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Abstract. This paper introduces the concept of deferred statistical A-convergence, which combines the de-
ferred density of subsets of natural numbers with an infinite regular matrix A= (a,). We explore the funda-
mental properties of deferred statistical A-convergent sequences and investigate the relationships between
deferred statistical A-convergence, strongly deferred statistical A-convergence, and deferred statistical con-
vergence. Additionally, we present a Korovkin-type approximation theorem utilizing deferred statistical
A-convergence and provide a counter-example to demonstrate its limitations. The findings contribute to
the understanding of statistical convergence, deferred statistical convergence, matrix transformations, and
the development of Korovkin-type theorems.

1. Introduction

The theory of statistical convergence, which is an active area of research and a generalization of ordinary
convergence for both real and complex sequences, was independently introduced by Fast [15] and Steinhaus
[38] in the same year. The idea can be traced back to Zygmund'’s studies [39]. Since then, numerous
researchers have studied this concept, especially in the last twenty years. The basis of statistical convergence
lies in the asymptotic density of subsets of natural numbers, which gives rise to different versions of
convergence. Examples of these include logarithmic density and uniform density defined by any regular
matrix.

Let’s consider a subset K of IN. The natural density of K, denoted by 6(K), is defined as the limit:

lim 1 |{k<n:keK}|

n—oo 1

where | - | represents the cardinality of the given set. For a sequence x= (x,,), if the limit exists:

lim %l{kSn: lxe—I| >€}| =0,

n—oo
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for any arbitrary ¢ > 0, then (x,) statistically converges to /.

The exploration of statistical convergence, as opposed to the generalization of classical convergence,
has yielded interesting results in various branches of mathematics. Notable studies in this direction
include: approximation theory [2, 3, 5, 8, 20, 32]; probability theory, metric spaces, and topological spaces
[6, 7,10, 14, 18, 25, 26]; strong summability and matrix transformations [4, 16, 22, 35]; summability theory
[1,9,12,13,17, 19, 21, 23, 24, 30, 34, 36]; statistical convergence in abstract spaces [27]; generalization of
(A, A)-statistical convergence [28]; statistical C; convergence [29].

In this paper, we use the symbols IN and R to represent natural and real numbers, respectively. The set
co denotes the collection of null real sequences, ¢ represents the set of convergent real sequences, and .
represents the set of bounded real sequences.

Let A= (a,x) be an infinite matrix and x= (x) be real valued sequence. The A-transformation of the
sequence x= (xi) is defined as

(Ax),,= (i amkxk]

k=1

when Y7 auxx is convergent for all meIN. An infinite matrix A= (a,) is called regular if limy, e (Ax),,= limy_,c Xk
for all xec. We will consider an infinite regular matrix, and the following well-known theorem holds (see,
for example, [8]).

Theorem 1.1. (Silverman-Toeplitz Theorem) A matrix A= (ayy) is reqular if and only if
(1) limyy—e0 @yx=0, for all keIN,
(2) sup,, Ljeq lamel<oo,
(3) limy—e Yopeq Amc=1.

Consider sequences of non-negative integers denoted as p:= (p,) and q:= (g,) such that p, <g, for all nelN,
and g, approaches infinity as n approaches infinity. Unless explicitly stated otherwise, whenever we refer
to sequences (p,) and (g,), they will always satisfy the aforementioned properties. These properties are
commonly referred to as the deferred property. For a real-valued sequence denoted as x:= (xi), the sequence
(Dwx)}7 is referred to as the deferred Cesaro mean and is defined as follows:

1 &

n~Pn k=pn+1

(Dp,qx)n:: Xk,

for each neN. If the deferred Cesaro mean (DP'qX)n converges to a limit /, we denote this by xx—! (DM). The

matrix representation of the deferred Cesaro mean, Dy, ), is denoted as D, ;=(d,x), x>1, where the entries are
defined as follows:

goe q,,+pn' if pp<k<qn
e 0, ifk<p,andk>q,

for all n, keIN. It is important to note that the entries of the deferred Cesaro matrix depend on the specific
values of (p,) and (g,) satisfying the deferred property. The deferred Cesaro matrix, as given in above,
satisfies the Silverman-Toeplitz Theorem.

Example 1.2. Consider the sequence x= (xy) defined as x; = 0 if k is odd, and x; = 1 if k is even, for each value of k.
It is evident that x; converges to 1/2 within the subset D2,—1 44—1. However, when considering the concept of usual
convergence, the sequence x= (x,) does not converge to 1/2.
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We introduce the notion of strong D, ,)-convergence for a sequence (xi) with respect to the limit /. This
occurs when the following limit exists

qn
Y bu-li=0,
k=p,+1

lim
n—eo (,—Py

We denote this condition as x,—! (SDM), and the collection of sequences that exhibit strong Dy, 4-convergence
is denoted as SD, ;. Furthermore, we define the sets of sequences as follows:

SD, y:=={x= (xt) :D [p, q] Ix| €co)
and
D, =lx=(x):D [p, 4] x| €Cw}.

In the special case where g,=n and p,=0 for all values of n, the resulting sequence spaces are known as
SD) which corresponds to the sequence space wy,, and SDF,, which corresponds to the sequence space

on’
Wo. Additionally, we define a semi-norm ||-|| Dy OT the set SDY _, denoted by

pg’

In

o 2 .

kp+l

el =D 13 lleo=

2. MAIN PROPERTIES OF THE SET D, ;S (A)

Recall that a sequence x:= (xx) is said to be deferred statistically convergent to /€R, denoted as xy—! (DMS)),
if for every &> 0, the following limit exists

lim
n—oo qi’l —p

{pn<k<qu:|x—l =€} = 0.
n

We introduce the concept of deferred statistical A-convergence as an extension of deferred statistical
convergence. This concept plays a pivotal role in the context of this paper.

Definition 2.1. Consider an infinite matrix A:=(a,),, x>1 with indices m and k. Let p and q be sequences that satisfy
the deferred property. Then, a sequence x:= (xy) is said to be deferred statistically A-convergent to l if, for every € >
0, the limit

lim —— [{p,<m<q,: [(Ax),—]| 2]l =0 (+)

n—oo q —p
exists. We denote this condition as x,—I (DWS (A)).

The set of all deferred statistically A-convergent sequences is denoted by D, ;S (A). If we consider the se-
quences g,=n and p,=n—A,+1, where A:=(A,) is a sequence satisfying A1=1, A,,,1<A,+1 and I,= [n—A,+1, 1]
for all neN, then Definition 1 corresponds to the concept of (A, A)-statistical convergence, which was intro-
duced and studied by Malafosse and Rakocevic [28]. Additionally, it was that (A, A)-statistical convergence
generalizes the notion of statistical convergence. However, it is important to note that this generalization
does not hold in all cases, as the following examples will illustrate.

Example 2.2. Let us consider the Cesaro matrix Cy and the sequences (p,) = ( ) and (qn) = (411 ) for all nelN. We
define the sequence x=(x,) as follows:

[ n, n=k,
=Y 0, n#k,
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for all neN. It is evident that the sequence x=(x,) is statistically convergent to 0. By applying Theorem 2.2.1 [8],
we conclude that x=(x,) is also deferred statistically convergent to 0 with respect to the sequences (p) = (2n2) and
(gn) = (4712). However, we aim to investigate whether x is deferred Cq-statistically convergent to 0. Upon observing

that [Clx]n=3—1 Yome1 Xk We take €=1/10. Notably, the set {n:|[C1x],—0]>1/10} corresponds to the entire set of
natural numbers IN, which possesses a deferred density of 1. Consequently, we deduce that x=(x,) is not deferred
statistically Ci-convergent to 0.

Example 2.3. Let p and q be sequences satisfying the deferred property. Consider the Cesaro matrix Cy, and let (x,)
be the sequence defined as (x,) := ((=1)"). It is evident that the following limit exists

lim —— {pu<te<an: |(=1)"—0| 26}| #0.

n—00 =Py
Furthermore, since

a |0, n=2k,
GED ‘{ -1 n=2k+1, ’

we can observe

lim
n— ,—Py

|{pu<k<qu:|C1(~1)"-0| 2e}| =0.

The examples presented above demonstrate that deferred statistical C;-convergence and deferred sta-
tistical convergence do not necessarily imply each other. In general, we have ccD,,SCD, ;S (C1) and
cCD,4S (C1) €Dy 4S. These results hold for any sequences (p,) and (g,) that satisfy the deferred property.
Therefore, it is mathematically significant to examine the fundamental properties of deferred statistical A-
convergence for general (p,) and (g,) sequences, or their special cases, which satisfy the deferred property.
Notably, some results have been obtained for certain infinite matrices such as Cesaro, (H, 1), and (N, p),
where p,=0 and 4,=0 [5, 24, 28, 29]. In the following, we present the main findings.

Theorem 2.4. Let p and q be sequences satisfying the deferred property, and A= (a,u) be a reqular matrix. Then, the
deferred statistical A-limit of a sequence is uniquely determined.

Proof. Suppose that xx—1 (DWS (A)) and x—1 (DMS (A)), where I #];. For any €>0, we have:

1
o pu<msay: |(Ax),,~1| >e}|—0

and

1
ﬁ|{pn<m$qn: ’(Ax)m—lzj >¢}|—0.

By applying the triangle inequality:

=] < |(Ax),,=1| + |[(Ax),, 1

7

we can conclude that the desired result is obtained. Thus, the limit is uniquely determined. [

Theorem 2.5. Let p and q be sequences satisfying the deferred property, A= (a,x) be a regular matrix, x,—l (DMS (A)),
Yn—D (DMS (A)), and BER. Then, the following statements hold:

1 xy+yu—h+l (DygS(A));
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2. pru—pl (DpeS (A))
Proof. From the assumption and the linearity property of the regular matrix A= (a,x), for any € > 0, we have:

{p (m) +1<m<q (n): [(A (c+y)),,— (h+D)| 2¢]
={p o) +15m=q (n): (A0, ~1| 25 o {p ) +15m<g 00| Ap), o] 25
and for any g0

{P (n) +1<m<q (n):|(A (Bx)),,—Bh| 28} - {p (1) +1<msq (n):[(A),,h Zﬁ}

Hence, we can easily prove (i) and (ii) by following suitable steps. [
Corollary 2.6. Under the assumption of Theorem 3, the set D, ;S (A) is a real (or complex) vector space.

Theorem 2.7. Let p and q be sequences satisfying the deferred property, and A= (a) be a reqular summability
matrix. Then, deferred statistical A-convergence is a regular summability method.

Proof. Let (xx) be a sequence such that limy_,« x;=I holds. Since the matrix A= (a,) is a regular matrix, then
the transformation sequence

(o]
Z Ak Xk

k=1

(ym) ::(Ax)mz

is also convergent to the same limit /. So, the regularity of deferred statistical convergence (see [8]) implies
the desired result. [

For a matrix A= (a,), denote by C(A) as the set of all sequences from w which is A-convergent to any
real numbers:

(o8]

C(A) :={(xy) ew:IER, (Ax),,= Z A Xx—1 as m—oo}.
k=1

Corollary 2.8. C(A)CD,,S (A).
Remark 2.9. The converse of Corollary 6 is not true, in general.

Example 2.10. Consider sequences (p,) and (g,) satisfying the deferred property, and let A:=(Cy) be the infinite
Cesaro matrix. Define the sequence x= (xi) as follows:

k, k=m?,
Xe={ —k+1, k=1#m?,
0, else.

It is evident that

1, nisasquare,
[Clx]”:{ 0, else, 1

does not converge in the usual sense, indicating that x does not belong to C(Cy). However, we observe that for any
e > 0, the inequality

1 Vn— \pntl
— [{pu<m=qy:|[Cax], |2} S —7——
Qn_pn | p q | ! qn_Pn

holds. Consequently, we conclude that x= (x,) is deferred statistically Cy-convergent to 0, i.e., x€D, ;S (C1).
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An interesting question arises from Example 4.

Question 2.11. Is a subsequence of a deferred statistically convergent sequence deferred statistically A-convergent?

Theorem 2.12. Let p and q be sequences satisfying the deferred property, and let A= (a)be an infinite reqular
matrix. If xy—l (DMS), then there exists a sequence y = (yx) with dp q ({k x#y«}) = 0 such that y,—1 (Dp,qS (A)).

Proof. Suppose xx—1 (Dp,qS) holds for any sequences p and g satisfying the deferred property. This implies
that for every ¢ > 0, we have

lim ({pn+1Squn: X —1| 28}| =0.

n—0 gn—Pn
By considering the index set K = {my: k€IN}, where x;,, —1 as n — oo, we construct the sequence yn, as
follows:

| Xmy, m =my
Ym 1, otherwise ~

Itis evident that 8y q ({k :Xm#ym}) = 0, and y,—1as m—oo. Due to the regularity of the matrix A = (amk) and
the regularity of statistical deferred convergence, ym—1 (Dp,qS (A)) holds. Hence, the proofis concluded. 0O

Corollary 2.13. If xx—1(S), then there exists a sequence (yi) with don ({k :xk#yx}) = 0 such that y—1(S(A))
holds.

Question 2.14. Can we find a regular matrix A that makes a deferred statistically A-convergent sequence deferred
A-convergent?

Theorem 2.15. Assume that p and q are sequences that satisfy the deferred property, and let A = (ami) be an infinite
regular matrix. Then xx—1 (Dpqu (A)) if and only if there exists an index set K = {my: n€IN} with 6, q (K) = 1 such

that xy converges to | in the matrix A= (am, k) formed by selecting rows from A based on the set K.

Proof. To prove this result, we will utilize the idea of Cantor’s nested intervals theorem. A similar proof
can be found in the studies [17] and [21]. Here, we adapt the method defined in (*) and follow similar

steps. Let’s assume that xx—1 (Dp,qS (A)). This means that for any ¢ > 0, the following condition holds as n
approaches infinity:

gdn—Pn |{Pn+1Squn2 |(AX)m—1‘ ZE}’ —0.

Now, we define the set
1
K (A):= {me]N: |(AX) ] <]T}

for any jeIN. It can be observed that the sequence {K]- (A)}Aoo is monotonically decreasing with respect to
j=1

set inclusion, and the above equation implies that 0, 4 (Kj (A)) =1 for all jeIN. Let n;€K; (A). Hence, there

exists n,€Ky (A) such that for every n>n,, the following inequality must hold:

1

==
2

dn=Pn ‘{P“”Squn: (A1 <3}
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Similarly, there exists n3€Ks (A) such that for all n>n3, the following inequality holds:

2
==
3

TP ‘{pn+1§m3qn: |(Ax)m—l| <%}

We can continue this process consecutively, and for each j, there exists an n;€K; (A) such that for all n>n;,
we have:

Sk

ﬁ {pn 1<m<qn |(AX)m—l| }

By defining the sequence IN= U]ffl [nj, nj;1, we can take K:= U]f’il ([nj, n;41)NK; (A)). For any arbitrary nelN,
there exists nj<n <n;;; and the above inequality gives us:

ji—1
>—-1

J

Op,q (K) >

R {pn+1§m5qn: |(Ax)m—l| <]1}

as j approaches infinity. Let’s define the set K as K = {my: n€IN}, where m,, is a monotonically increasing
sequence in IN. We select the rows of matrix A based on the monotonically increasing sequence m, and
denote it as matrix A= (am, ). It is evident from Theorem 1 that the following conditions are satisfied:

1. limp e am, k= 0, for all kelN,

[oe]
2. sup, Y |amnk <00
3. limn_mo Z]ojzl Am k= 1.

For simplicity, let’s denote the sequence (Kx)n as (Yn) := (X rr1 am,kXk) -Based on the construction of set K, it
can be easily concluded that the sequence (yn) converges to I. Thus, the proof is complete. [J

Definition 2.16. A sequence (xx) is said to be deferred statistically A-Cauchy if there exists a natural number
m (¢) €N such that

1
&1_1}010 qn—Pn |{Pn< m<dn: |(AX)m—(Ax)m(€)| >el| =

holds for every e> 0.

It can be observed that the value of m (¢) in Definition 2 is not unique. To see this, consider a natural
number m;> m (g). Then, the following inclusion holds:

{Pn< M<qn: |(AX)—(AX)y, | 2€}Clpn< M<qn: [(AX)p—(AX), t)| >}V {pn< M<qn: [(AX) (o)~ (Ax)ml| >=
for any ¢ > 0. Therefore, this inclusion implies that

Op,q({Pn< M=qpn: [(AX), —(AX),y, | >€}) = 0.

Theorem 2.17. A deferred statistically A-convergent sequence with respect to two sequences p and q satisfying the
deferred property, and a reqular matrix A = (amy)is deferred statistically A-Cauchy.

Proof. Let xp—1 (Dp,qS (A)) as n — oo, and consider an arbitrary sufficiently large element n(¢) in the set

{p (n) < m<q(n): |(Ax)m—l| Ze} for an arbitrary ¢. For this n(e), we have the inclusion:

{p (n) < m=q () : [(Ax)u—(AX), ()] 2¢} € {p (n) < m=q () : |(Ax)n—1| 2} U {p (n) < m=q (n) : [(AX), (&) -1| 2]

Therefore, based on the assumption of Theorem, this inclusion implies that (x,) is a deferred statistically
A-Cauchy sequence. [
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For the converse of Theorem 11, we provide the following result.

Theorem 2.18. A deferred statistically A-Cauchy sequence with sequences p and q satisfying the deferred property,
and a regular matrix A = (amx)is deferred statistically A-convergent.

Proof. Suppose x is a deferred statistically A-Cauchy sequence. Then, there exists n(e) €N such that
Op,q (B) = 0 for every ¢, where B ={n : |(Ax)n—(Ax)n(s)| >¢}. It can be observed that the sets:

Y ={y€R:dp 4{n :(Ax), < y}=1}
and

Z ={z€R:0p ¢{n :(AX),,> z}= 1}
are non-empty because the inclusions

BC{n :(AX) () —e<(AX),}
and

B°C{n :(AX),, <(AX)y(e) €}

hold. We claim that for some y€Y and z€Z, z < y. Suppose zy>yy for some zy and y,. Thus, we obtain the
following:

{n :(Ax),>2z0}C{n :(AX),>YVo},

which implies 0p q ({n :(AX),,<yo}) = 0. This contradicts yo€Y. Therefore, we conclude that z < y for all yeY
and z€Z, which yields

(AX)p(e)—€<SUPZ<INfY <(AX) o) €.

This implies that supZ = infY since ¢ is arbitrary. Let 1=supZ and s =infY, and let u> 0. Then,
there exist y,€Y and z,€Z such that 1-u<z,<y,<l+u. This implies that 6,4 ({n :(Ax),<l+u})=1 and
Op,q (In :(Ax),> 1-u}) = 1. Consider

{n 1 |[(Ax), 1| <pl=(n :(Ax),> 1-piN{n :(Ax),< 1+p).
From this, we deduce that
Op,q ({0 :|(AX), -1 2u}) = 0.
Therefore, we have obtained the deferred statistically A-convergence of x to / as desired. [J

Definition 2.19. If the following limit exists
1
lim ﬁl{pn< m=<dn: |(AX)m‘ ZMH =0

for some positive scalar M > O, then the sequence x = (xy)is called deferred statistically A-bounded.

Theorem 2.20.

1. Every deferred statistically A-convergent sequence with a regular matrix A and arbitrary sequences p and gq
satisfying the deferred property is deferred statistically A-bounded.

2. A deferred statistically A-Cauchy sequence with a reqular matrix A and arbitrary sequences p and q satisfying
the deferred property is deferred statistically A-bounded.
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Proof. The proof for these statements can be easily established by utilizing the definitions of deferred statis-
tical A-convergence, deferred statistical A-Cauchiness, and deferred statistically A-boundedness. However,
for brevity, we omit the detailed proof here. [J

Definition 2.21. Let A =(amx) be a regular matrix and x = (xi) be a sequence. Then, x is called strongly deferred
A-convergent to l if

n
lim (AX),—1|=0
n—oo qn—pn m§+l | |

holds for some p and q satisfying the deferred property sequences.

In this paper, we denote SD;, 4 (A) as the set of all strongly deferred A-convergent sequences.

Theorem 2.22. Let p and q be sequences satisfying the deferred property, and let A = (amx) be a regqular matrix. If
the sequence (Ax),, converges strongly to |, then it also converges deferred statistically to I.

Proof. Assuming the deferred property holds, we have:

dn

Z [(A)-1]= 0

m=pn+1

lim
n—e qn—Pn

for arbitrary p and g satisfying the deferred property. For any ¢ > 0, we define the set B(¢) as follows:
B (¢) ={p (n) +1<m<q (n): |(Ax),—1| ).

Thus, the following inequality holds:

In
Y A0L-= ) + Y ) [Axn-1]ze B ).
m=pp+1 meB(e) m¢B(e)

Dividing both sides of the inequality by q,—pnand taking the limit as n approaches infinity, we obtain the
desired result. Therefore, deferred strong A-convergence implies deferred statistical A-convergence. [

In the following example, we demonstrate that Theorem 14 does not hold conversely in general.

Example 2.23. Consider the sequence x:= (xx) defined as follows:

e { k%, [| VGl <ksgn neN,
0, otherwise,

where A = (amk)is a regular matrix defined as:

o { — = [|va] sksqunen,

0, otherwise,

It is evident that

(Ax)m:{ K, [|van]] <k<qn, ’

0, otherwise.

and thus, we observe that (xy) is a deferred statistically A-null sequence for any pn< “ Van ], but it is not strongly

deferred A-convergent [8].
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We denote the set { (A) :={x = (xk) :(Ax) €l }. Therefore, we establish the following theorem.

Theorem 2.24. Let p and q be sequences satisfying the deferred property, and A =(amk) be a regular matrix. If
x€lo (A) and x converges deferred statistically to I, then x converges to I in the strongly deferred A-summable sense,

denoted as x;;—1 (Dpqu (A)).

Proof. Assume that xis an A-bounded sequence and converges deferred statistically tol. Let M:=|| (Ax) ||oo+ [1]
be a finite constant satisfying the inequality

|(Ax), -1 <M

for every neIN. For any ¢ > 0, we fix an N, such that:

g, Pa< k<qn (A1 25 <o

holds for every n >N,. Let By:={pn< k<qn: |(Ax)k—1| } for each n. Then, for all n >N,, we have:

Gn qn

2 |<Ax>k—1|——< Yo @+ Y A
7Py Sprn k =pn+1 k =pp+1
keB, keBg
1 & & € €
S X MY S (MIBl g (anpa))SM o=
k =pp+1 k =pn+1,
keB, keBg

Therefore, we obtain:

lim

(Ax), —1[=0
" G Pnkg‘ﬂ‘ o

Thus, the sequence (xx) converges strongly deferred A-summable tol. [

Corollary 2.25. Let p and q be sequences satisfying the deferred property, and A = (ami)be a regular matrix. Then,
we have o (DpgS (A)) =Le (SDp g (A)).

Definition 2.26. Two sequences x =(xn) and y = (yyn) are called deferred statistically A-equivalent, denoted as
x ~ y, if the sequence (xn—yn) converges deferred statistically to zero.

It can be demonstrated that the relation ”~”
quotient space by D, ;S (A) /., defined as:

is an equivalence relation on D, ;S (A). Let us denote the

D, S (A) /~:={[x] :xeD, ;S (A)},
where [x] :={y€w:x,—ys—0 (DS (A))}
Theorem 2.27. Let A= (a,) be a regular matrix, and let p and q be two sequences satisfying the deferred property.

If a sequence ye [x] is deferred statistical A-convergent to I, then the sequence x = (xx) being deferred statistically
A-convergent to | implies the deferred statistical A-convergence of y.
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Proof. Consider a deferred statistically A-convergent sequence x = (xx) to I, and let y =(yx)€[x]. This
implies that for any ¢ > 0:

1

ml{p (n) +1<m<q (n) : |(Ax), —1| >}|—-0,

and

ml{P (n) +1<m<q(n): )A (xk—yk)) >e})|—0,

as n approaches infinity. Fix ¢ > 0. Then, we can establish the following inclusion:
{p(m) +1<m<q(n): |(Ay)m—l| >e} C {p (n) +1<m<q(n): |(Ay - Ax)m| Z%}

U {p (n) +1<m<q (n): [(Ax), 1| >e/2}.

By completing the necessary steps in the proof, it follows from the above equations that the deferred density
of the right-hand side of the last inclusion is zero, which concludes the proof. [

Corollary 2.28. For every y=(yx) €[], if x=(xx) is not deferred statistically A-convergent, theny is also not
deferred statistically A-convergent.

Consider the regular matrices A = (amk) and B = (bmk) such that:

limsup Z lamk —bmk|= 0(++)

m—oo

We observe the following theorem.

Theorem 2.29. Let p and q be sequences satisfying the deferred property, and A and B be two arbitrary regular
matrices satisfying condition (**). If x = (Xx) €le (A) ,then the deferred statistically A-convergence of (xx) implies the
deferred statistically B-convergence of (xx) with the same limit, and vice versa.

Proof. Let (xi) €l (A) be deferred statistically A-convergent to I. The proof is straightforward when
x =(0)pzp- Suppose x#(0),,. We observe that for each ¢ > 0, the inequality:

[(Pr< M<qn: [(BX)y~(AX) | 251 = lfpn< m<a: 'Zb X Zamkxk|>

&
>—
2}

< {pn< qun:Z|bmk amk| |Xk|>§}

k=1

m=1

= {pn< m<dn Z (bmk—amk)Xm

n< m< n- bm Amk| = £
<l{pa< m<q ;| Akl 25— )

holds. By multiplying the above inequality by ﬁ and taking the limitas n — oo, it follows that:

lim —— |{pa< qun:|(Bx)m—(Ax)m(2§}|=0

n—oo ql’l_p
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because limsup,, . Y.1oq [bmk—amkl= 0. Moreover, the following inequality:

< M<qn: [(BX)m = €] e}l = lfpn< m<qn: | ) bmioxic—112e])

k=1
< {pn< m<qn Z amiXk—1 25} +{pn< m<qn Z bmicxi— Z amkxklzi}l
k=1 k=1 k=1

is also true for all ¢ > 0. Multiplying each side by ﬁ and taking the limit as n tends to infinity, we obtain
the desired result. [

3. INCLUSION RESULTS FOR C,S (A) and D,S (A)

In this section, we explore a special case of deferred statistically A-convergence for a strictly increasing
sequence A= (A,) with Ag= 0. We define two types of convergence, namely C,S (A) and DS (A) convergence,
for a sequence x = (xi) with respect to a scalar 1€R and an arbitrary ¢ > 0.

Definition 3.1. Asequencex = (x) is said to be C)S (A)-convergent and D, S (A)-convergent, denoted as xx—1(C)S (A))
and xi—1(D\S (A)), respectively, if the following conditions hold for any ¢ > 0:

lim Ain {0smsin: |(Ax),—1 2e)[ =0

n—oo

and

lim ﬁ [{ Ao <m (A1) 2| = 0.

Theorem 3.2. Let A:=(Ay) be a strictly increasing sequence with Ag= 0 and A =(anx) be a reqular matrix. If
xk—1(D\S (A)), then it implies x,—1(CS (A)).

Proof. Let us assume that x,—1(D,S (A)) holds. For an arbitrary ¢ > 0, we have:

k

n

{?\OSmS?\n: |(Ax)m—1| Zs} = {Ak_1$m$?\k: |(Ax)m—l| Ze}.
k=1
This implies that:
k=n
‘{)\OSmSAn: |(Ax)m—l| 28}‘ = ’{)\k_l <m<Ay: |(Ax)m—1| Ze}'.
k=1

By multiplying the equation above by the appropriate expressions, it can be rewritten as:

o~
I

n

Ak—Ak—1 1
An A=Ak

)\l [{Aosmsa:[(Ax),—1] e} = [{ M sm i |(Ax) 1] e

P

=1

Hence, the last equality shows that C,S (A) convergence is a linear combination of D,S (A) convergence for
the sequence (xi). Let us consider a matrix T = (t«) defined by:

An

A=A
fym el k<n,
n 0, k>n "
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Therefore, we have:
k=n
Ain |{Ao£ms?\n: |(Ax)m—l( Zs}| = kZ:f tnkﬁ ‘{Ak—lﬁmg)\k: |(Ax)m_1| Z€}| _

Since the matrix T = (tqy) is regular (satisfying the Silverman-Toeplitz Theorem), we conclude that (x) is
CiaS(A)convergenttol. O

Theorem 3.3. Let A:=(Ay) be a strictly increasing sequence with Ag= 0 and A = (anx) be a reqular matrix. Then,
xk—1(CAS (A)) implies that x,—1(DAS (A) if and only if liminf, .« /\,):_l:1> 1.

Proof. Let us assume that x—1(CyS (A)) holds. Forany ¢ > 0, we have:

{Ana1=m <Au|(Ax)p -1 2ef = {1sm <An:|(Ax)-1] 22} \ {1<m<An 1:|(AX) 1) 2¢).
This implies the following equality:

[{ Ao <m <At [(Ax) =] 22| = [{15m <A (A 1] 2|~ [{1m<haa: [(A-1] 2]

By multiplying with the appropriate coefficients, the expression above can be transformed as follows:

o s <l @] - # {1m <A [(Ax)—1] 2|
_ )\_;)\_1 ’{1Sm <Ant: [(A) )| zg}’,

If we consider a matrix T:=(t,) defined as follows: t,= )\)\# when k = n; t = T An- A — when k=n-1
and t,= 0 otherwise, then the D,S (A) transformation of the sequence (x) is the T = (tnk) transform of the
C\S(A) transformation of the sequence. [

4. DEFERRED STATISTICAL A-TYPE KOROVKIN THEOREMS

In 1960, P. P. Korovkin introduced one of the most significant results in approximation theory, known
as Korovkin’s theorem. The theorem focuses on real-valued vector spaces defined as follows:

CJa,b]:={f: f is a real — valued continuous function on [a, b]}
and

B[a,b]:={f:f is a real — valued bounded function on [a, b]}
Let Tn: C[a,b] =BJa,b] be a positive and linear operator, which means (T,) is linear and T (f) >0 for
every f(x) >0, where x€ [a, b]. Korovkin's theorem provides conditions for the approximation of Ty, (g) to a

continuous function geC [a, b]. The original Korovkin theorem is given in the follow theorem.

Theorem 4.1. (P. P. Korovkin): Consider the sequence (T,) of positive and linear operators Tn: C[a, b] =B [a, b].
The following conditions are equivalent:

1. For each function f; (x) =xi, where i = 0, 1, 2, etc., we have limy_ ||Tn (i) —fillo= 0,
2. For each continuous function f in Cla, b], we have limy_,co || T (f) —flloo= 0.
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A generalization of Korovkin's theorem was initially explored by Gadjiev-Orhan [20], introducing
the concept of asymptotic density. Since then, numerous generalizations and applications of Korovkin’s
theorem have been developed, considering different types of densities on natural numbers (see for example
[31]). For our specific case, let’s introduce some notations before discussing the conclusions. Consider the

operator Ty: C[a,b] =B [a, b] defined as follows:
Ta: C[a,b] -B[a,b]

where T (f,.): C[a,b] =B [a, b] is a positive and linear operator. The operator :fn (f, .) satisfies the following
properties:

T.(f+g,.) = Zanka(f+g,) Zankaf )+Zan,ka(g,.)=Tn(f,.)+'fn(g,.)

k=1

T (f,x) 20, whenever f(x) > Oforallx € [a,b]. In the above expressions, |||, represents the uniform norm
on C[a, b].

Korovkin’s Theorems have been extended and applied to various summability methods, including
Cesaro summation (see for example [37]), Abel summation and Borel summation (see for example [33]).
These extensions further demonstrate the versatility and importance of Korovkin’s Theorems in the context
of approximation theory and its connections to other areas of mathematical analysis (see for example [3, 11]),
including summability methods.

Theorem 4.2. (Korovkin Theorem Generalization) Let A = (ank)be a regular matrix with non-negative elements, and
let p and q be sequences of natural numbers satisfying the deferred property. The following conditions are equivalent:

1. For the functions f; (x) =xi, wherei = 0, 1,2, etc., we have |~n —f|| —0 (Dp,qS (A)) ,

2. Forevery f € Cla, b], we have ~n

~tf| -0 (DpqS(A)).

Proof. (i) = (ii) Since f; (x) =xieC[a,b] foreachi = 0, 1, 2, etc., we have lim,_,oo ‘il (f) —fi” =0, we have

imy—eo ~n —f|| = 0forevery f € Cla, b]. Hence, we only need to focus on the other part of the theorem.

(i) = (i) If a function f € C[a, D] is continuous, there exists a positive scalar M > 0 such that
If(t) —f(x)|<2M for all x, t € [a, b]. Furthermore, by the continuity of f € Cla, b], for any ¢ > 0, there
exists 0 = 0(¢) > Osuch that|f(f) — f(x)] < € holdsforallx, t € [a, b] satisfying [x — | < 0. Consider
@ (x):=(x —t)%. Forallx, t € [a, b] satisfying |x — #| < 0, we observe the following inequality:

If (1) —f (x)| <£+2§Z/ICD

Now, we have :fn (f,x) —f (x) :fn (f(t) —f(x),x) +f(x) (fn (1,x) —1). From this equality, we obtain the follow-
ing inequality:

= 2M 4Mb 2M i
[F.0-d] < (o ), o 2 ) ] o 2 ) )
where M;:=max {t+M+ 2 42’?’, 25\24} The above inequality shows that for any ;> 0, we have:

>_1},

M

{kSn : ~n

)|

281}
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This implies that:
qnipn {kSn:'i:n (f) —f||2€1} Sqnipn {kSn:|:[:n(1)—1“Z;Tll}
T {ksn:’i‘ ® _XHZ1\8/1_11} + qnipn {ksn:”i‘ (?) —XZHZ%} :

By the assumptions of the theorem, the functions 1, x, and x* are deferred statistically A-convergent to the
functions 1, x, and x2, respectively. This implies that the deferred density of the three clusters on the right
side of the above inequality is zero. Thus, we have established the desired proof. [

Corollary 4.3. When q(n) = n and p(n) = 0, Theorem 23 coincides with Theorem 1 given by Gadjiev-Orhan and
Theorem 4 given by Alotaibi, corresponding to the unit matrix and Cesaro matrix, respectively.

We will now present a sequence of positive linear operators that satisfies the assumptions of Theorem 23
but does not satisfy both the classical and statistical cases of the Korovkin theorem. Consider the Bernstein
polynomial By, (f,x): C[0,1] =B]0, 1] given by

By (£, X) 1= Zn“ f(li)(flz)xk(l Sy

k=0

where By, (1,x) = 1 converges to 1, By, (t, x) = x converges to x, and B, (t2,x) =x2+"——n"2 converges to x2 asn
approaches infinity. Let A = (ank) be a matrix and x = (xx) be a sequence defined as follows:

1, n#m? k=n’-2k =n’-1,
ane=4{ 1, n#m? k=n?
0 otherwise,

and

1, if k is odd,
xk:=4 k, ifkisevensquare,
0 if kis nonsquare and even.

Then, the transformed sequence

1, if nisnonsquare,
(Ax),:=1{ k, ifnisevensquare,
0, otherwise,

is deferred statistically A-convergent to 1/2 for any p, and q, satisfying the deferred property. Now, let us
define the modified form B, (f,x): C[0,1] =B [0, 1] of the Bernstein polynomial as:

By (f,X) 1= (14xy) B (£, %) .

It is evident that En (fi, x) does not converge to fi=x!,i =0,1,2 in the usual case (or in the statistical case).
However, it is deferred statistically A-convergent to fi=x",i =0, 1, 2.

Theorem 4.4. Let p and q be a sequence of natural numbers satisfying the deferred property, and A =(any) be a
reqular matrix with non-negative elements. If | T, () —fi|| —0 (Dp,qS (A)) holds for functions defined by f; (x) =x,

i = 0, 1, 2, then there exists a set KCIN with 8y 4 (K) = 1 such that | T; () —f||oo—>0 (Dp,q (A)) holds for all feC [a, b],
where T}, is a positive and linear operator with respect to K.
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Proof. Assuming that | i\ £) —£ ‘ —0 (Dp,qS (A)) holds for functions defined by f; (x) =x!, we can obtain sets

K;,i=0,1,2,such thatdpq (K;)=1. LetK = ﬂizzo K; such that 6, 4 (K) = 1. Denote the set K as K:= {m,: neN},
and define the corresponding matrix A*= (am, ) and the related operator as

00

T: (f):= Z am kT ().

k=1

In can be observed that
| | -0(Dpq(AY)

holds fori =0, 1, 2. Therefore, we have

T; (f) —fi

2
Ty (B ]| <Ma | Y |15 6) =] |-
i=0

Thus, we get | T; () —fH —0 (Dp,q (A*)). Hence, the proof is completed. [
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