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Some notes on topology of partially metric spaces
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Abstract. In this paper, we introduce a topology which is weaker than the one introduced by Matthews on

partial metric spaces. We present some examples and rolls for our results. Also, we show that the condition
p(x,x) < p(x, y) is redundant in the initial definition of partial metric.

1. Introduction

After introducing partial metric spaces by Matthews in [10] many papers are written especially in fixed
point theory all of them turn on p(a, a) is not zero. In this paper we make a weaker than its topology and
we remove the condition p(x, x) < p(x, ) in the following main definition of the partial metric. See the more
references in [1-9, 11]

Definition 1.1 ([10]). Let X be a nonempty set and p : Xx X — R* be a self mapping of X such that forall x, y,z € X
the followings are satisfied:

plx=y e px) =pEy) =pyy)

p2 px,x) < plx, y),

p3 plx,y) = py, %),

p4 plx,y) < p(x,2) +pz, y) - p(z,2).

Then p is called partial metric on X and the pair (X, p) is called partial metric space (in short PMS).

At first, we show that the condition p2 is redundant in Definition 1.1 of partial metric. By p4 if we puty = x,
then

p(x,x) < p(x,z) + p(z,x) — p(z, z).

p(x,x) + p(z,z) < 2p(x, z).

Now we have two cases: p(x, x) < p(z,z) or p(z,z) < p(x, x). So in the each case

2p(x, x) < p(x,x) + p(z,2) < 2p(x,z) = p(x,x) < p(x, 2)
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or
2p(z,z) < p(x,x) + p(z,z) < 2p(x,z) = p(z,2) < px, 2).

So p(x,x) < p(x,y), for every x,y € X.
Note also that each partial metric p on X generates a Ty topology 7, on X, whose base is a family of open
p-balls

{By(x, &) : x € X, & > 0}
where
By(x, &) ={y € X : p(x, y) <p(x,x) + &},

forall x € X and ¢ > 0.
It’s time to introduce new definition of partial metric.

Definition 1.2. Let X be a nonempty set and p : X x X — IR* be a self mapping of X such that for all x,y,z € X the
followings are satisfied:

pl plex) =plx,y) =ply,y) &= x=y,
p3 px,y) = ply, ),
p4 p(x,y) < p(x,2) + p(z, ) = p(z,2).
Then p is called partial metric on X and the pair (X, p) is called partial metric space.
Put
d(x,y) := p(x, y) = min{p(x, x), p(y, y)} + kip(x, 2) = p(y, Yl 1)
where k € (0, 1).
Proposition 1.3. d is a metric on X.
Proof. We see that,
1. If x = y, then
d(x,x) = p(x,x) — min{p(x, x), p(x, x)} + klp(x, x) — p(x, x)| = 0.
2. And if d(x, y) = 0, then
p(x, y) = min{p(x, ), p(y, )} + klp(x, x) = p(y, y)l = 0.
So
p(x, y) < plx, y) + kp(x, x) = p(y, y)l = min{p(x, x), p(y, Y)} < p(x, y)-
Thus p(x, y) = p(x, x) or p(x, y) = p(y, y). Hence
p(x, y) + klp(x, x) = p(y, )l = p(x, y) = p(x, ) = p(y, ).
Therefore p(x, y) = p(x, x) = p(y, y) which means x = y.
3. Symmetry is obvious.
4. For triangle inequality, by the following inequality
min{a, ¢} + min{c, b} < min{a, b} +c¢ Va,b,c € RY,
we have
d(x, y) p(x, y) — min{p(x, x), p(y, y)} + kip(x, x) = p(y, y)l
p(x,2) +p(z,y) = p(z,2)
min{p(x, x), p(z, z)} — min{p(z, z), p(y, Y} + p(z, 2)
klp(x, x) = p(z,2)| + klp(z, 2) = p(y, y)|
d(x,z) + d(x, z).

IAN
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2. Main results
We define weak topology 7, by the balls
Bi(x, ) = {y € X :d(x,y) <e},
for every k € (0,1).
Yx(x #y) put &:=p(x,y) — min{p(x,x), p(y, Y} + klp(x, x) — p(y, Y,
then y ¢ BY 4(x, €), which means 7, is Tp.

Theorem 2.1. Balls B';(x, €) for every x € X and ¢ > 0 makes a base for topology 7.
Proof. Let
y € Bi(x, &) = p(x, y) — min{p(x, x), p(y, )} + kip(x, x) — p(y, y)| < €.
Our claim is
36 >0 Bi(y,8) C Bix, ).
It’s enough that, we put
6 := ¢ — (p(x, y) — min{p(x, x), p(y, y)} + klp(x, x) — p(y, y)))
z € B(y,6) = p(z, y) — min{p(z, 2), p(y, )} + klp(z,2) - p(y, )| <,
thus
p(z,y) — min{p(z, z), p(y, Y} + klp(z, 2) = p(y, y)|
< &—(p(x,y) — min{p(x, x), p(y, Y} + klp(x, x) — p(y, Y)I),
therefore
p(z, y) — min{p(z, 2), p(y, y)} + klp(z, 2) = p(y, y)I
+  p(x,y) — min{p(x, x), p(y, Y} + kip(x, x) = p(y, Yl < € (2)
S0 we obtain
p(x, z) — min{p(x, x), p(z, 2)} + klp(x, x) — p(z, 2)|
<p(x, y) + p(y, 2) — p(y, y) — min{p(x, x), p(z, 2)} + klp(x, x) = p(z, 2)|
<p(x,y) — min{p(x, x), p(y, Y} + kip(x, x) = p(y, Y)|
+p(y,z) —min{p(y, y), p(z,2)} + kip(y, y) — p(z,2)| < €
therefore by (2)
p(x,z) — min{p(x, x), p(z,2)} + klp(x, x) = p(z,2)| S e = z € Bt 1(x, €).
O
Theorem 2.2. Topology T, is weaker than topology t.
Proof. Put y € BY(x, ). Hence
p(x, y) — min{p(x, x), p(y, )} + klp(x, x) = p(y, y)l < €
thus
p(x,y) — p(x, x) < p(x, y) — min{p(x, x), p(y, Y)} + klp(x, x) — p(y, Y)l < &

plx,y) —p(x,x) < e =y € By(x, ¢)
which means Bi(x, e) € By(x,¢). O
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3. Second weak topology
If we put
D(x,y) = p(x, y) — min{p(x, ), p(y, )}
and
Bo(x,e) =y € X: D(x,y) < e,
then

ﬂ B’;(x, €) = Bp(x, ¢€).

ke(0,1)
Also, we know that

pCey) = plx,x) < D(x, ) := p(x, y) — min{p(x, x), p(y, )}
We define weak topology 7p which is Ty, by the balls

Bp(x,e) ={y € X: D(x,y) < €}.
Remark 3.1. Dis not a metric. Put X := {1,2} and define p as follows:

p1,1) =1, p(2,2) =2, p(1,2) = p(2,1) = 3,

So p is a partial metric and D(2,2) = p(2,2) — min{p(1,1),p(2,2)} =2 -1 =1.

Theorem 3.2. Balls Bp(x, €) for every x € X and € > 0 makes a base for topology tp.

Proof. 1t’s similar to proof Theorem 2.1. [

Theorem 3.3. Topology 7, is weaker than topology Tp and topology Tp is weaker than topology T,.

Proof. Put y € BY(x, ). Hence

p(x, y) — min{p(x, x), p(y, y)} + klp(x, x) — p(y, )l < &

thus

p(x, y) — p(x, x) < p(x, y) — min{p(x, x), p(y, Y} + kip(x, x) — p(y, )| < €

p(x, y) —p(x,x) < D(x,y) <d(x,y) < e = y € Bp(x, €) € B,(x, ¢).

which means Bi(x, €) € Bp(x, €) € B,(x, ). O

Definition 3.4. Let (X, p) be a partial metric space. Then

o asequence {a,} in (X, p) is said to be convergent to a point a € X if and only if

. T
lim d(a,,a) =0 & a, > a.
n—o00

(lim D(a,, ) =0 < ay 2 ).

1748
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o a sequence {a,} is called a Cauchy sequence if
lim d(ay,a,) ( lim D(a,,a,))
m,n—o0 m,n—oo

exists and finite;

o (X, p) is said to be complete if every Cauchy sequence {a,} in X converges to a point a € X with respect to t,.
Furthermore,

lim d(a,,a,) = limd(a,a,) =0
n—oo

11300
o A mapping f : X — X is said to be continuous at ay € X if for
Ve>036>0 f(Bi(ao,0)) C BY(f(ao), €.
(Ve>0306>0 f(Bplao,0)) € Bp(f(ao), €)).
Example 3.5. Let X :={1,2,3}, x, := land x = 3. Hence x, — x in 1, but x, /> x in 14, when p(x, y) = max{x, y}.

Example 3.6. Let X := {&! : n € N} U {1}, x, := 2 and x = 1. Hence x, — x in 14, S0 X, — X in 1, when
p(x, y) = maxix, y}.

Lemma 3.7. Let (X, p) be a partial metric space. If {a,} be a sequence in (X, p) such that p(a,, ay+1) = 0asn — oo.
Then d(a,,a,.1) — 0asn — oo,

Proof. By p(an,an) < p(an,an+1) so p(ay,a,) — 0 as n — oo with respect 7,. Therefore d(a,, a,+1) — 0 as
n—oo. []

The next lemma states that converse convergent conditions in 74, and 1, topologies.

Lemma 3.8. Let (X, p) be a partial metric space. If a,, 2 aand lim p(ay, a,) exists. Then
n—oo

lim d(ay, a) = lim D(ay, a) = (k + 1)(p(a, a) = lim p(a,, a,)).
Further more r}l_r)go p(ay, a,) = p(a,a), then

y}g?o d(a,,a) =0, and g{}o D(a,,a) =0,
or

ay 1, a, and a, > a.
Proof. According to

d(an, a) = p(an, a) — min{p(a, a), p(an, an)} + klp(a, a) — p(ay, an)|
and

p(an, an) < p(an,a) + p(a, a,) = p(a, a)
assertion is clear. [J

About the condition lim p(a,, a,) = p(a,a), in Lemma 3.8, look at Examples 3.5 and 3.6.
n—oo
The next theorem is an application in fixed point theory as base on Banach’s theorem.



M. Asadi/ Filomat 38:5 (2024), 1745-1750 1750

Theorem 3.9. Let (X, p) be a complete partial metric space. T a self mapping on X and
p(Tx, Ty) — min{p(Tx, Tx), p(Ty, Ty)} + kip(Tx, Tx) = p(Ty, Ty)|
< l(p(x, y) — min{p(x, x), p(y, )} + klip(x, ) = p(y, y)I),
for some | € [0,1) and for every x,y € X. Then T has a unique fixed point on X.
Proof. By Proposition 1.3, d is a metric and d(Tx, Ty) < ld(x,y). O
By the new topology and metric 4, many complicated contractions could be verified in the same way.

Corollary 3.10. Let (X, p) be a complete partial metric space. T a self mapping on X and

p(Tx, Ty) — min{p(Tx, Tx), p(Ty, Ty)} < lp(x, y) — min{p(x, x), p(y, )},
for some | € [0,1) and for every x,y € X. Then T has a unique fixed point on X.
Proof. By Definition 3, D(Tx, Ty) < ID(x,y). O

Conclusion

We introduce a weak topology for partial metric spaces with applying to fixed point theorem. Some
illustrated examples are included. Also, we showed that the condition p(x, x) < p(x, ) is redundant in the
initial definition of partial metric.
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