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Abstract. The purpose of this paper is mainly to investigate the existence of weak solution of the stationary
Kirchhoff type equations driven by the fractional p(x)-Laplacian operator with discontinuous nonlinearities
for a class of elliptic Dirichlet boundary value problems. By using the topological degree based on the

abstract Hammerstein equation, we conduct our existence analysis. The fractional Sobolev space with
variable exponent provides an effective functional framework for these situations.

1. Introduction and main result

In this paper we deal with the following fractional Kirchhoff type problem

{ M50 ) (=AY () + () 2u(x) + AH(x, u) € — [?(x, ), d(x,u)| inQ,
u=0

1
on RV\Q, @

where Q ¢ RN (N > 1) be a bounded open set with Lipschitz boundary and p : Q x Q — (1, +0) be a
continuous variable exponent and 0 < s < 1and (—A);(x) is the fractional p(x)-Laplacian operator defined by

— (xy)-2 _
(=) (%) ZP.v.f ) = w7 (u(x) — uy))
RN\B(x)

N
i — gV 4y, xeR

(2)
where p.v. is a commonly used abbreviation in the principal value sense and let p € C(RN x RV) satisfying
L<p™= min_p(x, y) <plx y)<p’=

max_p(x, y) < +oo, 3)
(x,)eQxQ (x,)eQxQ
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and p is symmetric i.e.

p(x, y) =ply, %), V(x, y) e Qx QY (4)
and

Be(x) := {y eRN : x—yl< s}.

Let denote by:
p(x) = p(x, x), Vx € Q.

The Kirchhoff function M : R* — R is assumed to be continuous, nondecreasing and to verify the
structural assumption:

(M) The Kirchhoff function M : R* — R* is continuous and non-decreasing function, for which there exist
two positive constant m and m; such that,

mot' 7! < M(t) < myt#1, 6)

where u(x) € C(Q)and 1 < u~ < u(x) < u* <p~ < p(x) < p*, for all t € [0, +oo[.

Of course, condition (5) trivially holds in the non-degenerate case, that is, when M(0) > 0.
Furthermore, the Carathéodory’s functions H is satisfies only the growth condition, for all s € R and a.e.
x € Q.

(Ho) H(x,s)| < ole(x) + Is"™),

where g is a positive constant, e(x) is a positive function in L7 ®(Q).
Now we turn to the main advance of our problem. Kirchhoff [27] investigated an equation of the form

*u po
Por ~\w o f ‘ axz =0. (6)

The Equation (6) is an extension of the classical D’Alembert wave equation and that by considering the

effect of the changing in the length of the string during the vibration. Since P2 1+ = f | p | dx is a

nonlocal coefficient which depends on the average -+ f l | dx, (6) is no longer a pointwise equation.

The Equation (1) is called a nonlocal problem because of the term M.
Corréa and Figueieredo [4] proved the existence of positive solutions to the class of nonlocal boundary
problems

p-1
—[M(f |Vu|”dx)] Apu=f(x,u) inQ, u=0 ondQ
Q
and

p-1
- |M( IVuI”dx)] Apu = f(x,u) + AMuF?u inQ, u=0 ondQ,
Q

via variational methods (see also [1, 5]). An existence result of three nontrivial weak solutions for the
following fractional p(x, .)-Kirchhoff type problem

1 u(x) — u(y)P™y s
M( LXQ p( dxdy)(—A)p "

X, y) |x _ y|N+sp(x,y)
= AB (f F(x, u)dx) flx,u) + pglx, u) in Q
Q
u =0 in RM\Q,

(7)
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was proved by Azroul et al. in [2], based on the general three critical points theorem obtained by B.
Ricceri. In [16] we have proved the existence of weak solution via topological degree based on the abstract
Hammerstein equation for the fractional p(x)-Laplacian problems with discontinuous nonlinearities. In the
present paper we extend the results of [16] to problem (1), overcoming several diffculties which arise from
the facts that the problem is nonlocal and that M(0) could be zero, that is, problem (1) could be degenerate.
Hence, the results of this paper are new even in the study of Kirchhoff type problems. In the large literature
of degenerate Kirchhoff problems, the transverse oscillations of a stretched string, with nonlocal flexural
rigidity, depends continuously on the Sobolev deflection norm of u via M(||u|[*). From a physical point of
view, the fact that M(0) = 0 means that the base tension of the string is zero, a very realistic model. More
specifically, M measures the change of the tension on the string caused by the change of its length during
the vibration. The presence of the nonlinear coeffecient M is crucial to be considered when the changes in
tension during the motion cannot be neglected.

Further, the main challenges in proving the presence of nontrivial weak solutions are represented in the
following aspect: we cannot naturally employ topological degree methods because the nonlinear term ¢ is
discontinuous. We shall adapt this Dirichlet boundary value issue involving the fractional p(.)-Laplacian
operator with discontinuous nonlinearities into a new one guided by a Hammerstein equation to overcome
the discontinuous difficulty. Then, based on the Berkovits-Tienari degree [8], we will use Kim's topological
degree theory for a class of weakly upper semi-continuous locally bounded set-valued operators of (S..)
type in the framework of real reflexive separable Banach spaces [25, 26]. To this end, we always assume
that ¢ : QO X R — R is a possibly discontinuous function, we “fill the discontinuity gaps” of ¢, replacing ¢

by an interval | ¢(x, 1), a(x, u)], where

cp(x s) = 11m1nfc¢)(x n) = hm inf ¢(x,1n),

—0* [n—s|<d

a(x,s) = limsup ¢(x, 1) = lll’(I)l sup ¢(x,n),

n—s [n—sl<d

such that

(H) ¢ and ¢ are super-positionally measurable (i.e, é(-,u(-)) and ¢(-, u(-)) are measurable on Q for every
measurable function 1 : Q — R).

(H2) ¢ satisfies the growth condition:
lb(x, s)| < d(x) + c(x)[s|“!

for almost all x € Q and all s € R, where b € L ™(Q), c € L*(Q), where 1 < {(x) < p(x) for all x € Q.
spxy) ( o (Q)
First of all, we define the operator N acting from W,""'(Q2) into 2 by

Nu = {9 e (W™ () | 3 h € L"¥(Q) such that Bx,u(x) < h(x) < lx, u(x) ae x€Q

and (9,v) = fhvdx Youe W;’p(x’y)(Q)}.
Q

In this spirit, we consider Q : Ws Py )(Q) (W(S)’p (X’]")(Q)ye such that

(Qu,v) = L ) lu(x) = u(y)PD2(u(x) — u(y))(o(x) - v(y))

|x y|N+sp(x V)

forallv e W;’p(x’y )(Q) and the operator A : Wy — W setting by
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(Au,v) = f ()72 (u(x)o(x) + AG(x, u))o(x)dx, Vi, v € Wy, where spaces Wy := W"*(Q) will be in-

Q
troduced in Section 2.

Next, we give the definition of weak solutions for problem (1).

Definition 1.1. A functionu € W(s)’p oy )(Q) is called a weak solution to problem (1), if there exists an element 3 € Nu
verifying

M5 X Qu, 0) + (Au,0) + (3,0) =0, forall ve W™ (Q).

2. Preliminaries and useful properties

To deal with this situation, we introduce the fractional Sobolev space to investigate problem (1). Let us
recall some definitions and elementary properties of these spaces. We refer the reader to [6, 14, 15, 20, 21,
24, 30, 32] for further reference.

2.1. Variable exponent Lebesgue spaces.

Consider the set, i i

C.(@ = (f € COinf f(0) > 1)
For any f € C,(Q), we define

fri=max{f(x), x€Q}, f :=min{f(x), x € Q}.
For any p € C,(Q) we define the variable exponent Lebesgue spaces
LP(Q) = {u; u: Q — R is measurable and f lu(x)PPdx < +co).

Endowed with Luxemburg norm ’

Il = infld >0 ¢ pyoy(7) < 1)
where

pro @)= [ WP, vure 1,
Q

Note that (U’(")(Q), ||.||,,(x)) is a Banach space, separable and reflexive. Its conjugate space is LF'™(Q) where
1 1

plx)  p'(x)
Proposition 2.1. ([17, 23]) For any u € LF®(Q), we have

@) lullpey <U=1>1) © ppy(u) <1(=1;>1),

=1 for all x € Q. In addition, we have the following result.

s I pt
(11) ”u”p(x) 2 1 = ”u”p(x) S pp()(u) S ||u”p(x)/

pt -
G il < 1= 1l < pyeo(e) <l

From this proposition, we can deduce the inequalities

”u”p(x) < pp(-)(u) +1, )
) < Il + 1. (10)

If p,q € C,(Q) such that p(x) < g(x) for any x € Q, then there exists the continuous embedding
LIO(Q) — LFM(Q).
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2.2. Fractional Sobolev spaces with variable exponent

The definition and some results for fractional Sobolev spaces with variable exponent that were intro-
duced in [6, 24] are presented below.

Let s be a fixed real number such that 0 < s <1, and let 4 : Q — (0,) and p: QxQ — (0,0) be two
continuous functions. Furthermore, we suppose that the assumptions (3) and (4) be satisfied, we define the
fractional Sobolev space with variable exponent via the Gagliardo approach as follows:

|u(x) — u(y)Pey

— WsAax)pxy) — q(x) .
W=Ww Q) @“‘@”Qmmwmﬁwww

dxdy < +co, for some A > O}.

We equiped the space W with the norm
l[ullw = ”u”q(x) + [u]s,p(x,y)/
where [-[ p(x ) is a Gagliardo semi norm with variable exponent, which is defined by

. ' |u(x) — u(y) P
[]speey = inf{A >0 fQ o Ty dxdy <1).

Theorem 2.2. Let Q be a Lipschitz bounded domain in RN and s € (0,1). Let p : Qx Q — (1, +00) be a continuous
function satisfies (2) and (3) with sp™ < N. Let r : Q —> (1, +0) be a continuous variable exponent such that

Np(x)

N =50 forall x € Q.

1 <7 =minr(x) < r(x) < pi(x) =
xeQ)

Then, there exists a constant C = C(N, s, p, 1,Q) > 0 such that, foranyu € W,
el < Cllullw.
Thus, the space W is continuously embedded in L'™(Q). Moreover, this embedding is compact.
The space (W, || - llw) is a Banach space (see [12]), separable and reflexive (see [6, Lemma 3.1]).
Remark 2.3. Let Wy denote the closure of C7(Q) in W with respect to the norm || - ||w.
(i) Theorem 2.2 remains true if we replace W by W.

(i) Since1 <p~ < p(x) < pi(x) for all x € Q, then Theorem 2.2 implies that [.]s, p(x, y) is a norm on Wy, which is
equivalent to the norm || - |lw. So (Wo, [-]s,p(x,y)) is a Banach space.

We defne the modular py.) : Wo — R by

— (x,y)
P (1) = f lwt) — v~ ydxdy/ (11)
OxQ

|X _ y|N+sp(x,y)
and

. u
llullpx,y) = inf {A >0 Ppry) (;) < 1} = [lspey- (12)

The modular p, checks the following results, which is similar to Proposition 2.1(see [33, Lemma 2.1])
Proposition 2.4. ([28]) For any u € Wy we have
G llllw, = 1= ullly, < pyen (@) < ully,,

i) llllw, < 1= Nl < ppco(@) < fulfy
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2.3. A brief overview of topological degree theory

Now we will go over topological degree theory, which is one of the most important tools we’ll use to
analyze our results. We start by defining some classes of mappings.

Let X be a real separable reflexive Banach space with dual X* and with continuous dual pairing (-, -)
between X* and X in this order. The symbol — stands for weak convergence. Let Y be another real Banach
space.

Definition 2.5. The set-valued operator F: Q C X — 2¥ is :

1.
2.

3.

4.
5.

bounded, if F maps bounded sets into bounded sets;
locally bounded at the point u € (), if there is a neighborhood V of u such that the set F(V) = U Fu is bounded.

ueV
upper semicontinuous (u.s.c.) at the point u, if, for any open neighborhood V of the set Fu, there is a

neighbhorhood U of the point u such that F(U) C V.
upper semicontinuous (u.s.c) if it is u.s.c at every u € X.
weakly upper semicontinuous (w.u.s.c.), if F"Y(U) is closed in X for all weakly closed set U in Y.

Definition 2.6. Let Q be a nonempty subset of X, (up)y>1 € Q and F: Q C X — 2X'\Q. Then, the set-valued
operator F is

1. of type (S+), if u, — u in X and for each sequence (h,) in X* with h, € Fu, such that

2.

lim sup{hy,, u, — u) <0, (13)

n—oo

we get u, — uin X.
quasi-monotone, if u, — u in X and for each sequence (w,) in X* such that w, € Fu, yield

lim inf{w,,, u,, — u) > 0.

Definition 2.7. Let Q) be a nonempty subset of X such that O C Qq, (Up)p>1 € Qand E: O € X = X" bea
bounded operator. Then, the set-valued operator F : QO € X — 2X\Q is of type (S+)E, if

U, =~ uin X,
Eu, = yin X*,

and for any sequence (hy,) in X with h,, € Fu, such that

lim sup(h,, Eu, —y) <0,

n—oo

we have u, — uin X.

Next, we consider the following sets :

F1(QQ) :={F: Q - X'| F is bounded, demicontinuous and of type (5.)},
Fe(Q):={F:Q— 2X| F is locally bounded, w.u.s.c. and of type (5.)g},

for any Q C Dr and each bounded operator E : Q — X*, where Dr denotes the domain of F.

Remark 2.8. We say that the operator E is an essential inner map of F, if E € F1(G).

Lemma 2.9. ([26, Lemma 1.4]) Let X be a real reflexive Banach space and G C X is a bounded open set. Assume that

E € F1(G) is continuous and S : Dg € X* — 2X weakly upper semicontinuous and locally bounded with E(G) c D,.
Then the following alternative holds:
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1. If S is quasi-monotone, yield I + S o E € F£(G), where I denotes the identity operator.
2. IfSiis of type (S,), yield S o E € F&(G).

Definition 2.10. ([26]) Let E : G ¢ X — X" is to be a bounded operator, a homotopy H : [0,1] x G — 2X is called
of type (S )E, if for every sequence (ty, ux) in [0, 1] X G and each sequence (ax) in X with ay € H(ty, ux) such that

w—u €X, t—tel0,1], Eypg—y in X and limsup{a, Eux—y) <0,

k—o0

we get ux — uin X.

Lemma 2.11. ([26]) Let X be a real reflexive Banach space and G C X is a bounded open set, E : G — X' is
continuous and bounded. If F, S are bounded and of class (S.)g, then an affine homotopy H : [0,1] x G — 2X giving
by

H(t, u) := (1 - )Fu +tSu, for (t,u) € [0,1] X G,
is of type (S+)E.
Now we introduce the topological degree for a class of locally bounded, w.u.s.c. operators that satisfy
condition (S.)g for more details see [18, 19, 22, 26] and properties of operators.

Theorem 2.12. Let - -
L={(F,G,9)IGeO, EcFi(G), FeF:G), g ¢ FQG)},

where O denotes the collection of all bounded open set in X. There exists a unique (Hammerstein type) degree function
d:L—Z

such that the following alternative holds:

1. (Normalization) For each g € G, we have d(I, G, g) = 1.
2. ( Domain additivity) Let F € F&(G). We have

d(F,G,g) = d(F,G1,9) + d(F, Gy, 9),

with G1, G, C G disjoint open such that g ¢ F(E\(Gl U Gy)).

3. ( Homotopy invariance) If H : [0,1] x G — X is a bounded admissible affine homotopy with a common
continuous essential inner map and g: [0,1] — X is a continuous path in X such that g(t) ¢ H(t, dG) for all
t € [0,1], then the value of d(H(t, ), G, g(t)) is constant for any t € [0, 1].

4. ( Solution property) if d(F, G, g) # 0, then the equation g € Fu has a solution in G.

Now, define the functional K : W” “9(Q) - Rby

M ([u]zﬂ(x) )’

s,p(x)

1

Ky = p(x)

for all u € W;’p(x’y)(()) and let F be its derivative operator, i.e.,, F = K’ : WS’p(x’y)(Q) — (W(S)’p(x’y)(Q))*.
Moreover, F can be represented as

(Fut,0) = M ([, ) (Qu, 00 (14)

Lemma 2.13. The functional K is convex, of class Cl(W;’p wy )(Q)) and

(Fu,0) = M{[u5, ) (Qut 0y (15)

forallu,ve Wg’p ey )(Q). Moreover, K is sequentially weakly lower semicontinuous in W(S)’p . )(Q).
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Proof. Standard arguments (see, for instance [3, Lemma 3.1] and the continuity of M imply that K is well
defined and K € Cl(W;’p oy )(Q), R). Moreover, for all u,v € W;’p oy ), its Gateaux derivative is given by

(K'u,0) = M([u]p(x) )L ) |u(x) — u(y) P2 (u(x) — u(y))(©(x) — v(y)) _ M([u]”(")

5,p(x) |x y|N+Sp x,Y) s,p(x)

) (Qu, Vs p(x)-

Now, let {u,} ¢ Wy" “9 ue w," ) satisfy u, — u strongly in W;" ®%) asn — co. Without loss of generality,
we assume that u, — u a.e. in RN. Then, the sequence

Ji ) = 1t )72 (10 (3) = 10 ()
|x - y|(N+er(x/y))

n=1

is bounded in L¥ (]RZN ) and

) = 1t ™2 (10 (3) = 10()
lx — yl(N+5P(xry))

|u(x) = u(y)P“P2(u(x) - u(y))
e — yl(l\HSP(x/]/))

Un(x,y) = - Ux,y) =

7

a.e. in R?N. Thus, the Brézis-Lieb lemma (see [7]) implies that

lim f f U x,y) — UGk, y) ™ dxdy = Tim ([un]mx) — [ul® ): 0,
R2N n—oo S,p (x) 5P (x)

n—oo

since u,, — u strongly in W” “¥ Moreover, M ([u,,]iJ (;x)) - M ([M]Z(px()x)) by the continuity of M. Hence,

lim M [un]“) f f (U (x, y) — UGx, ) dxdy = 0. (16)

n—oo s,p(x)
Combining (16), M ([u,,]s,p(x)) - M ([u]p(x) ) with the Holder inequality, we have as n — oo

IFGt) = F@)llw = sup  [(F () = F(u), )| = 0.
peWllollw=1
Hence, K € C'(W;"*(Q)).
Next, we show that K is convex in W(S)’p (x’y)(Q). Since M is nondecreasing and continuous on RY, we have
that M(t) = fot M(t)d7 is increasing and convex in R}. Moreover, the map Wg’p 9 50 [ZJ]Z (px()x) is convex,

s,p(x,Y)

being a seminorm in W' . Therefore, for all u,v € Wg’p(x’y), we obtain

M([” top ) < M (Sl + 310 ) < 2 M (10, )+ 3 M (10, )

2 oy 5P 5p(x) 5p() 5P

This means that K is a convex functional in Ws 7Y Furthermore, [10, Proposition 1.1] implies that K is

subdifferentiable and its subdifferential, denoted by JK, satisfies dK(v) = {F(v)} for all v € W," “9 Now, let

{ou}, C Wg’p(x’y ), vE W;’p(x’y), with v, — v weakly in Wg’p(x’y ) asn — 0. Then, it follows from the definition
of subdifferential that
K(v,) = K(v) 2 (F(v), v, — v)
Hence, we obtain K(v) < liminf,_ K (v,), that is, K is sequentially weakly lower semi-continuous in
WP
0

O
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3. Existence of weak solutions

The existence of weak solutions for the issue (1) in fractional Sobolev spaces is proved using compactness
methods (see [13, 29]). We convert elliptic Dirichlet boundary value issues with discontinuous nonlinearities
involving the fractional p(.)-Laplacian operator into a new problem governed by a Hammerstein equation in
this way. We prove the existence of weak solutions to the state issue, which holds under proper assumptions,
by using the topological degree theory introduced in Section 2. Now we are in a position to present our
main result.

Theorem 3.1. Assume that ¢ satisfies (H1), (Hz) and H satisfies (Ho). Then, the problem (1) has a weak solution u
in W@,
Proof of Theorem 3.1
First, we give several lemmas.
Lemma 3.2. Let 0 <s < land 1< p(x,y) < +oo, (or sp+ < N) the operator F defined in (14) is
(a) continuous, bounded and strictly monotone operator.
(b) of type (S+).

Proof. (a) From Lemma 2.13 F is continuous bounded operator. Next we show that F is a strictly monotone
operator. To this end, let us now recall the well-known Simon inequalities (see [31]): forall &, € RV,

€=l < (IEP2E—IP2n)E—n); p22
&= 1P < G| (122 — P 2n)E - ] (EP + )T, 1<p<2,

p-1
Using these two inequalities and the convexity of K and the property of subdifferentiability imply
that F is a monotone operator. Hence,

where ¢, = (%)7’7 and C, = 1

(Fu — Fv,u —v) >0 (17)
forall u,v € W," “9(Q) with u # v a.e. in RY, that is, F is a strictly monotone operator in WP Q)
as claimed.
(b) Let (uy,) € W;’p ey )(Q) be a sequence such that u, — u and lim sup{Fu,, — Fu, u, — u) < 0. In view of (a),
we get o
lim {Fu, — Fu,u, —u) = 0.

n—oo
Thanks to Proposition 2.1, we obtain
Uy(x) = u(x), a.e. x € Q. (18)
In the sequel, we denote by L(x, y) = |x — y|™N=¥),

By Fatou’s lemma and (18), we get

n—+oo

lim inf f |t (%) = 1 (Y)P*P L(x, y)dxdy > f [u(x) — u(y)P“VL(x, y)dxdy. (19)
QxQ0 QxQ0
On the other hand, from u,, — u we have

lim (Quy, u, —uy = lim (Qu, — Qu,u,, —u) = 0. (20)
n—+oo n—+oo
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Now, by using Young’s inequality, there exists a positive constant ¢ such that
(Qunty =) = [ o) = (PG ity
QxQ
- f (%) = 1 (P72 (100 (x) = 1)) (1(x) = u(y))L(x, y)dxdy
QxQ
>c [ - P L, iy @
QxQ
- cf lu(x) — u(y)P“YL(x, y)dxdy.
QxQ

Combine (19), (20) and (21), we obtain

m [ () = un(y)PEDL(x, y)dxdy = f ju(x) - u(y)PEDL(x, y)dxdy. (22)
=+ JoxQ QxQ
And in particular, since the sequence {M ([“nlf ;X()x))} is bounded,
tim M ({7, )(QQ0), 0, = w) = 0. (23)
Similarly,
. (x) _
r}gr;oM([u]Zp(x)) (B(u), 1ty — 1) = 0. (24)

It follows from (13) that

tim (M (1,250 ) @ ) = M ([0, ) Q) = ) = .

n—00 s,p(x)

Hence,

tim M (01750, ) 4Q () = QG 1, = 1y = . (25)
By (23) and (24), the assumption (M) implies at once that
lim (Q (1) — Q(u), up — u) = 0.

According to (18), (22), (25) and the Brezis-Lieb lemma [9], our result is proved.
O

Proposition 3.3. ([11, Proposition 1]) For any fixed x € Q, the functions a(x, s) and ¢(x, s) are upper semicontinuous
(u.s.c.) functions on RN.

Lemma 3.4. Let Q ¢ RN (N > 1) be a bounded open set with smooth boundary. The operator A : Wg’p(x’y)(Q) -
(W(s)’p(x’y)(Q))* setting by

(Au,v) = f (lu()T92u(x) + AH(x, u))vdx, Yu,v € Wy
Q

is compact.
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Proof. The proof was broken down into three sections.
Step 1 Let B: Wy — L1 ®(Q) be the operator setting by

Bu(x) == —Ju@)"¥2u(x) for ueW, and xeQ.

It is obvious that B is continuous. Next we show that 8B is bounded. For every u € Wy, we have by the
inequalities (9) and (10) that
||BM||q/(x) < pq/(.)(BLl) +1

= f | ulq(x)_1|q ®ix+1
Q

= poy(u) +1

<l + el + 1.

By the compact embedding Wy << L1®(Q) we have
1Bully o < const (Jlullfy, + llull]y, ) + 1.

This implies that 8 is bounded on W.
Step 2 We show that the operator A defined from Wy into LF'®(Q) by

Au(x) := -AH(x,u) for ueW, and xeQ

is bounded and continuous. Let u € Wy, by using the growth condition (Hp) we obtain

il < [ nHGop i
4 o)

< (Q/\)p/(x)f(le(x)vg/(x) + |u|(‘7(x)—1)p’(x))dx
Q

< (Q/\)P'(X) f (|e(x)|7"(x) + |u|(p(x)—1)p'(x))dx o
Q

< oAy f le()l” Dedx + (oA f P® dx
Q Q

< (Y O (lell g + el ) + (@ O lull ) + Il )

A
< Conlllully, + lully, +1),

where C,, = max ((QA)p’(")(IIellgz;) + ||e||§:(_x)), (Q/\)p'(")). (Due to e(x) is a positive function in LV’ ®(()).

Therefore A is bounded on WM P& ().
Next, we show that (A is continuous, let u,, — u in WS IOPEN(Q), then u, — u in LP®(Q). Thus there exist
a subsequence still denoted by (u,) and measurable function a in LP®(Q) such that

Un(¥) = u(x),
lun(¥)] < a(x),
fora.e. x€Q andall n € IN. Since H satisfies the Carathéodory condition, we obtain
H(x, u,(x)) = H(x,u(x)) a.e. xe€Q. (27)

Thanks to (Hy) we obtain
IH, un(0))] < ofe(®) + la@@)")
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for a.e. x € Qand for all k € IN.
Since
e(x) + la(x)PD1 e (),

and from (27), we get
[ 100 - G ) —
Q
by using the dominated convergence theorem we have
Aup — Au in [FOQ).

Thus the entire sequence (Au,) converges to Au in LV ®(Q) and then A is continuous.

Step 3

Since the embedding I : Wy — L7®(Q) is compact, it is known that the adjoint operator I : L7®(Q) — W
is also compact. Therefore, the compositions [ o 8 and I" o A : Wy — W are compact. We conclude that
S=TI'oB+I"oAiscompact. O

Lemma 3.5. Let Q ¢ RN (N > 1) be a bounded open set with smooth boundary. If the hypotheses (Hy) and (Ha)
hold, then the set-valued operator N defined above is bounded, upper semicontinuous (u.s.c.) and compact.

Proof. LetC: LFM(Q) — 2" pe 3 set-valued operator defined as follows
Cu—{heL”(x)(Q)l qb(xu(x)<h Exux)) a.e. xEQ}
Let u € Wy, by the assumption (H;) we obtain
max { p(x, s)|; [p(x, 5)| | < d(x) + c(x)ls",

forall (x,t) € Q x Rwhere 1 < ((x) < p(x) forall x € R.
As a result

[ 13w s < 2 [ idcor s [ ip Sucopas).
Q Q Q

A same inequality is shown for ¢(x, s), it follows that the set-valued operator C is bounded on Wj. It remains
to prove that C is upper semi-continuous (u.s.c.) of C, i.e.,

Ye>0, 36>0, |lu—-ugll, <6 = CucCug+B,,

such that B, is the e-ball in LV ¥(QQ).
Come to an end, given ug € LP®¥(Q), let us consider the sets

Gue = | Ko
teRN

where

K = {x € Q, if |t - up(x)| < =, then [¢(x, 1), Bx, )] € Jox, uo(x) - 5 q;(x 1o (x)) + R[}

n being an integer, || = max [t/ and R is a constant to be determined in the following pages. In view of
<i<

Proposition 3.3, we define the sets of points as follows

Gn,e = m K.,

reRY
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where RY denotes the set of all rational grids in RN. For any r = (r1,--- ,ry) € RY,

N 1 1 N 1 1
K,:{erluo(x)eCH]ri—;,rﬁ; }U{er|u0(x)eH]r,-—;,rﬁ;[}
i=1 i=1

— — I3 €
N{x e QI < §lx, uo(x) + 7 and Px, 1) > S, 1) - =},
so that K, and therefore G, . are measurable. It is obvious that
Gl,s c GZ,S c---

In light of the Proposition 3.3, we have

U Gn,s = Q/
m=1
therefore there exists my € IN such that
M(Gye) > () = . 8)

But for each ¢ > 0, there is ) = () > 0, such that n(T) < 1 yield

2 [ 2P + @+ Dl < (5 29)
T
because of b € LF'™(Q) and ug € LP®(Q).
Let now
(1 s 1 e\
0<6< mm{n—0 <§) , 2p+_—2<ﬁ) }, (30)
R> max(25,3 (@) o
n
where

0= ptoif lu = ugllpe <1
p if lu- u0||p(x) > 1.

1
Suppose that |[u — uollpn) < 6 and define the set G = {x € Q \ |u(x) — up(x)| = n_}’ we get
0

1(G) < (b)Y’ < g (32)

If x € Gpy,e\G, then, for any h € Cu,
1
[u(x) = up(x)| < o

and e — ¢
hx) € Jote, o) = 3, @l uo() + 2.

Let
K ={req; h) e|pu), o, u)]},
K ={req; h(x <@ u))
K*={xreQ hx) > e u)),
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and _
O(x, up(x)), for xeK*;
w(x) =4 h(x) for xeKY;
O(x, up(x)), for xeK" .

Hence w € Cug and
lw(x) — h(x)] < ;—{ forall x € Gy, \G. 33)
From (31) and (33), we have
fG G () — B Debx < (%)p Q) < (g)p N (34)
Assume that V is a coset in Q of G, . \G, then V = (Q\G,,,) U (G, N G) and
(V) < n(Q\Gpy e) + (G e N G) < % +n(G) < 1.

According to (28), (31) and (32). From (H;), (29) and (30), we obtain
[t - o ac < [ oo+ e s
< 2"”‘1( fv )P + @) (P + ) + ¢ (x)lu(x) PO dx)
<2 fv 2d()F D + ") + D) Ddx)
+ 2’“,+‘1(f‘;zf‘lc”/(x)(x)lu(x) - uo(x)lp(")dx) (35)
<ol fv 20d ()P + PO (x)(2P 7L + 1) uo ()P Ddx

£ 2 e f (x) — o) D dx
\74

’
!+

e\ ”* +p 0 iy 0 & P/+ .
<(3) +2 0 o <2(5) <€
Thanks to (34), (35) and (9), we get [lw — hlly ) < fQ [w(x) = h(x)Pdx +1 < e.
Hence C is upper semicontinuous (u.s.c.). Hence N = I" o C o [ is clearly bounded, upper semicontinuous
(u.s.c.) and compact. [

Next, we give the proof of Theorem 3.1.

(W;/P(x/y) (Q))*

Let S:=A+N: W," “NQ) - 2 , where A and N be defined in Lemma 3.4 and in Section 2

respectively. This means that a point u € Wé’p(x’y )(Q) is a weak solution of (1) if and only if
Fu e -Su, (36)

with F is setting in (8). By the properties of the operator F given in Lemma 3.2 and the Minty-Browder’s
Theorem on monotone operators in [34, Theorem 26 A], we guarantee that the inverse operator E := F7! :

(W(S)’p(x’y )(Q))’s - W;’p(x’y)(Q) is continuous, of type (S.) and bounded. Moreover, thanks to Lemma 3.4 the
operator S is quasi-monotone, upper semicontinuous (u.s.c.) and bounded. As a result, the equation (36) is
equivalent to the abstract Hammerstein equation

u=FEv and ve-SocEwv. (37)
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To solve the equations (37), we will use the notion of degrees discussed in Section 3. We begin by displaying
the following. Lemma

Lemma 3.6. The set

B := { v € (Wo)* such thatve —tSo Ev  forsome te [0,1]}

is bounded.
Proof. Let v € B, so, v+ta = 0 for every t € [0,1], with a € S o Ev. setting u := Ev, we can write
a = Au + ¢ € Su, where § € Nu, namely,

(S,u)th(x)u(x)dx,
Q

for each h € L' ™(Q) with ¢(x, u(x)) < h(x) < P(x, u(x)) for almost all x € Q.

If [|ullw, < 1, then ||Eo|ly, is bounded.

If [Jullw, > 1, then we get by the implication (i) in Proposition 2.1 and the inequality (10) and using (Hy), the
Young inequality, the compact embedding Wy <> L1™(Q), the estimate

P P
oI, = llulfy,

< pp(.,.)(u)
< t[{a, Ev)|

<t | w™dx+t | CH(x, u)ludx + tf |hu|dx
Q o) Q

<t f |ul1® +tCy f ICH(x, u)l" Vdx + tC, f 1 dx
Q Q Q

+ Cet( fQ jul"®dx) + Cot( fQ 1”@ dx)

q+

« C+
D s, + Iy, +1)

.
= CO“St(”””q(x) + full ) )

< Const(llulll, +Ilully, + lullSy, + llull§; +1)
< Const(||Ev|lf,, + 2l +1).
Hence it is obvious that { Ev \ veB } is bounded.
As the operator S is bounded and from (37), we deduce the set B is bounded in (Wo)*. O
Thanks to Lemma 3.6, we can find a positive constant R such that
||v||(wo)* <R forany veB.

This says that
ve—-tSoEv foreach ©ve€dBgr(0) andeach te][0,1].

Under the Lemma 2.9, we get

I+SoE € Fe(Br(0)) and I=FoE e Fr(Br(0)).

Now, we are in a position to consider the affine homotopy H : [0, 1] X Br(0) — Z(WO) setting by

H(t,v):=1-tlv+t(I+SoEy for (tv)e]l0,1]x Br(0).
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By applying the normalization and homotopy invariance property of the degree d fixed in Theorem 2.12,
we have

d(I + S o E, Br(0), 0) = d(I, Bg(0), 0) = 1.

It follows that, we can get a function v € Bg(0) such that

v€E-SoEv.

Which implies that u = Ev is a weak solution of (1). This completes the proof.
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