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Fractional Hunkel transform of generalized function
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Abstract. In this paper, we introduce the fractional Hankel transform in the space of test functions, and
we prove some of its properties. In addition, we define this transform in slowly growing distributions

space,i.e., in dual space of test functions space. As application, some examples are given to illustrate the
theoretical results.

1. Introduction

In the mathematical literature, a generalization of the Hankel transform, known as the fractional
Hankel transform, was introduced a few years ago. This transform has found extensive application in di-
verse challenges within mathematical physics and applied mathematics. Notable applications span various
domains including signal processing, optics, and quantum mechanics, as comprehensively documented in
references [1, 4-8]. Kerr [2] introduced a fractional Hankel transform that depends on a parameter « in
L*(IR™). This transform, which is a generalization of the classical Hankel transform, is defined by

hya f(9) = fo FOKa(x, v,

where the Kernel K,(x, y) is given by

12
i a X X
Ky (x, y) - A#,ae—i(x2+y2)cot§ ( y£|) ]“ ( y£|)’
2 2

| sin | sin

where ], is the Bessel function of the first kind and order y and a =sgna, f € L*(RY), a € R\ {2kn}, k€ Z,
Apa = |sin %I‘%e"(ga‘%)(““) and p > 1. For @ = 7, we get the classical Hankel transform

hf ) = f NI

Zemanian investigated the Hankel transform on distributions of slow growth in [11] and on distributions

of rapid growth in [9], something that apparently had not been done before. To define the Hankel transform
on the distribution, Zemanian introduced the functional space 7—(H.
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Based on the work of Zemanian[11] and from the works cited before, we extend the fractional Hankel
transform to function test, i.e. in the space H,,. Additionally, we introduce the fractional Hankel transform
of generalized functions in Hj the dual space of H,. Our main achievement lies in the extension of this
transform to the space of distribution ;. Furthermore, we prove some properties of this transform in the
framework of these spaces.

This article is structured as follows: section 2, recalls the definitions of the spaces ‘Hy and H. !’1, together
with a discussion of their main properties. In section 3, our main objectives are divided into two steps: firstly,
to define the concept of fractional Hankel transform and, secondly, to prove that it is an homeomorphism
on the space H,, when u > —1. In section 4, we introduce the fractional Hankel transform in the context of
‘H|, and some fundamental properties of this transform are proved.

2. Prelimanaries
In this section, we present the spaces of functions and generalized functions that we consider later.

2.1. The Testing-Function Space H,,

Let I = (0, o). For each real number 1 we define the space H,, as follows

Hy={¢p:1-C/peC(), YmmneN, i (@) <o,

1
where () = sup {(1 + xz)ml(;D)k[x_“_l/qu(x)]l}.
! xel
The space H,, is linear. Moreover, each y” 1 is a seminorm on ‘H,, and since the )/Z , are norms, so the set

H Yoo

{V ko is @ multinorm. The topology on H,, is produced by the set i

m, k}m k=0"
Lemma 2.1. [10, p:130-131] ¢ € ‘H,, if and only if it satisfies the following three conditions:
i) ¢ € C(I).

ii) For each nonnegative integer k,
1
P(x) = xt*2 [ao Fax? + o+ agx® + RZk(x)],

where

Ao = 1rn 1 (x” DY x =3 ¢o(x) and (x ' DY*Rox(x) = O+ (1).

K12k 25

iii) For each nonnegative integer k, D*¢(x) is of rapid descent as x — oo (i.e D¥¢)(x) tends to zero faster than any
power of L as x — o).

1/2
|smy a‘) Ju (lsmy ) satisfies conditions i) and ii) of Lemma 2.1.

Howeuver, it does not satisfy the condition iii). On the other hand, from [3, p:134 and p:147] we get

12
xy 2 Xy pmom
(|sing|) ]“(|sma|) O~ 2 T T

xy 1/2 xy
Hence, (W) Ju (IST%I) ¢ H,.

Lemma 2.3. [10, p:131] The space H,, is complete and therefore a Frechet space.

Remark 2.2. For any fixed y € 1, the function (

From the previous discussion, the authors demonstrated that #, is a space of test functions.
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2.2. Distribution space Hj,

‘H|, denotes the dual of H),. According to [10, Theorem 1.8-3], H, is also complete. The members of H|,
are the generalized functions on which our fractional Hankel transform will be defined. Furthermore, 7-(y
can be identified with a subspace of H;, when p > -3
Now, we list some other properties of H,, and H;,, which will be useful for us in the future.

1. It is clear that D(I) is a subspace of H,, for every choice of y, and that convergence in D(I) implies
convergence in H),. Consequently, the restriction of any f € H|, to D(I) isa member of D'(I). However,
D(I)is not dense in H,.

2. If gis an even positive integer, then H,,,, C H,, and the topology of H,,., is stronger than that induced
on it by H,,.

3. For each u, H,, is clearly a subspace of C*(I). Moreover, it is dense in C*(I). Moreover, the topology
of H,, is stronger than that induced on it by C*(I).

Multipliers in #, : Let O denote the linear space of all smooth functions 0 defined on I such that for each

nonnegative integer v, there is an integer n, for which (xif%(x) is bounded for all x € I. The product of any
two members of O is also in O.
Any 0 € O is a multiplier for H,, for every u. Indeed, for ¢ € H,, we have

k -1 v
v=0

Then,

k
00 < Y L) B )+ L
v=0

where the B, are constants. This prove that the linear operator ¢ — 0¢ is a continuous mapping of H, into
itself.
Multipliers in H, : The adjoint operator f — 0f,which is defined on H;, by

(0f, ) =(f,0¢), feH, pecH,0€O0,

. . . . , .
is a continuous linear mapping of 7'{;1 into itself.

3. Fractional Hankel tranform of generalized functions

In this section, our main objectives are divided into two steps: first, to introduce the concept of the
fractional Hankel transform, and second, to prove that it is an homeomorphism on the space H,. To
achieve the second objective, we will construct certain transform operations, namely the linear differential
operators M, and N, in the space H,,, and the linear operators P, and Q, within #,,1. We will utilize these
operations to obtain specific properties of the fractional Hankel transform.

Letu > —1 we define the fractional Hankel transform hy« by

+00 1/2
hy,ali)(]/) = f q)(x)AP,ag*%(x2+y2)cot% ( Xy ) ]“ (iél)dx’
0 2

|sin §| | sin

for every x € I and ¢ € H,,.
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Now, we define the linear differential operators M, N,, P, and Q, by

M'uqb(X) — X’LH%E%XZ cot & Dxx—y—%e—%xz cot § (P(x)
N’“q)(x) — x,u-%—%e—%xz cot %Dxx—,u—%e%xz cot § (P(x)/
P’“(P(X) — x—p—%e%xz cot § Dxxy+%e—%x2 cot § (P(x)/

Qu¢(x) — x—y—%e—%xz cot § DXXHJF%E%XZ cot § ¢(X)
Next, we need the following lemmas
Lemma 3.1. Ny, and M,, are a continuous linear mappings of H,, into H1.

Proof. for ¢ € H,, and any choice for m and k,

i ¢ 1 i,
V[;:,:}(l (Nyﬁb) = sup |xm(x—lD)k[x—le—§x2 cot § Dxx’“’fe%“z cot %¢(X)]

0<x<oo

= sup licot 23" (x" D) [x *p(x)] + " (" DY+ p(0)]

0<x<oo

< |cot gly;‘hk(qb(x)) SR (5165)
O

Similarly, we prove that M, is a continuous linear mapping of H,, into H,,1.

Lemma 3.2. P, and Q, are a continuous linear mappings of H,1into H,,.

Proof. for ¢ € H,,;1 and any choice for m and k, since H,,11 C H,_1, then

Vos(Pup) = sup [ (7 D) [x 2 e o i Dt e g

0<x<oo

= sup |(2‘u+2)x”’(x’1D)kx’“’%¢

0<x<oo
@
2

+ a,u+ +
< @+ 27}, (@) + 10t V@) + 7). (@)

+icot =x"(x D) PxF T + " (x ' DY 2 (x ' D)(x 2 )|
O
Similarly, we prove that Q,, is a continuous linear mapping of H,,,1 into H,,.
Proposition 3.3. Let ¢ € H,, such that u > -3, then
1) Nulyo(@) = hysr,o (- g 0 (0),
i) Myuina(Muf) = ~ g hual@(),
If ¢ € Hyya, then

il‘l) thy+1,a(¢) = hy'a(BTx%lqb)

iv) hy,a(Py¢) = |5Ty%|hp+1,a(¢)
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Proof. i) From [3, p:154], we can get
D,‘/y_ylp(xy) = _xy_‘u]‘u-ﬁ—l(xy)

and differentiating under an integral sign as follows

)” 2],H1(

Nyhy,a((Z))(y) = f Hz‘c( a|)¢(x)677(x ty )C"t ( )

| sin §

= hy+1,a(_ |ST%|¢(X))

ii) According to [3, p:154], we obtain
xx! ]y+1(xy) yxyﬂjp(xy)

and an integration by parts, we can get

B aMB)®) =[ A 2D o= s )WL,H(' ant'h

X
_|Si—i%| L A,u a (x i )cot Z(P(x)( a|)1/2]‘u( y

[sin &|

)dx.

The limit terms are equal to zero since ¢(x) is of rapid descent as x — oo and as x — 0" (From Lemma 2.1),
(s i1 (fsng) = O(x) and ¢(x) = O(1) when y > —3. Then,

hp+1,zx(My¢)(]/) a | ;1 zx((P(x))

| sin ¢
iii) From [3, p:154], we can get
Dy]/fl+1];z+l(x]/) = Xy"”]p(xy)-

Then,
-1 iy cotd - -1 co Xy
S R e U A e
= —7(x +y )cot 1/2
I} At qagpotme et e
= h“’”(lsT%‘l(P(x))
iv) From [3, p:154], we can get
Dxf“]p(xy) = _yx#i]‘lwl(-xy)
and an integration by parts ,we obtain
— * ,u+l —iyzcotg ,LH—l —Lx2cotd
ePud)0) = [ At b D e e e b1
— ) cot § 1/2 0
[Apae? ¢<x)<| = a|> oo a|)]
L2+y )cot g 1/2
|sm“| [J(“ ¢(X)(|Sll’1 al) ]H+1(|Sln )

According to Lemma 2.1, the limit terms are equal to zero since ¢(x) is of rapid descent as x — oo and as
x = 0%, (5 al)l/zfy(‘s 77) = O(x) and ¢(x) = O(1) when pi > -1
Then,

y+lzx(Pp(;b)(]/) a| y+1a (i)(x)
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Theorem 3.4. For yu > —3, the fractional Hankel transform hy o : H, —> H, is an homeomorphism .

Proof. Let ¢ € H,,, and let m and k be two non-negative integers. By applying i) of Proposition 3.3 k times
and ii) of Proposition 3.3 m times, we obtain

(|s1n )m( utk+m=1-+ Ny+mhya(¢))(y) _( |)mhy+k+m( a|)k¢( ))
= hy,a[Mererk M;Hk)((l ) ¢(X) .
Noting that,
Ny+k+m—]---N,u+m+lNy+mxk¢(x) = ka,u+k—1---Ny+]Ny¢(x)
and
M,u+m+k—1--~My+k+1M,u+kxk(P(x) = kay+m~--M,u+1M;1(P(x)'
Then,
-y ., _ C o —x i@t XY
(—| sin %l) (N,L1+k—1---Nyhy,a(¢))(y) ‘[0‘ (Ism [2_)(') [My+m-~-M,u¢(x)]Ay a (|SII‘1 al) ];t+k+m( a|)
Since,
ki —fyPcot g, —1 kry~t—% ,Ay?cot &
Nysk-1--Nuhyo(@)(y) = y* 27272 (y7 D) [y 2e2 % 2y o ()]
and
M'u+m...M“(f)(x) — xy+m+%e%x2 cot § (x—le)m[x—,u—%e—%xZ cot § d()].
Then,
(_1)m+kym (y_lDy)k[y_’“_%e%yz cot %hp,zx ((P)] — A“/a(%)‘u+2k—m+%
| sim §|

]y+k+m(%)

(\s “I)}Hk

00
X f x2p+2k+m+1(x—1D )m[x A“_?e_f)‘ cot "(P
0

Assume that 7 is an integer no less than y + k + 1(m + 1), then

x2y+2k+m+l < (1 + xZ)n/

]x+k+m( sin a )
for x > 0. Since u > —%, S0 — ( xl/' ) 2" js bounded on 0 < xy < oo by the constant Cy ,,. Then,
| sin %\
120t & 1+2k—m+ 1
yﬁllk(ezy ‘Zth((P)) < A#,a(m); +2k=-m+}

f (1 +x2)n+l(x ]D )m[x “776 2x cotgcp( )

1+2

n+1
el n+1 i
Ay ack m( )‘u+2k " Z ( )ygp,m (e 2¥7 ot (P)

a
Isn I =\ r

Since ¢ € H,,, the last term is finite. This prove that @3V’ cot %hw(@) €H,.

We multiply by e/t we can find that hy.,a(¢) € H, and this linear mapping is also continuous from
H, into H,,.
Furthermore, the classical inversion theorem [2, Theorem 3.2] applies in this case since H,, C L»(0, o) when

i > —%. AlSO, hy,—a - h‘ula

Hence, /1, , is an homeomorphism on H,. O
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Example 3.5.

0o 1/2
i a X X
h'u,a(yy+%) — f X'“+%A“,a€_7(x2+y2)mt7 ( yg|) ],u( . ya )dx
0 2

| sin

1/2 oo
_i.2 a y _is2 a 1 xy
— A,u,ae 5Y-coty — e 2% COtZX’LHZ]H —— dx
[sin 7] 0 |sin 5|

1/2 2
. u v
—A e—éyzcot%( Y ) Y p2icot3
= Aua - a . P 1

|sin 71 (icot §)m+

1
(\sig%\)wrz

———e
(icot §)pt

i y .
—Ly2cot & é(sir;ﬁ)zwt%
= A’uag 2Y 2

4. A distributional fractional Hankel transform

In this section, we define the fractional Hankel transform for some slowly growing distributions. Let u
be a real number such that —4 < < oo, the fractional Hankel transform 1y, o on‘Hj; as the adjoint of 1y, on
‘H,, is defined by

Iy a () hua(@)) = (f,§),  forallp € H,, feH,. (1)
From this equality we immediately obtain the uniquness of 1}, .

Lemma 4.1. Let f, g € H}, such that (I, ,(f), hyo(@)) = My o(9), o (D)) for all ¢ € Hy,. Then, f = g in the sense
of distributions.

Theorem 4.2. The fractional Hankel transform I, , : H;, — Hj, is an homeomorphism.

Proof. Since hy, o = h;}a on H,, and from [10, Theorem 1.10-2.p29], we obtain that (h:w‘)*1 =h,_, O

The fractional Hankel transform h,,, of order y > —%, when acting on a function f € L,(R;), is a special
case of our generalized fractional Hankel transform. Indeed, let

+00 1/2
F(y) = hyof = f f(x)AH,ae*%(x2+y2)cot% ( xyal) ]H( x]/al)dx,
0 2 2

| sin | sin

where u > —% and f € Ly(IR;). It is clear that F, is both continuous and bounded on I.
According to [10, Note V. p133], F. generates a regular generalized function in . Morover, let F = I, ,f

and ® = hy 0 = h;}_aqb, by the formula (1) we can get

(E®) = (f,0) = fo F@o(dx,  forall ¢ € H,.

Since ® € H,, C L(IR,) when u > —1, we may invoke Parseval’s equation [10, Eq(3). p127] to write

f f)P(x)dx = f F.(y)®@(y)dy.
0 0

Therfore,

(F,®) = fo Fe(y)@(y)dy.

Then, we can identify F = I, with F. = h,, under suitable conditions on f when y > —i. Thus, the

definition (1) of the generalized fractional hankel transform becomes

<hy,a(f)/ hy,a(¢)> = <f/ ¢>/ fOI' all (P € 7’{}4, f S (]'{[i
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4.1. Some operations on transform formulas:

In H, we introduce the differential operators descried in section 3, when they are acting on certain
generalized functions. In order to establish certain properties cited in Proposition 3.3 for the generalized
fractional Hankel transform in Hj.

Let ¢ € Hy1, then Pj¢p, Q¢ € H,.. The operators N, and M;, are defined on H, as follows

(N.f,0) = (f,~P,¢), forall f € H,.

(M, f, ) =(f,-Qu¢), forall feHj.

By Lemma 3, f — N, f and f — M, f are a continuous linear mapping of |, into ?{[1 "
Similary,for ¢ € H, we define Q}, and P}, on 7—(; .1 by

<Q:Lf/ (P> = <f' —MLCP>, for all f eH y+1

(P;f,¢)> =(f, —N;<p>, forall feH y+1
It is clear that M,¢, N, ¢ € H.41 and by Lemma 3.2, f — Q] f and f — P, f are a continous linear mapping
of (H;Im into ?(}’1
From [10, Note V,p133], we have 7{# - 7{"4 when p > ‘71 ; in this case, the generalized fractional Hankel

transformation ki’ e the generalized operators ML and NL when acting on H,,, can be identified with k.,
M, and N respectively. Similary for the generalized operators P, and Q;, when acting on H.41.

W o =hyatp, Ve H,.
M = Mp, Vo € H,.
N, =N.p, VpeH,.
P =Pup, V€ Hyn.
Qup = Quep, Vo € Hyun.
We use these equalities and the properties of Proposition 3.3 to prove the following theorem

Theorem 4.3. Let i > —3% and f € H; then

'

i) 10 (NL) = ~ g ()

ii) Ny o(f) = 1 (-1 f)
ffeH,,,
iii) 1, o(Q.f) = g o ()
10) Qi1 0(f) = Moo(simg f)

Proof. ) Let¢p € Hyr and @ = hyara(@). Since H,, € H, . Then,

then

[.1+1 a( f) CI)> <N*f (P)

- <f/ _Pp(/j
= (), ‘yglap
= a|h,m(f) , D).

| sin
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ii) Let F = hj, _,(f) and note that i, ,hi;, _, is the identity operator. Then,

wally—a
Ny oF = Hq ol o NLf
- h;,ﬂ,a(—@h;,_a(f)
= L+m(‘ﬁp)-

So we get the result, just take F=f and y=x.
iii) Let ¢ € H,41 and hy o(¢p) = @. Then,

(1, Q) D) = (Qf, &)

= (f, M)
ol Ty ®
—<|Slg 1) ®)
iv) LetF = h; - of- Then,

QLhL+1,a(P) ,ua ,u —a ,uf
= a| p+1 a(f))

=
““(Ism

’_p).

=K (—2—
“’”(Ism gl

By replacing F by f and y by x, we obtain the result .
|

Example 4.4. Let T be a real positive number and 9 a nonnegative integer. The generalized function 6° is defined on
H by

©"(x=1,0(0) = D'’ (1), ¢ eH,
Clearly, 5°(x — 7) € H; for u > —5 and
I,0%(x = 1) = (-1)° D [Kq(x, 7)].
where DY is a conventional differentiation of  th order. Indeed, for ¢ € H,, and ® = hy, 4,
0°(y = 1), 2(y)) = (~1)°DI1H;,,p(0)] = ((-1)° D [Ka(x, )], p(x))-
Thus, we have
1o DKo (x, D)1 = (=1)°6°(y = 7).
Since Ity , = (b, ,)™", then
1,,0%(x = 1) = (=1)° DY [Ka(y, D)].
For a = 7, we obtain

1,x0°(x = 7) = (=1)° DY [ VTy)u(ty)],
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Example 4.5. The function f is defined on H,, by

f=Y, [ oK. umis
n=1

where i > —3, ¢ € Hy and T is a real positive number. We prove that f € H),. For ¢ € Hy and ® = hy, o, we have

(.90 = Y (Kalx,nT), ()

n=1

= f hy,ap(nT)
n=1

= (), 8y = nT), O(y)).
n=1

Then, f € H}, and I, , f(x) = X.,5 6(y — nT).
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