1-r)? 1
+ (qfr) [ (P ll@)+ 5Dy (p Il @) = D (p i q)] >0
i L (q- ) T pDI3 1DT,3
E(pllq)-—ﬁ 1pllq)+ Dy (pIIq)—§ pllg)
1-7r)? 1
+ (q_r) [Té(p @)+ D (p ll @) = 5D (p q)]zo
Lemma 2.9 yields the following proposition
Proposition 2.10. Let p

1. Ifg<1<v,then

={p:Y, and q = {q:}!, are two positive probability distributions

q-
<

D(p Il q) nE e Dl(P I q) + ETZr(p lq) <Dy.(pllq

rD1(p @)+ q—Dm(p lq) - ET"Or(p Il 9.
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2. Ifr<1<gq, then

—Di(pll @)+ =D (p )+ 55T @ < Dup 1

Dl(P Il q) - —T’q(p I q).

<uD< P Il q)+
Tg-r 1 1270

Let 1 : (0, 00) — R be a continuous and strictly monotonic function. For two positive real numbers g, 7 # 1,
the (7, g)-quasilinear entropy is defined by Iﬁ,b /(P) =1y l,b‘l( Y 1/)(%)) where the biparametric extended
logarithmic function for x > 0 [12] is defined by In,;(x) := In; exp(In, x).
Lemma 2.11. Let q > 0 be a real number strictly positive.

1. If0 <x,q9 <1, then

In () < exp((1 - qz)lnr x)+1 In,(x)

— —_ 1\
< eXP((l qz)lnr X) +1 lnr(x) _ ( q) (].Ilr(X))3 exp((l q) lnr X) < h'qu(X)

_ 12 o )
=P ((%)ln x) Iny () + L= D700 ZZXP(O g)In, x)

1 —_
< exp ((Tq) In, x) In, (x) < exp((1 - g) In, %) In, ().
2. If0<x<1landq>1, then

exp((1 - )l ) In () < SELZDIVD Ly

— —_ 1\ 3
L ep(@ qz>1nrx>+11nr(x)_(1 q>1<21nr(x>> <)

_ _ )2 3 _
< exp ((1 5 ) In, x) In,(x) + W <exp (ﬂTq) In, x) In,(x) < In,(x).

3. If0<q<1landx >1, then

In,(x) < exp ((%) In, x) In,(x) < exp ((%) In, x) In, (x) + M

24
<y < SEUZDD L ) (29 CoC)
< exp((1 - qz)lnr x)+1 In, (x) < exp((1 — q) In, x) In,(x).

4. Ifx,q > 1, then

exp((1 = g) In, %) In, (x) < exp ((1 : q)ln, )ln,(x)

_ 2 3
< exp ((%) In, x) In, (x) + W exp((1 — ) In, x) < Ingg(x)
exp(1-¢)In, x) +1 (1 = 9)*(In,(x))> exp((1 — g) In, x)
< > In,(x) - 1

exp((1—¢q)In,x) +1
2

In, (x) < In,(x).
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Proof. Letr #1,0 < x,q <1, then 0 < exp(In,(x)) < 1. By the use of Theorem 2.2 (replace x by exp(In,(x)) in
(1)), we have

1-
(exp(lny(;))) +1 ln(exp(lnr(x)))

< (exp(lnr(ﬁzc)))lq +1 In(exp(iny (x))) — (1- Q)z(ln(eXP(lnr(1x2))))3(eXP(lnr(x)))1"

(1 - 9)*(In(exp(In,(x))))* (exp(In,(x))) '~
24

In(exp(In,(x))) <

< Iny(exp(In,(x))) < (exp(lnr(x)))¥ In(exp(In,(x))) +

< (exp(in,(1))) 7 In(exp(In,(x)) < (exp(In,(x)))" ™ In(exp(in,(x))).

Since In,(x) = In(exp(In,(x))), exp((1—4) In, x) = (exp(In,(x)))}~7 and In; 4(x) = Iny(exp(In,(x))), the inequalities
in (1) hold. Similarly, we show the other cases. [J

Theorem 2.12. Let 1 : (0, 00) — R be a continuous and strictly monotonic function. For two positive real numbers
gr#+1

1. If0 < g <1, then

1= 21 (p))3
1“”<p><exp(( )I"’(p))ﬁ”(p><exp(( )ﬂ(p))ﬂ() “7’2&

4
1-gIf 1 1- 921 (p))°
<IY(p) < exp(( qz)r(p))+ ﬁ(p)_( q)1(2 r (p)

1-q)If 1
_ exp(( q2> P00 < exp(@ - )Y () ).

2. Ifqg>1, then

exp((1 - q)I‘”(p))ﬁ”(pwexp(( )ﬁ”(p))l*”(p)

1- 1- )X (p))®
<exp [ @) o)+ T exp - o) < 1o

24
_ _ 2 o

L epd qz)lr ®)+15 ) - (1- 9 (p))31e;<p((1 9l; (p))
Y

< exp((1 qz)Ir (p)) + 1Iﬁb(p) < I;P(p).

Proof. Letx = ™Y1, pit,b(;—;)) > 1. In this case since In, x = Iﬁb(p) and In,; x = ijq(p), the results follow
from Lemma 2.11. O

Define I (p I 9) := =D} (p Il @) = Ing ™ (L1 ¢ (£)) and Iy (p | @) := =Dy (p Il @) = Inyg v (Ti 9(2)).

Theorem 2.13. Let 1 : (0, 00) — R be a continuous and strictly monotonic function. For two positive real numbers
q,v # 1. Then
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1. If0 < g <1, then

exp(1- L' (p Il ) +1

Fplq < : ol
1-q)1f 1 2
< 2 q)é(p||q))+ Felg- S q’ (1Y Il @) exp((1 - DL (p Il @)
1- g1} 3exp((1 - 1Y
SIw(l,||q)<exp(( )ﬂ’(p||q))1¢(p||q)+( q)(r(pllq));:p(( DL Il @)

1-
< exp ((Tq)lf(p [ q))mp l9) < exp(L =)L (p | D) 1| @).
2. Ifg>1, then

exp((1 -l (p Il q) +1

exp((1 = L' (p Il ) (p Il q) < 5 Fplla)
1-gIf 1 1-q2(1¢ 3
L op@ =9 ;(p Il @) + Follq- (1-9 (172(p I 9)
1- 1- g% 3
<Il(pllq) < exp((2—q)1f(p I q)) Fpllq+ 1-9 (2,4(p I9)

1-
< exp((z—")li%p I q)) Fela<Felq.

1276

Proof. Let0 < x = ¢~ (Zl 1p1¢)( )) < 1. In this case since In,(x) = I¢(p Il ) and In;4(x) = rq(p Il q), the

results follow from Lemma 2.11. [
Example 2.14. Let q = {41, ..., q1000} where

[ 5x10*  if1<i<500
P 15%x107*  if500 < i <1000

Then by the use of Corollary 2.5, we have:
1. If0 < g <1, then

—_ —_ 2 4(1-2 3
g2 38 (222D 5 9 pg), A0 (2" 57))
1-g 1-g 24

_ —_ )2 _ 3
< H,(q) < %m(z%'”.sli—q)[z“l-zw.ssq+1)]— -9 (m(z“iﬁ'”.sﬁ)) .

2. Ifg>1, then

4(1-2 1 —g)? 412 3
22(-29) 33 1, (2 =h 3%) + (2_’7)24(1—%).34 (ln (2 i=n 3%)) < H,(q)

4(1-29)

3
%1 (2 = 31q)[24<1 2) 31 4 1] - (1 - q)z( ( =3 q)) 2381 301,

References

[1] H. H. Bauschke and P. L. Combettes, Convex analysis and monotone operator theory in Hilbert spaces, Springer-Verlag, 2011.



[2]
(3]
[4]
[5]
[6]
[7]
(8]
9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]
[21]

[22]
[23]
[24]

[25]

Y. Sayyari, H. Barsam / Filomat 38:4 (2024), 12651277 1277

H. Barsam and A. R Sattarzadeh, Hermite-Hadamard inequalities for uniformly convex functions and Its Applications in Means, Miskolc
Math. Notes. 2(2020), 1787-2413.

H. Barsam and Y. Sayyari, On some inequalities of differentiable uniformly convex mapping with application, Numer. Funct. Anal.
Optim. 44(5) (2023), 368-381.

Ch. Corda, M. FatehiNia, M. R. Molaei and Y. Sayyari, Entropy of iterated function systems and their relations with black holes and
Bohr-like black holes entropies, Entropy. 20(1) (2018), Art. 56.

S. Furuichi, An axiomatic characterization of a two-parameter extended relative entropy, ]. Math. Phys. 51(2010), 123-302.

S. Furuichi and N. Minculete, Inequalities related to some type of entropies and divergences, Physica A, 532(2019), 121907.

S. Furuichi, N. Minculete and E-C. Mitroi, Some inequalities on generalized entropies, ]. Inequal. Appl. 226(2012), 1-16.

S. Furuichi, On uniqueness theorems for Tsallis entropy and Tsallis relative entropy, IEEE Trans. Inf. Theory. 47(2005) 3638-3645.

S. Furuichi and F.-C. Mitroi, Mathematical inequalities for some divergences, Physica A, 391(2012), 388-400.

B. B. Khan, H. M. Srivastava, P.O. Mohammed, K. Nonlaopon and Y.S. Hamed, Some new Jensen, Schur and Hermite-Hadamard
inequalities for log convex fuzzy interval-valued functions, AIMS Math, 7(3) (2022), 4338-4358.

A. Mehrpooya, Y. Sayyari and M. R. Molaei, Algebraic and Shannon entropies of commutative hypergroups and their connection with
information and permutation entropies and with calculation of entropy for chemical algebras, Soft Comput. 23(24) (2019), 13035-13053.
E. C. Mitroi and N. Minculete, Mathematical inequalities for biparametric extended information measures, J. Math. Inequal. 7(1) (2013),
63-71.

A. Renyi, On measures of entropy and information, in: Proc. 4th Berkeley Symp. Math. Stat. Probab. 1(1961), 547-561.

Y. Sayyari, New bounds for entropy of information sources, Wave. Lin. Algeb. 7(2) (2020), 1-9.

Y. Sayyari, New entropy bounds via uniformly convex functions, Chaos, Solit. Fract. 141(2020), Art. 110360 (DOI:
10.1016/j.chaos.2020.110360).

Y. Sayyari, An improvement of the upper bound on the entropy of information sources, J. Math. Ext. 15(5) (2021), 1-12.

Y Sayyari, New refinements of Shannon’s entropy upper bounds, J. Inform. Optim. Sci. 42(8) (2021), 1869-1883.

Y. Sayyari, A refinement of the Jensen-Simic-Mercer inequality with applications to entropy, J. Korean Soc. Math. Edu. Ser. B-Pure and
Appl. Math., 29(1) (2022), 51-57.

Y. Sayyari, Remarks on uniformly convexity with applications in A-G-H inequality and entropy, Int. J. Nonlin. Anal. Appl. 13(2) (2022),
131-139.

Y. Sayyari, An extension of Jensen-Mercer inequality with applications to entropy, Honam Math. J. 44(4) (2022), 513-520.

Y. Sayyari and H. Barsam, Hermite-Hadamard type inequalities for m-convex function by using a new inequality for differentiable functions,
J. Mah. math. resear. cent. 9(1-2) (2020), 55-67.

Y. Sayyari, H. Barsam and A. R. Sattarzadeh, On new refinement of the Jensen inequality using uniformly convex functions with
applications, Appli. Anal. 44(5) (2023), 368-381.

H. M. Srivastava, S. Mehrez and S. M. Sitnik, Hermite-Hadamard-type integral inequalities for convex functions and their applications,
Mathematics, 10(17) (2022), Art. 3127.

H. M. Srivastava, Z.-H. Zhang and Y.-D. Wu, Some further refinements and extensions of the Hermite—Hadamard and Jensen inequalities
in several variables, Math. Comput. Modell. 54(11-12) (2011), 2709-2717.

C. Tsallis, Entropy. In: encyclopedia of complexity and systems science, Springer, Berlin, 2009.



