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Abstract. In this work, we obtain some representations of set-valued solutions defined on an abelian
group G with values in a Hausdorff topological vector space of the generalized multiadditive functional
equations. We also investigate the Hyers-Ulam stability of the mentioned earlier set-valued functional

equations. Furthermore, we prove the Hyers-Ulam stability of the set-valued multiadditive mappings by
applying a fixed point theorem.

1. Introduction

It is well-known that among functional equation the additive (Cauchy) equation

Ax +y) = Ax) + Ay) 1
plays a significant role in many parts of mathematics. More information about them (in particular, about
their solutions and their applications can be found for instance in [18] and [32].

Throughout this paper, IN, Q and R are the sets of all positive integers, rationals and real numbers,

n—times
N

respectively, Ny := IN U {0}, R, := [0, 0). Moreover, for the set E, we denote EX E X ... X E by E". Let V
be a commutative group, W be a linear space over Q, and n € IN with n > 2. A mapping f : V' — W

is called multiadditive if it satisfies (1) in each variable. It is shown in [10, Theorem 2] that a mapping f is
multiadditive if and only if it satisfies

fa+x)= Y Gt i), @)
i1,0in€{1,2)

where x; = (x;1,..., %) € V' with i € {1,2}.

The stability problem of the functional equation, initiated by the celebrated Ulam’s question [37] about
the stability of group homomorphisms (answered by Hyers [16], Aoki [1], Th. M. Rassias [30] and Gdvruta
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[15] for additive and linear mappings) has been growing rapidly over the last decades and applied in
sciences and engineering. Recall that a functional equation I' is said to be stable if any function f satisfying
the equation I' approximately must be near to an exact solution of I'. Here, we remember that the Ulam
query about the stability of group homomorphisms and functional equations on Banach spaces has been
studied and established for instance in papers and books [13], [14], [17], [19], [20], [26], [31], [33] and
moreover references therein. On the other hand, a lot of information about the structure of multiadditive
mappings and their Ulam stabilities are available in [9], [10] and [18, Sections 13.4 and 17.2].

In the last decades, the theory of set-valued functions in Banach spaces have been improved and
developed by the authors. In 1965 and 1966, the pioneering papers by Aumann [2] and Debreu [11] were
inspired by problems arising in control theory and mathematical economics. Next, some equations for set-
valued functions and set-valued solutions of miscellaneous functional equations have been investigated by
the authors which can be found for instance in [6], [22], [23], [24], [28], [34], [35] and [36].

In this paper, we introduce the generalized multiadditive functional equations and investigate some
set-valued solutions of the such functional equations. Moreover, motivated by some results in [27] and
[29], we prove the stability of the generalized multiadditive set-valued functional equations. Finally, we
establish the Hyers-Ulam stability of the set-valued multiadditive mappings by using a fixed point method.

2. Set-valued solutions of generalized multiadditive mappings

Throughout this section, (G, +) denotes a commutative group and X is a Hausdorff topological vector
space over R. Both the zero element of G and the origin of X will be denoted by 0. We also denote the
collection of all nonempty subsets of X by P*(X).

Here, we have some sets which are necessary in this paper.

b(X) = {E|E € P*(X), E is bounded};

cc(X) = {E|E € P*(X), E is closed and convex};
be(X) = {E|E € P*(X), E is bounded and convex};
bee(X) = {E|E € P*(X), E is bounded, convex and closed}.
Let A, B € P*(X) and A € R. We consider the addition and scalar multiplication as follows:
A+B:={a+blac A beB} AA = {Aala € A}.
It is easy to check that for A, u > 0 and A € P*(X) which is convex, we have
(A + A =1A+ pA.

Recall that C € P*(X) is called a (convex) cone in X if C+ C C C and for each positive real number AC C C.
It is clear that every convex cone is a convex set. If the zero vector in X belongs to C, then we say that Cis a
(convex) cone with zero. Next, we remind the following lemmas from [3] and [28] which will be useful in
the proofs of our main results.

Lemma 2.1. Let C € P*(X) be a convex set such that there exists 1 # A > 0 with the property AC = C. Then, Cisa
convex cone.

Lemma 2.2. Let B € P*(X) be a bounded set such that there exists 1 + A > 0 with the property AB = B. Then,
B ={0}.

Lemma 2.3. Let A, B € cc(X) and C € P*(X) be a bounded set. If A+ C =B +C, then A = B.
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In this section, we investigate the set-valued solutions f : G" — P*(X) of the following generalized
multiadditive functional equation

flx+x)= Z Ai, i fXi1, o Xim), 3)

il ///// 7716{1/2}

,,,,,

and (3) coincide.
The first elementary result is for the constant mappings as follows.

,,,,,

,,,,,

,,,,,

(3), for all x € G" if and only if C is a convex cone.

Proof. (i) We have

f(x1+x2):C:

= Ail,...,inf(xilll e /xiy,n)/
{1,2}

for all xq,x, € G".
(ii) Assume that f(x) = C is a solution of (3), for all x € G", then

C=

it in€{1,2)
By Lemma 2.1, C is a convex cone in X. The other implication follows from part (i). O

Putn:={1,...,n},n€IN. Forasubset T ={l1,...,k}of nwith2 <[y <--- <[ <msuchthatm<n-1,
denote

B;

SR /AR A TR PN M AR 1

= Z Aty 4 i1y V1

11ty <101y 1 oo Al =1 A1y 1o I €412}

Note that
..... i, and By, 1 =4, 1.

We use these notations in the proof of the results in this paper. It is shown in the proof of Theorem 2
from [10] that for a commutative semigroup G and a linear space W, for every solution f : G* — W of (2),
f(x) = 0 for any x € G" with at least one component which is equal to zero. However, the same proof can
be applied to show that for every solution f : G* — W of (3), f(x) = 0 for any x € G" with at least one
component which is equal to zero. In the next result, we prove a similar result when the image is set-valued.

Theorem 2.5. The only solution f : G" — be(X) of (3) is zero set provided that

B in;t]-/

(PR TR A % [P PR M 2 DT

forall1 < <n.
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Proof. Letting x; = x, = (0,...,0) in (3), we have

f@,...,0) =By, i f@O,...,0).

It follows from Lemma 2.2 that f(0,...,0) = {0}. Fix j € {1,...,n}. Letting x1, = Oforallp € {1,...,n}\{j} and
xzp =0 for1 <p<nin(3), we get

By assumptions and Lemma 2.2, we get f(0,...,0,x1;,0,...,0) = {0}. The processing above can be repeated
to obtain

£0,...,0,x1,,0,...,0,x1,,0,....,0)
= Bi],‘..,ll[l_l,1,i11+1,.‘.,ilk_l,l,ilk.‘.l‘..,inf(ol ey 0/ xlll s 0/ Ry Or xllk ’ Or Ry 0)

.....

.....

Remark 2.6. Note that in Theorem 2.5, if B;,, i, = 1 but f(0,...,0) = {0}, then the result is again valid.

,,,,,

Theorem 2.7. Let By, ;, = 1and each A;,,.;, be positive real number. If f : G" — bee(X) is a solution of (3), then
f(x) = f(,...,0) forall x € G".

Proof. We first note that
B:

SR AR TR PN M /AR

+B =1, (4)

ey =120 41 =1 2041
forall 1 <[ < n, where

i1 eeesity 1,200 41 el 1,2, 41 s z 11 ey 1,201 41 0o Al =12, 1 ool
11ty <101y 1 oo Al =1 Al 1o €412}

Fixje{l,...,n}. Letting x;, = O forallp € {1,...,n}\{j} and xp, = 0 for 1 < p < nin (3), we get

FO,,0,%1),0,...,0) = Biy i 1iin O, -, 0,%1;,0,...,0)
+Bi i 02, 0),
and hence
(1 = Bi, i1 L, i,,)f(O,...,O, x1j,0,...,0)
+ Biy s O, 0,%1;,0,...,0)
= Biy it fO, -, 0,31},0,..., 0)
+B; i 2iieind O 0). )

It follows from Lemma 2.3 that (5) is equivalent to

(1 - Bi],...,iifl,l,if+1,..‘,i;1) f(ol ey Or xlj/ 0/ ey 0)
=B} 2SO 0)

,,,,,

Now, relation (4) implies that
f@,...,0,x1;,0,...,0) = f(0,...,0).
Similar to the above, one can show that
(1= B,y ity s iy i) fOr -, 0,21,,0,..,0,21,,0,...., 0)
= Bl‘],...,llll,l,z,l‘11+1,,..,l‘[k,l,2,f1k+1...,inf(0’ cccy 0)’

where 2 < [; < n. Therefore, by (4) we conclude that f(x) = f(0,...,0) forallx e G*. O
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3. A stability result for the generalized multiadditive functional equations

Here and subsequently, fora mapping f : V" — W, we consider the difference operator Of : V'xV" —
W by

Df(x1,x2) := f(x1 +x2) — Z Aiin f i1+ Xin),

i1,in€{1,2)
for all x1,x, € V"". We need the next result, indicated in [18, Theorem 13.4.3].

Theorem 3.1. Let g : R”" — R be a continuous p-additive function. Then, there exist constants cj, _; , € R,
ji---sjp=1,...,N, such that

N N
glx1, ..., xp) = Z ... Z Cirejp X1y« + - Xpjps
ji=1 Jp=1

forall x; = (xin,...,xin)andi=1,...,p.
Let f : R" — R be a solution of the inequality
|Df(x1,2%2)| < 0. (6)

Similar to [4] and [10, Theorem 3] and using Theorem 3.1, one can show that there exists a multiadditive
function g(ry,...,1y) =cr1...1,,c € R, such that |[f(r1,...,7,) —g(r1,..., 1) < eforall (rq,...,r,) € R", where
L. Hence, inequality (6) can be written in the form

|
Z)f(xl,xz) € B(O, 6),

where B(0, 0) := (=9, 0), and thus

f(x1 +x2) +B(0,0) € Z [Ai,..i f@i1, -, Xin) + B0, 0)] -
i1, €{1,2}

provided that A;,, ;, > 1foralli,...,i, € {1,2}. Moreover, g(x) € F(x) for all x € R".

Let W be a real normed space. The family of all closed and convex subsets, containing 0, of W will
be denoted by cc(Py(W)). Recall that for a metric space (X, d), the diameter of a set E C X is defined to be
diamE =sup{d(x,y) : x,y € E}.

In this section, let V be a real vector space, K C V be a convex cone with zero and W be a Banach space.

Theorem 3.2. Let F : K" — cc(Py(W)) be a set-valued mapping satisfying

F(x1 +x2) C Z A, F (i, o Xign), 7
i, in€{1,2}

and
sup{diamF(x) : x € K"} < oo,

.....

Al(x) € F(x) for all x € K".
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Proof. Putting x; = x, = xin (7), we get

F@x) c Z A,l ,,,,, i F(@) = By,,..i, F(v), 8)

for all x € K". Replacing x by 2"x with m € N, in (8), we obtain

F(2™'x) C B;,,;, F2"x),
for all x € K" and so
F(2"*1x) c Bi, i F(Z’"x)

2m+1 - 2 2m
for all x € K". Thus

F(2™*1x) _ F(2"x)
m+1 < om 7

for all x € K". Let m € INy. Set F,,(x) = F(z ) forall x € K™. Ttis easily seen that {F,,(x)}en, is a decreasing
sequence of closed subsets of W. Moreover

diamF,,(x) = ZimdiamF(me).

Since sup{diam(F(x)) : x € K"} is finite, we find lim,,,diam(F,,(x)) = 0 for all x € K". Applying the Cantor
theorem for the sequence {F;(x)}nen,, we see that the intersection (1),,cn, Fu(X) is a singleton set and we
denote it by A(x) for all x € K" which is in fact a map A : K" — W. In other words, A(x) € Fy(x) = F(x) for
all x € K". Here, we show that A is a generalized multiadditive mapping. We have

F(Z’"(xl + .X'Z)) F(ZmJC1 + meZ)

m(xl + x2) om om
c Z L€(1, 2] ..... F(Z (xi1, - /xi,,n))
< S
F (Zm(xiﬂ, e ,xinn))

:ZAi

1/~~~/in 2m
{1,2}

n€

Py

€fl
11,0eey 1

Alxr +x2) = ﬂ Fun(x1 +x2) € ﬂ Z ApyiFn (X1, Xin) |, ©)
melNg melNp \iy,..., €{1,2}
for all x1,x, € K". In addition, one can show that
Z A11 ﬂ (xllll .. xz,ln) € Z A11 ,,,,, 1,,Fm (lelr . rxi,,n) . (10)
11 ..... lnE{l 2 i1 ..... {1 2]

i € Fp (xi1, - .., Xi,n) such that

.....

Alxy +x2) = Z Ai, i Wi i (11)
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On the other hand, relation (10) implies that there exist B;,, i, € Fy, (xij1, ..., Xi,n) such that

,,,,,

Z Ailz-winﬂ (xilll et ’xinn) = Z Ai‘ll"'li” %ilz--»/jrt’ (12)
i1yeerin€(1,2) i1yeerin€(1,2)
It follows from (11) and (12) that
A +x) = Y A A %) = Y Any Ui, = B (13)
i1,eein€(1,2) i1,eerin€(1,2)
Since A;, i, Bi, i € Fy (Xi1, - -, Xi,n), we obtain

1 yeney i,,€[1,2}
< Ai1,. iy ||9111 ..... in %lﬁ ,,,,, in
i,-in€{1,2}
< A11,~-,in diamFm (xz-11, ey xin,,) ,
i1, in€{1,2}

This completes the proof. [

4. Stability results for the multiadditive mappings

In this section, we prove the Hyers-Ulam stability for the multiadditive mapping (2) of the set-valued.
Let W be a Banach space. The dual space of W is denoted by W*. For a given set A € P(W), the distance
function d(-, A) and the support function s(-, A) are respectively defined by

dx,A) =inf{[lx -yl : y € A}, xeW,
s(x*, A) = sup{(x", y) : y € A}, xte W
For each pair K, K" € b(W), the Hausdorff distance between K and K’ defined by
H(K,K') =inf{A >0: KC K + ABy, K C K+ ABy},

where By is the closed unit ball in W. For any C, C" € cc(W), we denote by C&C’ = C + C’. Some properties
of the Hausdorff distance is in the next proposition.

Proposition 4.1. Let C,C’,K, K’ € bec(W) and A > 0. Then, the following properties hold:

(i) HC®C’,K®K’) < H(C,K) + H(C',K");
(i) H(AC, AK) = AH(C, K).

Let W be a Banach space and (bcc(W),®,H) be endowed with the Hausdorff distance H. Then,
(bec(W), ®, H) is a complete metric semigroup; see [7]. Moreover, Debreu [7] showed that (bec(W), ®, H)
is isometrically embedded in a Banach space as follows.

Lemma 4.2. Let C(Bw-) be the Banach space of continuous real-valued functions on Bw- endowed with the uniform
norm || - |l,. Then, the mapping j : (bec(W),®, H) — C(Bw-) defined through j(K) = s(-, K) satisfies the following
properties:
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(i) j(A® B) = j(A)+ j(B);

(ii) j(AA) = Aj(A);
(iii) H(A, B) = |[j(A) = j(B)llw;
(iv) j(bcc(W)) is closed in C(Bw-).

forall A, B € bec(W) and all A > 0.

Let f : X — (bcc(W), H) be a set-valued function from a complete finite measure space (X, )., v) into
bee(W). Then, f is said to be Debreu integrable if the composition j o f is Bochner integrable [8]. In this case,
the Debreu integral of f in X is the unique element (D) fx fadv € bee(W) such that j ((D) fx fdv) is the Bochner
integral of j o f. The set of Debreu integrable functions from X to bec(W) will be denoted by D(X, bec(W)).
Moreover, on D(X, bec(W)), we define (f + g)(v) = f(v) @ g(v) for all f, g € D(X, bcc(W)) and so we find that
((X, bec(W)), +) is an abelian semigroup.

The upcoming theorem was presented in [12] which is useful to our goals for the rest of the paper.

Theorem 4.3. Let (Q,d) be a complete generalized metric space and J : QO — ) be a mapping with Lipschitz
constant L < 1. Then, for each element x € Q, either d(J"x, J’ "ly) = oo for all n > 0, or there exists a natural
number ngy such that

(i) d(J"x, T"1x) < oo for all n > np;
(ii) the sequence {J"x} is convergent to a unique fixed point z of J which is in the set

A={yeQ:d(J™x,y) < co};
(iii) d(y,z) < Td(y, Ty) for all y € A.

Definition 4.4. Let V be a vector space, W be a normed space and f : V"' — bcc(W). The set-valued multiadditive
functional equation is defined by

flx1+x2) = EB fxi, - Xin),

il rrrrr i,,€[1,2}

for x1,x, € V™. Every solution of the set-valued multiadditive functional equation is called a set-valued multiadditive
mapping.

Here, we present the main theorem of this section.

Theorem 4.5. Let § € {—1,1}, V be a topological vector space and W be a Banach space. Let ¢ : V" X V" — [0, o0)
be a function such that there exists an L < 1 with

L
Qx1,x2) < 275fp(2ﬁx1,2’3x2),
forall x1,x, € V". Suppose that a mapping f : V" — (bec(W), H) satisfying
Hfta+x), @ fly. x| <ok, x), (14)
i1ein€{1,2)
forall x1,x; € V™. If r and M are positive real numbers withr # nand diamf(x) < MY llxyll forallx = x; € V",

then there exists a unique set-valued multindditive mapping A : V' — (bec(W), H) such that

H(f(x), Ax)) <

=P (15)

forall x e V.
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Proof. We first bring the proof for the case § = 1 and r > n. Putting x; = x, = x in (14) and using the
convexity of f(x), we have

H(f(2x),2" f(x)) < p(x, x), (16)

and so

i 21(5) <05 5) = grow )

for all x € V" (and for the rest of this proof, all the equations and inequalities are valid for all x € V"). Set
={f: V" — bcc(W)| f(0,...,0) = {0}}. Consider the generalized metric d on Q as follows:

d(g, h) == inf{A,;, € (0, 00) : H(g(x), h(x)) < Agup(x,x), x€ V",

where as usual inf @ = co. Similar to the proof of [5, Theorem 2.2] and [21, Lemma 2.1] (see also the proof of
[25, Theorem 2.3]), one can show that ((2,d) is a complete generalized metric space. We define a mapping
g :Q— Qvia

x
Tfw =2'f(3).
for all x € V". We show that J is a strictly contractive operator with the Lipschitz constant L. To do this,
take g,h € Qand A, € (0, 00) with d(g, h) = A, ;.. Then, H(g(x), h(x)) < A, n¢p(x, x) and hence

H(T9(2), Th() = H(2'g (5 2'% 5

n X X
=2 H(g(z)’h(z))
<22 gh(p( ) < AguLo(x, X).
Therefore, d(J g, Jh) < AguL. This shows that d(Jg, Jh) < Ld(g,h), as claimed. Let us next observe that

from (17) it follows that

ATFO), F) < 5

We can now apply Theorem 4.3 for the space (€2,d), the operator J, np = 0 and x = f to deduce that
the sequence (J'f)en is convergent in (Q,d) and its limit, A is a unique fixed point of J in the set

={g € Q:d(g, f) < oo}. In other words, A(x) = lim;_,c T f(x) = lim;_,c, 2" f( ) and

Alx) = z—nﬂ(ZX). (18)

Moreover, there exists a A € (0, c0) satisfying H(f(x), A(x)) < A@(x, x). Next, note that f € A and therefore,
part (iii) of Theorem 4.3 implies that

d(f, A) < 7= Ld(Jf(X) f(x) < zn(lL Iy’

which proves (15). We now have

H [ﬂ(xl + .XQ), @ ﬂ(xﬁl/ ce /xl},n)]

i],...,i,,E[l,Z]
. I X1+ X2 1
=}£22"H[f 27) 8./ ())]
1seeerln ”

. (X1 X2\ _
<lm2' (5 5) =0
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for all x1,x; € V". On the other hand, we have diamf(x) < M 27:1 [lx1;lI" and so

: n X znl - r
diam (2 If(f)) < M? Z [ESHlie
=1
Therefore, A(x) = 2" f (%) is a singleton set and
ﬂ(xl +XQ) = @ ﬂ(xill,...,xinn),

for all xq,x, € V™.
For the case f = —1 and r < n, from (16), we have

1 1
H(f@) 5:£@9) < 500,
The rest of the proof is similar to the previous part. [J

Corollary 4.6. Let p be a positive real number such that p # n, 0 > 0 be real numbers, and V be a real normed space.
Suppose that f : V' — (bec(W), H) is a mapping satisfying

2 n
H[f(xl+Xz), B f(xill,...,xi,,n)]sGEanijuP,

il/-n/inE[lrz} i=1 j=1

forall x1,x, € V. If rand M are positive real numbers with r # n and diamf(x) < M Z';:l Ilx1;ll" forall x = x1 € V",
then there exists a unique set-valued additive mapping A : V* — (bcc(W), H) such that

20 v
H(f(0), AW) < 5o ; ey 1P,

forall x e V.
Proof. The proof follows from Theorem 4.5 by taking L = 27"l and ¢(x1,x2) = 0 Y7, Z']Ll IlxiIF. O

Questions and Remarks

The current work provides guidelines for further research and proposals for new directions and open
problems with relevant discussions. Here, we give some questions and information on the connections
between the fixed point theory and the Hyers-Ulam stability.

(1) What are the set-valued solutions of a multi-quadratic mapping?

(2) How to establish the Hyers-Ulam stability of the set-valued multi-Jensen and multi-quadratic map-
pings by applying a fixed point theorem? What about the multi-cubic mappings?

(3) Following Senasukh and Saejung [33], one can discuss the stability of multiadditive and multi-
quadratic mappings on certain groupoids.
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