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On the Lyj(A, u, X) constant for the regular octagon space

Xiangrun Yang?, Haiying Li**, Changsen Yang?

“College of Mathematics and Information Science, Henan Normal University, Xinxiang 453007

Abstract. In this paper, we will investigate a class of geometric constants for a non-Hilbert space X satisfy-

ing James constant J(X) = V2. Specifically, the exact values of Ly;(A, i, X) and L;](/\, , X) will be calculated
for the regular octagon space X, which improve the estimation obtained by Q. Liu et al.

1. Introduction

Let Sx (resp. Bx) be the unit sphere (resp. the unit closed ball) of a real Banach space X. Throughout
this paper, we will use ex(Bx) to denote the set of extreme points of Bx.

Recall that the von Neumann-Jordan constant Cn;j(X) of a Banach space X was introduced by Clarkson
[1] as the smallest constant C for which,

ol vl + llx = yIP?
T 2P+ i) T

1
C
holds for all x, y € X with |[x|[?> + [|yl[> # 0.

An equivalent definition of this constant is found in the following form:

Il + Yl + Ilx = ylI?
Cnj(X) = su { 20+ [91P) x,yeX (x,y)# 0, 0)}.

For finite-dimensional spaces, we can use the extreme points of Bx to simplify the above formula as
follows

o + byl + Il — tylP
Cuy(X) = sup { " .

X, yeex B ,t e 0, 1]t.
A smaller constant than CN](X) is the following constant

, llx + I + Ilx = yli>
Ny (X) = sup{ / 1 L X,y € SX},
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and we know that a relationship between them is as follows

Crp(X) < 2[1 + Cjyy(X) - /ZC;\U(X)].

Several studies on these two constants have been conducted by many authors for more details see (for
example, [1-4, 7, 10-12]. It is worth mentioning that geometric constants play a vital role as a tool for
solving other problems, such as in the study of Banach-Stone theorem, Bishop-Phelps-Bollobds theorem,
and Tingley’s problem. These are important research topics in functional analysis.

It is well known that a necessary and sufficient condition for a Banach space to be an inner product space
is the parallelogram law. Instead of the parallelogram law, Moslehian and Rassias [6] have recently proved a
new equivalent characterization of inner space which is called the Euler-Lagrange type identity. Motivated
by the new characterization of inner space by Moslehian and Rassias, the authors in [11] introduced a new
geometric constant Lyj(A, y, X) for A, u > 0 as follows

lIAx + uyll* + llux — Ayl
(A2 + 12)(|Ix? + Nlyli?)

Lyy(A, 1, X) = sup { %,y € X, (x,y) # (0,0)}. 1.2)

A similar constant
IAx + uyl® + llux — Ayl

2(A% + p2?)

Liy(A, p, X) = sup { %,y € Sx} (1.3)

was also introduced by Liu et al. [12].
Now let us collect some properties of these constants (see [11, 12]). For a Banach space X, then

2Ap

(1) 1< Ly](A [J,X) < 2and 1 < L! ](/\ H,X) <1+ AZ+‘uz’

(ii) X is Hilbert space if and only if Lyj(A, 4, X) = 1, and if and only if L({](A, uX)=1;

(i) Ly (A, t, X) < Oy (X) + 2@1'12 i\ JCny(X) + 'fzft,

(iv) X is uniformly non-square if and only if L} (A, u, X) <1 + %ﬁz

Consider the regular octagon space X = R?, which is equipped with the norm defined by
(1, x2)ll = max{lx] + (V2 = D)lxal, bxal + (V2 = Dlxal).
In [11], the authors have shown that the following estimate

Zmax{/\ u?

Lyj(A, 1, X) < (4 —2V2) 2

In this paper, we give the exact value of the constant Lyj(A, i, X) and the constant L;I(/\, u, X) for the
regular octagon space, and our results improve the above estimation.

2. Main results

Before describing our main results, we give some lemmas.

Lemma 2.1. Let A > u > 0and @(t) = i S S th' then

A2 1482

VA2 + 122 + 42202 — (A + p?)
2(A% + u?) ’

max {p(t) : t € [0, —]} (2.1)
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Proof. Let A = %’;2, and let ¢'(t) = A((11—+t:2))22t

By ¢’(t) > 0in (0,tp) and ¢’(f) < 0 in (¢, A), we know that max{e(t) : t € [0,5]} = p(to)). Now from

_ Ak+l \/7 A2 NVA2+1 _ NA%1+1
p(to) = 11:2 -1= ey 1= = —1="5" -1, wehave (21). O

0, we can get t? = Land t = ¥ = 4 € (0,4

Lemma 2.2. (i) Let A > p > 0 and ¢(t) = ‘ﬁft — EL then
AJAZ +2u2 — A2
max {y(1) : t € [0, \/‘;A]} - - : 2.2)
(ii) Let A > p > 0and ¢(t) = \EAtft - %, then
V2 +2A2 - 2
max {(p(t) : t € [0, min{ \//; ,1}]} _HVH . W (2.3)
u
(iii) Let A, u > 0 and h(t) = 1+t2”t - f;;z” , then
. I _ ‘/EP‘ ~ \/(A2+y2)2+4/\2,112—()\2+y2)
max {h(t) ite| \/E/\,mm{ T ,1}]} = 5 . (2.4)
Proof. (i) Similar to the proof of Lemma 2.1, we know that the function () reaches its maximum at
-A+ \M +2u? ANA2+2p2-\2
ty = T‘ € (0, 457) and Y(t)) = ——5——.
(ii) Similar to the proof of (i), we know that the function ¢(t) reaches its maximum at ¢y = _FHT 'Z}TZAZ €
242022
€ [0, min{—4- Vo 1}] and ¢(to) = w

(iii) Similar to the proof of Lemma 2.1, we also know that the function k(t) reaches its maximum at

\,(A2+y2)2+4)\2 2_ (/\2 2) ‘,(A2+}12)2+4A2H2_(/\2+y2)
2V2Au 2 '

€ ( \/»/\,mll’l{ ,1}) and h(ty) =
Lemma23. ()IfO0<u<A< \/gy, then

2u(A = p) < (\Ju? +2A% = p)u < {JA + pt + 6422

(JA2 422 = DA < A%+t + 61202 — A2 — 12

and

(ii) If \/gy < A <2y, then

(JAZ+2u2 = MA < A+t +6A202 — A2 — 12 < (\u2 +2A2 = )y,

and
2u(A — ) S (N2 + 242 — ).
(iii) If 2u < A, then

(JA2+ 202 = MA < (JAS 4t + 64202 — A7 — 12 < (\fp2 + 242 — pyp < 2u(A — p).
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Proof. We only need to note that the following facts is easy to be checked.
@) (V2 +2A2 — wp < A%+ pt + 6202 — A% — 12 is equivalent to 2A% < 3u? ;
(b) 2u(A —p) < (\/;m — [ is equivalent to A < 2u;
(©) (YAZ +2u2 = DA < A% + pd + 64202 — A2 — i is equivalent to 2p2 < 31%;
and

(d) VA% + ut +6A2u2 — A2 — 12 < (4Ju? + 2A2 — p)p is equivalent to 3u? < 2A2. O

Inspired by using extreme points to calculate the von Neumann-Jordan constant, we can also use it to
calculate Ly; constant for the regular octagon space.

Theorem 2.4. Let X be the reqular octagon space, which is R? endowed with the norm
Ill = maxdxn + (V2 = Dlxal beal + (V2 = Dl ).

) If < A < 3, then

V2-1 s
Lyj(A, 1, X) = 1+ m[w + ot 46022 — (A2 +2).

(i) If \/gy < A <2u, then

V2-1
Lyj(A, i, X) =1+ m[\/”\z 2= )

V2-1
Lyj(A, 1, X) =1+ m[zﬁl(/\ -wl

(iii) If A > 2y, then

(iv) If \/gy <A <, then

\/E_l ’ 2 2
Ly](/\,y,X) =1+ m[ A%+ ‘Ll4 +6A2[.12 - (/\ + u )]

1% <A< \[2p, then

V2-1
Ly](/\, U, X) =1+ m[ 2‘1.12 + A2 — /\)]A
(vi) If0 < A < &, then
o V2-1
Lyj(A, 1, X) =1+ m[”\(# =Ml

Proof. If A = , then the result is clear by Cnj(X) =4 -2 V2. Because (iv) — (vi) can be obtained from (i) — (iii)
by changing A and p, we only need to prove the case for A > u. From the following formula

IAx + utyll® + [lux — Aty|?

Lyy(A, p, X) = sup{ (A2 + 12)(1 + 2)

1x,y €ext(Bx),0<t < 1},
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we also have

_ IAx + utyl® + |lux — Atyll?
b )= sup s =

1X, Y € ext(BX)},

where ext(By) = {(1,0), (2, ), (52, 8),(0,1),(-1,0),(0,-1), (- &, - ), (2, - D)}.
Now letting x1 = y1 = (1,0), xz = }/2 = (2,85 =y= (D)= 01,5 = (-1,0),y =
0,-1),y7 = (-2, - L) and ys = (Z,-2).

Taking B(x, y,t) = |[Ax + uty|* + ||ux — Aty|* and M(x,y) = sup {% :0<t< 1}, we can see that

B(x,y,t) = B(—x,—y,t) and B(x, y,t) = B(x’,y/, ), where z’ = (ap,a1) for any z = (a1,a2) € X.
Hence, we only need to consider the following three cases.

Case . x = x; = (1,0).

(I). If y = y1 or ys, then B(x1, y1,t) = B(x1, y5, ) = (1 + £2)(A* + p?) and M(x1, y1) = M(x1, y5) = 1.
(I2). If y = y4 or ys, then
B (xlr Y4, t) =B (xlr Yo, t) = ”(A/ iut)HZ + ||([J/ ¢/\i‘)”2
=(A + (V2 = Dut)? + max {(At + (V2 = Dp)?, (u + (V2 = DAH?]
t

() (1 +P)+ V2= [2Apt - 2 (14 8)]; b st<a,
| (22 (14 2)+ @VZ-2) [2au - (A2 + p2) 2] 0<t<d
So, by Lemma 2.1(when 0 < t < %), we have

M(x1,ya) = M(x1,Y6)

= max{1+ A\/;Pl)()\ ) 1+/\\/E #1(\/(/\2+[,12)2+4/\2y2—A2—y2)}.

g

(Is). If y = yo or yg, then

2

B(x1, ya, ) = B (x1, ys, ) = (A s

5+

s MM sl [ ‘ﬁ]
=(A + ut) +max{H \/§+\/§(\/§ 1)], \/§+(\/§ 1) N }
(u+ (1 - V2)Ar?; u> V2tA
=+ up?+{ A=(V2-Dp% 0<p<4E
(V2=1)2(tA + )% 45 <p < 24t

(1+2) (22 +12)+ -2V + (4 —2VD)Apt; 0<t< L=

(1+t2)(/\2+y2)+(2—2\/§)y2+(4—2\/§)/\yt; %<t

1+ £2) (A2 + u2) + (2 -2V2) (12 + A% +(8—4\/§))\yt;i<t<ﬂ
V21

ifA>\2u

N

" ievan [ (1+82) (12 +12) + 2-2VD)A22 + (4—2V2)Aut;,  0<t< =
- (1+2) (2% + 12) + @ - 2V2) (2 + A22) + B - 4VD)Aut; L= <t<1.
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When A > \/Ey, by (2.2) and (2.4), we have

M (x1,y2) = M (x1,ys)

V2-1( 5., \/_ 1
_max{1+m(,m +2u —/\)/\ 1+ (\/_/\ W

L V21
tYeT 2 12 (\/(/\2 )+ AR - A7 - #2) :

If 4 < A < V2p, then we have

M (x1,y2) = M (x1, ys)

V2-1¢( (5. V2-1 2 22
:max{1+/\2+#2( )\2+2[u2—/\)A,1+A2+u2 \/(A2+y2) +4A%2u2 = A% -t g

(Iy). If y = y3 or y7, then

B(x1,y3,t) = B(x1,y7,t) = (A - \/_,— \/_)||2+||(/J+ A +7)II2
7= Vi (22 + 12) (1+ )+ @ - 2 V228 + (4 - 2VD)Apt; 0st< 4
T (2 2)(1+ )+ @-2V2)(A2 + ) + (8 - 4V2)Aut; %2” <t<1,

if3> Vu (A2 +12)(1+£)+ @-2V2u + (4 -2VD)Aut, 0<t<1

and by (2.3)

M (x1,y3) = M (x1, y7)

~ max{1+A\Z/;}z(\/‘uz+2)\2—y)y,l+}‘2w (\/(/\2+y +4/\2u2—/\2—y2)}; A< V2p
| 1+ (V2 - ) A= V2u

CaseIl.x=x, = (%, %)

(Iy). If y = yp or y7 , then B (xz, v, t) = B (x2, y7,t) = (A2 + p2) (1 + ), and M (xa, y2) = M (x2, y7) = 1.

(IIp). If y = y; or y4 , then

B(x2,y1,t) = B(x2, ya, t)

g S B S

vz T V2

(22 +2)(1+8)+@- 2\/_))L2t2+(4 2V2)hut; 0<t< 5

(A2 4 12) (14 2) + @-2VD) (2 + 12R) + (B — 4 VDAt <t < V2
?)

2

ifAz V2u
- Var =

A2 @)1+ 2)+ @2V + 42D, 2 <<
H 2)u Ay x

1588
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or
B (x2,11,t)
= B(xp,ya t)
2 [J H 2
H T (ﬁ «/E)
A< V2 (/\2+y)(1+t2)+(2 2V + (4—2VD)Aut; <<
- (12 + 12) (1+ ) + @ - 2V2) (2 + A22) + (8 - 4 VD) Aut; S<ts<l

Hence, the case is

(II3). If y=ys or yg,

B(x2,y3,t) =

as same as (I3).

B (x2,ys,t)
H A— [Jt /\+yt

2

s

E{[A+yt+(\/§—l)|/\—pt||] + [+ At + (V2= Dl - AP

A2 12) (14 82)+ 2 -2V2) (A% + 12) 2 + (AVZ - HApt; > At
A +2)(1+8)+ -2V (1+£2) + 4V2-HAut; p <A,

which is just as same as the case (I»).

(IIy). If y = ys or ye ,
B (x2,ys5,t)

then
= B(x2¥et) i i
5 -l <5 5)

(1+2)(2% + 12) + @ - 2 V228 + (4 - 2VD)Apt; 0<t< 2

1589

1<V {(1+t2)(A2+u2)+(2—2\ﬁ)(A2+y2t2)+(8—4«/§mpt; 4<i<l,

(or) P2 (1+8)(A2+ )+ @-2VDuPP + (4 -2VD)Aut;  0<t<l.

So, by (2.3) and (2.4), we can get

(1) For A < V2y,
M(X2, ]/5) =

M(x2/y6)
max {1+ 7 \F ( B2+ 20 - T+ ‘/_ (\/(/\2+y2)2+4/\2y — A2 2)l.

(2) For A > \2y,

V2-1
M(x2,y5) = M(x2,y6) =1+ e (,/‘u2+2A2—tu)y.

CasellL x = x3 = (_%, %ﬁ)



B(x3,ya,t) = B(x3,y5,t) =

(ITLy). If y = y» or yy, then

B(x3,y2,t) = B(x3,y7,t) =

X. Yang et al. / Filomat 38:5 (2024), 1583-1593

(ITLy). If y = y3 or ys, then M (x3, y3) = M (x3,ys) = 1.

(ITL). If y = y; or ye , then

2 2

A s
+(/\t 2,\/2)

5

s

B(x3/ yll t) = B (x3r y6/ t) = H(_T/% + [—ltr 75)
=B (x2, y5,t) = B(x2, Y6, 1) -

(ITI3). If y = y4 or ys, then

2
+

2

(_L, A yt) “oE
V2 V2 V2' V2
=B (x2,y1,1) = B(x2, Y, t).
‘(_L st A pt
V2 V2 V2 V2
= B(x2,y3,t) = B(x3,ys,1).

Therefore, we have

A yt)

V2 V2 V2

(a) If u < A < V2, then
Ly;(X) = max {ly, I, I3, 14} .
(b) If A > V2, then

LY](X) = maXx {lll ZZI 13/ l41 15} ’
Where

2(‘/_ DA —
A2+ 2 ’

2-11 [T
12:1+m[ )\4+y4+6/\2y2—)\2—y2],
o1y Y2- 1(,/}\2 22—/\))\

3 = /\2+‘Ll 7

‘/_ 1 2 2

V2-1

l5=1+/\2+ 2(\/_)\ L)L

L=1

Hence, by Lemma 2.3, we can obtain
MIfu<A< \@y, then Ly;(A, u, X) = L.

@) If \/éy <A < V2, then Lyj(A, 1, X) = Iy

(3) If V2u < A <2y, then Ly;(A, i1, X) = Iy
4) I1f 2u<A, then Ly](A, L, X)=hL. O

From the proof of Theorem 2.4, we can also get the following corollary.

1590
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Corollary 2.5. Let X be the regular octagon space, which is R* endowed with the norm

[l = max{lxi| + (V2 = Dlxal, [xal + (V2 = Dlxal}.
() If u < A < N2y, then

A+ u)?
Ly 1, X) = 2~ V2) (Az - L
(i) If V2u < A < (1+ L)y, then

A2+ (2= V2)(u + Ap)

L;{](/\/ ‘U, X) = AZ + [_,12 .
(iii) If (1 + L)u < A, then
, [A+ (V2 - 1)uP?
Ly, u, X) = EEUErYT
(iv) If%y <A<y, then
: (A +p)?
LA, 1, X) = (2= V2) T

WIFR-V2u<A< 45, then

B+ (2= V2)(A? + Ap)

L;/](/\/ Hl X) = Az + yz

(W) IfA < (2 — V2), then
Ly 0 =1+ 222 DAD gf ;21)”2.
Proof. By symmetry, we just have to prove (i)-(iii).
(i) If u < A < V2u, then
(2 -2V2) (A% + 12) + (8 - 4 V2)Au) — 4(V2 - )(Ap - 1)
V2 -2)[2 + (2 V2 - 2)Au — A%
2V2- 2)[%/\2 +(2-V2)A2 - A%

> 0.

\%

On the other hand, by the proof of Theorem 2.4, we can get
supf||Ax + uyll® + [lux — Ayl* : x, v € Sx}
= max{2(A% + 1) + 4(V2 - 1)(Ap — 12),2(A% + u?) + 2 = 2V2)(A? + 1) + (8 — 4 V2)Au)
= 2A2+ D)+ Q2 -2V2) (A2 + ) + (8 — 4 V2)Au
= (4-2V2)(A + p)

A 2
LA, u,X) = 2 - \/E)%.
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(i) If V2u <A < #y, then

4(V2 - )Ap - p?) = [2 =2 V2)p* + (4 - 2V2)Au] = (6 V2 - 8)ulA -

2+2\/§u] <0,

Also, by the proof of Theorem 2.4, we can get
sup{l|lAx + pyl® + llux — Ayl : x, y € Sx}
= max{2(A% + 1) + 4(V2 - 1)(Au — 42),2(A% + 1?) + 2 - 2V2)i® + (4 — 2 V2)A )
= 22+ )+ 2-2V2)u? + (4 -2V2)Ap.

Hence,
A2+ (2 - V2)(u? + Ap)
A2 + 2 '

L,Y](/\/ [u/ X) =

(iii) Tf 2221 < A, then

2+ V2
2

4(V2-1)Au - 1?) = [2 - 2V2)u? + (4 =2 V2)Au] = (6 V2 - 8)u[A — ul > 0.

Also, by the proof of Theorem 2.4, we can get
sup{[IAx + pyl* + llux — Ayl : x,y € Sx)
= max{2(A% + 1) + 4(V2 - 1)(Au — 42),2(A% + 1?) + 2 - 2V2)i® + (4 — 2 V2)A )
= 2% + 1) +4(V2 - 1)(Au - ).

Hence,
, [A+ (V2= Dl
Ly X0 = —5 7 —
O

Remark 2.6. The reqular octagonal space is very important in the theory of geometric constants of spaces. For

example, it is a non-Hilbert space satisfying James constant J(X) = V2. Therefore, it is very meaningful to calculate
the values of some geometric constants in this space. The conclusion of Theorem 2.4 is a generalization of the classical

result Cyy(X) = 4 — 2 V2 for the regular octagonal space X.
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