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Abstract. In this paper, we study warped product on generalized quasi-Einstein manifolds with respect
to affine connections. Initially, we deal with the elementary properties and existence of generalized quasi-
Einstein warped products manifolds with respect to affine connections. Furthermore, it is proved that
generalized quasi-Einstein manifold to be a quasi-Einstein manifold with respect to affine connections
and we give three and four examples (both Riemannian and Lorentzian) of generalized quasi-Einstein
manifolds to show the existence of such manifold. Finally, we construct two examples of warped product
on generalized quasi-Einstein manifolds with respect to affine connections are also discussed.

1. Introduction

A Riemannian (or semi-Riemannian) manifold (M", g), (n > 3) is named an Einstein manifold if the
Ricci tensor Ric(# 0) of type (0,2) satisfies: Ric = g, where r represents the scalar curvature of (M", g).
Einstein manifolds form a natural subclass of several classes of (M", g) determined by a curvature restriction
imposed on their Ricci tensor [3]. Also, Einstein manifolds play a key role in Riemannian geometry, general
theory of relativity as well as in mathematical physics.

Approximately two decades ago, the idea of quasi-Einstein manifold was proposed and studied by

Chaki and Maity [11]. An (M", g), (n > 2) is said to be quasi-Einstein manifold (QE), if its Ric(# 0) satisfies
Ric(Z1, Z5) = ag(Z1, Zy) + bA(Z1)A(Z>), (1)
where g, b(# 0) € R and A is a non-zero 1-form such that
9(Z1,p) = AZ1),  glp,p) = Alp) =1, (2)

for all vector field Z; and a unit vector field p called the generator of (QE),. Also, the 1-form A is named
the associated 1-form. From (1) it is clear that for b = 0, (QE), reduces to an Einstein manifold.
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An (M", g), (n = 3) is said to be generalized quasi-Einstein manifold G(QE), [12] if its Ric(# 0) satisfies
Ric(Zy, Z2) = ag(Z1, Z2) + bA(Z1)A(Z2) + c[A(Z1)B(Z2) + A(Z2)B(Z1)] (©)
where a, b(# 0), c(# 0) € R and A(# 0), B(# 0) are 1-forms such that

g(er P) = A(Zl)/ g(leo) = B(Zl)r g(P/ P) =1, g(UrU) =1 (4)

where p and ¢ are mutually orthogonal unit vector fields, i.e., g(p,0) = 0 and are known as generators
of G(QE),. G(QE), has widely investigate the geometric properties and physical applications in general
relativity [16, 17, 28] and also studied by several authors [6, 18, 25-27].

The concept of a semi-symmetric linear connection on a differentiable manifold was first introduced by
Friedmann and Schouten in 1924 [1]. A generalization of the semi-symmetric connection in [19], Golab first
defined a quarter-symmetric linear connection on a differentiable manifold in 1975. Many writers have
examined the outcomes of warped products with affine connections, including Dey et al. [4, 20, 21], Pahan
et al. [22, 23], Shenawy and Unal [24], among others.

An (M", g), (n > 3) is said to be generalized quasi-constant sectional curvature [25] if its curvature tensor
satisfies

R(Z1,25,23,Z4) = alg(Z2, Z3)9(Z1, Zs) — 9(Z1, Z3)9(Z2, Z4)]
+ b[g(Z1, Zs)A(Z2)A(Z3) — 9(Za, Z4)A(Z1)A(Z3)
+ 9(Z2, 23)A(Z1)A(Z4) — 9(Z1, Z3)A(Z2)A(Z4)] ®)
+ c[g(Z1, Z4)B(Z2)B(Z3) — g(Z2, Z4)B(Z1)B(Z3)
+ 9(Z2,Z3)B(Z1)B(Z4) — 9(Z1, Z3)B(Z2)B(Z4)],

where a, b(# 0), c(# 0) € R and A(# 0), B(# 0) are 1-forms.

2. Warped product manifolds admitting affine connection

The concept of a warped product introduced by Bishop et.al [15] in 1969 for the study of negative-
curvature manifolds. Let (8,gg) and (¥, g#) be two Riemannian manifolds with dim 8 = p > 0, dim
F=qg>0and f: B — (0,0), f € C*(B). Consider the product manifold 8 x ¥ with its projections
u:BXF — Bandv: BXF — F. The warped product BX; ¥ is the manifold B x F with the Riemannian
structure such that ||Z1]* = [[u*(Z1)I* + f*(u(m))|[o*(Z1)|* for any vector field Z; on M. Thus we have

gm = g8 + f297, (6)

where B is called the base of M and ¥ the fiber. The function f is called the warping function of the warped
product [5].

Since 8 X ¥ is a warped product, then we have Dz, Z3 = Dz,Z1 = (Z1lnf)Z; for all vector fields Z;, Z3
on B and ¥, respectively. Hence we find R(Z1 A Z3) = g(Dz,Dz,Z1 — Dz,Dz,Z1,7Z3) = %{(Dzlzl)f - Z%f}.
If we choose a local orthonormal basis ey, ....., e, such that ey, .....,e,, are tangent to 8 and ey, 41, ....., €, are
tangent to ¥, then we have

A n
—f = ZR(EI' A 6]'), (7)
foa

foreach j=n; +1,...,n[5]

Two lemmas from [5] are required for further work:

Lemma 2.1. Let us assume that M = B Xy F is a warped product, and that Ky is the Riemannian curvature tensor.
If we have the fields 71, Z,, and Z3 on B as well as P, Q, and Z4 on F, then:
(1) Km(Z1, 22)Z3 = Kg(Z1, 22)Zs,
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(2) Kpn(Z1, Q)22 %Q, where HY is the Hessian of f,
(3) Km(Z1,Z2)Q = Km(Q, Z4)Z1 = 0,
(4) Kn(Z1, QZs = —(2%2)Dy, (grad f),

(5) Kn(Q, Za)P = K (Q, Zo)P + (24 5(Q, P)Z4 - 9(Z4, P)Q.

Lemma 2.2. Let us assume that M = B X¢ F is a warped product, and that Ricy is the Ricci tensor. If we have the
fields 21, Z5, and Z3 on B as well as P, Q, and Z4 on F, then:

(1) Ricm(Z24,Z2) = RICB(Zl,Zz) - Hf(ZLZZ)

(2) Riem(Zy, Q) =

(3) Ricp(Q, Zy) = RZCT(Q Zy) —9(Q, Z4)(Af + 1= ||gmdf||2) where Af is the Laplacian of f on B

Furthermore, the condition is satisfies

scaly o Af lgrad f?
f? f o
where scalg and scalg are scalar curvatures of 8 and ¥, respectively.

Gebarowski investigated Einstein’s warped product manifolds in his paper [2] and demonstrated the
following three theorems about them:

m(m —1) (8)

scaly; = scalg +

Theorem 2.3. Let diml =1, dim¥ = n—1(n > 3), and let (M, g) be a warped product of [ X F. If F is an Einstein
manifold with constant scalar curvature, as in the case of n = 3, and f is determined by one of the following formulas
for any real number B, then (M, g) is an Einstein manifold.

LRsinh? B g >
FA(x) ={R(x + B)?, ifa=0
=i Rsin? D gy <
o= P if R >0 (a # 0)
=4 Reosh? B if R = 0 (o > 0)
for R < 0, after integration g”¢7 + 2R =0 and R = (n_s;z)z(l:_m'

Theorem 2.4. Let (M, g) be the warped product of a complete connected s-dimensional Riemannian munifold F and
a complete connected (1 < s < n) Riemannian manifold B. B is a sphere of radius —= zf (M, g) is a space with

constant sectional curvature R > 0.

Theorem 2.5. Let (M, g) be a warped product B Xy F of a n — 1-dimensional Riemannian manifold B and a one-
dimensional Riemannian manifold 1. If (M, g) is an Einstein manifold with scalar curvature scalyy > 0 and the
Hessian of f is proportional to the metric tensor gg, then

-1
. . . . . _ (scalg 2
(1) (B, gg) is a (n — 1)-dimensional sphere with radius = ((n_l)(f_z))
(2) (M, g) denotes a space with constant sectional curvature R = ;(C:’_A{)

We also investigate warped product manifolds with quarter-symmetric connections in this paper. Here, we look at
propositions 3.1, 3.2, 3.3, and 3.4 of [14] and in this paper we denoted by 3.6, 3.7, 3.8 and 3.9, respectively, which
will help us prove our results.

Proposition 2.6. Let M = B X¢ ¥ be a warped product. Let Ric and Ric denote the Ricci tensors of M with
respect to the Levi-Civita connection and a quarter-symmetric connection respectively. Let dimB = ny, dimF = ny,
dimM=n=m+ny. IfZy,Z, € %(B) Q, Zy € X(F) and p € X(B), then

(i) Ric(Z1, Za) = Ricg(Z1, Za)+1s] B( - 2)+ 2f9(21;ZZ)+H1HZQ(p)g(Z11Z2)+ng(ZZrDZ1p) 1321 Q(Z,)]
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(ii) Ric(Z1, V) = Ric(Q, Z1),
(ii) Rie(V, Zs) = Ricy(Q, Zs) + (padivgp + (2 — 1) T2 2 (7 ~ sz ~ p21Q0p) + [T ~ gty + (n2 ~ Dyl +
~2L)9(Q, Z4)
where divgp = i ex{Dw,p, Wx) and Wy, 1 < k < ny, is an orthonormal basis of B with e, = g(Wi, Wi)
k=1

Proposition 2.7. Let M = B Xy F be a warped product, dimB = ny, dim¥ = ny, dimM =n = ny +np. If 21, Z
€ X(B), Q Zy € X(F) and p € X(B), then

(i) Ric(Z4, 72) = Rica(Za, 72) + (7~ Dpajiz — (210)g(Z0, Z2) + 12 2972 4 1022, Zo)diorp,

(ii) Ric(Z1, Q) = [(71 - D - p] AQ 2L,

(iii) Ric(V, Zy) = [z — (11 — 1)#1]Q(Q)Zlf

(i0) Ric(V, Zs) = Rier(Q, Z4) + 9(Q, Za)l(rma ~ )25 4+ 898 4 [~ 1)y11115 — 12120p) + pradivg-p) + (7~ D —
1219(Zs, Dgp) + [ + (1 - M2IAQQAZs)

Proposition 2.8. Let M = BX¢F be a warped product, dimB = ny, dim¥ = ny, dimM = n = ny +ny. If p € X(8B),
then

JR— J— ds 2 .
sl = s+ S s~ 02 )+ 20,22 o

+ [+ my — Dpapa — mo(p3 + 15)1Q(p) + napn + po)divgp.

Proposition 2.9. Let M = BX F be a warped product, dimB = ny, dim¥F = np, dimM = n = ny +ny. If p € X(F),
then

—  — scalp _ . — —
scaly = scalg + f—zF(n = 1)(w1 + po)divgp + [n(n = 1) + (1= n)(y% + ,u%)]Q(p)

10
|gradg f17, Agf (10)
> + 2n,

f f
In this section, we study generalized quasi-Einstein warped product manifolds and prove several results
about them.

+ny(n—1)

Theorem 2.10. Let (M, g) be a warped product I X ¢ ¥ where I is an open interval in R, diml = 1 and dim¥ = n—1,
n > 3. Then the following statements are equivalent.

(i) If (M, g) is a (GQ), with respect to a quarter-symmetric connection then ¥ is a (GQ), for p = % with respect to
the Levi-Civita connection.

(ii) If (M, g) is a (GQ),, with respect to a quarter-symmetric connection then the warping function f is a constant on
Ifor p € X(F), 2 # (n — V1.

Proof. Suppose that p € X(8) and let g; be the metric on I. Taking f = e? and using the Proposition 2.6, one
obtains

ﬁM(%r %) =(01- n)[%q” + 41111'2 - %qu' + tipo — [Jﬂm(%, %), (11)
Rid(2,Q) =0, (12)
Ric(Q, Zs) = Ricy (Q, Zs) + e[ = L+ {(n — D) + (1= 2o}’

(13)
#1842+ (L= ] (Q,20)
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for all vector fields Q, Z, on F.
Since M is G(QE),, with respect to quarter-symmetric connection, then form (3), we have

— 9 0 ) 9 PN PN PN

Ricu( 5, 57) = a0(5;, 5;) + bA(5,)A(5;) + < A5 )B(5;) + B(5,)A(5,)] (14)
and

Ricm(Q, Za) = ag(Q, Zs) + bA(Q)A(Zs) + clA(Q)B(Zs) + A(Z4)B(Q)]. (15)

Decomposing the vector fields P and P’ separately into their components P;, P and P/, P’¢ on I and F,
respectively, we have P = P; + n/Pg and P’ = P; + npP.. Since diml = 1, taking P; = % which gives
P= % + M Py and P} = % which gives P’ = % + 172% + P, where 1 and 1, are functions on M. Thus, we
have the following

d d
AZ)=oGr) =1

(16)
J J _,
B(5;)=a(5,.P)=1.
Using equations (6) and (16), the equations (14) and (15) reduces to
— (d Jd
RZCM(E'E) =a+b+2c (17)
and
Ricm(Q, Zs) = ae"gy(Q, Zs) + bA(QA(Zs) + c[A(Q)B(Zs) + A(Z4)B(Q)]- (18)
Comparing the right hand side of the equations (11) and (17), one obtains
n-1 ’” 2
a+b+20:—T[2q +(q)]. (19)
Similarly, comparing the right hand side of the equations (13) and (18) we get
Ricr(Q,23) = @fa~ {2+ 2(n =~ Dy + (1= 2pa)q'sl + 507 + (1 =)
’ 4 2 272 (20)

it} |97(Q, Za) + BAQA(Za) + AQ)B(Zs) + A(Zo)BQ),

which gives that ¥ is a (GQ), with respect to connection for p € X(8) and use the Proposition 2.7, one gets

M(% Q)= %[(n ~ D - 112]QQ), (21)
Ri(Q, 7 = %[#2 - (= Hu Q) (22)

for any vector field Q € X(¥). Since M is a (GQ),, we have
RlC(E’ Q) = ch(Q, E)
J J P P (23)
= a9(Q, 2) + bAQA(5) + [AQB(5) + BQA(S )]
Now, g (Q' %) =0as % € X(B) and Q € X(¥). Therefore, form (23), we get

ﬁ(%, Q) = Ric(Q, %) = bA(P)A(%) + c[A(Q)B(%) + B(Q)A(%)]. (24)
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Hence, we have

bAQA(2) + [AP)B(2) + BQA(2)] = T[0r - Dy - 2@ 5)

bAQA(2) = [AQB(2) + BQA(2)] + L[~ @ - 1] 26)
From (24) and (25), we get

q =0, (27)

when p, — (n = 1)ug # 0. It follows that g is a constant on I. Then f is constant on I.
Now, we consider the warped product M = 8 Xy I with dimB = n -1, diml = 1, n > 3. Under this
assumption, we prove the following theorem. [J

Theorem 2.11. Let (M, g) be a warped product B Xy I, where diml = 1 and dimB =n —1,n > 3, then
(i) if P € X(B) is parallel on B with respect to the Levi-Civita connection on B, f is a constant on B and (M, g) is a
(GQ),, with respect to a quarter-symmetric connection, then,

a = [(n=1wmp - 131Ap).

(ii) f is a constant on B if (M, g) is a (GQ), with respect to a quarter-symmetric connection for p € X(I), and
p2 # (n—1)us.

(iii) M is a (GQ), with respect to a quarter-symmetric connection if f is a constant on B and B is a (GQ), with
respect to the Levi-Civita connection for p € X(I).
Proof. Let (M, g) is a (GQ),, with respect to a quarter-symmetric connection. Then we have

Ric(Z1,72) = ag(Z1, Z2) + bA(Z1)A(Z2) + c[A(Z1)B(Z2) + A(Z2)B(Z1)]. (28)

Decomposing the vector fields P and Q separately into their components Pg and P; on 8 and I, respectively,
we have

P=P1+PB and Q=Q1+Q3. (29)
Since diml = 1, we can take P; = 171% and Q; + rp% which gives P = Pg + 171% and Q = Qg + 172% where 11,
1 is a function on M. From (28), (29) and Proposition 2.6, one gets

— B

Ric (Z1,2Z3) = agg(Z1, Z,) + bgp(Z1, Pp)gs(Z2, Pg) + clgs(Z1, P)g8(Z2, Qp)

f
+ g8(Z2, P)g5(Z1, Qp)] — [@ + sz—fg(zl,zz) (30)

f
+ 1p2Q(p)9(Z1, Z2) + 19(Za, Dz, p) — 15Q(Z1)Q(Z) .
Now, contraction of (28) over Z; and Z,, gives

— 3
scal =a(n —1)+ bgg(Pg, Pg) + clgs(Z1,Pg)ga(Z>, Qg) + 98(Z1, Q8)98(Z2, Pg)]

(31)

n-1
- [% + o (n — 1)p7f +[(n = Dz = p31Qp) + Z g(ei, De,p)|.
i=1

Again, contraction of (28) over Z; and Z,, yields

—M
scal = an + bgg(Ps, Pg) + clgs(Z1, P8)gs(Z>, Q) + 98(Z1, Q8)g8(Z>, P8)]. (32)
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Making use of (32) in (31), one gets

scal = scal —a- %f — pa(n — 1>7f = [(n = Dz = 171Qp)
— ni gei, Dep)]
i=1
On the other hand form Proposition 2.8, one obtains
scal” = saal’ + (n - 1)(u1 + yz)%( + z%f 201 = Dz — (22 + 12)]QAp)

n-1
+(p + ) ) 9(ei, Dep)].
i=1
From (33) and (34), we obtain

A v
a+ %f + o — 1)%( +[(n = Dpp2 = p31Q(p) + Zg(ei' D.p)]

i=1
— =+ 4272 4 2 - Dy - 8 + 10K

n-1
+ (Hl + #2) Z g(eir Deip)]
i=1

Since f is a constant on 8 and p € X(8) is parallel, then one gets

a = [(1 = Dy - 131p)-

(ii) Let p € X(I). By the use of Proposition 2.7, we obtain

Zf

Ric(Z1, p) = [(n — Dz — 131Q(0) =~ 7

and

Zif

ch(p, Z1) = [p2 — (n = D)1 1Q(p) — 7

Since M is a (GQ),, we have

Ric(Z1, p) = Ric(p, Z1) = ag(Z1, p) + BA(Z1)A(p) + c[A(Z1)B(p) + A(p)B(Z1)]-
Again, we have g(Z1, p) = 0 for Z; € X(8) and p € X(I). Thus, we obtain

Z1f =0,
where p1; # (n — 1)u1. Which implies that f is constant on 8.

(iif) Suppose that B is a (GQ), with respect to the Levi-Civita connection. Then we have

EB(ZLZz) = ag(Zy, Z2) + bA(Z1)A(Zy) + c[A(Z1)B(Z,) + A(Z2)B(Z41)],

2067

(33)

(34)

(35)

(36)

(37)

(38)
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for every vector fields Z;, Z, tangent to 8. From Proposition 2.7, we obtain

H/ (Z4,Z,)

f 7
for every vector fields p € ¥(I). Since f is a constant, H/(Z1,Z,) = 0V Z1,Z, € ¥(B). Then the above
equation reduces to

Ric (Z1,Z5) = Ric (Z1,Z>) + [(n = D pa — p51p)g(Z1, Zo) +

Ric (Z1,Z,) = Ric (Z1,Z2) + [(n = Do = 131Qp)g(Z1, Zo). (39)
Using (38) and (39), one obtains

Ric (Z1,22) = (@ + [(n - Dtz — 121Q(P))G(Z1, Za) + BA(Z1)A(Za)

(40)
+ c[A(Z1)B(Z2) + A(Z2)B(Z1)].
This implies that M is a (GQ),, with respect to a quarter-symmetric connection. [

Theorem 2.12. Consider the warped product manifold (M, g) of I X B. If the two generators P and Q in a (GQ), are
parallel to I with respect to a quarter-symmetric connection, then M is a (QE), with respect to a quarter-symmetric
connection.

Proof. Let the generator P is a parallel vector field, then K(Zl, Z5)P = 0. Thus

Ric(Zy,P) = 0. (41)
Consider
P=Pg+ f*P; and Q= Qs+ f*Qr (42)

From (3), we have
Ric(Z1,Z») = ag(Z1, Z») + bA(Z1)A(Zy) + c[A(Z1)B(Zs) + A(Z2)B(Z1)]. (43)
Putting Z, = P and using (42) in (43), one gets
Ric(Z1, P) = ag(Zy, P) + bA(Z1)A(P) + c[A(Z1)B(P) + A(P)B(Z1)]
= {a+b(f* + 1)}g1(Z1, P) 2 + c(f* + 1)gi(Z1, Q1) 2

From (13), we have

(44)

_ ~1
Ricm(Z1,22) = Ric(Zy, Zo) + e[ -

@2 + = Dpar + (1 = Dol
5)

1
i b = 2,

for vector fields Z1, Z, on I.
Since P is parallel to I, then from above relation

n-—1

, 1 ’ 1 77
@+ {01 =Dy + (1= gl + 123 + 59
+(1- ”)#1#2]!71(21/133 + f2P1)

= PO + 5 (0= D + (0 - gl

Ricp(Z1,2Z5) = eq[
(46)

1
+ IU% + Eq” —+ (1 — n)‘l,lllylZ:IgI(Zl/ZZ)'
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Comparing (44) and (46), one obtains
c=0. (47)
Making use of (47) in (3), one gets
Ric(Z4,2,) = ag(Z1, Z2) + bA(Z1)A(Z>),
i.e., (QE), with respect to quarter symmetric connection. Similarly, if Q is parallel to I, one also gets
c=0.

So the manifold also becomes (QE), with respect to quarter symmetric connection.

Theorem 2.13. Let (M, g) be a warped product B X¢ F of a complete connected r -dimensional (1 < k < n)
Riemannian manifold 8 and (n — k)-dimensional Riemannian manifold F .

(i) B is a two-dimensional Einstein manifold if (M, g) is a space with generalized quasi-constant sectional curvature,
the Hessian of f is proportional to the metric tensor gg, and the associated vector fields W and W’ are the general
vector field on M or W, W’ € X(B).

(ii) B is a two-dimensional Einstein manifold if (M, g) is a space of generalized quasi-constant sectional curvature
with the associated vector fields W, W’ € X(F).

Let M is a generalized quasi-constant sectional curvature space. Then, using (5) we can write

R(Z1,22,23,Z4) = alg(Z2, Z3)9(Z1, Zs) — 9(Z1, Z3)9(Z2, Z4)] + b[9(Z1, Z4)A(Z2) A(Z3)
= 9(Z2, Z1)A(Z1)A(Z3) + 9(Z2, Z3)A(Z1)A(Zs) — 9(Z1, Z3)A(Z2)A(Z4)]
+ c[g(Z1, Z4)B(Z2)B(Z3) — 9(Z, Z4)B(Z1)B(Z3)
+9(Z2, Z3)B(Z1)B(Z4) — g(Z1, Z3)B(Z2)B(Z4)],

(48)

forall Z,, Z,, Z3, Z4 on B.
Decomposing the vector fields W and W’ uniquely into its components Wg, Wy and Wy, W/ on 8 and
¥, respectively, we can write W = Wg + Wy and W' = Wi, + W'T. Then we can write

g(Zl/ W) = g(Zl/ Wﬂ) = QB(ZL WB) = A(Zl)

49
9(Z0, W) = 9(Z1, W,) = g5(Z1, W) = B(Zy). )

Making use of (6) and (49) in (48) and by use of Lemma 2.1 and then putting Z; = Z; = e;, where ¢; is an
orthonormal basis, one obtains

Ricg(Z,Z3) = [a(k = 1) + bgs(Ws, W)1gs(Z2, Z3) + b(k — 2)A(Z2)A(Zs)

+ o(k— DIAZ)B(Zs) + AZ5)B(Zo)]. (50)

This shows that B is a generalized quasi-Einstein manifold. Again, putting Z, = Z = ¢;, where ¢; is an
orthonormal basis, one obtains

scalg = (k — 1)[ak + 2bgg(Wg, Wg)]. (51)

In view of (7) and (51), we infer that

Af _ ak + bgg;(Wg;, Wz;)
f 2 '

However, since the metric tensor g3 is proportional to the Hesssian of f, we can write as

(52)

A
H/(Z4,2,) = ngB(Zl/ZZ)- (53)
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Using (51) and (52) in (53) we get

H/(Z1,2,) + Rfgs(Z1,22) = 0,

where R = (k_l)(byﬂz%ﬂv)ﬂ))_sadﬁ holds on B. According to OBATA’s theorem [10], in (k + 1)-dimensional
Euclidean space, 8 is isometric to the sphere of radius \L@ Since 8 is a result of this, we know that it is

an Einstein manifold. Therefore, k = 2 because b # 0, ¢ # 0. As a result, B is a two-dimensional Einstein
manifold.

Suppose that the associated vector fields W, W’ € X(8B) then in view of (6) and (48) and then putting
Z1 = Z4 = e;, where ¢; is an orthonormal basis, one obtains

scalg(Z, Z3) = [a(k — 1) + blgs(Z2, Z3)
= b(k — 2)g8(Z2, W)g8(Z3, W) + c(k — 1)[g8(Z2, W)gg(Z3, W’) (54)
+ !7.‘3(22/ W/)gﬂ(ZB/ W)]/

which shows that 8 is a G(QE),. Putting Z, = Z3 = ¢; in (54), where ¢; is an orthonormal basis, one obtains
scalg = (k — 1)[ak + 2b]. (55)

In view of (6) and (48) (for W, W’ € X(8)), one obtains

Af ak+b
-z = . 56
= (56)
However, since the metric tensor gg is proportional to the Hesssian of f, we can write as
y Af
H\Zy, Z2) = =~ 98(Z1, Z2).- (57)

Using (55) and (56) in (57) we get

H/(Z1,22) + Rfgs(Z1,Z2) = 0,

% holds on B. According to OBATA'’s theorem [10], in (k + 1)-dimensional Euclidean

space, 8B is isometric to the sphere of radius %@ Since 8 is a result of this, we know that it is an Einstein

where R =

manifold. Therefore, k = 2 because b # 0, ¢ # 0. As a result, B is a two-dimensional Einstein manifold.
Suppose that the associated vector fields W, W’ € X(¥), then the relation (48) reduces to

R(Z1,72,73,Z4) = alg(Z2, Z3)9(Z1, Zs) — 9(Z1, Z3)9(Z2, Z4)]. (58)
Making use of (6) in (58), one gets

R(Z1,22,23,24) = algs(Z2, Z3)98(Z1, Z4) — 98(Z1, Z3)g8(Z2, Za)]- (59)
Contraction of (59) over Z; and Z4, one gets

Ricg(Z>,Z3) = a(k — 1)98(Z2, Z3), (60)

which shows that 8 is an Einstein manifold with scalar curvature scalg = ak(k — 1). This complete the
proofs. [

Theorem 2.14. Let (M, g) be a warped product B X¢ I of a complete connected (n — 1)-dimensional Riemannian
manifold B and one-dimensional Riemannian manifold 1. (B, gg) is a (n — 1)-dimensional sphere with radius

rd = ‘/s’c’u‘lﬁ if (M, g) is a G(QE),, with constant associated scalars a, b, c and d P, P’ € X(M) and if the Hessian of f

is proportional to the metric tensor gg.
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Proof. Suppose that M is a warped product manifold. Then by use of Lemma 2.2 we can write
1
Ric(Z1, Z5) = Ricm(Zy, Z2) + ?Hf (Z1,22), (61)

for all Zy, Z; on B. Since M is a G(QE),,, we have
Ricpm(Zy, 22) = ag(Z1, Z2) = bA(Z1)A(Z2) + c[A(Z1)B(Z2) + A(Z2)B(Z1)]. (62)

Decomposing the vector fields P and P’ uniquely into its components P;, Pr and P}, P, on 8 and I,
respectively, we can write

P=Pg+P; P =Py+P. (63)
In view of (6),(62) and (63) the relation (61) can be write as

Ricg(Z1,Z2) = agg(Z1, Z2) + bgs(Z1, Pg)g5(Z2, Ps) + clgs(Z1, P8)g5(Z2, Pg)

, 1 64
* 9a(Z1, PygaZa, Pa)l + ZH/ (23, 22) ()
Contraction above relation over Z; and Z,, one gets
Af
scalg = a(n — 1) + bgs(Pg, Pg) + 7 (65)
Again Contraction of (61) over Z; and Z;, one gets
scalg = an + bgg(Pg, Pg). (66)
Making use of (66) in (65), one gets
Af
scalg = scalyy —a + —
f
In view of Lemma 2.2, we know that
A
_scalM _ _f 67)
n f

The above two relations gives us scalg = “Lscaly; — a. However, since the metric tensor gg is proportional
to the Hesssian of f, we can write as

f Af
H/(Z4,25) = mgs(zhzz)‘

nA—_fl = ——L_scaly f, that is,

As the consequence of (67) we have 2o

scalg +a
n_Ll)zng(ZhZz) =0.

Hf(le ZZ) + (

n—=1

Thus, B is isometric to the (n — 1)-dimensional sphere of radius rd = ST
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3. Examples of 3 and 4-dimensional G(QE),

Example 3.1. We define a Riemannian metric g in 3-dimensional space R® by the relation

ds? = gydx'dx = () P[(dx")? + (dx*)?] + (dx°)

3

where xt, x?, x> are non-zero finite. The covariant and contravariant components of the metric tensor are

gin =g»n = (x3)4/3, 33 = 1/ g” =0 VvV 1 #+ ]

and

1 i .
9112922:—(X3)4/3, g33:1, gfzo v 1+ ]

The only non-vanishing components of the Christoffel symbols are

1 _f2)_ 2 [3\_f3\_-2 ..
{13} = {23} = 3 {11} = {22} =30

The non-zero derivatives of (71), we have

i 1 _i 2| _ -2 i 3 _i 31 _ -2
ox3 |13[ 7 ox3 |23) ~ 3(x3)2"  o9x3 |11 g3 |22 _9(x3)§.

For the Riemannian curvature tensor,

) 9
a0 ax | L
ik if

Sl Lt

=I =II

The non-zero components of (I) are:

Kl =i 1 __2
331 7 Jx3 |31 3(x3)2’

K2 _9 ]2 =2
3327 9x3 132 3(x3)2’

and the non-zero components of (I1) are:

= (il ~{asHond = G ) oo oo} = s
A i 1 R A R A R
o= () o ~{aeHon) = -1 ) = s

Adding components corresponding (I) and (II), we have

1 _ 4 1 _ -2 — K2
221 9(x3)§’ 3BT 9(x3)2 332

2072

(68)

(69)

(70)

(71)

(72)
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Thus, the non-zero components of curvature tensor, up to symmetry are,

_ — — 4 42
Kizz1 = Kozzz = >, K = —())3,
9(x3)3 9

and the Ricci tensor

- g 2Y B
Rici1 = g"Kyjin = 97 Kiza + 977 Kiziz =

9(x3)3’
Ricy, = {]th2j2h = 911K2121 + !]33E2323 = 2
9(x3)3
Ricss = ¢""Kajan = 9" Karz1 + 97 Kaos = —
! 9(x3)2’
Let us consider the associated scalars a, b, c and the 1-forms are defined by
-4 6(x3)3 1
a= ’ = ,C= 7
9(x3)2 9 9(x3)2
1 . .
B zflzl 3\ 2 . =2
AW =10, iz and By =] T2
. 0, otherwise
0, otherwise

where generators are unit vector fields, then from (3), we have
Ricy1 = agi + bA1A1 + 2cA1Bq,

Ricy, = agoy + bA»A; + 2cA»Bo,
RiC33 =agsz + bA3A3 + 2cA3Bs3,
R.H.S. Of (73) =4agi + bA1A1 + 2cA1Bq

—4 6
= 2 + 2
9G35 9(x¥)s
_ 2

9(x3)3
=LHS. of (73)

By similar arqument it can be shown that (74) and (75) are also true.
Hence (R3, g) is a G(QE)3.

Example 3.2. Lorentzian manifold (R%, g) endowed with the metric given by
ds® = gijdx'dx) = —()*P[(dx")? + (dx)*] + (dx°)?,

where x', x?, x3 are non-zero finite, then (R?, g) is a G(QE)s.

Example 3.3. We define a Riemannian metric g in 4-dimensional space R* by the relation

ds® = gydx'dx’ = (1 +2p)[(dx")? + (dx*)* + (dx°)* + (dx*)’]

2073

(73)
(74)
(75)

(76)

(77)

. . 1, . . .
where x', x?,x3, x* are non-zero finite and p = e k=2. Then the covariant and contravariant components of the metric

are

gn=9g2=g33=gu=0+2p), g¢;=0 V i#j

(78)
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and

gi=0 VvV i#j

1 _ 22 _
g _g _g g 1+2p

The only non-vanishing components of the Christoffel symbols are
T\ _f2\_J3|_J4|_2d [4|__r
1 7 \12f T\13) T \14) T o (14 T 1+ 2
1\ _f1\_f1\_ —r
22 7\33[ T 44 " 1+2p +2p
The non-zero derivatives of (80), we have
ENEA.
oxt \11f ~ oxt 12 8x1 (1+2p)2'
Jd 1] _ 2
axt \22f ~ oxt 33 8x1

For the Riemannian curvature tensor,

The non-zero components of (I) are:

2291 |22) (1 +2p)¥
w9 (1 __-p
3137 ox1 |33 T (1 +2p)2

Kl A O
44 gxl |44 T (1 +2p)2

and the non-zero components of (11) are:

e e R
R R R Ry
Ko~ {i} ot o~ Lo}~

Adding components corresponding (1) and (II), we ha

P
K%zl = K§31 = K441 1+ 2p)2'

2

p

2 _ w2 _ w3 _
KSSZ_K442_K443_ (1+2p)2

2074

(79)

(80)

(81)
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Thus, the non-zero components of curvature tensor, up to symmetry are given by

K221 = Kia31 = Kyag1 =

7

1+2p
_ _ _ 2
Konrr = Kossr = Kaggn = ———
2332 = Koaao = RKaaas = 70 %
and the Ricci tensor are given by
Ricyy = gth ith = 922K1212 + 933K1313 + 944K1414 = 3—19
! (1+2p)*’
Rico = "o = 01 Ko1r + 03K + 04 Kosrs = —F )
162 = g Kojon = g " Kp121 + K33 + 97" Koaog 1+ 2p)
Ricen = 0" Bamr = a1 Rnins + 02K orr + 14K ougng = —F )
1633 = g7 Kzjan = g " K3131 + ¢ Kapzp + 7" K3434 1+ 2p)
Ricys = ¢"Kajyr = 9" Karar + P Kapao + 9Ky = ——.
1044 = g7 Ryjan = Ra141 + § Raqo + § K4343 1+ 2p)
The scalar curvature r is given by
6p(1 +
r= g“Ricn + g22Ric22 + 933Ric33 + g44Ric44 = (f(+—2p’)03)
Let us consider the associated scalars a, b, c and the 1-forms are defined by
3p P
= -, = 2 , = —
T A2y P W opp
oy il A
Ai(x) = P ) and Bj(x) =<-1, ifi=2
0, otherwise .
0, otherwise

where generators are unit vector fields, then from (3), we have
Ricyy = agiy + bA1A1 + 2cA1By,
Ricyy = agyy + bAA; + 2cAzB,,
Rics3 = agss + bA3As + 2cA3Bs,
Ricy = agas + bALA4 + 2cA4By,
R.HS. of (82)=agn +bA1A1+2cA1B;

__ % 2p 2p

T Qx2pr T A2 (2P
__ %

T (1+2p)2

=LHS. of (82)

By similar argument it can be shown that (83) to (85) are also true.
Hence (R*, g) is a G(QE)4.

Example 3.4. Lorentzian manifold (R*, g) endowed with the metric given by
ds* = gijdxidxj = —(1+2p)(dx")? + (1 + 2p)[(dx*)* + (dx®)? + (dx*)*]

where x', x?, x3 and x* are non-zero finite, then (R*, g) is a G(QE)a.

2075

(82)
(83)
(84)
(85)
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4. Example of generalized quasi-Einstein warped product manifold

In this section, we will have look at examples 3.1 and 3.3, which is a three and four dimensional examples
of a generalized quasi-Einstein manifold.

Example 4.1. Let us assume that the Riemannian manifold denoted by (R3, g) is endowed with the metric
ds® = g,-]-dxidxf = (x3)4/ 3[(dxl)2 + (dxz)z] + (dx3)2,

2 3

where x!, x*, x* are non-zero finite. In order to define the warped product on G(QE)3, we consider the warping
function f : Ry — (0,00) by f(x3) = (x3)3 and notice that f = (x3)3 > 0 is a smooth function. This allows us to
define the warped product. The line element that is defined on R4 X R* and has the form B Xy F, where B = Ry is
the base and F = R is the fibre.

So, we can write ds}, = ds} + f*ds?, ie.,

ds® = gidx'dy) = (dx*)* + (dx°)? + ()P} [(dx") + (dx)’],

which represents an example of a Riemannian warped product on G(QE)s.

Example 4.2. Let us assume that the Riemannian manifold denoted by (R*, g) is endowed with the metric
ds? = gyjdx'dx) = (1 + 2p)[(dx")* + (dx?)? + (dx°)* + (dx*)?],

where x', x2, x* and x* are non-zero finite. In order to define the warped product on G(QE)3, we consider the warping
function f : R® — (0,00) by f(x',x%,x%) = /1 + 2p and notice that f > 0 is a smooth function. This allows us to
define the warped product. The line element that is defined on R® X R and has the form B X F, where B = R® is the
base and F = R is the fibre.

So, we can write ds}, = ds} + f*ds?, ie.,

ds? = gydx'dx = (1 +2p)[(@dx")* + (@dx*)* + (@x®)*] + 1+ 2p(dx*)?,

which also represents an example of a Riemannian warped product on G(QE)a.
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