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Hypercyclic operators on Hilbert C*-modules

Stefan Ivkovié?

?Mathematical Institute of the Serbian Academy of Sciences and Arts, p.p. 367, Kneza Mihaila 36, 11000 Beograd, Serbia

Abstract. In this paper we characterize hypercyclic generalized bilateral weighted shift operators on
the standard Hilbert module over the C*-algebra of compact operators on the separable Hilbert space.

Moreover, we give necessary and sufficient conditions for these operators to be chaotic and we provide
concrete examples.

1. Introduction

Hypercyclicity and topological transitivity, as important linear dynamical properties of bounded linear
operators, have been investigated in many research works; see [1, 3, 6, 8, 15] and their references. Specially,
hypercyclic weighted shifts on {#(Z) were characterized in [10, 18], and then C.C. Chen and C.H. Chu,
using aperiodic elements of locally compact groups, extended the results in [18] to weighted translations
on Lebesgue spaces in the context of a second countable group [7].

Recently, in [12] we have for instance characterized hypercyclic weighted composition operators on the
commutative C*-algebra of continuous functions vanishing at infinity on a locally compact, non-compact
Hausdorff space. Moreover, in [13] and [14] we have characterized hypercyclic elementary operators on
the C*-algebra of compact operators on a separable Hilbert space. The dynamics of some similar operators
have been considered earlier such as conjugate operators, see [17], and left multiplication operators, see
[5, 19, 20].

The main aim of this paper is to study the dynamics of generalized bilateral weighted shift operators
on the standard Hilbert C*-module over the C*-algebra of compact operators on a separable Hilbert space,
thus to generalize in this setting the results from [10, 18]. In Section 3 we characterize hypercyclic such
operators and we also give necessary and sufficient conditions for these operators to be chaotic. In addition,

we provide concrete examples.

Moreover, in Section 4 we provide an algebraic generalization of our results given in [12, 13] to the case
of arbitrary non-unital C*-algebras.

2. Preliminaries

If X is a Banach space, the set of all bounded linear operators from X into X is denoted by B(X). Also,
we denote INg := IN U {0}.
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Definition 2.1. [11, Definition 2.1] Let X be a Banach space. A sequence (Ty)neN, of operators in B(X) is called
topologically transitive if for each non-empty open subsets U, V of X, T,(U)NV # @ forsomen € N. If T,(U)NV # @
holds from some n onwards, then (T,)nen, is called topologically mixing.

Definition 2.2. [11, Definition 2.2] Let X be a Banach space. A sequence (Ty,)neN, of operators in B(X) is called
hypercyclic if there is an element x € X (called hypercyclic vector) such that the orbit {T,x : n € Ny} is dense in
X. The set of all hypercyclic vectors of a sequence (Ty)nen, is denoted by HC((Ty)nen,)- If HC((Th)nen,) is dense in
X, the sequence (T)nen, is called densely hypercyclic. An operator T € B(X) is called hypercyclic if the sequence
(T")nen, is hypercyclic.

Note that a sequence (T)uen, Of operators in B(X) is topologically transitive if and only if it is densely
hypercyclic [9]. Also, a Banach space admits a hypercyclic operator if and only if it is separable and
infinite-dimensional [1, 3].

Definition 2.3. [11, Definition 2.3] Let X be a Banach space, and (T,)nen, be a sequence of operators in B(X). A
vector x € X is called a periodic element of (Ty)neN, if there exists a constant N € IN such that for each k € IN,
Tinx = x. The set of all periodic elements of (T)nen, is denoted by P(Tn)nen,). The sequence (Ty)nen, is called
chaotic if (Ty)nen, is topologically transitive and P((Tn)nen,) is dense in X. An operator T € B(X) is called chaotic
if the sequence {T"},eN, is chaotic.

3. Generalized weighted bilateral shift operators over C*-algebras

Let H be a separable Hilbert space. The C*-algebra of all bounded linear operators on H is denoted by
B(H) whereas we let A := By(H) be the C*-algebra of all compact operators on H. For every self-adjoint
T,S € B(H) we denote T < S whenever ((T — S)h,h) > 0 for all h € H. Assume that {e;} ez is an orthonormal
basis for H, and for each m € IN, P,, is the orthogonal projection onto Spanfe_, ...,e,}. Let W := {Wj} iz
be a uniformly bounded sequence of invertible operators in B(H) such that the sequence {W].‘l} jez is also

uniformly bounded in B(H). Moreover, let U be a unitary operator on H. We define Ty to be the operator
on {»(A), the standard right Hilbert module over A, given by

(Tuw(x))g = Wé Xe-1 u

forall £ € Z and x := (x))jez € 2(A). It is easy to see that Ty is a linear operator. Put M := Sup ey (Wl
Then, since for all j € Z, M?2 U*x;_lxj_lll - U*x;_lw;ij]-_lll is a positive semidefinite operator on H, we
have
Y Ux  WiW U < MY U xgaU
j€Z jEZ
= MAU() | %y U
jezZ
=M>U (x,x) U,

so ImTyw € €2(A) and ||[Tywll £ M. Moreover, Ty w is invertible and its inverse Sy is given by

Suw®))s = W yenl’
for all y := (y;); € (2(A) and & € Z. By some calculations we can see that
(Thw))e = WeWear ... Weopaxe-nU"
and
(Sw@e = Wen Wi - Wep, yeon "
foralln € N, £ € Z and x := (x))}, y := (y)); in {o(A).

Foreach | € N, wedenote [J] := {—], =] +1,...,] =1, ]}. In the following result, we give some equivalent
condition for a sequence of powers of an operator T to be densely hypercyclic on £,(A).
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Proposition 3.1. Let (t,), be an unbounded sequence of nonnegative integers. We denote Tywy = T;;W for all
n € IN. Then, the followings are equivalent:
1. (Tuwn)a is a densely hypercyclic sequence on £»(A).

2. For every J,m € N there exist a strictly increasing sequence {ny} C IN and sequences {D;k)}k and {Gl(.k)}k Sfor all
i € [J] of operators in Bo(H) such that

lim IDY = Pyl = lim IG = Pyl = 0

and )
lim [|Wiis, Wi, -1 ... Wi DY
k—oo k k J
T -1 —
= Jim W, 7

— k
Doz jlc§’||=o

forall je[]l.

Proof. (1) = (2): Let (Tuwu). be densely hypercyclic. Assume that ,m € IN, and define x = (x;); € {2(A) by

xj:= Py forall j € [J],and x; := 0 for all j ¢ [J]. Then, for each k € NN, there exist an element y® € £,(A)
and a term t,, such that [[y® — x|, < % and ||TUWnk(y( )) = xll2 < 3. We can assume that the sequence (1)
is strictly increasing, and 2] < t,,, < tn2 .. Hence,

1
t
||W]'W]'_1 ... Wj_t'lk+1yj_t'lk U — Pyl < 4_k

for all j € [J]. However, since t,, > 2] and ||y® — x|l < L, we have ||y§.k_)t | < % as Xjt, = 0forall j € []].
3

4k/
Thus
W, o WG W,y U=y, U=y, <
for all j € [J]. Similarly, since [T}/, e y®) — x|, < 4§, we have

1
”Wj””k .. W]'+1]/§.k) Ut || < AF’
SO ||W]‘+t,,k ...me] )|| < 7 Set
D(k) = y] and G(k) WiW ... Wi tnk+1y§ )t Ut
for all j € [J]. Then,

K 1 ) 1
IIDEJ Pyl <r IIG P, < 7 ||W]+t,,k~--Wj+1D§.)|| <y
and [[W ey e j_lG;k)” < %. Notice that since the coefficients of y® belong to A = By(H) which is an

ideal of B(H), by construction, D;k) and G;k) belong to By(H) for all j € []]. This completes the proof.

(2) = (1): Assume that the condition (2) holds. Choose two non-empty open subsets O; and O, of
0r(A). Assume that £ denotes the set of all elements x = (x;); € {2(A) such that for some J,m € IN, x; = 0
forall j ¢ [J] and x; = Pyx; for all j € [J]. Since ¥ is dense in {»(A) [16, Proposition 2.2.1], we can find
some x = (x;); € O1 and y = (y;); € O, and sufficiently large ], m such that x; = y; = 0 for all j ¢ [J] and
xj = Pyxjand y; = P,y; for all j € [J]. Choose the sequences {D;k)}k and {Gﬁ.k)}k for j € [J] and the increasing
sequence {n}x satisfying (ii) regarding these ], m. For each k, let ux and v, be sequences in £,(A) defined by
(), = D;.k)xj for j € [J1, (u); := 0 for j ¢ [J1, (vg); := G(")yj for j € [J]and (y); := 0 for all j & []]. Set

ty x

Nk —uk+S
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Since IIDE.k) —P,|| » 0and IIGE,k) — Pyl = 0 as k tends to oo, and x; = P,,x; and y; = Py, for j € []], it would
be routine to see that 1y — x and vy — y as k — oo. Next, for each j € [J] we have

tn _ _ k _
1S g @), | = IWE, - WGPy U]
-1 -1 ~(k)
<IWih, WGPyl = o,

as k — oco. On the other hand, for each j ¢ [J] we have (St&kw(vk))j—t,,k = 0. Thus, Stt'}kw(vk) — 0ask — oo.
Similarly, since ' '

tn k
T ), =l Wi, o WD Pl ||

e *

k
< Wist,, - WD [l x; 1= 0

ask — oo for all j € [J] and T(}s, (1)j+t,, = 0 for j & [J1, we have that T,%, (1) — 0 as k — co. It follows that
M — x and TZ"W(r]k) — y as k — oo. Hence, the sequence (Ty;w;)x is topologically transitive, and thus it is

densely hypercyclic on £>(A). O

Theorem 3.2. Let (t,), be an unbounded sequence of nonnegative integers. Suppose that for every j € Z there exist
subsets H;l) and H;.z) of H and a strictly increasing sequence (ni)x C IN such that

. . . 1
lim Wiys, Wise, —1...Wjs1 =0 pointwise on H
k—oo k k ]

and
lim W71 W Wt =0 pointwise on H;.z)

k00 ]—ty,k+1 j—t,,k+2 IR

forall j € Z. Then, the sequence (Tywu)n is densely hypercyclic on €,(A), where Tywn == T{}W foralln € IN.

Proof. Assume that m,] € IN. Since for each j € Z, H;.l) and H§.2> are dense in H, we can find sequences

(fl.g))i - H;.l) and (gi’?)i c H;z) such that fl({) — ¢ and gl(,,]? — ¢ asi— oo forall je[J]and ! € [m]. By the

assumptions, one can construct a subsequence (1y,); such that

0) 1
Wity Wit -1+ Wis1 flf Il < i

and .
-1 —1 )] .
||W]. 1% ..W]. gillll < i

*t"k,‘ +1 ]'*t"k,. +2°

forall j € [J]] and I € [m]. For each j € []] define the operators D;i) and G;i) as

‘ ﬁ.f{), if 1€ [m] , g;f,), if 1 € [m]
D;Z)el = and G;')e; =
0, ifl¢[m] 0, ifl¢[m]

By using the fact that strong convergence and uniform convergence coincide on finite dimensional sub-
spaces, we can do the same as in the proof of [14, Proposition 2.7]. [J

Example 3.3. Let H := L*(R). Assume that (w))jez € L*(R) such that each w; is positive and invertible in L™ (IR),
and also there exists an M > 0 such that ||wj||e, ||w]71||oo < Mforall j € Z. Assume in addition that there exists an

€ > 0 such that [wiX|oe)l <1 — € forall j > 0and |w;x (w0l = 1+ € forall j <0. Let (r;); be a sequence of positive
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numbers such that r; > C for all j € Z. and some C > 0. For each j € Z. let a; to be the translation on R given by
aj(t) := t —rj. For each j € Z assume that W; is an operator on L*(R) defined by

Wi(f) = w;j(f o a))
for every f € LA(R) = H. Then, each W is invertible in B(H), and ||Wl, IIW].‘lll < M. By some calculations we have
WisaWitn-1 ... Wif = Win(Wjrn-1 0 Qjyn) . ..
(wjoajo...ajn)(foajo...oajy)
forall f € Hand j,n € N. It follows that

||Wj+nwj+n—1 S W]f” <

o
jtn

sup ((wj+,, ow 2 O

tesupp f

(w; o a7h))(®) lIfl

ceoa ) Wi o a oail)...

forall f € Hand j,n € N. Similarly, since for each j we have W],‘l(f) = (w]T1 o ozjfl) (f o ajfl)for all f € H, we get
that

-1 1 P | 1 -1 1 1
Wj—n+1Wj—n+2 S Wj f= (w]'—n+l ° O‘j—n+1) (wj—n+2 O pin © “j—n+1) e

-1, -1 -1 -1 -1
(w;" o a; o...oa]._n+1)(foa]. o...oa )

forall f € Hand j,n € IN. Hence,
W Wi

—n+1" " j-n+2 "

il

< sup ((w]f_ln+1 Ojp420...04Q)) (w]f_lnﬂ O®jp430...0a))... w]-)(t) ANl
tesupp f
forall f € Hand j,n € N. It follows that for every j € Z, the sequences (Wi, ... Wj), and (Wj_p41 ... W]fl)n

converge pointwise on C.(R) which is dense in L*(R). Hence, the conditions in Theorem 3.2 are satisfied.

In fact, it sufficies to assume that there exist two strictly increasing sequences {nilx, {n;}; € IN such that for each
J € {mx U{—n;}; the operator W; is constructed as above. If, for all j € Z\ ({nih U {~n;};), we have that W;(f) = w; f

1

forall f € H where w; is a function on R satisfying that — < |w;| < 1 whenever j > 0 and M > |w;| > 1 whenever
j <0, then it is not hard to see that the conditions of Theorem 3.2 are still satisfied.
Proposition 3.4. We have (ii) = (i).
(i) The operator Tyw is chaotic.

(ii) For every J,m € IN there exist a strictly increasing sequence {ni}y € IN and a sequence {Dl(.k)}k fori € []] of
operators in Bo(H) such that

lim || DY = P, [|= 0
and

i k
lim Z | Wj+lnk Witie—1--- W]'+1D§ ) I
=1

k—o0

[oe]
— T -1 -1 -1k 1=
= klirfilz IW Wi WDY =0,
=1

for all j € [J], where the corresponding series are convergent for each k.
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Proof. By Proposition 3.1. it suffices to show that P(T7, ). is dense in £2(A). Let O be an open subset of
£(A) and x = (xj)jez € O. Then there exist some ], m € IN such that y € O with

mej/ fOI'j € []]/
Yi=

0, else .

Choose sequences {n;}; and {ng)}k with i € []] that satisfy the assumptions in (ii) with respect to | and m.
For each k € N, set Z® = (Z;k)) jez to be given by

DWy;, forje[]],
w_) Y
z9 =

0, else,

and put
G =) T+ ) si (2).
=0 =1

Now, as in the proof of Proposition 3.1 part (2) implies (1), we observe that for each j € [J]and [,k € N we
have

I
I T ), NS Wit Wit - ;+1D My ll,

and

IS ZO) i I W W

WDy Il

—Ing+1
whereas for j ¢ []] we have that
T (Z9) i, = S{7(Z9) o, = 0.

So
Il g = y 1<l Dg) = Po 1l yo I

+22||w]+mk et Wia DOl

1=1 je[]]
- - —15® 111 1.
F Y W W WDl
I=1 jel]l

(k)
<! DY = Py 1l yo I

k
+Y Nyl (2 Il Wit Wit 1 - Wia DY |
jell

-11y(k)
+Z” Pt Wiz W DP D)

for all k € IN, which gives that gy — y as k — co.
Moreover, it is straightforward to check that T w(qK) = qi for all and k, hence g € P(T}; ) for allk. O

1

Next, for each n € IN, we set Cuw = Z(T” +Shw)-
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Proposition 3.5. We have that (ii) implies (i).
(i) The sequence {ngn,)w}n is topologically transitive on Ir(A).

(ii) For every J,m € IN there exist a strictly increasing sequence {ni}x € IN and sequences of operators {Dl(.k)}k, {Gf.k)}k
in Bo(H) for i € []] such that for all j € []] we have that

. k . k
lim | D¥ — Py |I= lim | G =Pull=0,
. k
B (| Wiy Wi ... Wi DY |

= lim || W].‘_l Wil

K 00 M+l o2

- k
WD |

1 (k)
= ]}g?o I Wj+nkwj+nk—1 cee Wj+1Gj |

=lim || W;! Wil

—1 k)
lim | W1, Wi, WG =0
and

. K
Lim || W20, Wison-1 ---Wj+1G(-) Il
k—oo ]

1 -1 -1
= ,}1_{2 [ Wi W

—1 ~(k
o WGP =0

Proof. Let O and O, be two non-empty open subset of I,(A). As in the proof of Proposition 3.1, part 2) = 1),
we can find some J,m € N, x = (x;); € O1and y = (y;); € Oz such thatx; = y; = O forall j # [/]and x; = P,,x;,
yj = Ppyj for all j € [J]. Choose the sequences {D;k)}k, {G;k)}k for j € [J] and the strictly increasing sequence
{ne}e € IN that satisfy the assumptions in (i) with respect to these ], m. For each k € IN, let g, vy € [r(A) be

given by (i), = D§k>xj, (o)} = G§k>yj for j € [J]and (u); = (vy); = 0 for j ¢ [J]. Set

Mk = e + T (k) + Sy (@)

By the similar calculations as in the proof of Proposition 3.1, part 2) = 1), we can show that the
assumptions in (ii) imply that
lim Ty, (o) = lim it (00) = 0,
lim Ty% (o) = Lim 5724, (@) =0,
lim || = x [I= lim || o =y [I= 0,
lim T3 ) = lim S} ) = 0.

It follows that ny — x and C(J’},)v(r]k) —yask— oo O

Example 3.6. Let H = L*(R). Given m € IN, put for each j,k € IN the operator D;k) to be D;k) = G;k) = Lx_yPm
where Lx,_,, denotes the multiplication operator by X|_xx. Since the convergence in the operator norm and the
pointwise convergence coincide on finite dimensional spaces, it follows that || D¥ P, |l» 0ask — oo forall j € N.

If we now for each j € IN let W; be the operator from Example 3.3, it is not hard to see that the sufficient conditions of
Proposition 3.4 and Proposition 3.5 are satisfied in this case.
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At the end of this section we give some necessary conditions for the set of periodic elements of Ty;w to
be dense in I;(A). For an operator R € B(H) we set

m(R) :=sup{C>0| || Rh||=C|| k| forallh e HJ.
Further, for J,m € IN we let me € [,(A) be given as

b, forjel]],

Py =
0, else .

We have the following proposition.

Proposition 3.7. Let ], m € IN. We have that (i) implies (ii).

(i) PLm belongs to the closure ofP(T”u/W)n.

(ii) There exists a strictly increasing sequence {ni}x € N such that

%1_}12 m(Wj+nk W]'lel . W]'+1) =0

forall jel]].

Proof. Let [,m € N be given. For each k € IN there exists by the assumption some x® € I,(A) and some

nx € IN such that

1 _
iz > x® = Py Il and T}, (x9) = x©.

Hence, for each k € N and j € [J] we have that

1 K G
7 202 = P12 PP = Pl

whic gives that

1
12y 12 1= 75

Thus, for each k € N and j € [J] we can find some h;k) € H with h;k) # 0 such that

®p 0 NG
1P 12 (1= ) I

Now, we also have that

1 -
7 21 Tl &) = Pr I
since Tzlkw(x(k)) = x® for each k € IN. We may in fact assume that ] < n; < n < ... . Hence, as
J <m < mny <...,we must have @ >l (T"Ukw(x(k)))]- || for all j € [J] which gives for all j € [J] and
k € N that 1
W Wi - Wi IS .
Thus,
1 ®
2 2[| Wisn Wisn—1 ---Wj+lxj Py |l,
SO

1 k K K
73 I 12l Wien Wit . Wiaax PPy I P I

K K
2| Wi Wisne-1- .. Wj+1x; )th§ |
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k k
> (Wi Wisnt - Wiaa) [ XOP, B |

1
2 (1= ) NP WmW o W1 - W)

forall j € [J] and k € IN. Since h;k) # 0, we can divide on the both side of the inequality by || h;k) || and obtain

that

1
21 > MW Witn—1- .- Wis1)

forall je[JJand k€ IN. OO

Similarly we can prove the following proposition.

Proposition 3.8. Let ],m € IN. We have that (i) implies (ii).
(i) Py belongs to the closure of P(S, -
(ii) There exists a strictly increasing sequence {ni}x € N such that

: -1 -1 -1y _
lim m(Wj_nk+1W. W:)=0

Jm jomez e VY

forall je[]].

4. Hypercyclic operators on C*-algebras

Let A be a non-unital C*-algebra such that A is a closed two-sided ideal in a unital C*-algebra A;. Let
® be an isometric *-isomorphism of A; such that ®(A) = A. Assume that there exists a net {p,}o € A
consisting of self-adjoint elements with || p, ||< 1 for all @ and such that {p2}, is an approximate unit for A.
Suppose in addition that for all a there exists some N, € N such that ®"(p,) - p» = 0 for all n > N, (which
gives that 0 = (P"(pa) - Pa)* = Pa - P*(pa) since @ is a +-isomorphism). Let b € G(A;) and To, be the operator
on A, defined by To,(a) = b - O(a) for all a € A;. Then To ) is a bounded linear operator on A; and since A
is an ideal in Aj, it follows that Tq;(A) € A because O(A) = A. The inverse of Tq, which we will denote
by Sep, is given as Sgp(a) = ©1(b71) - @71(a) for all 4 € A;. Again, since @1 (A) = A and A is a two-sided
ideal in Ay, we have that S¢;(A) € A, hence Ty p(A) = A = So p(A).

By some calculations one can check that for all 2 € A and n € IN we have

Ty ,(@) =b-D(b)... D" (H)D"(a),
Shp@) =07 O PR ... DB - DT (a).
Proposition 4.1. The following statements are equivalent.
(i) Top is hypercyclic on A.
(ii) For every p, there exists a strictly increasing sequence {ni}x € IN and sequences {qi}x, {di}x in A such that

lim | g —p3l=llde —p2 1= 0

and
lim [| &7 GO (B).... 07 B |

= lim || "7 G7)@" @), Db ||= 0
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Proof. We prove first i) = ii).

1
Let p, be given. Since T is hypercyclic, there exists some 11 > N, and some a; € A such that || a; —p, |I< 1

and || b- ®Ob)... O L(H)D" (a;) — Pa ll< 411 Since 0 = p, @™ (ps) = " (pa) - pa, We get

| @™ (a1) - pa || =Il (D™ (a1) — D" (pa)) - pa Il
<[ D" (ay = pa) |l

1
=l a1 —pa lI 1 50

1
10" (@1) - pa li<liar = pa ll< 7 )
Moreover,
1
@1 = pa)pa li<ll a1 = pa li< 5 (2)
Similarly, 0 = @™ (p,) - pa = Pa - P (pa), SO We get

| @ (B)P (D). O (B)arpa |
=|| @ (BO) ... O T (B)P" (a1) = Pa)pa |
<[ @7 (BD() ... O (B)D" (@1) ~ pa) |l

=1l b0() ... &" D)D" (@) - pe < ., S0

|07 OO 0).... 07 Barpa I ©
Finally, we have
| bD(b) ... D" (B)D" (@1)pa — P2 |
=|| (b@(b) ... @™ (B)D" (a1) — Pa) - P |l
< b)Y ... D" HB)D™M (a1) — pa |I< 411’ 0
1500) ... 0" )" @)ps ~ IS 7. @)

By (1) we also get that
| @B Hd" 271 ... DG HEED®D) . .. P (B)D™ (a1)p, ||

=l " (@1)pa lI<

N

Put g1 = a1p, and dq = bP(D). .. (Dnl‘l(b)q)”l(al)pa. Then || g1 - pﬁ [I< 31, || dy — pi [|< 31,

| @1 (B)D M (B)... D1 (b)gy |I< 31 and

I q)m—l(b—l)q)m_z(b_l) . (D_l(b_l)b_ldl ll<

=
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1
Next, since Tq is hypercyclic, we can find a hypercyclic vector a, and some 1, > 11 such that || a, —p, < yel
1 . . . 1 1
and || T(’I'jb(az) —Pa ll< el and continue as above to find g, and d; in A such that || g2 —p?2 |I< Yol Il da—p2 |I< el
and

1
| @72 (B)D 2 (D)... @7 (b)g2 |I< oL

| @1 o2 (). D, |I< 31'

Proceeding inductively, we can construct the sequences {n}i, {gx}x and {di}x with the properties in ii), so
i) = ii).
Now we prove the opposite implication.
Let O; and O, be two open non-empty subsets of A. Since {p3} is an approximate unit in A, we can find some
x €04,y € Oy such thatx = p2x and y= piy for so sufficiently large a. Choose the sequences {1}k, {qk}x, (d}x
satisfying the conditions of (ii) with respect to p,. For each k € N, set xx = gqix + S:I';b(dky).

We have that

IS, @icy) I =l @7HET) ... @7 (D™ (dyy) |l
= @@ (B 0T (BTHD M (dry)) |l
= @) o0 by I
< "1™ o Y i |l y [I— 0 as k — oo.

Similarly,

T2, @) 1| =1 b0() ... D™ )™ (giy) |
= @ (D) ... @ B () |
< @)D (B) ... D O)gi [l y [ O as k — co.

It follows that x; — x and Ty, (xt) — Y, as k — oo, so Tg is topologically transitive, thus hypercyclic on
A O

Remark 4.2. We notice that the assumption that for all o there exists some N, such that ®"(p,)p. = 0foralln > N,
is in fact not needed for the proof of the implication (ii) implies (i) in Proposition 4.1.

Example 4.3. Let H be a separable Hilbert space and U be a unitary operator on H satisfying the condition (2) from
[13] with respect to an orthonormal basis {ej}jcz. Set ® to be the *-isomorphism on B(H) given by ®(F) = U'FU
Then, by the condition (2) from [13], given m € IN there exists an Ny, € IN such that P, U"P,, = 0 for n > Ny,
(where Py, is the orthogonal projection onto Spanfe_y, ..., ey} as in [13].) Moreover, {Py}men is an approximate
unit for Bo(H) by [16, Proposition 2.2.1]. Hence, for all n > N,, we have ®"(P,,)P,, = U"P,U"P,, = 0. Here
Ay = B(H) and A = By(H). By some calculations we see that the conditions in part (ii) in Proposition 4.1 are the
same as the conditions (3) and (4) in [13]. The operator Tyw from [13] is actually the operator Tewyu ( because
WEFU = WU(UFU) for all F € Bo(H) ). For concrete examples satisfying these conditions we refer to examples from
[13] and [14]. In fact, in [14] it has been proved that these conditions are equivalent to the condition that the operator
W satisfies hypercyclicity criterion on H. For more details about this criterion, see [4].

Example 4.4. Let H = L%(R). For each j k,m € IN we let D;.k) , P be the operators on H as in Example 3.6 and for

each | € IN we let f’m be the orthogonal projection on l,(Bo(H)) induced by Py, and []], as defined on page 10 in
Section 3. Let K (I,(Bo(H))) denote the C*-algebra of compact operators on I,(Bo(H)) in the sense of [16, Section 2.2].
Then it is not hard to see that {P} ) men is an approximate unit for K(I(Bo(H))). For j € Z we let W; be the operator
on H from Example 3.3. Let Tyw be the operator on Iy(Bo(H)) defined in Section 3, where W = {W}jez. If U = I,
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then Ty w is a bounded, adjointable operator on l,(Bo(H)) which is linear with respect to the C*-algebra Bo(H). (Recall
that we consider 1(Bo(H)) as the right Hilbert C*-module). For each k € IN, set Dy to be the operator on I(Bo(H))

given by Di(x;}icz) = {D§k>xj} iz for all {x;}icz € L(Bo(H)). Since | D;k) < 1 forall j € Z and k € N, we have

that Dy is a bounded Bo(H)-linear, adjointable operator on l(Bo(H)) for all k € IN. By the similar arguments as in
Example 3.6 we can deduce that o 5
kl_l_{l(f)lo | DiPym — Pp lI= 0

for all J,m € IN. Moreover, for all k, ], m € IN we have that
Lim || T}y DePpn ll= lim || Ty, DeP 1= 0
Hence, for all |,m € IN we can construct a strictly increasing sequence {ny}; € IN such that

0= I}im || T"k DkP]m ||— hrn || T Dkf)],m ||= 0

Let now A = K(I,(Bo(H))) and Ay be the C*-algebra of all bounded Bo(H)-linear, adjointable operators on I,(Bo(H)).
If U is a unitary operator on l,(Bo(H)), we let @ be the +-isomorphism on Ay given by ®(F) = U*FU for all F € A;.
Put then b = TiwU € G(A,). By the same arquments as in Example 4.3 we can deduce that the conditions of
Proposition 4.1 are satisfied in this case.

Example 4.5. Let X be a locally compact Hausdorff space, A = Co(X), Ay = Cp(X) and ® be given by O(f) = fou
forall f € Cyp(X) where v is a homeomorphism of X. Put

={feCuX)|0< f <land fi, =1 for some compact K C X}.

IfS = {f?| f €S}, then S is an approximate unit for Co(X). Suppose that a is aperiodic, that is for each compact
subset K of X, there exists a constant N > 0 such that for each n > N, we have K N a*(K) = @. By some calculations
it is not hard to see that in this case the conditions in Proposition 4.1 are equivalent to the condition that for every
compact subset K of Q) there exists a strictly increasing sequence {ni}x € IN, such that

=1 -1

= lim (sup H(b o @ )(f)) = hm(sup H boal) (1)),

k—eo " teg =0

For the concrete examples satisfying these conditions, we refer to examples in [12].
If a € Ay, in the sequel we shall denote by L, the left multiplier by a.
Corollary 4.6. If there exist dense subsets Oy and (), of A and a strictly increasing sequence {ni}r C IN such that

k—o0

L(D—nk(b nk+1 b) D 1(b) — 0
pointwise on () and

k—o0

L(I)”k 1(b 1)@@ Z(b 1) Db~ 1)b 1> 0

pointwise on (y, then Tq, is hypercyclic on A.

Proof. Let p, be given. Since ); and (), are dense in A, there exist some q; € () and d; € Q; such that

1 1
g =p2 li< g and I1di = p2 li< -

By the assumption we can find some 1, such that

1
| @ (b)Y (B)... D (b)g, |I< 1
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and 1
I q)nk_l(b_l)(bnk_z(b_l) - q)(b_l)b_ldl lI< 1

for all k > k;. Then we find some g, € Q1,d, € (), such that
1 1
192 = P2 li< gz and 1 d2 = p3 li< 5.
By the assumption, we can find some k; > k; such that
O (L)D (D). DD !
| O @O)... 07 g li< 55
and
1
4_2/

for all k > k. Proceeding inductively, we can construct the strictly increasing sequence {rny}; and the
sequences {g;}; in {d;}; in A satisfying the conditions of Proposition 4.1. [

I @l (b—l)cpnk_z(b_l) . CD(b_l)b_ldz lI<
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